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The free Schrodinger evolution

- N

10pu = —Au on L?(R%)
With initial condition
u(0,z) = f(z) € L*(RY).

Solved by the unitary time evolution

u(t,z) = ("2 f)(z)

lult, ) Lz2wey = /[ L2®e)

Thus
uwe LL?  as a space-time function
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Strichartz inequality
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Theorem (Strichartz 1977). For p = p(d) = 2 + %,

1
lullg, = ([ dt | dofuta)P)"” < Sull £

Note p(1) = 6 and p(2) = 4 are the only even integer
exponents.
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Strichartz inequality
- (d) =2+ 3, .

Theorem (Strichartz 1977). Forp = p

1
lullg, = ([ dt | dofuta)P)"” < Sull £

Note p(1) = 6 and p(2) = 4 are the only even integer

exponents.
From a harmonic analyst point of view, Strichartz follows

from
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Strichartz inequality
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Theorem (Strichartz 1977). Forp = p(d) = 2 + 7,

1
lullg, = ([ dt | dofuta)P)"” < Sull £

Note p(1) = 6 and p(2) = 4 are the only even integer

exponents.
From a harmonic analyst point of view, Strichartz follows

from

u(t, ) = (27) d+1/2// {2k=)5(r — k) f (k) dkdr,
Rd
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Strichartz inequality

o | o N

Theorem (Strichartz 1977). Forp = p(d) = 2 + 7,

1
lullg, = ([ dt | dofuta)P)"” < Sull £

Note p(1) = 6 and p(2) = 4 are the only even integer

exponents.
From a harmonic analyst point of view, Strichartz follows

from

u(t, ) = (27) d+1/2// {2k=)5(r — k) f (k) dkdr,
Rd

the paraboloid r = k% has positive Gaussian curvature in
LIR{d“. Now apply the Stein-Tomas theorem. J
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Some history
-

Tomas 1975: Fourier restriction theorem for densities
on the sphere

Extended by Strichartz to some non-compact manifolds
with non-vanishing Gaussian curvature.

Much simplified proof by Ginibre and Velo 1985.

Strichartz inequalities are at the heart of most studies of
non-linear Schrodinger equations (from mid 1980 to
now).

|
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Some questions

-

® Whatis

tA
e ey, _,

Sq = sup
20 I flzz

® Existence of maximizers: Are there f, € L?(R%) with

|2 fillzz

1fell 22

Sq =

® What are all maximizers?
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Some questions

f ® Whatis T
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Sq = sup
20 I flzz

® Existence of maximizers: Are there f, € L?(R%) with

|2 fillzz

Sq =
1fllz2

® What are all maximizers?

# all questions above turn out to be very hard to answer:
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Some questions
What Is T

tA
e ey, _,

Sq = sup
20 I flzz

Existence of maximizers: Are there f, € L?(R%) with

|2 fillzz

Sq =
1fllz2

What are all maximizers?

all guestions above turn out to be very hard to answer:
The Strichartz inequality is under all Galilei
transformations (translations and boosts) and scaling,
which is a huge non-compact group.
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® Markus Kunze 2003: d = 1 maximizer for Strichartz
inequality exist and are in L? N L.

o |
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Recent history

- N

® Markus Kunze 2003: d = 1 maximizer for Strichartz
inequality exist and are in L? N L.

# Milena Stanislavova 2004: for a related functional (the
dispersion management functional) all maximizers are
smooth.

® Damiano Foschi preprint 2004: S; = 12-%/12 and
Sy = 212 and Gaussians are (among the) maximizers.

o |
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The Representation Theorem
-

Theorem (100DM and Vadim Zharnitsky 2006). Let f € L?(R%).
a) If d = 1 then

//ye@tA ()| dazdt = \/_<f®f®f PUFOF & ) rams
b) If d = 2 then

|1 gt dndt = 30 © £ Pof © Phzegeey

R JR2

Py orthogonal projection onto functions in L?(R?) invariant
under rotations fixing the (1,1, 1) direction.
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The Representation Theorem
-

Theorem (100DM and Vadim Zharnitsky 2006). Let f € L?(R%).
a) If d = 1 then

//ye@tA ()| dazdt = \/_<f®f®f PUFOF & ) rams

b) If d = 2 then

|1 gt dndt = 30 © £ Pof © Phzegeey
R JR2

Py orthogonal projection onto functions in L?(R?) invariant
under rotations fixing the (1,1, 1) direction.

