ANALYTICITY OF EXTREMALS TO THE AIRY STRICHARTZ
INEQUALITY

DIRK HUNDERTMARK AND SHUANGLIN SHAO

ABSTRACT. We prove that there exists an extremal function to the Airy Strichartz inequal-
ity

”e_tagf”Lf‘z(Rx]R) < Clfllz2m)s
by using the linear profile decomposition. Furthermore we show that, if f is an extremal,
then f is exponentially decaying in the Fourier space and so f can be extended to be an
entire function on the complex domain.

1. INTRODUCTION

It is well known that the (generalized) Korteweg-de Vries equations (KdV or gKdV) are
good approximations to describe the evolution of waves on shall water surface [9, 22, 23]:

(1) O+ 03u £ 30, (u?) = 0
for p > 2. The linear form is the Airy equation
(2) o+ 03u = 0.

In general, for an initial data u(0) = f(z) the solution e % f to the Airy solution can be
expressed as

(3) eftagf@j) — (27_(_)71/2 / ezxk+ztk3f(k)dk

The linear Strichartz inequality for (2) asserts that

o —t83
(4) 1D~ fllrary S 1£ll2s

for —a+§+% = % and —1/2 < o < 1/q, see [14, Theorem 2.1]. When « = 1/¢, the inequality
above is called “endpoints” while “nonendpoints” for @ < 1/¢. It plays an important role
in establishing local or global wellposedness theory for the Cauchy problem of (1), see for
instance [27]. In this paper, we study the the following symmetry Strichartz inequality

_+93
(5) e ta””fHng(RxR) < Clfllzewy,

and consider “extremizers” for (5): the existence of extremals and characterizations of the
extremals. Some results on the existence of extremals for general non-endpoints Strichartz
inequality is also established, see Remark 3.1.
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To begin with, we denote the optimal constant for (5) by A:

_+93
(6) A= sup{fle™ fllgs, o [If]la =1}
Definition 1.1. A function f € L? is said to be an extremal for (5) if f # 0 a. e., and
_+93
(7) e taszLf’x(Rx]R) = AHfHLQ(]R)-

The first result is the following theorem.

Theorem 1.2. There exists an extremal function f € L? for the Airy Strichartz inequality

(5).

This theorem is proven in Section 3. The proof makes use of the linear profile decomposition
for the Airy evolution operator e~t0: acting on a bounded sequence of {f,} € L?, which we
develop in Section 2 based on the previous result in [24]. In [25], the profile decomposition ap-
pears to be a strong tool to study “extremalizers” problem, where Shao proved the existence
of extremals to the Strichartz inequality for the Schrodinger equation in higher dimensions.
The profile decomposition can be viewed as a manifestation of the idea of “concentration-
compactness” and in our paper it follows in a general framework developed by Lions in his

seminal papers [17, 18, 19, 20].

Note that Theorem 1.2 is different from that in [24] where Shao obtained a dichotomy
result on the existence of extremals to the Strichartz inequality [e~*%2 DS f|| s, < O fllrz,
which is the symmetric “endpoint” Strichartz inequality; in other words, for this Strichartz
inequality, either an extremal exists or a sequence of modulated Gaussians approximates
to the extremizer. The method in [24] is based on a refined linear profile decomposition,
where the presence of highly oscillatory terms in the profile decomposition gives rise to the
dichotomy.

Extremals to Strichartz inequality for the Schrodinger equations and the wave equations
have been studied intensively. For the Strichartz inequality for the Schrodinger equation,
Kunze [16] proved the existence of extremal to the one dimensional Strichartz inequality by
establishing that any nonnegative extremizing sequence converges strongly an extremal in
L?. In the lower dimensional case, the existence of extremals was shown independently by
Foschi [11], and Hundertmark, Zharnitsky [13]; they actually proved more: the extemizers are
actually Gaussians, which are unique up to the natural symmetries of the inequality. Later
works along the line in [13] devoted to the Schrodinger Strichartz with different emphases
include [3] and [6]. We remark that all the previous known methods seem not to be adapted
directly to finding the explicit forms of “extremals” to (5) to the best of our knowledge. For
extremals to the Strichartz inequality for the wave equation, see [11, 4].

