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Abstract

We give a number of results concerning different possible spectral
types for Schrédinger operators with sparse potentials. These po-
tentials are in between stationary (e.g., random) potentials and the
short range potentials familiar from scattering theory. They decay
at infinity in some averaged sense, however in such a way that there
is enough “space” for surprising spectral properties.

For a broad class of sparse potentials we establish existence of abso-
lutely continuous spectrum above zero with scattering theory ideas.
At the same time these potentials generically also possess negative
essential spectrum. We classify this negative spectrum to some ex-
tend. It turns out to be pure point in many cases. In some cases the
negative essential spectrum is countable, in fact it may be finite, but
still does not belong to the discrete part of the spectrum. In other
cases we find dense point spectrum.

Finally, we treat ”surface potentials” and prove analogous results for
these "generalized sparse potentials”.

(©2000 by the authors. Reproduction of this article, in its entirety, by any means is
permitted for non-commercial purposes



Contents

1 Introduction 2
2 The absolutely continuous spectrum 7
2.1 A few basics of scattering theory . . . . . ... ... ... .. 8
2.2 The almost surely free lunch theorem . . . . .. .. ... ... 9
2.3 A deterministic free lunch . . . . ..o 0000000 11
3 The essential spectrum below zero 14
3.1 Existence of negative essential spectrum . . . . .. .. .. .. 14
3.2 Klaus’ theorem . . . . ... .. .. ... .. 17
3.3 Klaus’ type spectrum for sparse random potentials . . . . . . 21
3.4 Dense point spectrum . . . . . ... 25
4 Surface potentials 27
4.1 Absolutely continuous spectrum . . . . . .. ..o 28
4.2 Pure point spectrum . . .. ..o o000 31

1 Introduction

In this paper we consider the spectral theory of Schrodinger operators with
sparse or slowly decaying potentials. By sparse potentials we mean such
functions V(z) which do not decay to zero as |x| — oo but which become
small near infinity in an averaged sense.

A typical example is a potential of the form

V(z)= 3 J(o —a,). (1.1)

where f is an attractive short-range potential on R, for instance with
compact support, and z,, an infinite sequence of points in R% such that
dist(z,,, {Zm }mzn) — 00 as n — oo. Such types of potentials are intermediate
between potentials decaying at infinity and stationary potentials (such as
periodic, almost periodic or stationary random ones).

The spectral theory for short-range potentials V' is well-understood.
Roughly speaking these are potentials decaying at infinity faster than |z|~(+9).
For such potentials V' the essential spectrum of H := Hy + V' is purely ab-
solutely continuous and the corresponding states are scattering states (in



chapter 2 we will give a precise definition of these notions). There may be
additional spectrum below zero. This spectrum is discrete, that is, it con-
sists of isolated eigenvalues of finite multiplicity [35, 6], and the corresponding
states are bound states. Zero may be an accumulation point of these negative
eigenvalues depending on the fall-off of V' at infinity.

If the potential V' is relatively compact, roughly speaking if it has some
decay at infinity, we still know that the essential spectrum of the Schrodinger
operator H = Hy+V is [0, 00), which is the spectrum of the “free” Schrédinger
operator Hy = —A.

Potentials with “stationary” behavior at infinity are much less under-
stood. The best investigated cases are periodic potentials. The correspond-
ing Schrodinger operators have purely absolutely continuous spectrum which
consists of a countable union of “bands”, that is,

o0

o(H) = Jlan.bi)

n=0

with a, < b, < ap41. If b, < ay41, we call the interval (b,,a,41) a gap of
the spectrum of the operator.

By stationary random potentials we mean a stochastic process on R?
which is stationary in the sense that the shifted processes V,,(-+1) for i € Z?
have the same finite dimensional distributions regardless of the shift 7. A
typical example of such a potential, in fact the one which we will have in
mind for the whole journey, is

Volz) = alw)f(z =), (1.2)

=V

where f is a non-positive function of compact support, say (for simplicity),
(g:); a family of independent identically distributed random variables. It is
known that H, = Hy + V., has dense pure point spectrum in dimension one
(the most complicated case of Bernoulli distributions is treated in [4, 36] for
the discrete Anderson model, for the continuous case see [8]).

Moreover, in d > 2, H, has dense pure point spectrum for energies near
the bottom of its spectrum, near other band edges or for large disorder. (A
way to talk about “large disorder” rigorously is to take AV, as the potential
and to look at large |A|.) We refer to [2, 5, 18, 24, 25, 39, 40, 41] for these
results and to [1, 4, 9, 11, 12, 38] for the discrete analog.



We would like to emphasize that for all these results in d > 2 one has to
assume that the distribution Py of g9 (which is the distribution of the other
gi, by stationarity) has a density with respect to the Lebesgue measure. So,
in particular, the case of a Bernoulli distribution with P(g = Xo) = p,
P(go = A1) =1 — p cannot be handled up to now. However, physicists (and
mathematicians) believe that there is pure point spectrum in this case as
well.

The phenomenon of pure point spectrum for random quantum systems
is known as Anderson localization. Physicists expect that for low disorder
and away from the band edges, random Schrédinger operators should have
absolutely continuous spectrum in dimension three and higher, while for di-
mension d = 2 they predict pure point spectrum for all energies no matter
how small the disorder is, like it is rigorously known in d = 1. Both phenom-
ena have not been proven rigorously, despite strong efforts over the past two
decades.

The potentials we are going to consider in this article are somewhat in
between the two extreme cases: Short-range potentials on the one hand and
stationary on the other hand. While their study is interesting in its own
right, at least from a mathematical point of view, our main goal is to pro-
duce examples of Schrodinger operators which have the spectral properties
one expects for the stationary random case, that is, coexistence of absolutely
continuous spectrum in the one energy regime and (dense) pure point spec-
trum for other energies. Moreover, these potentials can be looked upon as a
“low concentration” limit of the stationary case (as was pointed out to one
of us by S. Molchanov).

The theory of sparse potentials goes back at least to Pearson [32] who used
potentials with sparse bumps to construct examples of Schrodinger operators
with singular continuous spectrum. The paper by Klaus [26] has results about
sparse potentials as well. We are going to use the results by Klaus in chapter
3. Finally, we mention the paper by Molchanov [30], which is closely related
to our article.

From a different point of view Krishna Maddaly (see [27, 28]) considered
“sparse” random potentials, in fact he investigated random potentials with
decaying randomness similar to our Model III below. It was his idea to prove
the existence of wave operators for such models. In chapter 2 we will rely on
this method.

In this paper we will consider both random and deterministic sparse po-
tentials. Let us start with a typical random example. Suppose f < 0 1is a
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bounded function of compact support, for example f = —x¢,, x¢, being the
characteristic function of the unit cube C in R%. Let {£;},c74 be independent
random variables with values in {0,1}. Then we consider

Model I : Va(z) =) &G(w)f(z —i). (1.3)

i€Z4

If the &; are identically distributed then V,, is a stationary random potential
as discussed above. In fact, it is a Bernoulli-type potential since &; takes only
two values. So we know nothing about the measure theoretic nature of the
spectrum for dimensions d > 2. To make (1.3) a sparse random potential
we will chose the & not identically distributed. Setting p; := P(& = 1) (so
P(& = 0) = 1 — p;) we require that p;, — 0 as |i] — oco. Of course, (1.3)
becomes a short-range potential unless £ = 1 infinitely often.
Introducing random couplings ¢; in Model 1 we obtain

Model IT : Vo(z) =) ai(w)éi(w) f(z —i). (1.4)

VA

Here the ¢; are independent identically distributed random variables (unless
stated otherwise we assume ¢; > 0 for simplicity).

