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# The Dispersion Management Functional.
# Physical relevance.

#® Decay estimates for Dispersion Managed Solitons:
» harmonic analysis meets real space.
» Sub-harmonicity rules!
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with

1
O(f. . 1. f) = /O it /R 42| T4 f ()
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Physical relevance

o N

The equation describing the amplitude « of a signal in a
glass-fibre cable is given by a cubic non-linear Schrodinger
equation

0w = —d(t)0%v — c|ul*v
Here d = d(t) Is the varying dispersion along the fibre.

Problem: Low power pulses disperse along the fibre.
High power pulses (solitons) interact strongly due to the
non-linearity.

Dispersion Management: Stay in the linear regime, where
pulses do not interact with each other.

Stabilize pulses by strongly periodically varying the
dispersion d.
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Physical relevance

-

Effective equation for the average amplitude v
0w = —d0*v — Q(v,v,v)  Gabitov-Turytsin (1996)

with d = average(d)
1 -
and Q(u,u,u) = / 7! (TywTw)Tyw| dt
0

Separation of variables: v(t,z) = ¢! f(x) yields

—wf =—af" = Q(f. . 1)
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Physical relevance

-

Solution of this equation are critical points of

H() =5 [ 1/ @) = 10U 1..5)

for fixed || f|z2r) = A (power of the pulse).

1
Q(fla f27 f37 f4) — /() /I%thl (x)thQ(x)thB(x)thzl(ZC) dxdt

This idea turned out to be enormously successful, creating
optical waveguides with record breaking bit-rates (Tera
bits/s over a 10000 kilometer glass-fibre cable!).
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Physical relevance
-

Solution of this equation are critical points of T

H() =5 [ 1/ @) = 10U 1..5)

for fixed || f|z2r) = A (power of the pulse).

1
Q(fla f27 f37 f4) — /() /I%thl (x)thQ(x)thB(x)thzl(ZC) dxdt

This idea turned out to be enormously successful, creating
optical waveguides with record breaking bit-rates (Tera
bits/s over a 10000 kilometer glass-fibre cable!).

Now widely used commercially: e.g., fast internet.
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® V. Zharnitsky, E. Grenier, C.K.R.T. Jones, S. K. Turitsyn
(2001): minimizers exist in H'(R) for positive average
dispersion d > 0.
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Rigorousresults

-

V. Zharnitsky, E. Grenier, C.K.R.T. Jones, S. K. Turitsyn
(2001): minimizers exist in H'(R) for positive average
dispersion d > 0.

Using Q : (H*)® — H* and (—w + do?)~! : H® — H*T2,
one can bootstrap the DM equation: every solution is
automatically smooth.

Loss of compactness in the critical case d = 0 (zero
average dispersion)

s Kunze (2004): Existence of a minimizer for d = 0
o Stanislavova 2004: Kunzes minimizer IS smooth

Conjecture: No solution exists for negative average
dispersion.

|
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Boundedness

Even for d = 0, the functional H(f) is bounded below:

H(f) = —Q(f, f, f, f) > —const| f||*

of, 1. 1. f) = / /\th 4 dwdt = /1/]R\th(:1;)]3+1dxdt

NOW use

a®b < ~(¢7ab + eb*)  Cauchy-Schwarz with epsilon

DO | —



Boundedness

Even for d = 0, the functional H(f) is bounded below:
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Boundedness

Even for d = 0, the functional H(f) is bounded below:

H(f) = —Q(f, f, f, f) > —const| f||*

1 1
Q(f,f,f,f):/0 /]R\th(:zz)!4d:1;dt:/o /]R\th(w)]3+1dxdt

(51/()1/]R\th(:1;)]6dxdt+5/01[R\th(x)Idedt>

(=" SEUAIE + <l £11)

using one-dim Strichartz and unicity of 7.
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Boundedness

-

Even for d = 0, the functional H(f) is bounded below:

H(f) = —Q(f, f, f, f) > —const| f||*

Q(f,f,f,f):/l/ \th(:z;)]4d:1;dt:/1/ T f(2) P+ dadt
%( 1/ /\th ]6dxdt+5/ /\th ]2dxdt
1

< 5 (7' SPFIC + <l 1)

= S?||fI*  with the choice € = S} f]|*.
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-

P. Lushnikov (2004) gave convincing arguments that the
dispersion managed soliton should look like

-

f(z) ~ cos(z®(ag + O(z™1))) exp(—=blz|) asz — cc.
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Decay conjecture