Very recently, Christ, Shao [7, 8] studied “extremals” to an adjoint Fourier restriction in-
equality for the sphere, namely the Tomas-Stein inequality L?(S5?) — Li(R?) for two dimen-
sional sphere S?. Although the Strichartz inequality can be viewed as an adjoint Fourier
restriction inequality for the paraboloids, the situation for the sphere is different from the
paraboloid case due to the nonlocal property and the lack of scaling symmetry of the for-
mer operator. However, among other things, they were able to show that there exists an
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extremal to it by proving that any extremising sequence of nonnegative functions in L*(S?)
has a strongly convergent subsequence; The main ingredient is to rule out the obstacle that,
for the extremising sequence {f,}, f2 may converge to a pair of Dirac masses on the sphere.

We turn to the chararacterization of the extremals to (5) from studying the corresponding
generalized FEuler-Lagrange equation:

(8) AR fISF () = /ew;‘3 Ue’taﬂ%f\ﬁe’wgﬂ dt, a.e. v € R,

where A is the optimal constant defined in (6). The Euler-Lagrange equation (8) can be
established by a standard variational argument.

Theorem 1.3. There exists pug > 0 such that for any extremal f to the Airy Strichartz
inequality (5),

9) e F(k) € L?;

moreover, f can be extended to be an entire function on the complex plane.

The proof of this theorem is based on a crucial bootstrap argument, which is refined bilinear
Strichartz inequality for Airy evolution operator e 10 f, and a weighted Strichartz inequality
(5). The argument is similar to Hundertmark, Lee [12] and Erdogan, Hundertmark, and Lee
[10]. In [12], Hundertmark, Lee showed that solutions to the dispersion managed non-linear
Schrodinger equation in the case of zero residual dispersion are fast decaying not only in the
Fourier space but also in the spatial space. Note that the result is stronger than Theorem
1.3. It is essentially due to that, the linear Schrodinger operator €2 enjoys an identity

(10) e f(z) = (27r)_d/2/ eix§+it|fl2f(£)d£ = Ct_dﬁ/ ¢ f(y)dy, for some C' > 0,
R R?

which enables one to obtain the decay in the spatial space from that on the Fourier side.

The organization of the paper is as follows. In Section 2, we establish the linear profile de-
composition. In Section 3, we show the existence of extremals the Airy Strichartz inequality
L? — Lfyx. In Section 4, we show that any solution to the generalized Euler-Lagrange equa-
tion, which include the extremizer as a special case, can be extended to be analytic on the
complex plane. It is proven by assuming an important bootstrap lemma, which we establish
in Section 5.

2. THE LINEAR PROFILE DECOMPOSITION

Recall from the introduction, we will use the linear profile decomposition for the Airy evo-
lution operator e~t% for L2 initial data to prove the existence of extremals for (5). Roughly
speaking, the linear profile decomposition is to investigate the general structure of solutions
{e72 £} for bounded {f,} € L?, and aims to compensate for the loss of compactness of
solution operator caused by the symmetries of the equation; for such sequence {e‘tag fnl}, itis
expected to be written as a superposition of concentrating waves, “profiles” plus an negligible
reminder term; the interaction of the profiles is small, see the precise statements in Theorem
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2.3, Theorem 2.4. The profile decomposition for the nonlinear wave and Schrédinger equa-
tions, and the gKdV equations have been developed in [1, 2, 5, 15, 21, 24]. To prepare for
the linear profile decomposition theorem for the Airy evolution operator in the Strichartz
norm |[ul|zs needed in this paper, we recall two definitions from [24].

Definition 2.1. For any phase § € R/27Z, position xy € R and scaling parameter hy > 0,
we define the unitary transform gg ., n, : L> — L? by the formula

r — Tg

ho )

[Gorata /(@) i= hg/z ¢ f(

We let G be the collection of such transformations. It is easy to see that G is a group which
preserves the L? norm.

Definition 2.2. For j # k, two sequences [V, := (h), &, 20 #1 )51 and TF .= (hE &F ok i) -,

in (0,00) x R? are orthogonal if there holds,

11 ither i By e ) =
(11) either limsup h_fl—i_ —+ MG -6l | =

n—oo h/

(12)  or (b, &) = (h*, €F) and
t’“—tﬂ th — )& i gk 3( — k) (£0)2
oo \ () (hn)? I
The profile decomposition for e~*% f in the Strichartz norm || - [z will follow from that in

the Strichartz norm [|[DY/6 - ||zs via the Sobolev embedding. Here D® with v € R denotes

the fractional derivative operator defined in terms of the Fourier multiplier, 5‘?}‘ = |¢|* f .
We state the following linear profile decomposition in the Strichartz norm || D¢ - || s from
[24].

