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The discrete Schrodinger operator

(Hu)(n) = > u@)+V(n)uln) (1)

In—n/|=1

with bounded potential V : Z¢ — R on [2(Z%).

The free (discrete) Schrodinger operator, Hg, cor-
responds to the case V = 0.

Note that —2d < Hgp < 2d.

Remark: The discretization of the Laplacian cor-
responds to Hg + 2d.

Basic properties:

] O'(Ho) — O'ess(Ho) — O'ac(Ho) — [—Qd, 2d]
o If V =0, then o(H) = o(Hp) = [-2d, 2d].
o If lim, V(n) =0 (i.e., V is compact) then

oess(H) = oess(Hp) = [—2d, 2d]
(Weyl's theorem).



Question: Is there a converse to the above, and
if so, how does the answer depend on the dimen-
sion?

Motivation:

o (Killip-Simon:) Let d = 1. If o(H) C [-2,2],
then V = 0.

e (Rakhmanov) Let J be a general half-line Jacobi
matrix on [2(N),

(Ju)(n) = anu(n+ 1) + bpu(n) + a,_qu(n — 1)

(2)
where an, > 0 and N = {1,2,...}. Suppose that
[—2,2] is the essential support of the a.c. part
of the spectral measure and also the essential
spectrum. Then limp—co|an — 1| 4+ |bn| = 0, that
is, J is a compact perturbation of Jg, the Jacobi
matrix with ap, = 1, b, = 0.



The result: There is a converse, iff d < 2.

Theorem 1. Let d < 2.
a) If o(H) C [—-2d,2d], then V = 0.

b) If cess(H) C [—2d,2d], then V(n) — 0 as n — oo.
(Converse to Weyl’'s theorem.)

Theorem 2. Let d > 3. There exists a potential
V. with limsup,, o V(n) > 0 such that cess(H) =
[—2d, 2d].

Remark:

o It is easy to see that for d > 3 there are
potentials V # 0 such that o(H) = o(Hp)
(choose V to be a small enough bump).

e Of course, if V has a fixed sign, both results
in Theorem 1 are easily proven by a simple
variational argument using very simple test
functions!

e [ he proof of Theorem 2 is done by construct-
ing a (sparse!) potential V > 0 such that the
Birman-Schwinger operator vV (2d — Hp)~1VV
has norm strictly less than one. This is possi-
ble, since (2d — Hp) Y(n,m) ~ |n — m|~(4=2) as
In —m| — oo.



More results:

Let d = 1. Let H be an arbitrary one-
dimensional discrete Schrodinger operator.
Then sup gess(H) —inf oess(H) > 4 with equality
if and only if V(n) — Vi a constant as |n| — cc.
On [2(N) (half-line): If o(H) = [-2,2] (i.e., no
bound states), then

V(n)| < 2n~ /2

If [V(n)] > Cn™® and H has only finitely many
bound states, then o > 1.

If [V(n)|>Cn™@witha=1landC>1lora<1
and C > 0, then H has infinitely many bound
states.

Let |[V(n)| > Cn=® with a < 1. Then

1 —
Z(|Ej|—2d)7=oo for v < a,
J

2

where E; are the eigenvalues of H outside
[—2d,2d]. In particular, the eigenvalue sum

> i(|Ej| — 2)1/2 diverges if a < 1.



T he variational estimate

Recall: Hpou(n) = >ljl=1 u(n+ 7).
Then —2d < Hg < 2d and

(0, (2d — Hp)p) = Z Y Je(n+1) — o(n)|?
n|lj=1
Let U be given by Uyp(n) = (=1)IMy(n). Then

UHoU ' = —Hp and UVU ! = V.

for any multiplication operator.

Def: For H = Ho+V and ¢4, ¢_ € 1?(Z%) set

Aoy, o) = Ao, 9, V)
= (o4, (H = 2d)p1) + —(p—, (H + 2d)p—)

Note:

A(p4,p—) > 0 implies that H has spectrum outside
[—2d, 2d].



Lemma 3. For f,g € (2(Z%)

A(f+g,Uf —9))
> 2(f, (Ho — 2d) f) — 8d||g||* + 4Re(f, Vg) (3)

Proof.

A(f+g,U(f—9)) =

= ((f+9),(Ho—2d+ V)(f+9))
+((f—9),(Ho—2d—-V)(f —9g))

= 2(f,(Ho — 2d) f) + 2 {9, (Ho — 2d)g) +4Re(f,Vg)
>—4d||g||?

Remark: An obvious choice is to take f = ¢, g =
tVe. The potential term on the r.h.s. of (3) is then

at(—2dt + 1) {p, V20)

which is maximal for t = ;5 with 4t(—2dt+1) = 5.



Thus we get
Lemma 4 (Comparison lemma). For any ¢ €
12(Z%),

A > 2(p, (Hg —2d + 25 V) (4)

Note: The pair of test functions in this case is given
by ¢4 = (1 + z4V) and g = U(p(1 — z5V))

Sometimes one would like to cut off large values
of V (to make the norm of ¢ and ¢+ comparable).
For this one can use f = ¢ and g = tF'V e for some
function O < F' < 1. A similar calculation shows that
the potential terms in the r.h.s. of (3) are given by

— 8dt?{p, VF?V o) + 4t{p, VEV )
> —8dt?(p, VFV ) + 4t{p, VEV )
= 4t(—2dt + 1) (p, FV?y)

since F2 < F', and, again, the choice t = 4%1 IS opti-
mal.