-

P. Lushnikov (2004) gave convincing arguments that the
dispersion managed soliton should look like

f(z) ~ cos(z®(ag + O(z™1))) exp(—=blz|) asz — cc.
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Regularity

|7Theorem (100DM and Young-Ran Lee (2007)). Any weak solution of T

f=Q( 1. f)

IS a Schwartz function. That is,

Sgp(l +[z])" D" f(z)] < o0

forall n,m € Nj.
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Regularity

|7Theorem (100DM and Young-Ran Lee (2007)). Any weak solution of T

f=Q( 1. f)

IS a Schwartz function. That is,

Sgp(l +[z])" D" f(z)] < o0

forall n,m € Nj.
Recall: f is a weak solution if

(9, ) =9, QUf. 1, [)) = Q9. [. [, ])

for all g € L*(R).
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Estimates on thetall

fLet f € L*(R) be a weak solution of f = Q(f, f, f). Set T
a(s) = f(x)]? da L2
@)= ([ 1@l

as) = ( / Fl) 2 de)

Note: « and « are decreasing and tend to zero at infinity.
Theorem.

a(s) < (a(s/3))” + —=a(0) a(s/3)

a(0)*a(s/3)

Sl Sl

a(s) < (a(s/3))° +
o (s) < (a(s/3))
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How to usethis

-

If & — 0 at infinity and a(s) < (a(s))?. Then o has compact
support!
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How to usethis

-

Since

a(s) < (a(s/3))° + %&(8/3)

one gets
Xidoo) (5/3)a(s) < <a<s/3>>2x[d,oo><s/3>a<s/3>+%x[d,oo><s/3>a<s/3>

NOte X(4,00)(5/3) = X[d,00)(8) = X[d,30)(8)-  PUt g := X[g,00)-
Then

aals) < Claa(s/3))aa(s/3) + c@d(jf) £ Xgoo) (8)a(s)
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How to usethis

-

Hence

-

s/3)Tag(s/3)

sTag(s) < C37(aq(s/3))*(s/3) aals/3) + ! V'S

+ (3d) " X(4,30) (s) ()



How to usethis

-

Hence

-

s/3) 7 aq(s/3)
NE

Saa(s) < O3 (auls/3))2(s/3) aals/3) + O

+ (3d)"x(d,30)(5)(s)
and

37|57 gl oc

NE

|s7adllo < C87(a(d))?||s7aallo + C

+ (3d)"a(0)
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Rearrange to

(1 — C3a(d)* — O—\/S;) |57 aglloo < (3d)?(0)



How to usethis
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earrange to

(1-CFa(@? - =55 aulle < Ba(0)

This gives a finite upper bound on ||s7ay||~ @s long as d
and s are chose so large that

1
C37a(d)? + OT 5
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How to usethis
- -

earrange to

(1-CFa(@? - =55 aulle < Ba(0)

This gives a finite upper bound on ||s7ay||~ @s long as d
and s are chose so large that

C37 1

gl 2,77 <
C37a(d)” + 7 S 2
In particular, s — s7«a(s) Is bounded or

a(s) Ss~ 7 forall v > 0.
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) (1 +22)7/2f(x) € L*(R) and
iy (14 k2)Y/2f(k) € L%(R) for all y > 0.
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Homework: If (14 22)*2f(x) € L*(R) and D" f € L*(R) for
all n € Ny, then (1 +22)"2D™f ¢ L*(R) for all n,m € Ny, i.e.,
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Corollary. If f € L*(R) solves f = Q(f, f, f) weakly,
) (1 +22)7/2f(x) € L*(R) and
iy (14 k2)Y/2f(k) € L%(R) for all y > 0.

Corollary. Any weak solution f € L?(R) of f = Q(f, f, f) isa
Schwartz function.

Homework: If (14 22)*2f(x) € L*(R) and D" f € L*(R) for
all n € Ny, then (1 +22)"2D™f ¢ L*(R) for all n,m € Ny, i.e.,
f i1s a Schwartz function.

Remaining Question: How to get the a-priori bound on
the tail distribution?
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-

Recall: f = Q(f, f, f) weakly, I.e,

(9, f) = (g, Q(f, [, ) = Qg [, [, f)
for all g € L*(R).

Note

a(s) =sup {[{g, f) = gl = 1,supp(g) C {|z| > s}}

It remains to estimate Q(g, f, f, f) uniformly in g.

o
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Multi-linear estimates

-

The map g, f — O(g, f, f, f) Is non-linear (and non-local).
The map f17 f27 f37 f4 = Q(f17 f27 f37 f4) Is multi-linear.

