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Abstract. Recently Foschi gave a proof of a sharp Strichartz inequality
in one and two dimensions. In this note, a new representation in terms of
an orthogonal projection operator is obtained for the space time norm of
solutions of the free Schrödinger equation in dimension one and two. As
a consequence, the sharp Strichartz inequality follows from the elementary
property that orthogonal projections do not increase the norm.

1. Introduction

The solution u to the free Schrödinger equation

i∂tu = −∆u on Rd (1.1)

with initial condition u(0) = f ∈ L2(R2) is given by

u(t, x) = (eit∆f)(x) (1.2)

where eit∆ is defined, for example, by the spectral theorem. Since eit∆ is a
unitary group on L2(Rd), one immediately sees that u ∈ L∞t (L2(Rd)). But in
fact, due to the dispersive nature of the free Schrödinger equation, the solution
u, as a function of space-time, is even Lp-bounded,

‖u‖Lp(R×Rd) ≤ Sd‖f‖L2(Rd) (1.3)

where p = p(d) = 2 + 4
d . This was first shown by Strichartz [10] who followed

the Lp restriction proof of Stein-Tomas. Later simplified proofs were given by
Ginibre and Velo [4], see also [2, 11].

The sharp value of Sd, i.e., the quantity

Sd = sup
f 6=0,

‖u‖Lp(R×Rd)

‖f‖L2(Rd)

(1.4)

has been unknown until very recently. In fact, even the existence of maximizers
for (1.4), that is, functions f∗ 6= 0 such that one has equality in (1.4),

Sd =
‖eit∆f∗‖Lp(Rd+1)

‖f∗‖L2(R)
(1.5)
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has been only recently established. By using an elaborate application of the
concentration compactness method, Markus Kunze showed in [5] that (1.4) has
a maximizer in one dimension. His proof does not, however, provide any explicit
information about the maximizer nor the value of S1. The reason why even the
existence of maximizers has not been known until recently is the invariance of
the Strichartz inequality under the rather large group of Galilei transformations
and scaling. This makes the usual existence proof for maximizers via minimizing
sequences very hard, since they can very easily converge weakly to zero. The
usual method to circumvent this problem is the concentration compactness prin-
ciple, however, in this setting it has to be used twice, first in Fourier space, then
in real space, see [5] for the Strichartz inequality and [6] for the maximizer in the
dispersion management soliton equation, which is related to the Strichartz in-
equality. However, Kunze’s approach gives no information about the maximizer,
not even smoothness. For the dispersion management problem, Stanislavlova
showed recently in [9] that Kunze’s maximizer is, indeed, given by a smooth
function.

Very recently, Damiano Foschi [3] gave a simple proof of the Strichartz inequal-
ity in one and two dimensions, which yields the sharp constant. More precisely,
he proved

Theorem 1.1 (Foschi, [3]). The sharp constants for the Strichartz inequality in
one and two dimensions are S1 = 12−1/12 and S2 = 2−1/2, respectively. More-
over, one has equality in the Strichartz estimate in dimension one and two if the
initial condition f is given by a Gaussian.

Remark 1.2. In the first version of his preprint, Foschi proved only that Gaus-
sians are among the maximizers in the Strichartz inequality. The existence of
non-Gaussian maximizers was not ruled out. While preparing our manuscript,
we noticed that Foschi replaced the old version of his preprint by a new version,
in which he also characterizes the maximizers. We believe that our approach is
technically simpler than Foschi’s, especially our way to characterize the maxi-
mizers, and it sheds some different light on the Strichartz inequality.

The main purpose of this note is to give a simple new representation of the
Strichartz integral, see Theorem 1.3 below. It shows that the Strichartz estimate
follows from an upper bound on a very simple linear operator and, moreover,
gives a geometric criterion for the maximizer in the Strichartz inequality. For
x, y ∈ Rd denote by x · y the Euclidean scalar product. For f, g ∈ L2(Rd), f ⊗ g
is the usual tensor product, Rd × Rd 3 x = (x1, x2) → f ⊗ g(x) := f(x1)g(x2).
Similarly for the triple tensor product f1 ⊗ f2 ⊗ f3. We denote by

L1 = closure
(
span{G̃((1, 1, 1)·η, |η|2)| G̃ ∈ C∞0 (R× R+)}

)
(1.6)

the closed linear subspace of L2(R3) consisting of functions invariant under rota-
tions of R3 which keep the (1, 1, 1) direction fixed and by P1 : L2(R3) → L2(R3)
be the orthogonal projection operator onto L1.
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Moreover, let α1 = (1, 0, 1, 0), α2 = (0, 1, 0, 1) and