For these two models we will prove that [0, 00) belongs to the absolutely
continuous spectrum as long as p; = P(§ = 1) decays fast enough. Moreover,
it turns out that there is additional essential spectrum below zero if > p; =
oo. This essential spectrum is actually finite or countably infinite for Model 1
and consequently pure point. For Model II we prove that the spectrum below
zero is pure point in many cases, especially it is dense pure point spectrum
if the distribution of the ¢; has a bounded density.

There is a third type of stochastic potentials which we will consider,
namely a model with decaying but random coupling strength, that is,

Model IIT : Va(z) =) aigi(w) f(z — i), (1.5)

=V

where the ¢;’s are again independent identically distributed random variables
— as above— and {a; };cza is a deterministic sequence decaying (fast enough)
at infinity. See [20] for a discrete analog of this model. If the distribution
Py of the random variables ¢; has a bounded support, every realization of
model (1.5) is decaying at infinity, so not very interesting for our purpose.



In fact, V,, is a standard short range potential then. However, if Py has non-
compact support the potential V() may admit a sequence z,, — oo, such
that V,,(z,,) — —oo, thus leaving space for essential, in fact, dense pure point
spectrum below zero.

In chapter 2 we prove for a huge class of potentials with decaying ran-
domness that the positive half axis belongs to their absolutely continuous
spectrum. The class we consider contains all the above example (with cer-
tain conditions on the parameters). We obtain this result by methods from
scattering theory. In fact, we prove that the corresponding wave operators
exist. Since we try to construct examples with additional essential spectrum
below zero we have to deal with potentials which are not relatively compact,
that is, they are outside the scope of traditional scattering theory. Our main
result is probabilistic in nature, that is, it claims the existence of the wave
operators for a set of potentials of full measure. We complete our considera-
tions by a deterministic result which contains and extends the probabilistic
one.

In chapter 3 we prove that many of our models admit essential spectrum
below zero. Although the spectrum itself is a (truly) random set the essential
spectrum is not. Moreover, in various situations we prove that this part
of the spectrum is pure point. Under certain conditions we actually show
that the essential spectrum below zero is a countable or even finite set. In
other situation we obtain dense point spectrum. The absence of absolutely
continuous spectrum below zero can also be shown by the methods of [29].
This paper has a multidimensional version of the paper [37] (see also [23]).

Any potential above may be considered as a deterministic one, of course,
by choosing the sequences & and ¢; in a deterministic way. Then “almost
sure” theorems will not give us anything for that particular potential. How-
ever, we will show a number of deterministic results which apply for a given
choice of these sequences. For example, if we choose & in Model I in a
deterministic way, we arrive at a potential of the form

Vi)=Y I - =) (1.6)

where {z,} is an enumeration of those points i € Z? which have & = 1. For
this model there is, of course, no need for a restriction like z, € Z¢ as we
have for Model I.

Our Models I - III have straight forward analogs in the discrete case, that
is, on the Hilbert space [?(Z?) instead of L*(R?). In this case the Laplacian



is replaced with a finite difference operator which we also denote by Hy (see,
e.g., [6] for details and references). The theorems and proofs in this paper
will easily transfer to the discrete case. In fact, the discrete case has one ma-
jor advantage. While we stated above the existence of absolutely continuous
spectrum and claimed o,.(H,) = [0,00) almost surely, we carefully avoided
claiming that there is no other spectrum there. In fact, we cannot rule out
the possibility of some singular spectrum (pure point spectrum for example)
inside the a.c. spectrum. For the discrete case, there is a remarkable paper
by Jaksi¢ and Last [14], which for many of our models immediately guar-
antees purely absolutely continuous spectrum in an interval [ once we have
established some absolutely continuous spectrum there. Unfortunately, the
corresponding results for the continuous case, that is, for L?(R?), are not
known.

There is a final class of “sparse” potentials which we are going to consider
in this paper. They are various versions of potentials concentrated on a
(hyper-) surface in R? (or Z%). A typical example is a potential of the form

Vo@) = > qlw)flz—1i), (1.7)

i€Zd-1x{0}

for € R?. While this potential does not decay in the directions zi, ... ,z4_;
it has compact support in the z, direction. Surface potentials have been well
studied in the recent years, see e.g. [15, 16, 17] and the references therein.
We will have a couple of things to say about this kind of potentials as well
as on the case where the ¢; occupy a half space.

2 The absolutely continuous spectrum

To prove existence of absolutely continuous spectrum for our various models,
we will employ a few basic ideas from scattering theory. We refer to the
books [34] and [6] as well as the review article by Enf} [10] for a development
of this theory. We would like to remark that Krishna [27, 28] was the first
to observe that scattering theory can be applied to random potentials with
decaying randomness.



2.1 A few basics of scattering theory

The basic idea of scattering theory is to compare the time evolution e™"H of
a quantum system described by a Hamiltonian H to the time evolution under
the free evolution operator e~"*fo. The central idea is that any “scattering
state” ¢ should behave under the true “perturbed” evolution for large times
t — +oo like a state ¢4 would behave under the “free” evolution e~#Ho,
that is, e”*H ¢ ~ e~*Hog, as t — +oo. These scattering states are thus the
functions in the range of the wave operators (also known as Mgller operators)

Qy ;= lim e'fe "o, (2.1)

(The strange convention about =+ is for historical reasons.) The above limit
is meant in the strong sense, that is, as convergence in the Hilbert space if
the operators are applied to L?-functions. Of course, the first step is to prove
that the limit in (2.1) exists at all and that is what we are concerned with
below.

The reason for us to care about the existence of the limit is the following
well-known fact:

Theorem 2.1. Suppose that for Hy= —A and H = Ho+V the limit Q_¢ =
limy_y o, e Mo g cxists for all ¢ € LEHR?). Then the set [0,00) = o(Hy) =
Oac(Ho) ts contained in o,.(H).

The proof is easy and can be found in virtually any textbook on scattering
theory. So, if we can establish the existence of (one of) the wave operators for
a potential V' we automatically have that [0, c0) is contained in the absolutely
continuous spectrum of Hy+ V. The main tool to prove existence of the wave
operators for one-particle scattering is the well-known Cook’s method.

Theorem 2.2. Suppose H = Ho + V. If for a dense (or total) set Dy in
L*(R?) and some Ty > 0

/TOO |[Vem™og||, dt < oo, (2.2)

then the wave operator Q_ exist.

This follows from differentiating e*”e~"*Ho¢ with respect to ¢ and in-
tegrating it again, confer the literature on scattering theory for a detailed
proof.

The prototypical example for existence of wave operators is:



Theorem 2.3. IfV is a bounded function with |V (z)| < C(14|z])~0+9) for
some € > 0, then the integral in (2.2) is finite. Hence the wave operators Q4
exist.

Again, this result is well-known in scattering theory. We will actually
prove this result in Section 2.3 as a by-product of a more general result
which does not assume a pointwise decay. Note that we assumed boudedness
of V' in the above theorem merely for simplicity. Local singularities can be
incorporated in scattering theory rather easily. It is the fall-off at infinity
that limits the validity of scattering results.

2.2 The almost surely free lunch theorem

The results from scattering theory discussed in the previous chapter are not
yet applicable for our purposes. From our discussion of scattering theory we
know that [0,00) C 0ac(H) if the potential V' decays faster than a Coulomb
potential. More precisely, if

V(z) < C(1+ |z])~0+), (2.3)

It is clear that this is the case for Model I (or Model II) only if there are
merely finitely many points & = 1. But then V,, is a classical short-range
potential. More generally, if (2.3) is true then the potential turns out to be
relatively compact with respect to Hy. Consequently, by Weyl’s theorem, the
essential spectrum of H equals [0,00). In other words, there is no chance to
construct examples with dense point spectrum or even any essential spectrum
below zero. Hence we have to go beyond the classical result of Section 2.1.