Theorem 2.3. Let (uy,),>1 be a sequence of complex-valued functions satisfying ||uy,|2 < 1.
Then up to a subsequence, there exists a sequence of L? functions (¢7);>1 : R — C and a
family of pairwise orthogonal sequences I = (hi, & 23 ) € (0,00) x R® such that, for any

[ > 1, there exists an L* function w!, : R — C satzsfymg
(13) Up = Z eth2 g [T OmRER i) 4 gy
1<5<L, 57 =0

or |hn§n\~><x>

where g), := gy 3 i € G and

(14) lim sup lim sup ||D1/6e_tagwﬁl||ng = 0.

l—o00 n— 00

Moreover, for everyl > 1,

l
(15) lim sup (II%II% - (Z 17113 + ||w2||§)> =0
j=1

n—o0
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As a consequence of this theorem, we can develop a linear profile decomposition in the Airy-
Strichartz norm || - |[zs , where the highly oscillatory terms eihnén i (1) with |hI €l — oo
disappear.

Theorem 2.4. Let (uy,),>1 be a sequence of complex-valued functions satisfying ||u,|2 < 1.
Then up to a subsequence, there exists a sequence of L* functions (¢’);j>1 : R — C and a
family of parameters T = (h, x? 1) € (0,00) x R? such that, for anyl > 1, there exists an

n’’n

L? function w', : R — C satisfying

uy = Y G+,

1<j<l

where g), := gy 3 i € G and

lim sup lim sup ||e_t83wfl||L§z =0,

l—o00 n— 00
and for j # k,
: h, [t —tal | |23, — a3
(16) hflnj;.}p (hk + h_J + () + %) = 00.

Moreover, we have two orthogonality results: for everyl > 1,

lim sup ( Junll2 — (Z 17112 + 1l n||2>> = 0.

lim sup <|I So e R @5 — Y e 5 ) =0.

n—oee 1<5<l 1<j<l

Proof. This argument consists of three steps. We first see that the error term w! still
converges to zero in this new Strichartz norm [| - |15 . Indeed, by the Sobolev embeddlng,

93 3
e~ Phugly < CDYO Py -
so an application of (14) yields that

lim sup lim sup He*tagwleL? = 0.
l—o0 n—00 o
Secondly we claim that, for 1 < j <[, when lim,, ., h7.&} = oo
. J ; J¢ed o s
(17) lim [e™(=1)% gl [FOMSE G|

n—oo

)

It shows that the highly oscillatory terms can be reorganized into the error term. To show
(17), by using the symmetries, we reduce to prove

. —t0371 (-
(18) Jim e OV =0

We may assume ¢ € S, the set of Schwartz functions, and that ¢ has the compact Fourier
support (—1,1).

—td3 7 (- iz N+itN3 i(x 2Ve+i 2458837
e taz[e()N¢](x):e N+itN /6( +3tN2)E+i3N &2 +ité ¢(£)d£
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Setting 2’ := x + 3tN? and ¢’ := 3Nt, we have,

lim ||e—t83[6i(~)N¢]||L§,z _ CN—I/SH /eixlf+it,52+%v£3g/b\d§||Ls

N—o0 t/,a

for some ¢ > 0. Then the dominated convergence theorem yields

. . .t/ ~ . .
lim H /ele&+ltlé2+l;]\[£3¢d£“Lf/,z/ _ Hefzt83¢]HLix.

N—o0

Here % denotes the Schrodinger evolution operator defined via

a%%f@>:1/d“”““ﬂfma
Indeed,
/éﬂwﬁﬁﬁaamaeawﬁwm%wm

and by using [26, Corollary, p.334] or integration by parts,
P g3 ~
‘/ e E+it §2+13§\,¢(€)d§‘ S C(bjB(t/, ZE,)

for n large enough but still uniform in n. Here

~1/2

By = JAHIDTZ S LD+ D] for la' < 61
| L+ )7 < Ol + DA+ D], for || > 6ft]

It is easy to observe that B € L} ,,. Then (18) follows immediately.