L2 = closure
(
span{G̃(α1 ·η, α2 ·η, |η|2)| G̃ ∈ C∞0 (R× R× R+)}

)
(1.7)

be the closed linear subspace of L2(R4) consisting of functions invariant under
rotations of R4 which keep both the (1, 0, 1, 0) and (0, 1, 0, 1) directions fixed.
Define P2 : L2(R4) → L2(R4) to be the orthogonal operator onto functions L2.
With this, we have

Theorem 1.3 (Representation Theorem). Let f ∈ L2(Rd).
a) If d = 1 then∫

R

∫
R
|eit∆f(x)|6 dxdt =

1
2
√

3
〈f ⊗ f ⊗ f, P1(f ⊗ f ⊗ f)〉L2(R3)

b) If d = 2 then∫
R

∫
R2

|eit∆f(x)|4 dxdt =
1
4
〈f ⊗ f, P2(f ⊗ f)〉L2(R4).

Remark 1.4. We would like to stress that we are not using the Fourier trans-
formation in our discussion of the Strichartz inequality. Nevertheless, using the
Fourier transform to represent the solution u of the free Schrödinger equation in
the form

u(t, x) =
1

(2π)d/2

∫
Rd

eix·ke−it|k|2 f̂(k) dk,

instead of formula (2.1) below, an argument very much similar to the one given
in section 2 shows that in dimension one∫

R

∫
R
|eit∆f(x)|6 dxdt =

1
2
√

3
〈f̂ ⊗ f̂ ⊗ f̂ , P1(f̂ ⊗ f̂ ⊗ f̂)〉L2(R3)

and in dimension two∫
R

∫
R2

|eit∆f(x)|4 dxdt =
1
4
〈f̂ ⊗ f̂ , P2(f̂ ⊗ f̂)〉L2(R4).

Thus there seems to be a symmetry of the Strichartz norm under Fourier trans-
formation. We do not use this additional symmetry, but it might be useful in
other contexts.

Using that any projection operator is bounded above by the identity, the
Representation Theorem 1.3 immediately yields the sharp Strichartz inequality:
In one dimension

‖eit∆f‖6
L6(R) ≤

1
2
√

3
〈f ⊗ f ⊗ f, f ⊗ f ⊗ f〉L2(R3) =

1
2
√

3
‖f‖6

L2(R) (1.8)

Hence we get the bounds S1 ≤ (1/(2
√

3))1/6 = 12−1/12. Similarly, for the two
dimensional case, S2 ≤ 4−1/4 = 2−1/2. One also sees that, in order to have
equality in the one-dimensional Strichartz inequality, the function f ⊗ f ⊗ f
must be in the range of P1, that is, it must be invariant under rotations of
R3 which keep the (1, 1, 1) direction fixed. Obviously, any function of the form
f(x) = e−x2

satisfies this condition, since the resulting product is even invariant
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under arbitrary rotations of R3. More generally, one can also allow for a linear
term in the exponential. That is, all functions of the form

f(x) = Ae(−λ+iµ)x2+cx,

with λ > 0, µ ∈ R, c ∈ C, A ∈ C, give equality in the Strichartz inequality. In
particular, the sharp constant is given by S1 = 12−1/12.

Similarly, f ∈ L2(R2) is a maximizer for the two-dimensional Strichartz in-
equality, if and only if f⊗f is in the range of P2. That is, it is invariant under
rotations of R4 keeping the (1, 0, 1, 0) and the (0, 1, 0, 1) directions fixed. Again,
any centered Gaussian (this time with rotational symmetric covariance) and,
moreover, all functions of the form

R2 3 x 7→ f(x) = Ae(−λ+iµ)|x−x0|2+c·x,

with A ∈ C, c ∈ C2, and λ > 0 and µ ∈ R (to ensure integrability of f), will
satisfy this condition. So the sharp constant is indeed S2 = 2−1/2.

In fact, the above invariance under suitable rotations together with a simple
argument shows that at least in one and two dimensions the only maximizers in
the Strichartz inequality are Gaussians. More precisely, we have the following

Theorem 1.5 (Gaussian maximizers). Let d = 1 or 2. The function f ∈ L2(Rd)
is a maximizer for the Strichartz inequality (1.3),

Sd =
‖eit∆f‖Lp(R×Rd)

‖f‖L2(Rd)

,

if and only if f is a Gaussian, that is,

f(x) = Ae(−λ+iµ)|x−a|2+b·x.

where A ∈ C, λ > 0, µ ∈ R, a ∈ Rd, and b ∈ Cd.