P, orthogonal projection onto functions in L?(R*) invariant
Lunder rotations fixing the (1,0,1,0) and (0, 1,0, 1) directions. J
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Note that (f © f @ f, f @ [ & f)ra@s) = | fll32m):
Since P; < 1L2(]R3)’

lullzs, < 2V3) "0l fll 2wy

.e.,
Sl S (2\/5)—1/6 — 12—1/12.

and similarly,
Sy < 2_1/2.

o |

Gregynog May 2007 — p. 9/24



Consequences Il



Consequences Il

-

#® Jd = 1: Equality in Strichartz inequality iff

fe f®fecRan(P)



Consequences Il

- N

#® Jd = 1: Equality in Strichartz inequality iff
f® f®feRan(P))

i.e., iff f ® f® f is invariant under rotations of R3 which
keep the (1,1, 1) direction fixed.

o |

Gregynog May 2007 — p. 10/24



Consequences Il

- N

#® Jd = 1: Equality in Strichartz inequality iff
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i.e., iff f ® f® f is invariant under rotations of R3 which
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Consequences Il

f #® Jd = 1: Equality in Strichartz inequality iff T
f® f®feRan(P))

i.e., iff f ® f® f is invariant under rotations of R3 which
keep the (1,1, 1) direction fixed.

® If f(z) = e 9%, then

2

F@F®F(n) = f(m)fp)flns) = e @i+ — g=an

is invariant under all rotations of R?.

o |
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Consequences Il
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® If f(z) = e 9 P2 then

F@f@ f(n)=e LD

is invariant under rotations of R? keeping the (1,1,1)
direction fixed.

o |
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Consequences Il

- N

® If f(z) = e 9 P2 then

F@f@ f(n)=e LD

is invariant under rotations of R? keeping the (1,1,1)
direction fixed.

® In particular, S; = 12~Y/12 and analogously S, = 2~1/2,

o |
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Classification of maximizers

Theorem (100DM and Vadim Zharnitsky). a) If f € LQ(R) IS not

identically zero and f @ f ® f is invariant under rotations of R which

keep the (1, 1, 1) direction fixed, then there exist A € C, u € R, A > 0,
and b € C such that

f(w) _ Ae(—A—i-i,u,)xQ—i—bx.

b) If f € L?(R?) and f ® f is invariant under rotations of R* fixing
(1,0,1,0) and (0, 1,0, 1) directions, then

F(a) = Ael il +ba

forsome A € C, n € R, A > 0, and b € C?

o |
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emark: This is similar to the Maxwell problem:
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-

fRemark: This is similar to the Maxwell problem:
Let F be a probability distribution on R? which is invariant
under all rotations of R?
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-

fRemark: This is similar to the Maxwell problem:
Let F be a probability distribution on R? which is invariant
under all rotations of R* and

F(v) = fi(v1) f2(v2) f3(v3)
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-

fRemark: This is similar to the Maxwell problem:
Let F be a probability distribution on R? which is invariant
under all rotations of R* and

F(v) = fi(v1) f2(v2) f3(v3)

That Is,
F=fRfxf

o |
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-

fRemark: This is similar to the Maxwell problem:
Let F be a probability distribution on R? which is invariant
under all rotations of R* and

F(v) = fi(v1) f2(v2) f3(v3)