Finally we claim that, for j # k,
. _(+_4I\A3 o (+_1k\93
Tim [l 23 ()¢ gh(gh) 1y =0

This is a consequence of the orthogonality condition (16), whose proof is a special case of
Lemma 2.6 below. The remaining conclusions in Theorem 2.4 follow from Theorem 2.3
accordingly. 0

Remark 2.5. A linear profile decomposition for all non-endpoint Airy Strichartz inequalities
can be established by using the first two observations in the previous lemma and Lemma
2.6. The statement is similar to Theorem 2.4 and so we omit the details.

Lemma 2.6. When —a + % +1=1-1/2<a<3. Then forj#k,

(19) lim H6—(t—t%)8§Dagg;(qu)e—(t—tﬁ)agDagz(gﬁk)||Lg/2L;/2 =0

n—oo

provided that {(hi, 3 t3)} and {(hE % &)} satisfies the orthogonality condition in (16).

n n'n n»“'n’"n

Proof. We will prove (19) by studying (16) case by case.



Case I. Assume limsup,,_, Z—% + Zf 0o. For any R > 0, we define
jz—ap| [t — 1]
Y(R):={(t, 4+ — < R},
(R): = {(t2) - 0+ o < )

k k

n

()" : =R\ Q(R), () = B>\ Q4(R).

By using Holder’s inequality and the Strichartz inequality followed by a change of variables,
we have

—(t—t})03 PHa J (t—t£)2 Ha k
e D (6 DG e

—(t—¥ o Gl i k) o
< Clle” % pogl ()| (0% Dl (") g

Lqu ((Q] )c) He
~th J
iy—1/2—a 7 381 a1 — Iy k
e R R L om0 I 1
403 s od
< C'||¢k”2||@ D (¢])||L§L;({|x|+|t\zR})-

The latter integral converges to zero when R goes to infinity from the dominated convergence
theorem. So we can choose a sufficiently large R > 0 such that

—(t—t3)33 mya g (15— (E—tE)O® My k¢ 1k
le D%gy(¢)e D%g, (o )IILg/QL;/z((QgL)C)

as small as we want. Likewise for [|e~(=t)9%2 Dagi (¢i)e= (-0 Dag

n( M parzy 72 ((ag)e) O

fixing a large R, we may restrict our attention onto Q4 N QF. We aim to show that the
integral on ) N QF converges to zero when n goes to infinity. Indeed, by using trivial L7,

bounds on e~#=t% Dagi (¢7) and e~ (=% Dagk(¢k) we see that

He—(t )0 IDa (¢j) (t—tk) 63Dagﬁ(¢k)”L‘Z/2L;/2(Q£ngl;b)
< O(h%hk)il/zia min{(hj )6/q+2/r7 (hI:L)G/quQ/r}

hk
< Cmm{( )1/2+°‘ (—

= hj )1/2+a} =0

as n goes to infinity. Note that C' > 0 depending on R, ||gz5j||L1, and ||55;||L1 Thus (19) is
obtained, which completes the proof of Case I.

Case II. Now we may assume that h/ = h¥ for all n, we are left with the case where
@ — @l | 6 =t

lim sup —— + : = 0

We change variables z/ = ‘r;}f 5 oand ¢/ = (t t)3 and see that we need to show that

th—th o)
—(t'+ _ . €T X ’
u (h1)3 (Da¢1)($/+u)e_t 83(D°‘¢k)($/)”Lq/2Lr/2 >0
t! ol

e -
n
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as n — 0o. We define

O"(R) - ={(t,2) : || + |2'| < R},
kg

r, — I
:E,_‘_n—]
hi,

_+k

t+t¥(‘ )” < R}.

As proving Case I, we may reduce to the domain QF N Q7. While for this case, we observe
that, for any fixed large R > 0,

Q* N Q| — 0, as n — oo.

QO (R):={(t,2): +

This, together with the Ly, bounds, proves Case II. Therefore the proof of Lemma 2.6 is
complete. 0

Remark 2.7. With this lemma 2.6, we have the following orthogonality result: for (a,q,r)
defined as in Lemma 2.6 and [ > 1,
1

l
limsup [ D° Y e " H%g |7, <3 lmsup [De W% g

for ¢ < r; while for r < g,

l l
limsup||[D* ) " e~ “2gl Nz, < thSHPIID“ (=tozgs s

n—oo . n—oo
Jj=1

See [25] for a similar proof.