Common wisdom has it that there is not something like a free lunch. In
scattering theory this might have led to the general belief that one can not go
beyond the case (2.3) without hard work (if at all). However, in our situation
there is a free lunch (almost surely) as we will explain below. Let V,,(z) be a
rather general random potential. We define W (z) := E(V,,(z)?)'/2. As usual
we denote by E the expectation with respect to the underlying probability
measure P.

Theorem 2.4 (Almost surely free lunch Theorem). If the function W
defined above satisfies Cook’s criterion, then V,, satisfies Cook’s criterion
almost surely.



Proof.

E(/:vae—“ffwm t) = /T:OE([/vw(a:)2|e—ﬁHo¢(m)|2dx}”z) dt
< [ ([rocapie ol ) a= [

by Jensen’s inequality. Thus, if W satisfies Cook’s criterion then the expec-
‘tatiog of f;OO H‘/we_m%qbﬂ2 dt is finite which implies that this quantity itself
is finite almost surely. W

e, a

To show that we really gained something, let us apply this result to Model
I. By a Borel-Cantelli argument we already saw that V,, =Y & (w)f(- —1) is
not a short-range potential if Y. api = D ,c7aP(& = 1) = oo which is the
case if, for example, p; ~ [1]|7* for some o < d. Then we can obviously find
a sequence z,, — oo such that V,(y) < e <0 for |y — z,| < ro. This imme-
diately implies that ces(H,) N (—00,0) # (} P-almost surely if f is negative
enough by construction of an appropriate Weyl sequence. Consequently, V,
is not relatively compact (with probability one). (Chapter 3 contains more
details about the construction of Weyl sequences. There it turns out that
the condition on f to ensure essential spectrum for V,, is that the operator
Ho + f has a negative eigenvalue.)

Let us try to apply Theorem 2.4 to this potential. To simplify notation
we will assume that the support of f is contained in the unit cell Cy so that
f(- —i) and f(- —j) do not overlap for i # j, 1,5 € Z%. We simply compute:
Forz € Co +n,n € Z4

E(V,(2)*)"/?* = B(£2) f(z —n) < CE(E2)'* = Cp,/”

(pn :=P(&, = 1)). So, we obtain [0,00) C 0ac(H) almost surely as long as
Ve S (1 + In|)~0+), say, that is, if p, < C|n|~?**) for large n.

Thus we get both essential spectrum below zero and absolutely continuous
spectrum above zero, if

Pn ~ 0|7 for large n

with 2 < a < d. We remark that this can be arranged for any dimension
d > 3 but not for d =2 (or d = 1).

This is consistent with the physical expectations for the stationary ran-
dom case as we explained in the introduction. Depending on our mood, we
either consider this as a hint or a mere coincidence.
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The above discussion can be literally transformed to Model II. Thus we
show

Theorem 2.5. Set V,,(z) = > ¢;(w)&(w)f(x — i) with ¢; i.i.d. random vari-
ables with a finite second moment and P(q; > 0) > 0, & independent {0,1}-
valued random variables also independent from the ¢;’s, and f a non-positive
function with compact support, f(z) < ¢ < 0 on some non-emply open set.
Then for the operator H, = Hy + V,, we have P-almost surely:

1) [0,00) C 0uc(Hy) if pi S |e|™* for an a > 2,

1) Oess(Hy) N (—00,0) £ 0 if Y p; = 0o and [ is negalive enough.

Remark 2.6. i) Of course, for [0, 00) C 0a.(H, ) we do not need the assump-
tion P(¢; > 0) > 0.

i) We will later prove that the spectrum below zero is actually pure point in
many cases.

We will have more detailed results of this genre and a precise condition
on f in the next chapter.

We turn to Model I11:
Vio(z) = Z angn(wW)f(z —n).

In this case it is easy to show that the almost free lunch Theorem applies
if E(¢?) < oo and |a,| < C(1 4 |n|)~(*4). Moreover, it can be shown that
Oess(H,) N (—00,0) # () almost surely as long as the distribution of the g,
has “heavy tails” in the sense that P(gy < —a) ~ fjoo IA|72 d) for 3 large
enough. The distribution measure |[A\|77 d) is finite if 3 > 1 and has a finite
second moment if 3 > 3.

Analogously to [20], one proves that as long as a, ~ |n|~® then there is
essential spectrum below zero if § < 1 + d/a. Again, coexistence of pure
point and absolutely continuous spectrum can be arranged iff d > 3.

2.3 A deterministic free lunch

Here we want to generalize the preceding discussion to show the existence of
wave operators for deterministic sparse potentials .

Theorem 2.7. Let V be locally square integrable and p(r) := f|z|<r V(z)?dx.

If v is bounded by p(r) < C(1 + r)* with some a < d — 2, then the wave
operators exist.
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Remark 2.8. i) If the potential is random, a sufficient condition for the
existence of the wave operators is Eu(r) < C(1 + r)* with some a < d — 2.
ii) This result is optimal in the sense that for spherically symmetric monotone
potentials it allows for a decay like |#|~("+%) at infinity, which is known to be
the borderline case.

The proof of Theorem 2.7 uses an ancient method for establishing exis-
tence of the wave operators: Cook’s method with Gaussians (see [34], p. 56).
Let &, be ¢, () := y¥*exp(—y2?/2). These wavefunctions together with
their translates form a total set in L?(R?). The strategy to prove Theorem
2.7 is basically to do the calculation as explicit as possible, avoiding any
estimates. The main technical observation is

Lemma 2.9. With p as defined in Theorem 2.7, we have

[eS) ) 00 00 , 1/2
/ HVG_HH%%HQ dt = C’W/ di(141%)~44 {/ p(rv1 412/ /~)re™" dr]
T 2 0

~T

Proof. The free time evolution of ¢, is easily computed,

(e} (w) = 7"  exp(—yz?/2 + ify),
where v, 1= y(1 + 49%¢*)~! and 5, is real valued (see [34], p. 56).Thus

; 2 o0 d 2
Hve_“HOQﬁsz = 7?/2/ V(z)?e ™" da :’yfm/ (—,LL(T)) e " dr
Rd 0 dT

= 7?/22%/ ,LL(T)TG_%T2 dr :275/2/ ,u(r/\/%)re_’"2 dr

0 0

by the definition of y, partial integration, and a change of variables. Calcu-

lating [ dt HVe_”HO ¢WH2 by a change of variables gives the result. ®

Remark 2.10. If the potential is random we can take the expectation in
Lemma 2.9. This yields the condition Eu(r) < C(147)* with some o < d—2
for existence of the wave operators in the random case.

Proof of Theorem 2.7. If yu(r) = [ _ V(z)*dz < (1 + r)* then, by Lemma

|z|<r
2.9 we have

/ [Vem g, ||, dt < CW/ di(1 41241 4+ 12/ < =0
T 24T

as long as @ < d — 2. The same estimate holds for shifted Gaussians, and
hence for a total set of vectors. Cook’s criterion, Theorem 2.2, applies. R
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Let us apply Theorem 2.7 to a deterministic potential of the form V(z) =
> nen f(x — ) with the single-site potential f having compact support.
Then

/ V(z)*dx < C#{z, | |z.| < R}.
lz|<R

Assume that the centers z,, are such that the minimal distance

d, = inf,2, |z, — z,| — oco. Without loss we may assume that z, = 0.
Moreover, by reordering the centers if necessary we may also assume that
the sequence d,, is nondecreasing. If the ball Bg(0) of radius R around the
origin contains the center z, then the ball By, (z,) of radius d, around z,
must be contained in the ball Byg(0). Note that d, < R since zo = 0.
Consequently, if Bg(0) contains n centers then

Y df <2'R?
7=1
If, for example, d,, > C'n” with v > 0 then it follows that

#{z, | |2a| < R} < Cy R

Hence the lemma applies if v > m (for d > 3).
This shows

Theorem 2.11. Let V(z) =) f(z —x,) with a square integrable single-
site potential f of compact support. If the centers x, satisfy

d, = inf |z, —z,] 2 n7
m#mn

for some v > M 2 then the operator Hy + V has absolutely continuous

i=2)
spectrum containing [0, 00).