That Is,
F=fRfxf

then
F(v) =e @

That is, F' IS a centered Gaussian.

o |
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°roof of the Representation Formulad = |

fHave T
1 : 2
L) = T () — (=) (4) £ ()
uta) = Tif(x) = <= | ¢ Fo) dy
Thus
ta)® = ——5 ([ V() dy)
VAt R
and
1 ' 112 2
u(t, )|8 = / / iz (s —Ci—Ca— o) (28) —i(In2=IC[%)/ (4)
w2 = s Jeo S

» Fln) f(n2) f(n3) f(C1) f(C2) f(€3) dnd( N



-

Now do the z-integration with the change of variables
r = 2tz, SO dx = 2|t|dz, using 6(8) = 5= [ € du,

/’U(t,x)Ide:
R
1 o
(A [t])? /]R /Rj(m bmp s — G — G — Cg)e P ICP) (4

F ) f(n2) f(n3) f(C1) f(C2) f(C3) dnd(

-

o |
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-

Now do the z-integration with the change of variables
r = 2tz, SO dx = 2|t|dz, using 6(8) = 5= [ € du,

/R u(t, z)|Cda =

(47Jty)2 /R3 /Rg(s(m +1m2+m3—C1— Q2 — gg)e—i(lnIQ—ICP)/(zu)
fm) f(n)f(n3)f(C1)f(C)f((3)dndC

Then do the t-integration with t = 1/(47), so dt = 4t%dr,

//rut:cr%dt o= | S = 0~ 1<)

f@f@f(ﬁ@f@f dmgj

-




The quadratic form

-

fThe right had side can be interpreted as a symmetric
quadratic form on C§°(R%) x CS°(R?).

o |
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The quadratic form

-

The right had side can be interpreted as a symmetric
quadratic form on C§°(R%) x CS°(R?).
With

0(F.6) 1= o= [ ] (1,110 = )a(Inl = G FIC(Q) dndg

-

one has

//!u(t,x>!6d:vdt=q(f@f@ﬁf@f@f)



The quadratic form

-

fThe right had side can be interpreted as a symmetric
quadratic form on C§°(R%) x CS°(R?).
With
o(F.G)i= o [ [ (011,00 = (Il ~ ¢ FGIG() dndg
™ JR3 JR3
one has

//!u(t,x>!6d:vdt=q(f@f@ﬁf@f@f)

Thus any bound on ¢ yields a bound on SY.

o |
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The quadratic form

-

At least morally, any symmetric quadratic from is generated
by a symmetric operator A:

-

q(F,G) = (F, AG) [2(r)
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The quadratic form

-

At least morally, any symmetric quadratic from is generated
by a symmetric operator A:

-

q(F,G) = (F, AG) [2(r)

— o= [ S0 = eal? - 1 FmG(E) dndg
R3 R3



The quadratic form
B | o -

At least morally, any symmetric quadratic from is generated
by a symmetric operator A:

q(F,G) = (F, AG) [2(r)

‘”\

)= o /R / (1,1, 1)(n — O)3(Inf? — ¢ FG(C) dnd
(3 /.

(5= [ 801,10~ ) - [CP)G(C) dC) d

/
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The quadratic form

-

At least morally, any symmetric quadratic from is generated
by a symmetric operator A:

-

q(F,G) = (F, AG) [2(r)

1 _
FG) =5 [ [ 81,100 = )a(nf = KB FTIG(Q) dndg
/ ;/5111 DSl — [CPIG(C) dc ) dn

J/

—AG(n)
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The quadratic form

-

At least morally, any symmetric quadratic from is generated
by a symmetric operator A:

-

q(F,G) = (F, AG) [2(r)

o(F.6) =5 [ [ 81110 = 0l ~ I FG(C) dndg
_ [ Fo( L 2 _
= [ F (52 [ 801,00 = )olal? - [ERIGQ) dc ) dy

J/

—AG (1)
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The operator A
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What is A, or can we at least compute || A|?