Remarks 1.6. (i) The above theorem says, in particular, that the extremizer in
two dimensions is the product of two one-dimensional Gaussians.
(ii) We cannot say anything about the three and higher dimensional case, ex-
cept that Gaussians are solutions of the corresponding Euler-Lagrange equation,
hence extremizers, see section 4 We expect the maximizers to be products of one
dimensional Gaussians. In fact, following Lieb’s ideas [7], see also [1], showing
that any maximizer is a product of one dimensional functions would immediately
imply that every maximizer is a Gaussian.

Conjecture: Based on Foschi’s result and on the direct calculation of the ratio
defining Sd for Gaussians, we conjecture

Sd =
(1

2

)1/p(2
p

)2/(p(p−2))
=

(1
2

( d

d + 2

)d/2)d/(2d+4)
. (1.9)

In the next section, we give the proof of the Representation Theorem 1.3 and
in section 3 we give the proof of Theorem 1.5.
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2. Proof of the Representation Theorem

If f is an integrable function on Rd, u(t, x) = eit∆f(x) is given by

u(t, x) =
1

(4πit)d/2

∫
Rd

ei
(x−y)2

4t f(y) dy. (2.1)

2.1. One dimensional case. Now, first consider the case of one space di-
mension. We want to rewrite

∫
R×R |u(t, x)|6 dtdx using (2.1). With the nota-

tion η = (η1, η2, η3), ζ = (ζ1, ζ2, ζ3), and f ⊗ f ⊗ f(η) := f(η1)f(η2)f(η3) and
(1, 1, 1)·η = η1 + η2 + η3, one gets

|u(t, x)|6 =
1

(4πt)3

∫
R3

∫
R3

e−i
x(1,1,1)·(η−ζ)

2t ei
|η|2−|ζ|2

4t f⊗f ⊗f(η)f⊗f ⊗f(ζ) dηdζ.

First integrate this with respect to x, making the substitution x = 2tz, and then
integrate with respect to t, making the substitution t = 1

4τ , and using that, as
distributions, δ(ξ) = (2π)−1

∫
R e−itξ dt one arrives at∫

R

∫
R
|u(t, x)|6 dxdt

=
1
2π

∫
R3

∫
R3

δ((1, 1, 1)·(η − ζ))δ(|η|2 − |ζ|2)f⊗f ⊗f(η)f⊗f ⊗f(ζ) dηdζ

(2.2)

We want to identify the right hand side of (2.2) as a quadratic form of a simple
self-adjoint operator. Let F,G ∈ C∞0 (R3), the space of test functions and define

Q1(F,G) :=
1
2π

∫
R3

∫
R3

δ((1, 1, 1)·(η − ζ))δ(|η|2 − |ζ|2)F (η)G(ζ) dηdζ. (2.3)

This is a symmetric quadratic form and, by definition,∫
R

∫
R
|u(t, x)|6 dxdt = Q1(f⊗f ⊗f, f⊗f ⊗f).

The crucial observation is that there should be a symmetric linear operator A1

generating this form, Q1(F,G) = 〈F,A1G〉L2(R3). From (2.3) we can read off A1,

(A1G)(η) :=
1
2π

∫
R3

G(ζ) δ((1, 1, 1)·(η − ζ))δ(|η|2 − |ζ|2) dζ (2.4)

First, we have to show that A1 is, indeed, a bounded operator. It is certainly
defined on C∞0 (R3), the space of test functions.

Lemma 2.1. The operator A1 defined in (2.4) maps C∞0 (R3) into L2(R3) and
extends to a bounded linear operator on all of L2(R3).

To prove this Lemma, we need an extension of a result contained in [3],

Lemma 2.2. (i) For all η ∈ R3, the measure

m1,η(dζ) =
√

3
π δ((1, 1, 1)·(η − ζ))δ(|η|2 − |ζ|2) dζ

is a probability measure on R3.
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(ii) For all Borel measurable sets B ⊂ R3, we have∫
R3

m1,η(B) dη = |B|

where |B| denotes the Lebesgue measure of B.