3. EXISTENCE OF EXTREMALS

In this section we apply the linear profile decomposition Theorem 2.4 to prove the existence
of extremals for (5).

Proof. Choose an extremising sequence (f,,),>1 such that
1falla =1, T [[e™% £l 5 = A,
n—oo s
By applying the linear profile decomposition in Theorem 2.4, up to a subsequence,
l
: _193 L (N3 i L
A° = Jim 7 ol = i Jim 12 g,
j=1
[e.e] o [e.e] 4
_+93 ; . .
S el < 4 S g < A0 (z WH%)
j=1 j=1 J=1

< A full§ = A2,

Thus the equal signs at the beginning and at the end force all the signs in this chain to be
equal. Hence, we have

1/4
ZWHM/ Zuwuz, sup [67]2 < 1,
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which yields that there is exactly one j remaining. Without loss of generality, we may assume
that

¢ =0, for j > 2.

Thus ¢! is an extremiser as desired. 0

Remark 3.1. Combining this argument with the orthogonality in Remark 2.7, the existence
of extremals for any non-endpoint Strichartz inequality can be obtained similarly. We omit
the details here.

4. ANALYTICITY FOR EXTREMALS

In this section, we establish that any extremal f to (5) enjoys an exponential decay in the
Fourier space, Theorem 1.3, from which the property of analyticity of extremals follows
easily. We begin with a crucial bilinear Airy Strichartz estimate.

Lemma 4.1 (Bilinear Airy estimates). Suppose Suppf; C {£: Ny < [¢] < 2Ny} and
Suppfe C {€: Ny < [¢| < 2Ns}, and Ny < Ny. Then

3 3 N
le % fre= % s < C( 1)1/4!\f1\| 1 fall2-

where the constant C' > 0 is independent of N1 and Ns.

Proof. We observe that

(20) le "% fre "% foll s = || / eI ) (6)) fo(&2)d&rdEal| s

We restrict the region to {(&1,&) : &,& > 0} and change variables a := & + & and
b:= &+ &5; then we see that the Jacobian J ~ N2 since N; < No. We apply the Hausdorff-
Young inequality and changes of variables to see that (20) is bounded by

L 3/4
< ( / / J‘1/3|f1f2|4/3d€1d§2>

STV £l N foll2 N
Ni\1/4
< 1)/Hf1|| 1 £all2.

By using dyadic decompositions, we have

Corollary 4.2. If Suppfi C {|&| < s} and Suppfs C {|&| > Ls} for some s > 1 and
L>1, then

(21) le™% fre™% follza < CL™YY fillal fall2-

where the constant C' > 0 is independent of L.



10 DIRK HUNDERTMARK AND SHUANGLIN SHAO

We define an 8-linear form,

(22) QUfi,- fs) = / / e et fy x - x 7% fretR fedtda.
where f; € L?, 1 <14 < 8. By the Airy Strichartz inequality (5),
(23) 1@~ < Th<ics]| fill3-

Inspired by the Euler-Lagrange equation (8), we define the notion of weak solutions.

Definition 4.3. f € L? is said to be a weak solution to the Euler-Lagrange equation (8) if
it satisfies the following integral equation

(24) w(g. f) =Q(g, f,--+, f), VgelL
for some w > 0. Here (-, -) is the inner product in L? defined by (f, g) fR fadzx.

Remark 4.4. In view of the Euler-Lagrange equation (8), we see that, any extremal f to the
Airy Strichartz inequality (5) is actually a weak solution, as f satisfies

(25) w<g7f>:Q(gaf7”' 7f)7 Wlthw:ASHng

Now we list some additional notations and observations that are used in the following sec-
tions: Set

(26) a(n) :=ny — 1y + 15 — 0+ 05 — g + 177 — 7,
(27) b(n) :=m — 12 + 13 — Na+ 05 — N6 + N7 + 70,
where ¢ denotes the Dirac mass. Then we rewrite () as

(29)

QUfi, -+ fs) = (2m)° 485(a(n))5(b(n))f(nl) (12).f (n3) f (na) f (ns) f (n6) f (n7) f (ns)dm
Then it is not hard to see that

(30) QUfi, -+, fs) < @m) M (AL, |fs),
(31) M(hla"' 7h8) (27r)3Q(’h1|V7"' 7‘h8‘v)7

where fY(z) := (2m)7 V2 [, et F(£)dE.