-

Fact 1. If g is supported in {|z| > s} and fi, fo, f3 are
supported in {|z| < s/3}, then

Q(97 f17f27f3) =0

So even though Q is non-local, it retains some locality
(quasi-local).
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First reduction

Let g € L? with supp(g) C {|z| > s}. T
Split f = f<« + f> With fo = x(_g/35/3)f @nd f> = X{jz>s/31]

Q(gvfafaf) — Q(gﬁf<+f>7f<+f>7f<+f>)
— Q(gaf<7f<7f<)_|_ Q(gaf>7f>7f>)
+ Q(gaf7f<7f>)+ Q(gvf>7f7f<)—|_ Q(gvf<7f>7f)

Fact 1

— Q(gaf>7f>7f>)
+ Q(gaf7f<7f>)_|_ Q(gaf>7f7f<) T Q(gaf<7f>7f)
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Multi-linear |1

-

Fact 2. |Q(f1, f2, f3, fa)| S LSl 2l 3] fal

So
19(g, [, 5, [ S gl f>117 = als/3)°.

Remains to estimate terms of the form Q(g, f, f<, f~).
Note supp(g) and supp(f<) have distance 2s/3.

Fact 3:

[f< AN e(0)%als/3)
V'S Vs

Land similar for the other terms.

Q0. 1. e £>)] < LI
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So

Qg f, [, =1Q(g, f<« + >, f< + [>, [< + [5)]
S ’Q(gaf>7f>7f>)‘
+ ‘Q(gﬁf7f<7f>)’ + ’Q(gvf>7f7f<)‘ + ‘Q(gﬁf<7f>7f)‘

< a(s/3) + %Q(O)QQ(S/S).

-

Hence

a(s) = sup(|(g, /)l = [lgll = 1,supp(g) C {|z| = s} )
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So

Qg f, [, =1Q(g, f<« + >, f< + [>, [< + [5)]
S ’Q(gaf>7f>7f>)‘
+ ‘Q(gﬁf7f<7f>)’ + ’Q(gvf>7f7f<)‘ + ‘Q(gﬁf<7f>7f)‘

< a(s/3) + %Q(O)QQ(S/S).

-

Hence
a(s):sgp!Q(g,f,faf)’

1

< a(s/3)° + —=a(0)*a(s/3).
- (s/3) \/g() (s/3) |
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Now use

1 N2
th($> _ T /RGZ(ZIZ Y) /(4t)f(y) dy

multiply out everything like crazy and do the z-integration
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Why quasi-local ?
- -

1
Q(f17f27f37f4):/0 /RTtg(w)thl($>th2(x)th3($> dxdt

1
_ / 5(y1 — ya + y3 — yq)et VTV —yi)/ (41
0

fi(yr) f2(y2) f3(y3) fa(ya) dy
— 0

If the supports of f1, f2, f3 and f4 are such that their product
IS zero whenever y; — yo + y3 — ys = 0.

o |
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10(q, [, f<, 1>)] < gl < T f> ]
\/ dist(supp(3), supp(f<))

By Cauchy-Schwarz

1Q(g, [, f<: 5 < N TegTef<llr2 o xm) I Te S Tef> [ 22 (0,1 xR)

and
1T f T f> 2o xr) S I
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Claim:

gl f<]
0p(9), supp(f<))

ITigTe f< |l 20,01 xR) S
V/dist(su

Reason:. The wave packets T;g and 7; f- have very
different speed, hence their interaction should be small.
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Claim:

gllll f<Il

ITigTe f< |l 20,01 xR) S
V/dist(su

0p(3), supp(f<))

Reason:. The wave packets T;g and 7; f- have very
different speed, hence their interaction should be small.
This heuristic iIs made precise using arguments from

harmonic analysis.

o

|
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Bi-linear Strichartz

-

Claim:

gl f<]
0p(9), supp(f<))

ITigTe f< |l 20,01 xR) S
V/dist(su

Reason:. The wave packets T;g and 7; f- have very
different speed, hence their interaction should be small.
This heuristic iIs made precise using arguments from
harmonic analysis.

New insight: The same bound holds if the supports of ¢ and
f- are separated!

o |
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where f; is the inverse Fourier transform of f;.

o |
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New Symmetry
- -

1T 1T foll 22 (R xRa pa—2dtda) T 115 fol| L2 (R xR drdz)

where f; is the inverse Fourier transform of f;.

Consequence: All previously known bounds involving
conditions on the Fourier transforms of f; and f, have direct
r-space analogues.

o |

Gregynog May 2007 — p. 25/25
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