Proof. The proof of the first part of the lemma is a simple calculation: Let
τ = (1, 1, 1)·η, ξ = |η|2, and γ = ξ − τ2/3 = |η|2 − ((1, 1, 1)·η)2/3 ≥ 0. Rotating
the (1, 1, 1) direction to the north pole, the ζ1 direction, one sees

m1,η(R3) =
√

3
π

∫
R3

δ(ξ − |ζ|2)δ(τ − (1, 1, 1) · ζ) dζ

=
1
π

∫
R3

δ(ξ − |ζ|2)δ(τ −
√

3ζ1)
√

3dζ1d(ζ2, ζ3)

=
1
π

∫
R2

δ(ξ − τ2

3
− |(ζ2, ζ3)|2)d(ζ2, ζ3)

= 2
∫ ∞

0
δ(γ − r2) r dr =

∫ ∞

0
δ(γ − s) ds = 1.

To prove the second part, note that by Fubini-Tonelli, the symmetric dependence
of m1 on η and ζ, and the first part of the Lemma, we have∫

R3

m1,η(B) dη =
√

3
π

∫
R3

∫
B

δ((1, 1, 1)·(η − ζ))δ(|η|2 − |ζ|2) dζdη

=
√

3
π

∫
B

∫
R3

δ((1, 1, 1)·(ζ − η))δ(|ζ|2 − |η|2) dηdζ

=
∫

B
m1,ζ(R3) dζ =

∫
B

dζ = |B|.

Proof of Lemma 2.1. Take G ∈ C∞0 (R3). With the measure m1,η defined above,
the operator A1 applied to G can be written as

(A1G)(η) =
1

2
√

3

∫
R3

G(ζ) m1,η(dζ).

Thus

‖A1G‖2
L2(R3) = 〈A1G, A1G〉L2(R3) =

1
12

∫
R3

∣∣∣ ∫
R3

G(ζ) m1,η(dζ)
∣∣∣2 dη

≤ 1
12

∫
R3

∫
R3

|G(ζ)|2 m1,η(dζ) dη

=
1
12

∫
R3

|G(ζ)|2 dζ =
1
12
‖G‖2

L2(R3),

where, for the inequality, we used Jensen’s inequality, [8], and the fact that
m1,η is a probability measure for all η by the first part of Lemma 2.2. The
second to last equality follows from interchanging the integrations and then using∫

R3 m1,η(dζ) dη = dζ, which holds thanks to the second part of Lemma 2.2.
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Since A1 is densely defined, the above calculation shows that it extends to a
bounded symmetric operator on all of L2(R3) with norm at most 1/(2

√
3).

Now we proceed with the proof of the Representation Theorem in the one-
dimensional case. By a slight but common abuse of notation we denote by A1

the extension of A1 to all of L2(R3). We have to show that A1 is a multiple of
the orthogonal projection operator P1.

Let G ∈ C∞0 (R3). Note that, by construction, A1G depends on η only via
|η|2 and the projection of η on the line given by the (1, 1, 1) direction. In other
words,

(A1G)(η) = G̃((1, 1, 1)·η, |η|2),

for some function G̃ on R × R+. Hence recalling the definition (1.6) for L1, we
see that A1 maps C∞0 (R3) into L1, that is, into the range of P1. By denseness
of C∞0 (R3) in L2(R3) and boundedness of A1, it also maps all of L2(R3) into L1.
And so by symmetry of A1, A1(L⊥1 ) = {0}. To finish the proof of part a) of
Theorem 1.3, it remains to check that A1 acts as a multiple of the identity in
the range of P1.

Take G̃ ∈ C∞0 (R × R+). Then, by the above discussion, the function G(ζ) =
G̃((1, 1, 1)·ζ, |ζ|2) ∈ C∞0 (R3) is in the range of P1 and

2
√

3(A1G)(η) =
√

3
π

∫
R3

G̃((1, 1, 1)·ζ, |ζ|2)δ((1, 1, 1)·(η − ζ))δ(|η|2 − |ζ|2) dζ

= G̃((1, 1, 1)·η, |η|2) m1,η(R3) = G̃((1, 1, 1)·η, |η|2).
(2.5)

In the second equality we used the fact that the first δ-measure forces (1, 1, 1)·ζ =
(1, 1, 1) · η and the second δ-measure forces |ζ|2 = |η|2. For the last equality, we
used Lemma 2.2.i.

The equality (2.5) shows that 2
√

3A acts, indeed, as the identity on a dense
set of function in the range of the projection operator P1. Since it also maps
into the range of P1, we conclude that A = 1

2
√

3
P1 which, together with (2.2) to

(2.4), finishes the proof of part a) of the Representation Theorem 1.3.