The operator A
-

What is A, or can we at least compute ||A||? Need this
since (F, F) = (F, AF) < ||| F|2.zs) = | AlIF 132 g, for

F=f®f®f.

-
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The operator A
-

What is A, or can we at least compute ||A||? Need this
since (F, F) = (F, AF) < ||| F|2.zs) = | AlIF 132 g, for

F=fofef Sosj<[Al.

-
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The operator A
-

What is A, or can we at least compute ||A||? Need this T
since (F, F) = (F, AF) < ||| F|2.zs) = | AlIF 132 g, for
F=fofef Sosj<[Al.

Have

AG() = 5= [ 81,110 = €)a(Inl = cPIG(C) de

T
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The operator A
-

What is A, or can we at least compute ||A||? Need this
since (F, F) = (F, AF) < ||| F|2.zs) = | AlIF 132 g, for

F=fofef Sosj<[Al.

-

Have
1 2 2
AG() = 5= [ 81,110 = €)a(Inl = cPIG(C) de
Claim: 1
A= ﬁfﬁ

where P; : L?(R?%) — L?(R?) is the orthogonal projection
operator mapping into functions F which are invariant under
~ rotations of R® around the (1, 1,1) direction. o
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Fact 1:
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Fact 1:
A: L*(R%) — Range(P)

Indeed,

1

AG() = o= [ 8011100 = )3l = PIG(C) de



Fact 1.
A: L*(R*) — Range(P)

Indeed,

- /R 811, 1) = )1l ~ [CPIG(Q) dg

= G((1,1, 1), |n|*)

AG(n)



fFa(:t 1:
A: L*(R?) — Range(P)
Indeed,

- /R 811, 1) = )1l ~ [CPIG(Q) dg

= G((1,1, 1), [n|*)

AG(n)

is invariant under rotations of R? which keep (1,1, 1) fixed.

o |
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fFa(:t 1:
A: L*(R?) — Range(P)
Indeed,

- /R 811, 1) = )1l ~ [CPIG(Q) dg

= G((1,1, 1), [n|*)

AG(n)

is invariant under rotations of R? which keep (1,1, 1) fixed.

Fact 2:
2v/3A is the identity on Range(P;)

o |
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-

Indeed, put 7 = (1,1, 1)n and £ = |n|?> and apply 2v/3A to
G((1,1,1)¢, [¢[*).
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-

Indeed, put 7 = (1,1, 1)n and £ = |n|?> and apply 2v/3A to

G((1,1,1)¢, [¢[*).
2v/3AG(n) = f RB@((l,l,l)-C,K\Q)(S(T—(1,1,1)6)5(5—\<\2>d<
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Indeed, put 7 = (1,1, 1)n and £ = |n|?> and apply 2v/3A to

&((1,1, )¢, [¢2).
2340 = Y2 [ @016, 16700 - (11, 1)0)5(E ~ I
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-

Indeed, put 7 = (1,1, 1)n and £ = |n|?> and apply 2v/3A to

G((1,1,1)¢. [C]2).
2340 = Y2 [ @016, 16700 - (11, 1)0)5(E ~ I
_ V3 / / (V3L [C2)3(r — V3C)S(E — [¢[2) drdCas
T JR2 JR
1

T /Rz G(7,|Gal* +7°/3)8(6 = 72 /3 = 1G231%) dGayz

T



-

Indeed, put 7 = (1,1, 1)n and £ = |n|?> and apply 2v/3A to

G((1,1,1)¢. [C]2).
2340 = Y2 [ @016, 16700 - (11, 1)0)5(E ~ I
_ V3 / / (V3L [C2)3(r — V3C)S(E — [¢[2) drdCas
T JR2 JR
1

p /R2 é(ﬂ ’C2,3!2 + 72/3)5(§ — 72/3 _ ‘@,3,2) (o 3

T

= 2/OO é(T, r? + 72/3)5(5 — 72/3 — 7“\2) rdr
0
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-