Note that for non-positive f these operators can have essential spectrum
below zero. The existence of negative essential spectrum for these types of
operators is easy to see, Theorem 3.1 below.

Let us reconsider Model II: The random potential is of the form V,,(z) =
> gi(w)éi(w) f(x —1). Under the same assumptions as in Theorem 2.5 we get

Eu(r) = /||< E[V, (z)*]dz < C Z pn with p, :==P(&, = 1).

In|<r

13



If the p, decay polynomial we recover the result in Theorem 2.5, since for
P S (14 n))~?

R _d—1
< 1 Sde ~ | ——— de ~ RP,

So we have to have d — 3 < d —2 & 3 > 2. Nevertheless, the probabilistic
version of Theorem 2.7 also applies if the p,’s do not decay polynomially:

Theorem 2.12. Set V,(z) = > qi(w)&(w) f(x—1) with ¢; independent iden-
tically distributed random variables with a finite second moment and P(q; <
0) > 0, & independent {0,1}-valued random variables also independent from
the ¢;’s, and f a non-positive function with compact support, f(x) < ¢ <0
on some non-empty open set. Then for the operator H, = Hy + V,, we have
P-almost surely:

i) [0,00) C ouc(Ho) if Y25icppi S 1+ R for some a < d -2,

1) Oess(Hy) N (—00,0) # (Z)_ipri = 0.

That is, we have a non-trivial model if Y p; = oo which has some absolutely
continuous spectrum as long as Z|i|<R p; does not grow too fast.

3 The essential spectrum below zero

3.1 Existence of negative essential spectrum

In this chapter we investigate the spectrum of Schrodinger operators with
sparse potentials at negative energies. We start with a criterion for the
existence of negative essential spectrum.

Theorem 3.1. Let [ be a bounded function of compact support. Suppose
E <0 is an eigenvalue of Hy = Ho + f. Let x,,; be points in R9, such that
as n — oo. Consider the operator H = Hy+V, V(z) = > fulz —x,). If
I = fn, for infinitely many j, then E € oes(H).

Proof. Let 1) be an eigenfunction of Hy for the eigenvalue £, Hsy = Ev,
||| = 1. Let 2, be a subsequence of z,, such that dist(z,,, {Zm fmzn; ) =
and f,, = f and set ¢;(z) = (x — z,,). Then (¢;); is a Weyl sequence for
the operator H and the energy F, that is,

(H—=E); =0, | =1

and v; — 0 weakly as j — co. B

14



Remark 3.2. The proof of the above theorem also gives the following con-
sequence: If we drop the sparseness condition dist(z,,{z}mnzn) — oo but
assume [ < 0 then we still get oess(H) N (—00,0] # 0

Example: In Model I suppose that Hy = —A + f has a negative eigenvalue
E. If Y p, = oo, the Borel-Cantelli lemma implies that &, = 1 for infinitely
many n € N. By the above remark we learn that there is some essential
spectrum in (—oo, £].

Let us denote by = the random set = = {n c Zi¢, = 1}. We have shown
that #= = oo almost surely, if >~ p, = co. Moreover, we have:

Proposition 3.3. Ifp, — 0 as |n| = oo, but > p, = oo then with probabil-
ily one, there exisls an infinite sequence n; € =, such thal
dist(n;, =2\{z;}) = o0 as |j| = oco.

With this proposition we can apply Theorem 3.1 to Model 1.

Proof. We first fix an arbitrary integer L > 1. Since > p, = oo there is a
sequence k; € Z?, such that |k; — k;| > L+1 for i# 5 and Y py, = co. For a
given k; we denote by Al the event that in the cube
Ap(k)) :={n € Zn—k| < L/2} & =1,but & = 0 forall j € Ar(k:)\{k:},
that is,

AZL = {w| =N AL(kZ) = {]{?Z}} .

The event AF occurs with probability

1

L

PA) =p [T (0 =p) 2 grams
J€AL(Ri)\{ki}

if |k;| is large enough. Consequently, E]P’(AZ(»L)) = 00, so by the Borel-
Cantelli lemma we conclude that A = {wlw € AEL) for infinitely many ¢}
has probability one. Thus, B := (\7_, AL has full probability as well.
For w € B there is a sequence n; € = with §,, = 1, and £, = 0 for all
|m —n;|<L/2 and m # n;. With the diagonal sequence trick we can find a
subsequence which is separated from the rest by an arbitrary distance near
infinity. m

Remark 3.4. An inspection of the proof of Proposition 3.3 shows that the
assertion is also valid in the stationary case, that is, for p, = p. In fact what
is needed is merely 0 < ¢g < p, < ¢ < 1.
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We will investigate the essential spectrum of operators in the Model 1
class in more details in the next section.
The spectrum of operators with Model II potentials, that is, with poten-

VW(I) = Z Qn(w)gn(w)f(w o :L‘n)

neZd

tials of the form

with ¢, independent identically distributed (and independent of the &,) can
be treated in a similar way as the model considered above. We assume f <0
and Y p,=> P, =1) = oc.

Let us denote by Py the probability distribution of g (and hence of a
general ¢g,). To avoid notational inconvenience we assume supp Py C [0, 00).
For any A > 0 we denote by H, the operator Hy = Hy + Af and by E,(})
its eigenvalues Fo(A) < Ei(A) < Ey(A) <...<0.

Theorem 3.5. For A € supp Py and any n, the energy E,()\) belongs to the
essential spectrum oess(H,) of H, almost surely.

Proof. Since A € suppPg and > p; = oo we find (with probability one) a
sequence n;, |n;| — oo, such that

(o, =1 and ¢, € (A=1/7,A+1/7),

and in addition &, = 0 for all m € A;(n;). With ¢ the eigenfunction of H)
corresponding to the energy E,()\) and v;(z) := ¥ (z — n;), we have t; = 0
and (H, — E,(X))¥; — 0 by construction.

We turn to Model 111, that is, potentials of the form

V(o) = 3 tuan(@) Sz —n)

with (deterministic) a, — 0 and ¢, independent identically distributed with
common distribution Py. If supp Pg is compact, then V,,(z) — 0 as |z| — oo,
so V,, is relatively compact and oes(H,) = [0,00). As above, denote by H)
the operator Hy = Ho+Af and by E,()) its ordered eigenvalues (below zero).
We can redo the above construction of Weyl sequences for F,(A) if there is a
sequence of points n; € Z? such that |dn,;Gn, — A| < & for arbitrary ¢ > 0 and
gn < const near n;. By Borel-Cantelli this happens with probability one if
> P(g. € (a;' (A —¢),a;' (A +¢))) = co. Assume that a, decays like |n|™*
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(some a > 1). Then, if P(g, > a) < Cy exp(—Csa), the above sum obviously
converges. However, if P(g, € [a,b]) ~ f; s7Pds (for a,b large), then

n|*(A+e)
e ebn-ca- [
n|*(A—e)
which is not summable if
p<14d/ o (3.1)

In case @ > 1 and 3 > 3 (to ensure E(¢?) < oo) we know from section
2.2 that [0,00) C 0ac(H,) in three and more dimensions. If a is close to
1 and the dimension is at least three, we can choose  such that (3.1) is
satisfied and # > 3. Thus in these cases we know that there is absolutely
continuous spectrum above zero and additional essential spectrum below.
The corresponding discrete model (i.e., on [?(Z?)) was considered in [20].
There it is proven that the spectrum below zero is pure point.