2.2. Two dimensional case. The proof in the two dimensional case is very
similar to the one in one space dimension. In this case p(d) = 4. Introduce the
notation η = (η1, η2) ∈ R2×R2, similarly ζ = (ζ1, ζ2), and f⊗f(η) = f(η1)f(η2).
Squaring (2.1) with d = 2, one sees

|u(t, x)|4 =
1

(4πt)4

∫
R4

∫
R4

e−i
x·(η1+η2−ζ1−ζ2)

2t ei
|η|2−|ζ|2

4t f⊗f(η)f⊗f(ζ) dζdη.

As before, we integrate this with respect to the now two dimensional variable x
and make the substitution x = 2tz. Using the fact that for the Dirac measure
on R2, one has δ(ξ) = 1

(2π)2

∫
R2 e−ix·ξ dx, and then integrating with respect to t,



8 D. HUNDERTMARK AND V. ZHARNITSKY

making the substitution t = 1/(4τ), we arrive at∫
R

∫
R2

|u(t, x)|4 dxdt

=
1
2π

∫
R4

∫
R4

δ(η1 + η2 − ζ1 − ζ2)δ(|η|2 − |ζ|2)f⊗f(η)f⊗f(ζ) dζdη

(2.6)

This is nearly exactly the same expression as in the on dimensional case. This
time, however, the first δ-function denotes a Dirac measure on R2. Recall that
α1 = (1, 0, 1, 0) and α2 = (0, 1, 0, 1). Then η1 + η2 − ζ1 − ζ2 = (α1 ·(η − ζ), α2 ·
(η − ζ)) ∈ R2. So we can rewrite (2.6) as∫

R

∫
R2

|u(t, x)|4 dxdt

=
1
2π

∫
R4

∫
R4

δ(α1 ·(η − ζ))δ(α2 ·(η − ζ))δ(|η|2 − |ζ|2)f⊗f(η)f⊗f(ζ) dζdη

(2.7)

For F,G ∈ C∞0 (R4) define the symmetric quadratic form

Q2(F,G) :=
1
2π

∫
R4

∫
R4

F (η)δ(α1·(η−ζ))δ(α2·(η−ζ))δ(|η|2−|ζ|2)G(ζ) dζdη (2.8)

Similarly to the one-dimensional case, Q2(F,G) = 〈F,A2G〉L2(R4), where the
operator A2 can be read off from (2.8),

(A2G)(η) :=
1
2π

∫
R4

δ(α1 ·(η − ζ))δ(α2 ·(η − ζ))δ(|η|2 − |ζ|2)G(ζ) dζ (2.9)

Assume, for the moment,

Lemma 2.3. The operator A2 defined in (2.9) maps C∞0 (R4) into L2(R4) and
extends to a bounded linear operator on all of L2(R4).

Lemma 2.4. (i) For all η ∈ R4, the measure

m2,η(dζ) = 2
π δ(α1 ·(η − ζ))δ(α2 ·(η − ζ))δ(|η|2 − |ζ|2) dζ

is a probability measure on R4.
(ii) For all Borel measurable sets B ⊂ R4, we have∫

R3

m2,η(B) dη = |B|

where |B| denotes the Lebesgue measure of B.

With this we can argue exactly as in the one-dimensional case. By inspection,
(A2G)(η) = G̃(α1 ·η, α2 ·η, |η|2) for some function G̃ on R×R×R+. Thus using
(1.7), we see that again A2 maps C∞0 (R4) into L2, the range of P2. Moreover,
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the set of functions G of the form G(ζ) = G̃(α1 · ζ, α2 · ζ, |ζ|2) for some G̃ ∈
C∞0 (R× R× R+) is dense in the range of P2 and

(4A2G)(η) =
∫

R4

G̃(α1 ·ζ, α2 ·ζ, |ζ|2) m2,η(dζ)

= G̃(α1 ·η, α2 ·η, |η|2) m2,η(R4) = G(η)
(2.10)

So again, the bounded operator A2 maps C∞0 (R4) into the range of P2 and on
the range of P2 4A2 acts as the identity. Thus A2 = 1

4P2. Together with (2.7) to
(2.9), this proves the second part of Theorem 1.3. It remains to do the

Proof of Lemma 2.4. For the first part, write η = (η1, η2, η3, η4) and rotate the
ζ coordinates so that α1 = (1, 0, 1, 0) is in the ζ1 direction and α2 = (0, 1, 0, 1) is
in the ζ2 direction. Also, let τ1 = α1η = η1 +η3, τ2 = α2η = η2 +η4, and ξ = |η|2
and note that

ξ − τ2
1

2
− τ2

2

2
=

1
2
((η1 − η2)2 + (η2 − η4)2) ≥ 0.