Now we define a weighted version of M, for any function F': R — R,

(32) Mp(hy, -+, hg) = / 5(&(77))5(6(77))6”””‘218 2 ’”)HS 1 (n;)|dn.
RS
Then
(33) M(eFhy, e Fhy, e Fhy, e Fhy, e Fhs, e Fhg, e Fhy e Fhg) = Mp(hy, -, hg).
We define, for > 0, ¢ > 0,

k[

4 F=F_,/(k)=——%=.
(3) My( ) 1+€V€|3
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Proposition 4.5. For F defined as above, we have

(35) Mp(ha, -+ hs) < M(hy, -+ , hs).

Proof. We see that the claim (35) reduces to proving

F(m) <> F(n), when a(n) = b(n) = 0.

=2
Since a(n) = 0 implies 72 = S5, (~1)',
8 8
|3 | leg(—l)lnf’l < 21:2 |7713|

Flm) = pd2
TtelmP  "14e S0, (-1)mf| — 1+6Z? 2 |07

) s bl .
1=2 1"l
= F(nl)v
Zl+5212|771|3 ;
where we have used the fact that ¢ — = is increasing on [0, 0o). O

Then we can easily deduce

Corollary 4.6. For F defined as above, then

(37) MF(hh”' 7h8) SJH]SZIHh]Hz?
and
(38) MF(h17 e Jhs) S L71/4H§=1|lh‘j||2

provided that there exists at least one h; supported on [—s,s| and another hy supported on
|[—Ls, Ls]® where L > 1 and s > 1.

The following proposition is the key to the proof of Theorem 1.3. Let F),. be defined as
above for some € > 0,4 > 0. Let s > 1, we set

(39) f> = fl[—SQ,SQ]Ca and Hf”u,s,s = HeF“’Ef>H25
where 1q denotes a suitable smooth bump function adapted to the set €.

Proposition 4.7. If f is a weak solution to the Euler-Lagrange equation (8) as defined in
(24) with || flla = 1. Then for u= s with s > 1, there exists a constant C > 0 such that

7
(40) N flls=s,5,e < 01D f o0, +C Y I flls-s, 5.2, + 02(1),
=2

where 0;(1) — 0 uniformly in e > 0 as s — oo, i = 1,2; the constant C' > 0 is independent
of € and s.

Let us postpone the proof of this proposition to the next section and finish the proof of
Theorem 1.3.
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Proof of Theorem 1.3. We set

7
G(v) = %U - C’Zvl, for v > 0.
1=2

Invoking (40), if choosing s large enough such that o,(1) < w/2, we obtain

(41) G(Hst—G,S,E) < 02(1)~

We observe that the graph of G is concave in [0, 00) and intersects at x-axis only at two points:
v =0 and v = ¢ for some z¢ > 0. Let v, v; > 0 such that G(vg) = G(v1) = Gax/2, where
Gmax = max{G(v) : v > 0}. Again we take s to be large enough such that 0s(1) < Gax/2.
Then we have a dichotomy,

(42) either || fls—6 51 < vo, or || fls—6.s1 > v1.
However the second choice is impossible if s is chosen to be large, because by definition
Froy(h) = S IFE o g
— = S
S 6 1 1 + ‘k|3 — )

which yields
[ Flls=s.51 = "2 follz < Clf1ses2jell2 — 0, as s — oo

Now we fix a large s > 0 and consider the function ¢ — ||]?||5767578, which is continuous by
the dominated convergence theorem for each € > 0. Again by (40),

(43) G (I Flls=6,6.c) < Grmax/2

for all ¢ > 0. Hence by continuity, we must have that ||f||sfe,s,€ is in the same connected
component of G~ ([0, Gimax/2]) = [0, v0] U[v1, 00). On the other hand, since we already know

that ||f||576,s’1 € [0, vo), we deduce that

(44) 1 7lls-s.5.c € [0,w0], Ve > 0.
This implies that, by the monotone convergence theorem,
(45) 171ls-5,5,0 = T | flls-s,s.c < o.
In other words,

(46) ke WP o o € L2,
Therefore it yields that

(47) ke e r?

Let p19 = s~ for this s > 0. Then the exponential decay in Theorem 1.3 is established.