3.2 Klaus’ theorem

In this section we prove a partial converse to Theorem 3.1. We consider
deterministic sparse potentials of the form

Vig) =) flz - zn)

with dist(z,, {2 }mzs) — 00 as n — oo. As above f is a non-positive
(say bounded) function of compact support. Later we will actually allow the
“single-site potential” f to vary with the center z,.

We already know from our discussion above that the Schrodinger operator
H = Hy + V has absolutely continuous spectrum including [0, 00) if the
centers z, are “sparse enough” (see Theorems 2.7 and 2.11). Moreover,
Theorem 3.1 tells us that the eigenvalues F, (n = 0,1,...) of the “model
operator” Hy = Hy + f belong to the essential spectrum of H.

The following theorem guarantees that there is no other essential spec-
trum of H below zero.

Theorem 3.6 (Klaus). If the potential is sparse, thal is,
dist(z,,, {Zm }mzn) — 00 as n — oo then

Oess(H) = {E,|n € N} U0, 00).
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Remark 3.7. This theorem is due to Martin Klaus [26] who stated it for
the one-dimensional case only. Klaus proved this result by Birman-Schwinger
techniques. An alternative proof can be found in [6]. We give a third proof
below. Klaus’ paper deals with the more general situation of potentials
V(z) =) fu(z — x,) which we shall also discuss below.

The physical idea behind Klaus’ theorem is simple: An approximate
eigenfunction (Weyl sequence) corresponding to essential spectrum will mainly
live close to infinity. Since the distance between the centers z, grows near
infinity, these “eigenfunctions” must behave like an eigenfunction of the op-
erator with just one center.

Our proof uses the IMS-localization formula [6, Section 3.1] to separate
the single bumps. Let j, be a partition of unity, that is a sequence of C*-

functions, 0 < j,(z) <1 with 3" j.(2)* = 1, and sup > |Vj.(2)|* < oo.
The IMS-formula reads

H =" juHjn =Y |Vial"

In our proof of Klaus’ theorem we will use a different version of this type of
formula, since we have to compute ||(H — E)g||:

I(H = E)ell* = (ja(H = E)p, ju(H — E)p)
=3 "u(H j E)e,(H = E)jne) + > (jn(H = E)p, [jn, Hol)
= zn}(H — E)jnp, (H — E)jup) + zn:@m Holp, jn(H — E)p)
: > (Gu(H = E)g, [jn, Holg) — zn}[jn, Holp, [jn, Hol)
' =Y ((H —nE)jngo, (H = E)jne) + Le(e).

Using the explicit expression [j,, Ho] = (Aj,)+2(Vj,)V for the commutator
and the fact that V is infinitesimally small w.r.t. Hy, an easy but tedious
calculation shows that the localization error can be bounded by

1Le(@)] < D (IinlH = E)el |[ja: Holell + lGn Hol )

n

< O sup (|Aja(@)] + [Via(2)]) (3.2)

. Supp¢
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where the constant depends on ||¢||, ||(H — F)¢||, and ||A¢]| and is therefore
uniformly bounded for a Weyl sequence. We now turn to the

Proof of Theorem 3.6: 1t is obvious that [0,00) C 0ess( H). This is simply due
to the fact that the potential is sparse. From the sparseness it also follows
that there are huge regions where the potential is zero and we have a lot
of space to construct Weyl sequences for non-negative energies. To control
the negative essential spectrum we choose a partition of unity {7, }n=01...
such that the function 7, is concentrated near the point x, while jo takes
care of the region where the potential is zero. More precisely, we choose the
partition of unity such that:

i) suppjn is compact for n # 0 and j,(z)jn(z) = 0 for n # m, and
n7m % 07

ii) AN € N such that j,(z)V(z) = f(z —z,) for n > N,
iii) 3Ro such that V =0 on supp jo N {|z| > Ro},
iv) suppysp 22, (IVin(z)| + [Ajn(z)]) = 0 as R — oo,

So, jn = 1 on supp f(- — x,,) for large enough n and decays to zero outside.
Note that by i) condition iv) will follow as soon as ||V,||.. — 0, ||Aj.].. — 0
as n — 00, and Sup s, [Vjo(@)]; sup|pys,, [Vie(x)| — 0 as m — oco. Since
x, 1s far away from the other centers for large n, j, can indeed decay slowly
(IVinll., and ||Aj,||., small) without overlapping the other j,’s and still
ensuring condition ii). The rest is gathered in jo, whose support contains the
major part of the region where the potential V' vanishes.

Let ¢ be a Weyl sequence for H corresponding to an energy £ < 0 in
Oess(H). We may assume that ¢, € C3° and supp ¢ N Br(0) = (). By the
definition of a Weyl sequence we have ||¢k|| = 1 and ||(H — F)gi|| — 0 as
k — oo. Our goal is to construct from this a Weyl sequence for the model
operator Hy = Hy + f. The calculation above gives

I(H = E)erll* = > N(H = E)jugell” + Ls(en). (3.3)

By iv) above, the assumption on the support of the Weyl sequence, and the
bound (3.2) on the localization error Lg(pg), we see that Lg(pr) — 0 as
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k — oo. Consequently, we get

Y OIH = E)jugel> =0 as k — 0. (3.4)

We remind the reader that the sum in (3.4) is actually finite since @ has
compact support. Given 0 < e < |E| we can take k large enough, such that

D H = E)jagel* < £2/2. (3.5)

It follows that for this & there exists at least one n € {0,1,2,...} with
I(H = E)jneell < elljneell -

For otherwise ) ||(H — E)]ncpkHQ >ery H]ngokHQ = &2, since Y H]ngokHQ =
HS@kHQ = 1, which contradicts (3.5). Furthermore, since the potential vanishes
on the support of jopi for k> Ry, we have ||(H — E)jogokHQ >|E|? HjogokHQ >
2 HjotpkHQ. Thus there exists an ny > 1 for which ||jn, @] > 0 and

I(H = E)jnyrll < € llgnprll -

Hence we get existence of a sequence {n}; such that

[(H = E)jn, x|
[l 7nsprl

-0 as k — oo.

Next we define a Weyl sequence for Hy by setting

Vr() = G (@ + 2o )or(@ + 2n) ) | Gneprll -

In fact, ||¢x|| = 1 by construction and
Hi— FE)jn, (. n . n H—FE)j,, ¢
s — o < M0 Blin( madulc )| _ U = B ]
[7n kel ke

as k —oo. B

The above proof actually works for the more general situation where
V()= fulz —zn). (3.6)

If again dist(z,, {@m }mzn) — oo and the f, are, say, bounded functions of
compact support with || f.||_ bounded, then the following theorem holds:
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Theorem 3.8 (Klaus, general case). Set H,, = Hy,. Denote by £ the
set of energies

E = {E < 0| there exists a sequence n;, and energies

E,, € o(H,;) with E,, — E}
Then oess(H) = £ U [0, 00).

Remark 3.9. For these results the boundedness of f (equivalently V) is
not essential. It is enough to assume an L? condition on f for some p large
enough (depending on the dimension) which, since the centers x,, are sparse
and f has compact support, leads to a uniform local L? condition for V. This
is enough to ensure that V' is infinitesimally operator small with respect to

HO — —A

3.3 Klaus’ type spectrum for sparse random potentials

In this section we will apply Klaus’ theorem to random potentials. We start

with Model I, that is,

Vo(z) = &(w)f(z —n)

with the assumptions and notations made throughout the text; in particular,
f has compact support and p, = P(¢, =1), P(£,=0) =1 — p,.

By Borel-Cantelli we know that there are infinitely many “bumps” f(x—n),
that is, the set = = {n|&, = 1} is infinite (almost surely), if and only if
Y nezaPn = 00. As we have seen in Section 3.1, this condition implies that
the negative eigenvalues E,, of Hy+ f belong to the essential spectrum of H,,.
Klaus’ theorem tells us that this is all of the negative essential spectrum of
H,,, provided that the set = does not cluster at infinity. We prove that this
is, indeed, true under an additional assumption on the p,:

Theorem 3.10. If Y p, = oo but Y p? < oo then
Oess(Hy) = {Fnn=0,1,...} U[0,00) P-a.s.