Indeed, put 7 = (1,1, 1)n and £ = |n|?> and apply 2v/3A to

G((1,1,1)C. [C2).
2340 = Y2 [ @016, 16700 - (11, 1)0)5(E ~ I
_ V3 / / (V3L [C2)3(r — V3C)S(E — [¢[2) drdCas
7T R2 JR

B % /Rz G(7,|Gal* +7°/3)8(6 = 72 /3 = 1G231%) dGayz

- / Gr,r% +72/3)5(¢ — 72/3 = 1) d(r?)
0



-

Indeed, put 7 = (1,1, 1)n and £ = |n|?> and apply 2v/3A to

&((1,1, )¢, [¢2).
2340 = Y2 [ @016, 16700 - (11, 1)0)5(E ~ I

_ V3 / / G(V3C, [C2)0(r — V3C)S(E — [¢[2) dCrdCos
T R2 JR

- [ Gl + 50— 73 Gaal) da

/0 T Glr, i 72 3)8(6 — 723 — 1?) d(r?)

G(r,€) = G((1,1,1)n, |n|*) |

o



Gaussians and rotations



Gaussians and rotations

Toy problem: Assume that for f ¢ L?(R) the function
h=f® f:R*—-C
(z,y) — h(z,y) = f(2)f(y)

is invariant under rotations of R%. Then f is a centered
Gaussian.

o |
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Step 1
-

Assume f is differentiable, never zeroand h = f ® f is
invariant under rotations of R?. Then f is a centered
Gaussian:

-

o |

Gregynog May 2007 — p. 22/24



Step 1
-

Assume f is differentiable, never zeroand h = f ® f is
invariant under rotations of R?. Then f is a centered

Gaussian:

Let L = x5 — y5- be the generator of rotations of R?.

-

o |
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Step 1
-

Assume f iIs differentiable, never zeroand h = f ® f IS T

invariant under rotations of R?. Then f is a centered
Gaussian:

Let L = x5 — y5- be the generator of rotations of R?.
Must have

0=Lh=uf(z)f'(y) —yf (x)f(y)

o |
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Step 1
-

Assume f iIs differentiable, never zeroand h = f ® f IS T

invariant under rotations of R?. Then f is a centered
Gaussian:

Let L = x5 — y5- be the generator of rotations of R?.
Must have

0=Lh=uf(z)f'(y) —yf (x)f(y)

or equivalently

= forall z,y # 0.

o |
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Step 1
-

Assume f iIs differentiable, never zeroand h = f ® f IS T

invariant under rotations of R?. Then f is a centered
Gaussian:

Let L = x5 — y5- be the generator of rotations of R?.
Must have

0=Lh=uf(z)f'(y) —yf (x)f(y)

or equivalently

f'(x) _ f'(y)
zf(z)  yf(y)

Thus (log(f))’ = cx and f is a centered Gauss.

forall z,y # 0.

|

Gregynog May 2007 — p. 22/24



Step 2
-

Let Py(z) = 5~/ for » € R? and Qy(z) = —=e~= /(!
for r € R.
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Step 2
-

Let P;(z) = %me_(zf/(%) for z € R? and Q;(z) = \/;_me—QJQ/(?t)

for z € R.
Assume that @); * f is never zero (for all small ¢) and that

h = f ® f is invariant under rotations of R. Then £ is a
centered Gauss.

o |
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Step 2
- -

1 6—:62/(275)

Let Py(z) = 5 e~/ for 2 € R? and Q(z) = —

for z € R.
Assume that @); * f is never zero (for all small ¢) and that

h = f ® f is invariant under rotations of R. Then £ is a
centered Gauss.