We are left with proving that f is an entire function on the complex plane C, which is
however a local property. Indeed, by the Cauchy-Schwarz inequality, for any u € R, we have

(48) e“‘k‘f(k;) — eulkl—uo|k|3€uo\k\3f(k) e L'(R),

Then for any z € C, we can always choose p > |z| such that

(19 £2) = 2 [ e gt = (2m) 2 [ etk Feyd
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Since the first factor e***~#* is bounded and the second factor is in L' by (48), f is an entire

function. O

It remains to prove Proposition 4.7, which we carry out in the next section.

5. THE BOOTSTRAP ARGUMENT

In this section, we prove Proposition 4.7, for which we only have the definition of weak
solutions in (24) and the definition of @) at our disposal. We write

f> = fli_g ¢ (P), where P := —i0,,
ho=e" P f py =PV f

for the same F' = F), . defined as above. In other words,

(51) fo = Pl e, h(k) = " ® f(k), ho (k) = "B F (k).

(50)

Proof of Proposition 4.7. We use g = 2 (P) f_ in (24),
(52)
Wlle" W F I3 = wle" M o (k), "B L (k) = il B L, f) = o DL f)

w
= (e P>f>,f L E B E D) = Qe £, F o fo F)
= Q'™ PV o FPI o= F PV o= F ) o= FP)p o= FP)py o=F(P)p)
— Qr.
Then
(53) Qr| < CMp(hs, hy by by by by by B) < CM(hs, by hy by by by by B,

where the last inequality follows from Proposition 4.5. Continuing (53), we split h and use
the operator M is sublinear in each component,

(54)
M(h>a ha ha ha ha hv hv h) S M(h>a h<7 h<7 h<7h<7 h<7h<7 h<)+

+ D M(hs by by by by hye by hy) =2 A+ B,

J29 749 Jer g7y

Jo, 38 €{>,<},
at least one j;= >

~

We split further h< = h<< + h., where the low frequency part h<< h1i_s 4 and the median
frequency part ho = hl — 82,62\ [—s,5] -

We estimate A by using the bilinear Airy Strichartz estimate in Lemma 4.1:

A :M(h>7h<ah<7h<ah<7h<7h<>h<)
< M(hs,hashahahe he s ha s he) + M(hsy by he s he e e he s he)
< s Y hs 2 hll2<ll3 + llAs 2l e ol A< 3
= ||h>||2(8_1/4||h<<||2 + 1hll2) [ h<]l5-

(55)
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Recalling that || f]|2 = 1, then

hellz = llef Fellz < [l Folly < e[| £]l2,
(56) Ihellz = lle fcllo < €| fl2,

hellz = [lefe fllz < e[| o ]l2,
we obtain
(57) A < Ol fla(s7H4em 70" || £ ln) €™,

Now we turn to estimate B.

B < > M(hs by, by, by

J4

hj57 h; hj7> hj8)+

769

g2, d8€{>,<},
exactly one j;= >

(58)
+ > M (b, hiy, by By s, B, Bz hy) =2 By + Ba.
g2, dg€{>,<},
two and more j;= >
For B,

7 7
— 36
(59)  Ba S [Ihs 1Tl ll2 < 17>l (Z 1h<Il3 ’Hh>Hé> S s llz e Y lIhs Iy
=2 =2

where we have used that [|h-|ls < || f<]lo < e,

For By, we split one of the h. into ho = h + h. and then use the sublinearity of M,
By S [lhsl2 (574 lhallo + 1hnll2) A< [13]1A 2
(60) S s (578" |1l ) e e
N e T M R

Thus we conclude that

7
(61) BB+ By S Ihallf (57 7 4 | fully) € 4 e s fla D 1Al
=2

Therefore from (52), (53), (54), (57) and (61), we have
Wl[hs 3 S s [l (574" 4 £l )™+

(62) _ 3_,,.6 6 6 !
s 3 (57120 £l ) € €5 s o D I

1=2
Canceling one ||~ ||; on both sides, we see that
Wllhsfla S (5714 | fel) €™ +

(63) 7
sl (5700 1 fl) €95 4 5 3
=2
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Since || fo]l2 = ||f1[_82782]\[_5’51||2 < ||fA1[,S7S]c » = o(1) as s — oo, and %" = €6 if taking

i = 5% we conclude that
7
(64) wWlhsllz < or(D)lhsll2 +C Y [[hs s + 0a(1).
1=2
Therefore the proof of Proposition 4.7 is complete. O
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