Then

m2,η(R4) =
2
π

∫
R4

δ(τ1 − α1 · ζ)δ(τ2 − α2 · ζ)δ(ξ − |ζ|2) dζ

=
1
π

∫
R4

δ(τ1 −
√

2ζ1)δ(τ2 −
√

2ζ2)δ(ξ − |ζ|2)
√

2dζ1

√
2dζ2 d(ζ3, ζ4)

=
1
π

∫
R2

δ(ξ − τ2
1

2
− τ2

2

2
− |(ζ3, ζ4)|2)d(ζ3, ζ4)

= 2
∫ ∞

0
δ(

1
2
((η1 − η2)2 + (η2 − η4)2)− r2) r dr = 1

The proof of the second part follows from this and the Fubini-Tonelli theorem
as in the proof of the second part of Lemma 2.2.

Proof of Lemma 2.3. Using (A2G)(η) = 1
4

∫
R4 G(ζ) m2,η(dζ) and Lemma 2.4 this

is exactly the same calculation as in the proof of Lemma 2.1.

3. All maximizers are Gaussians

In this section we finish the proof of Theorem 1.5. First, we discuss the
one-dimensional case. Recall that by the Representation Theorem 1.3, one has
equality in the Strichartz inequality for the initial condition f ∈ L2(R) if and
only if the the function R3 3 η 7→ h(η) = f(η1)f(η2)f(η3) is in the range of the
orthogonal projection operator P1, that is, it is invariant under rotations of R3

which keep the (1, 1, 1) direction fixed. A convenient way to write down a matrix
representation for such a rotation is as follows. The three vectors

v1 =
1√
3

 1
1
1

 , v2 =
1√
2

 1
−1

0

 , and v3 =
1√
6

 1
1

−2


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obviously form an orthonormal basis of R3. Any matrix representing a rotation
of R3 keeping the v1-direction fixed is given by

M(θ) := v1⊗v1+cos(θ)v2⊗v2−sin(θ)v2⊗v3+sin(θ)v3⊗v2+cos(θ)v3⊗v3. (3.1)

for some θ ∈ [0, 2π). Here v1⊗v2 etc., is the usual tensor product of two vectors.
For example,

v1 ⊗ v1 =
1
3

 1
1
1

 (1, 1, 1) =
1
3

 1 1 1
1 1 1
1 1 1

 .

Note also that M(0) = v1 ⊗ v1 + v2 ⊗ v2 + v3 ⊗ v3 is the identity matrix on R3,
since v1, v2, v3 form an orthonormal basis of R3.

If h is a differentiable function on R3 invariant under rotations of R3 keeping
v1 fixed, then one must have h(η) = h(M(θ)η), where M(θ)η is defined by the
usual matrix multiplication. In particular,

∂

∂θ
h(M(θ)η) = 0 (3.2)

for all θ and η ∈ R3. By the chain rule,

∂

∂θ
h(M(θ)η) = ∇h(η) ◦ ∂M(θ)

∂θ
(η).

Here ∇h = ( ∂
∂η1

h, ∂
∂η2

h, ∂
∂η3

h). Since M(0) is the identity matrix and

∂M(θ)
∂θ

∣∣
θ=0

= (v3 ⊗ v2 − v2 ⊗ v3) =
1√
3

 0 −1 1
1 0 −1

−1 1 0


any function h obeying (3.2) must have

0 = Lh := −
√

3
∂

∂θ
h(M(θ)η)

∣∣∣
θ=0

=
(
(η2 − η3)

∂

∂η1
− (η1 − η3)

∂

∂η2
+ (η1 − η2)

∂

∂η3

)
h.