Proof. Let A be an arbitrary cube in R? with center in Z? We define the
event

Ay(A) :={w | For at least two n,m € A,n#m,&, =€, =1}. (3.7)
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Then

P(A(A) < Y pini = (Y _pi) < IAL Y pie (3:8)

i, jEA i€A neA

where we used Jensen’s inequality.
For fixed L we set

Ay(L) = {w € Ay(Ar(n)) for infinitely many n € Z*}.

Since

STP(A(AL(n) < Cr Y g < o

neZd

we conclude that P(Ay(L)) = 0. Consequently,

Ay 1= O Ay(L)

has zero probability as well. For w in the complement of A; we have: If
n; € = = {n|& = 1}, n; = oo, then dist(n;,=Z\{n,;}) — oco. So Klaus’
theorem (Theorem 3.6) applies in this situation. W

The same reasoning gives a similar result for Model II, where

Vw(l’) = Z Qn(w)fn(w)f(x - n)

neZd

Here the ¢, are independent random variables with common distribution Py,

We denote by {F,(A)} the eigenvalues of Hy = Hy + Af.

Corollary 3.11. If > p, = o0 and > p?> < oo then

Oess(Hy) = {En(A)| X € suppPo,n =0,1,...} U[0,00) P-a.s.

For Model IIT a similar consideration shows that the behavior of the
probability measure Py, the distribution of the ¢, determines the essential
spectrum. More precisely, let G(z) := Po([z,00)) and assume G(z) ~ z~*
near infinity. Then, for any fixed v > 0 we have

P(anqn € [77 OO)) = G(G;IV) ~ a,.
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So, if )7 cgaa; = oo we have infinitely many wells of depth at least 7.
Moreover, if Y a2* < oo, we have only single wells near infinity.

In all these cases we obtain as a by-product that the essential spectrum
of H, is (almost surely) independent of the w. This does not follow from
general nonsense (as in [21]) since our potentials are not stationary. In fact,
the discrete spectrum will depend on w. Below we will show the invariance
of the essential spectrum in fair generality.

The method of Klaus’ theorem can be used for cases when “impurities”
cluster at infinity as well. Let us define this exactly for the case of Model 1.
For a finite subset F' of Z¢ we set

Hp =Hy+ Y f(-—n). (3.9)

nel

Operators of this type will be called model operators of rank |F'|. The eigen-
values of Hp will be denoted by F,(F'). They are always negative, for fixed
F' there are only finitely many of them (f has compact support). We are
going to show that the essential spectrum of H, is determined by a given
subset of these eigenvalues.

We will call a finite subset F of Z? essential (for H,,) if
P(F 4+ n C = for infinitely many n) =1
(recall F'+n = {m + n| m € F}), that is, if
S I pin = <. (3.10)
neZdlelr

As long as Y pF < oo only sets F' of rank at most k — 1 can be essential. To
see this, consider the obvious generalization Ax(A) of the set A3(A) in (3.7)

Ar(A) = {w| 3 at least k distinct points n; in A with &,, = 1}.

As for Ay(A) we have the bound P(Ax(A)) < (ZZEA pi)E < (JA])*! ZieA k.
Thus by Borel-Cantelli Ax(L) = limsup Ax(Ar) and Ay = [J7_, Ax(L) have
zero probability as soon as Y p* < oco. In other words, if > p* < oo we have
that near infinity, a maximum of k& — 1 distinct points can have £, = 1 in
arbitrary large boxes, that is, the essential sets have at most rank £ — 1.

Theorem 3.12. Let & = {E,(F) | F is essential for H,}. If 5" p* < oo for
some k then

Oess(Hy) = EU[0,00) P-a.s.
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Proof. We apply Klaus’ theorem (general case) to the possible (finite) clusters
F. We obtain that oes(H,) = £ U [0,00). It remains to show that £ is a
closed set. We write £ = Uf;ll &; with

& ={E(F)|F]=J}.

For each finite F' the set of negative eigenvalues of Hp, E(F) = {E,(F)},
is finite. By shifting F' if necessary we may assume that the origin belongs
to F and, moreover, F' C (Z4)?. The possible accumulation points in &
come from sequences [; such that Fj splits asymptotically into at least two
clusters. The corresponding eigenvalues converge to an eigenvalue of one of
those clusters, that is, belong to & with < 5. m

Remark 3.13. If we drop the condition > p* < oo and assume only p, —
0 as n — oo, percolation theory shows that still only finite sets occur as
essential clusters near infinity. So, in this case we have 0. (H,) = EU0, 00)
but we don’t know whether (the still non-random set) £ is closed. Of course,
the possible cluster points of £ come from eigenvalues of some of the Hr with
F essential for H,, so these cluster points might be called thresholds. The
above theorem then says that the negative essential spectrum of H, is given
by the negative eigenvalues of some of the model operators Hp together with

the thresholds.

The above method allows us to describe the essential spectra of the operators
from Model IT and IIT as well in a straightforward way. We only remark

Theorem 3.14. The essential spectrum of Schrodinger operators with sparse
random potentials (of type I-111) is independent of w P-almost surely.

We pause for a short summary about sparse random potentials of type I:

In Section 2.2 we proved that [0, 00) belongs to the a.c. spectrum if
pn < C(1+ |n])~+9), There exists essential spectrum below zero if " p, =
oo. If p, < C|n|™ for large n (o > 0 arbitrary), the essential spectrum
below zero is countable, hence pure point spectrum. The essential spectrum
below zero is finite if Y p2 < oo. It consists of the negative eigenvalues of
the operator Hy = Ho+ f. If }_ p2 = oc it may happen that the eigenvalues
of the operator H, ,, = Ho + f(- — x,) + f(- — ), n # m belong to the
essential spectrum, in fact they do if and only if Y _;upnsrPmir = o0
Those eigenvalues may accumulate only at the eigenfunctions of H;! If
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ST p2 = oo this “hierarchy” goes on, that is, the eigenvalues of the oper-
ators Hymi= Ho+ f(- —2,) + f(- — 2) + f(- — 2;) belong to the essential
spectrum of H, if and only if Zrezdpn+rpm+rpl+r = 00, etc. The essential
spectrum is always a non-random set, while the discrete spectrum will vary
with w. Although discrete essential spectrum is certainly somewhat unusual,
the measure theoretic nature of the spectrum fits pretty well into the picture
physicists have of stationary (ergodic) random potentials.

The occurrence of countable or even finite essential spectrum is perhaps
somewhat surprising. There are two ways to produce such spectrum. The
first is to have eigenvalues of infinite multiplicity. While we can not rule out
them in general, there are certainly no such eigenvalues in dimension one.
The other, more likely mechanism to pruduce isolated points in the essential
spectrum is that eigenvalues from the discrete spectrum can accumulate. We
believe this is what is happening in our case.

For low energies the spectrum is pure point; for high energies it has an
absolutely continuous component if d > 3. Note that in our case as well we
can establish coexistence of a.c. spectrum at high and p.p. spectrum at low
energies only for space dimension 3 and higher!

3.4 Dense point spectrum

We turn to Model II:

Vi(z) = Z Gn(w)€n(w) f(2n)-

We saw that the essential spectrum of H,, in this case depends on the support
of the distribution Py of ¢,, in fact,

Oess = | J & U0, 00), (3.11)
k=1

where

k
&L = {J(Ho + Z Aif(x —n;)) | A € infsupp Pg and

=1
zgj‘pn1+r---pnk+r:: OO}.

reZd
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We assumed above (and will assume in the following) that p, < C|n|™ for
large |n| and some a > 0. The union in (3.11) is finite in this case. So, if
supp Pg is countable the essential spectrum below zero is countable as well,
hence pure point. This includes the case of the Bernoulli distribution which
turns out to be very hard in the stationary case.