Poxh=Qi*[QQ* [

IS also invariant under rotations and (); * f IS smooth and
never vanishes, by assumption.

o |
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Step 2
- -

1 6—:62/(275)

Let Py(z) = 5 e~/ for 2 € R? and Q(z) = —

for z € R.
Assume that @); * f is never zero (for all small ¢) and that

h = f ® f is invariant under rotations of R. Then £ is a
centered Gauss.

Poxh=Qi*[QQ* [

IS also invariant under rotations and (); * f IS smooth and
never vanishes, by assumption.

Step 1 .
270, * f is a centered Gauss
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Step 2
- -

1 6—:62/(275)

Let Py(z) = 5 e~/ for 2 € R? and Q(z) = —

for z € R.
Assume that @); * f is never zero (for all small ¢) and that

h = f ® f is invariant under rotations of R. Then £ is a
centered Gauss.

Poxh=0Qix[fQQ¢* [
IS also invariant under rotations and (); * f IS smooth and
never vanishes, by assumption.

Step 1 .
270, * f is a centered Gauss

= ' nter
L — f tlimOQt*ﬂsace tered Gauss J
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Step 3
-

If f ¢ L*(R) is not indentically zero and h = f ® f is invariant
under rotations of R?, then Q; = f never vanishes.
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Step 3
-

If f ¢ L*(R) is not indentically zeroand h = f @ f is
invariant under rotations of R?, then Q; = f never vanishes.

Prxh = Qx| ® Qi * f

-

IS invariant under rotations of R2.
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Step 3
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If f ¢ L*(R) is not indentically zero and h = f ® f is invariant
under rotations of R?, then Q; = f never vanishes.

Frxhl= Qi+ fl® Qe[

IS invariant under rotations of R2.
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Step 3
-

If f ¢ L*(R) is not indentically zero and h = f ® f is invariant
under rotations of R?, then Q; = f never vanishes.

Pex|Py s h] = Qex|Qr + | @ Qek|Qy [

IS invariant under rotations of R2.
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Step 3
-

If f ¢ L*(R) is not indentically zero and h = f ® f is invariant
under rotations of R?, then Q; = f never vanishes.

Pex|Py s h] = Qex|Qr + | @ Qek|Qy [

IS invariant under rotations of R2.

Note that (); = f IS not identically zero for all small enough ¢.
Hence |Q; * f| IS non-negative and strictly positive
somewhere.

o |

Gregynog May 2007 — p. 24/24



Step 3
-

If f ¢ L*(R) is not indentically zero and h = f ® f is invariant
under rotations of R?, then Q; = f never vanishes.

Pex|Py s h] = Qex|Qr + | @ Qek|Qy [

IS invariant under rotations of R2.

Note that (); = f IS not identically zero for all small enough ¢.
Hence |Q; * f| IS non-negative and strictly positive
somewhere. Thus Q. x|Q; *x f| > 0.
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Step 3
-

If f ¢ L*(R) is not indentically zero and h = f ® f is invariant
under rotations of R?, then Q; = f never vanishes.

Pex|Py s h] = Qex|Qr + | @ Qek|Qy [

IS invariant under rotations of R2.

Note that (); = f IS not identically zero for all small enough ¢.
Hence |Q; * f| IS non-negative and strictly positive
somewhere. Thus Q. x|Q; *x f| > 0.

Step 2 ) :
=251 Qp x f| = lim Q<+|Qr = f| is a centered Gauss
E—>
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Step 3
-

If f ¢ L*(R) is not indentically zero and h = f ® f is invariant
under rotations of R?, then Q; = f never vanishes.

Pex|Py s h] = Qex|Qr + | @ Qek|Qy [

IS invariant under rotations of R2.

Note that (); = f IS not identically zero for all small enough ¢.
Hence |Q; * f| IS non-negative and strictly positive
somewhere. Thus Q. x|Q; *x f| > 0.

Step 2 ) :
=251 Qp x f| = lim Q<+|Qr = f| is a centered Gauss
E—>

In particular, Q; x f never vanishes!

o |
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