(3.3)

Now we come to the

Proof of Theorem 1.5 in one space dimension. Let f ∈ L2(R) be a non trivial
maximizer for the Strichartz inequality. By the Representation Theorem, the
function f⊗f⊗f is in the range of P1, hence invariant under rotations which
keep the v1 direction fixed.
Step 1: Assume in addition that f is differentiable and never vanishes. Then
f is a Gaussian. Indeed, in this case h(η) = f(η1)f(η2)f(η3) is a differentiable
function invariant under rotations of R3 keeping v1 fixed, so (3.3) holds for h.
Since, by assumption, f never vanishes, one can further simplify (3.3) to

0 = (η2 − η3)g′(η1)− (η1 − η3)g′(η2) + (η1 − η2)g′(η3) (3.4)
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where we also introduced g′(x) = f ′(x)/f(x), the logarithmic derivative of f .
Differentiating (3.4) with respect to η1, say, gives

g′′(η1) =
g′(η2)− g′(η3)

η2 − η3
for η2 6= η3. (3.5)

Since η1, η2, η3 are independent variables, g′′ must be constant, so g is a second
order polynomial. Hence f must be a Gaussian. This settles the one-dimensional
case, as soon as one knows that the maximizer is smooth and non-vanishing.
To proceed with the proof in the general case we follow an argument of Carlen
[1]. We need a bit more notation: Denote by Pt convolution on R3 with the
kernel (2πt)−3/2 exp(−|η|2/(2t)), and by Qt convolution on R with the kernel
(2πt)−1/2 exp(−|x|2/(2t)).
Step 2: Let f ∈ L2(R) with h = f ⊗ f ⊗ f in the range of P1. Assume that
Qt(f) never vanishes. Then f is a Gaussian.
Indeed, by rotational invariance of Pt, the function Pth inherits the rotational
invariance of h. Moreover, by the product structure of the kernel of Pt,

Pth = (Qtf)⊗ (Qtf)⊗ (Qtf). (3.6)

Qtf is certainly a smooth function for t > 0. Since by assumption Qtf never
vanishes, we can use Step 1 to conclude that Qtf is a Gaussian. Hence f =
limt→0 Qtf is a limit of Gaussians and hence a Gaussian. To finish the proof, we
note
Step 3: Assume that f is a maximizer in the Strichartz inequality. Then Qtf
never vanishes for all t > 0.
Indeed, take the modulus in (3.6) and apply Ps again. This gives

Ps|Pth| = Qs|Qtf | ⊗Qs|Qtf | ⊗Qs|Qtf |

Again, Ps|ht| inherits all rotational symmetries of Pth, in particular, those of h.
Since Qtf → f in L2(R3) as t → 0, we see that Qtf is not the zero function for
small t. Thus, since convolution with Gaussians improves positivity, Qs|Qtf | is
a strictly positive smooth function. By Step 2, we can conclude that |Qtf | is a
Gaussian. Hence Qtf never vanishes for small t.

This finishes the proof of Theorem 1.5 in the one-dimensional case.

For the two dimensional case, recall that the Representation Theorem (1.3)
says that if a non-trivial function f ∈ L2(R2) is a maximizer of the Strichartz
inequality in two dimensions then the map R4 3 η 7→ h(η) = f(η1, η2)f(η3, η4) is
is in the range of P2.

As a preliminary result let us note that this immediately implies that f is
a product of two one-dimensional functions f1 and f2. Indeed, since h defined
above is in the range of P2, it is of the form h(η) = h̃(α1 ·η, α2 ·η, |η|2) which
is invariant under exchanging the η1 and η3 coordinates. This can be checked
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directly, or by introducing the matrix

M =


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

 .

Since α1 and α1 are eigenvectors of M with eigenvalue one and |Mη|2 = |η|2, the
invariance h(η) = h(Mη) holds for any h ∈ Ran(P2). This gives

f(η1, η2)f(η3, η4) = f(η3, η2)f(η1, η4)

for almost all η. Since f ∈ L2(R2), it is locally integrable. Pick a square Q =
I1 × I2 ⊂ R2 such that J =

∫
Q f(η1, η2) dη1dη2 6= 0. Then integrating the above

equality with respect to η1 and η2 over Q and using Fubini’s theorem shows

Jf(η3, η4) =
∫

I2

f(η3, η2) dη2

∫
I1

f(η1, η4) dη1.

So every maximizer f in the two dimensional Strichartz inequality factorizes into
a product of two one-dimensional functions, f = f1 ⊗ f2 with fj ∈ L2(R).