If the support of Py is uncountable we can in certain cases apply multi-
scale analysis (see [11, 12,9, 5, 18, 24]).

Let us suppose that Py is absolutely continuous with a bounded density of
compact support. Moreover, we assume that Y p, = oo and p, < C|n|~(?+9)
to ensure the existence of essential spectrum below zero and absolutely con-
tinuous spectrum above zero.

The multi-scale analysis requires a number of modifications before it can
be applied to our case of sparse potentials. We will not give complete details
here but rather concentrate on the critical change required, which is the proof
of a Wegner estimate for our case.

We follow the proof in [18] for the Wegner estimate. Moreover, to avoid
technicalities, we give this proof for the discrete case only (i.e., for operators
on [#(Z%). A complete proof will be given in a subsequent paper [19]. We
keep the notation from [18]. The crucial step there is to show that

3 Obnlan&) 5 o5 g (3.12)
e O

Here E,(g;, &) are the negative eigenvalues of the discrete Schrodinger opera-
tor ho+ Y ;ep i(w) &(w)|i)(i] on I*(A), A a box in Z? with Dirichlet boundary
conditions.

By the Feynman-Hellman theorem it is clear that

OE,(q;,
3 aj = Y [ualk
keA keEANE

where 1, is a normalized eigenfunction corresponding to F,(¢;,&). Thus
(3.12) is proved if we show

7 a(B)F > Y [a(k)? = C

keAn= keA

For this it is enough to have a bound of the form

1l ) < e 19l - (3.13)
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Since t,, is an eigenfunction we have (writing F and ¢ instead of F,, and
b, and suppressing the box A in the notation)

0=(ho+v—E)p=(ho— E)| ¢+ (ho+v—E)z¢+ T
with the “boundary operator” I't)(j) := ZieE,li—ﬂ:l (7). So

¥z = ((ho — E)L(E))_l (F(]=)).

Hence (3.13) follows, with a constant depending only on the energy £ (and
= is a non-negative operator, and thus ((hg — F) Ec)_l r
is bounded with norm uniform in the region =. The above calculation is the
main step in the proof of

not on A), since hg

Theorem 3.15. Suppose that g, are independent random variables with a
common distribution Py which has a bounded density of compact support. Let
€, be random variables taking values in {0,1}, &, independent of each other
and of the q,. Then the negative spectrum of ho+v,, with v,(n) = ¢,(w)&n (W)
18 pure point.

The above theorem can be proved for the continuous case with virtually
the same techniques. Moreover, this proof can be transfered to potentials of

Model III as well.

4 Surface potentials

In this chapter we will demonstrate how to use some of the ideas above for
random potentials which are concentrated around a hypersurface. We note
that there are several recent publications about this subject, for example,
[13, 31, 16, 15] where mainly the discrete “half-space” case is studied. We
will mainly concentrate on the continuous case, more precisely on potentials
of the following type:

Vo(@) = Y aulw)f(z = (n,0)). (4.1)
neZd—l
Here z € R? (n,0) € Z? C R? for n € Z?', f as usual is a non-positive
bounded function of compact support, and ¢, are independent identically
distributed random variables, indexed by n € Z%1, with g,(w) > 0 almost
surely. We will also consider discrete analogs of the surface potentials (4.1)
as well as those living on a half-space R%~! x R only.
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4.1 Absolutely continuous spectrum

For potentials as in (4.1) it is physically clear that a particle at positive
energy with velocity pointing away from the surface will travel away from
the surface R4~! x {0} once it escapes from the support of the potential. We
will make this picture more rigorous by using techniques from Enf)’ theory
(see [6, 10, 33] for the necessary background).

Let ¢ be a function of with support in the “upper” half-space R%~! x [a, 00)
for some a > 0. Furthermore, let g be a smooth function 0 < g < 1 with
support in [a, 8] (o, 3 > 0) and consider g(pq)p, where py is the momentum
operator in direction (0,...,0,1), that is, perpendicular to the surface
R?=! x {0}. Then g(ps)e may be considered as a state starting in the upper
half plane and moving away from the surface R?~! x {0}. In particular, the
surface R?~! x {0} or, more precisely, the support of the potential V is inside
the classically forbidden region of the configuration space. The quantum
mechanical particle under the free motion is described by e="Hog(p,)¢.

While the probability of finding the quantum mechanical particle inside
the classically forbidden region is never exactly zero, it is exponentially small
in the following sense:

Proposition 4.1. For any N € N there exists a constant Cn(p) (depending
on N and on @) such that for allt >0

[ X wa<are™ P g(pa)e|| < Cnle)(1 + Jt])N.

This proposition is very similar to [10, Lemma 6.1] and can be proven in
the same way as this result.

Given the proposition, it is easy to prove the existence of the wave oper-
ators ) for such functions. In fact, we have

Proposition 4.2. Let V be a bounded function, such that

suppV C R¥! x [—a,a] for some finite a. Let p be an L*-function with
compact support on R? and g € C3*(R) with supp g C [a, 00) for some a > 0.
Then

/ HVe_”HOg(pd)goH dt < oo.
0
Proof.

Ve ™ g(pa)e|| < C || Xaacac™ ™ g(pa)e| < Cale)(1 + [¢]) 7

by Proposition 4.1. &

28



We conclude that Q_ = s-lim e"e~""Hoy) exist for v» = g(ps)p. Then

<Q_¢7e—itHQ_¢> — <Q_¢7Q_e—itHo¢> — <¢7e—itH0¢>7

where we used the intertwining property of 1_ and the fact that Q_ is an
isometry. So we get that the Fourier transform of the spectral measure
corresponding to Q_1 equals the Fourier transform of the spectral measure
of Hy corresponding to ¥. Thus these measures coincide and 2_ belongs to
the absolutely continuous subspace of the operator H.

We have proven

Theorem 4.3. Let V be a bounded function on R* with support in
R x [—a,a]. Then [0,00) C dac(Ho + V).

It is clear that the above argument shows in fact the following: Suppose
that the potential V' satisfies a short-range condition in the sense of section
2 for all  in an open cone K C R% Then [0,00) C oac(Ho + V).

This applies especially to the situation where V(z) is a random potential
for 4 < 0 and V(z) = 0 for 24 > 0. In dimension one such a potential was
investigated by Carmona [3]. He proved that in this case the spectrum above
zero is purely absolutely continuous while the spectrum below zero is pure
point.

Proposition 4.2 does not apply directly to the half-space model
H* = Hf +V, where H = Ho g1+ Hé':d is the Laplacian on R%~! x R, with
Dirichlet boundary conditions at the {z; = 0}-hypersurface. This is simply
due to the fact that there is no selfadjoint momentum operator on L*(R,).
However, with the help of dilations, it is still possible to define outgoing
states.

We follow the reasoning in [6] very closely. To be more precise, define
the group of dilation operators on L%(Ry) by UP(t)(zg) = e/%p(elxy).
Furthermore, set Ut (t) = (UP(¢)1)(1). We will not distinguish between U
and U and their natural extensions to L?(R4™1) @ L}(Ry) = L3R x Ry).
Observe that U” is a strongly continuous group of unitary transformations
and that U(UP(1))(z;) = Ub(zg +t). So UP acts as translations in the

range of U/ and can be diagonalized by a “Fourier” transform:

Lemma 4.4. Setting M (X)) = \/LQ—er_iS/\(U@/})(S) ds we have
(MUP(0)¢)(A) = ™ (MY)(}).
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Proof. Simply a calculation of MUP (1)) for ¥ in a nice dense subset of
L*(Ry). m

Let Hgd be the Dirichlet Laplacian on L*(R,). We want to diagonalize Hgd
on LQ(R+) with the help of the Fourier transform. For this we identify

f € L*R,) with fe L*(R) by f(.rd) = ﬂf(l’d) for x4 > 0, f(a:d) =
—%f(—a:d) for 24 < 0. Then the map f— f is unitary and we have

(f,e” Ho, dg>L2(R+ dz) <Fdf7 e_itC2Fd§>L2(R,d()

with F; the usual Fourier transform on L?(R). To state Perry’s estimate we
need another technical result.