Now assume that R4 3 η → h(η) is any differentiable function invariant under
rotations of R4 which keep the α1 = (1, 0, 1, 0) and α2 = (0, 1, 0, 1) directions
fixed. A convenient parametrization of these rotations is as follows. The four
vectors

α1 =
1√
2


1
0
1
0

 , α2 =
1√
2


0
1
0
1

 , α3 =
1√
2


1
0

−1
0

 , and α4 =
1√
2


0
1
0

−1


form an orthonormal basis of R4. Any rotation keeping the α1 and α2 directions
fixed is given by the matrix

M(θ) := α1 ⊗ α1 + α2 ⊗ α2 + cos(θ)α3 ⊗ α3 − sin(θ)α3 ⊗ α4

+ sin(θ)α4 ⊗ α3 + cos(θ)α4 ⊗ α4

for some θ ∈ [0, 2π).
As in the three dimensional case, one concludes that h must satisfy the differ-

ential equation

0 = Lh(η) := − 2
∂h(M(θ))

∂θ

∣∣
θ=0

=
[
(η2 − η4)∂1 − (η1 − η3)∂2 − (η2 − η4)∂3 + (η1 − η3)∂4

]
h(η)

(3.7)

We can now give the

Proof of Theorem 1.5 in two space dimensions. Let f be a non trivial maximizer
in the two dimensional Strichartz inequality. Then by the above discussion
f(η1, η2) = f1(η1)f2(η2). Moreover, the function

h(η) = f1(η1)f2(η2)f1(η3)f2(η4). (3.8)
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is in the range of P2, by the Representation Theorem, in particular, invariant
under the rotations M(θ) defined above.

Now assume, in addition, that fj , j = 1, 2, is smooth and never vanishes. Then
h obeys the differential equation (3.7). Introducing the logarithmic derivatives
g′j = f ′j/fj , we can rewrite this as

0 = (η2 − η4)g′1(η1)− (η1 − η3)g′2(η2)− (η2 − η4)g′1(η3) + (η1 − η3)g′2(η4). (3.9)

Differentiating with respect to η1 yields

0 = (η2 − η4)g′′1(η1)− g′2(η2) + g′2(η4). (3.10)

and differentiating this again with respect to η2 gives

g′′1(η1) = g′′2(η2). (3.11)

Thus, since η1 and η2 are independent variables, both second logarithmic deriv-
atives are constant and equal. So f is the product of two one-dimensional Gaus-
sians with the same covariance. This proves the two-dimensional version of The-
orem 1.5 if f is smooth and non-vanishing. The general case follows from this
by an argument very similar to the one used in the proof of the one-dimensional
version, one has to use convolution with a rotationally symmetric Gaussian on
R4 and use its invariance under rotations of R4 and its product structure as in
the previous proof.

4. Extremizers for d ≥ 3

Unfortunately neither Foschi’s method nor ours does directly apply to dimen-
sions three and higher. There is, however, a natural procedure to verify if there
exist Gaussians extremizers in higher dimension. Assume first that the Gaussian

u(x) = αe
−|x|2

2β

is an extremizer, then it must solve the corresponding Euler-Lagrange equation
for (1.4),

λu =
∫

R
e−is∆(|eis∆u|

4
d eis∆u)ds.

We observe that by using invariance under Schrödinger evolution, we can adjust
β to be real. Secondly by using dilation invariance

u(x) → µd/2u(µx),

we may adjust β = 1. Finally, by fixing an appropriate L2 norm, we let α = 1.
Therefore, it is sufficient to verify that u = e−|x|

2/2 solves the above equation.
After direct calculations, we obtain that the Euler-Lagrange equation takes the
form

λe−|x|
2/2 =

∫
R

ds

1 + 4s2

(
1− i2s

1− i2qs

)d/2

exp
(
−|x|

2

2
q − i2s

1− i2qs

)
,

where q = 1 + 4/d. Consider this integral in complex plane with the contour
being: [−R,R] ∈ R and the semicircle with radius R. It is easy to check that
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the integral over upper semi-circle vanishes as R →∞. The contour has a single
pole in upper semi-plane s = i/2. Therefore, the equation takes the form

λe−|x|
2/2 = 2πiRess=i/2(f) = 2πi

1
2i

1
2

(
2

1 + q

)d/2

e
− |x|2

2
q+1
q+1 .

Choosing

λ =
π

2

(
2

1 + q

)d/2

=
π

2

(
d

2 + d

)d/2

as the Lagrange multiplier, we obtain the equality. Hence in all dimensions,
Gaussians with a rotationally symmetric covariance are solutions of the Euler-
Lagrange equation for extremizers in the Strichartz inequality.

Remarks 4.1. (i) The above calculation breaks down if we assume that the
maximizer is a Gaussian with a non-rotationally symmetric covariance.
(ii) We cannot rule out the existence on non-Gaussian extremizers for the Strichartz
inequality in dimension three and higher. We believe that they do not exist and
that all maximizers must be Gaussians. This is in spirit with Lieb’s result [7]
that Gaussian kernels have only Gaussian extremizers.
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