Lemma 4.5. For all t € R: F,UP(t) = UP(—t)F,. In particular, with A
the infinitesimal generator of UP and Py = X(0,00)(A), P- = X(—c0,0)(A) we
have

FaPy = PoF.
Proof. A calculation of FyUP(t) for ¢ € C°(R), say. W

Again, we did not distinguish between operators on L*(R.) and their exten-

sions (via f — f) to L?(R). We have

Theorem 4.6 (Perry’s estimate for the half-space). Let g be a C§° func-
tion with support in [a®,b%], a>0. Then for NEN, p €L?(R“ xR, ) we have

—itHT _
| Xoseagane™ Pag(Hg ) Pro|| < Cnl@)(1+ 0™ Jorall 120, (42)
Proof. For (z,z4) € R x Ry

ul, 2a) 1= (7 Pag(HF ) Pr) (2, 24) = (Kop oo FaPr (i, ) 12(2.00)
with K, +(() = %e"tc2g(f ), ¢ € R. By the above lemma F,; Py = PF;.

2
This implies
e, 24)| < HP—KMJHB(R@Q |4 (, ')HL2(R,C[I)

since F; and ¥ — ¢ are unitary. Thus, using emitHy — e-itHoa1 @ o
and the fact that e~*Ho.a-1 commutes with X{0<zq<at}s

Lt
_ZtHO,d

_itHT 2 2
HX{OSdeat}e tHO’dQ(HJ,d)PMQ = HX{OSdea}@/}tHL?(Rd—1XR+)

- 2 2
<at OSS;EIS)& HP—[\zd,tHB(R,dg) |‘¢|‘L2(Rd—1xR+) :
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Lemma 4.4 implies

0

I1P- Ky = |M(P- Ky, z/ | M (K0 )(A)]* d.

We have M (K, +) fe“" e?*)ds/(2m) with
o(s) == —=As + t625 :Ede + 5/2. Since suppg C [a?,b?] and 24 < al we get

O'(s) ==X +e’(2e’ —xy) +1/2> =X+ a’t + 1/2

for A <0and ¢ > 0. Using stationary phase methods as in [6, 33] we conclude
the bound (4.2). m

With this estimate we can use the same reasoning as in Theorem 4.2 to
establish the existence of the wave operators and use this again to prove
existence of a.c. spectrum for H*:

Theorem 4.7. Let V' be a bounded (for simplicity) function on R~ x R,
with support in R4~ x [0,a] (or, obeying a short-range condition in the x4
direction). Then [0,00) C ou(HF + V).

4.2 Pure point spectrum

The multi-scale analysis can be applied to the spectrum below zero. In
particular, we can prove the Wegner estimate for those energies in the same
way as in section 3.4. The initial length scale estimate can be done as in [24]
either for low energies (Lifshitz tails) or for high disorder.

There occurs a special case if we consider — in addition to a surface
potential as in (4.1) — an impenetrable wall at the {z; = 0}-hypersurface.
More precisely, we consider the operator HF = HJ + V,, with Dirichlet
boundary conditions at R?'x {0}. Again, HJ is the corresponding free
operator. Crucial for localization with a surface potential will be the fact
that, due to the Dirichlet boundary condition at the {z;=0}-hypersurface,
such a potential cannot create negative spectrum if it is not strong enough.

Lemma 4.8. If Vj is a bounded non-positive surface potential with support
in R¥1x[0,a) for some a > 0 then there exists \g > 0 such that Hf +\Vy > 0
for all A < Xq.
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Proof. By monotonicity (min-max-principle) it suffices to prove the assertion
for Vo(z) = Mxoq(xn). Since this potential is independent of z,, v =
1,2,...,d—1 we can seperate variables and reduce the claim to the assertion
that Hf = AVy(z) > 0 for the case of dimension d = 1. For this case one
can either do an explicit calculation or see it as an immediate consequence
of the Hardy inequality [7]

o ppedieey) <9 @)@,y forall p € D(HY),
which holds due to the Dirichlet boundary condition at zero. m

Now we consider a random surface potential of the form

Volz) = Y auw)f(z = (n,0)). (4.3)

neZd—l

As before, we assume that f < 0 is a bounded function of compact support
(f # 0 to avoid triviality). The random variables ¢, are independent and
have a a common distribution Py with supp Py C [0,00). As usual, to prove
localization we assume that Py has a bounded density. By V, we denote
the potential (4.3) with all coupling constants g, set equal to a and by HF
and H* we mean the Schrodinger operators on L*(R%~! x R, ) with Dirichlet
boundary conditions and the potential V,,, and V,, respectively. Note that
the potential V,, is periodic with respect to integer shifts parallel to the
hypersurface R4~ x {0}.

Lemma 4.9. info(H}) = inf,cquppp, (inf o(HF)) P-a.s.

o

Proof. By construction of a Weyl sequence. R

In particular, if Py is unbounded from above H7 is unbounded from below
(and we have to check essential self-adjointness of H} on a suitable subspace
of Hy via the method of [22], say). On the other hand, if supp Py is compact
then info(H}) = o(H} ) with amax = sup(supp Pg) by the lemma above.
Lemma 4.8 gives the existence of a critical oy > 0 such that if apnax < ag then
info(HF) =0 while inf o(H}) < 0 if amax > ag. This peculiar phenomenon
is due to the Dirichlet barrier at the surface which forces the wavefunctions
to vanish for zy = 0. The magnitude of aax 1s determined by the width
(and depth) of the potential f.
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Now, we consider the family of operators
HY (M) = HF +\V, for A > 0.

By the above discussion we have a critical constant A\g = a9/ max such that
info(HF (X)) =0for A < Agand infa(HF(A)) < 0for A > Ag. The threshold,
Ao 1s zero if supp Pg is unbounded, but Ag > 0 otherwise..

To formulate the initial length scale estimate needed for to prove local-
ization by the multi-scale analysis, we consider the operator HJ restricted
to a box AZO of side length Lo,

AT = {zeR| = Lo/2 <2, < Log/2forv=1,...,d—1,
and 0 < zy4 < LO/Q},
with Dirichlet boundary conditions on 9Ar,. The multi-scale analysis re-
quires an estimate of the form

P (|G (z,y)| < ey > 1 — 1/, (4.4)

where Géo is the Green’s function of H:|AJLF at energy F and Ly and ¢ are
0

large enough.
We are going to show this estimate for some A > Ag, say A = Ag+¢,e >0
small. To do so it suffices to show that

113>(H;|Az 20)—>1 as A\, Ao

because then dist(F, O'(H:|A-Lk )) > 0 for negative energies £ < 0 and X close

to Ag. Thus a standard Combes-Thomas argument gives the exponential
decay as required in (4.4). Moreover, by taking A even closer to A\g we can
make this probability arbitrarily close to 1. It remains to show

Proposition 4.10.

lim P (H3|A+ > 0) —1
)\\)\0 Lo

Proof. Since H:|AJ£ > 0 if all the (random) couplings in AT are below the

critical ag, we have

P (ian(HmAfo) < 0) <P(3n €A} Agu > o)
Qo
<

A7, Po ((77O~/max)> =0 as AN\ Ao (4.5)

since max = sup(supp Pp) is not an atom for Py. m
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