So we also have
Lemma 5. For any ¢ € [2(Z%), 0< F < 1,

A > 2(p, (Hg — 2d + 75 FV?)yp). (5)



Theorem 6. Let V(n) — 0 asn — oco. If Ho+ 25V?
has at least one eigenvalue outside [—2d, 2d], then so
does Hqo + V. Moreover, if Ho+ 25V? has infinitely
many eigenvalues outside [—2d,2d], then so does
Ho+ V.

Proof. The first part is just the bound (4) (4 min-
max theorem), since the r.h.s. of (4) will be positive
for a suitable chosen test function .

For the second part one has to play with local
compactness type arguments to see that one can
find a sequence ¢, such that each ¢, has fi-
nite support, (pn, Ho + 75V2¢n) > 2d|len?, and
dist(supp(p;),supp(pm)) > 2 for all I = m.

This (4+ Lemma 4) gives the existence of a sequence
©n such that either

(Zn, (Ho + V)@n) > 2d||@n|?
or

(@n, (Ho + V)@n) < 2d||@nl|?
and (since supp(pn) C supp(en)) we also have

<95l7 ¢m> — O — <95l7 (HO + V)¢m> fOI’ l # m.
Thus minmax applies again. H



Essential spectrum and compactness:

Proposition 7 (= Theorem 1.b). Let d < 2. If
oess(Hog + V) = oess, then V(n) — 0 as n — co.

The key to this result is the fact that in dimension
d < 2 there are sequences ¢, such that ¢,(0) =1
and (pn, (2d — Hg)pn) — O.

This is not possible for d > 3. Indeed, let 1 =
©(0) = (p,d0). Since

1 = (p, dp)
= ((2d — Ho)Y/? ¢, (2d — Ho)~1/?60)
< |(2d — Ho)Y/?¢|| ||(2d — Ho) /250

Y

we see
(p, (2d — Hp)) > (89, (2d — Hp) " 150) "1 > 0.

So any ¢ € 12(Z%) with ¢(0) = 1 has a minimal
Kinetic energy in dimension d > 3.
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Lemma 8.a) Let Li,L>, > 1. There exists
er..1, € 1%(Z), supported in [—Lq, Ly], so that

() ¢r,,0,(0) =1
(i) {pry,0, C=Ho)¢r,,L,) = (L1+1) " +(Lo+1)~"
(iii) for suitable constants c¢1 > 0 and c» < oo,

c1(L1+ Lo) < |ler, 1,1% < ea(Ly + L2)

b) Let L > 1. There exists ¢; € 12(Z?) supported
in {(n1,n2) [ [n1] + [no| < L} so that

(i) »r(0) =1
(i) 0 < (e, (4 —Ho)er) <clin(L +1)]~1 for some
c>0

(i) (L=t In(@)?|lerl? —d >0
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Proof. Define
(1 -2 0<n<Ly,+1

L%—I—l
pr,L,(n) =<{1— Llﬂl 0<-n<Li+1
0 n>Lo+1lorn<—L;—1
and
or(n1,n2)

—In[(1 L+1 .

0 if [nq1| 4+ |no| > L.
T hese will do the job. |

Remark: If (0) = 1 and supp(y)) C [—-L1, L],
Lo+1

> vU) -G -1)=-1

=1
so, by Cauchy-Schwarz,
Lo+1

1< (Lo+1) Y |[w@G) oG —1)?

=1
Hence
(, (2 = Ho)y) > (L1 + 1) 7" + (Lo + 1)~
and ¢y, 1, IS an extremal function.
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Proof of Proposition 7 (d = 1):

Assume limsup|V(n)| = a > 0. Pick L with
2(L+1)"1 < £ min(a?,2a). Pick a sequence n; with
V(n;)| — aand |n; —ng| > 2(L + 2) for all j =1

Set

F(n) = min(l, |V(2n)|> (6)

and let wj(n) = QOL,L(’II — ’I’L]) Then

(i, (Hop — 24 2 FV2)y,)
> 2(L+ 1)1+ 1 F(nj)V(n;)?
> —1 min(a?,2a) + 2 min(|V(n;)[2,2|V(n;)])

Thus we have that

liminf(y;, (Ho — 2 +  FV2)y;) > § min(a?,2a)

As |[FV| <2, if py ;= (1£ % FV);, we have

il < Nl 1l < 3 llws0l < O (7)

where (', is independent of j.
13



By Lemma 5, we have a subsequence of j3's so that
either

liminf(ey ;,(Ho+V —2)pq 5,) > % min(a?, 2a)
or

liminf{o_ ;,,(—Ho —V —2)p4 ;,) > 116 min(a?, 2a)

Moreover, the ¢'s are orthogonal. Thus H has es-
sential spectrum in either

[2 + 1_160171 min(a?,2a), 0o)
or

(=00, -2 — & ¢t min(a?,2a)]

The proof of the two dimensional result is similar,
using the second part of Lemma 8. [
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Proposition 9 (= Theorem 1.a). Let d < 2. If
UO(HO + V) C [-2d,2d], then V = 0.

Proof. By Proposition 7, V(n) — 0. According to
Theorem 6, if Hy+ V has no bound states, neither
does Hp + 25V2.

Let ¢; be the function guaranteed by Lemma 8.
Then

1
0> {(¢r, (Ho + 4—dV2 —2d)er)

> 4%1‘/(0)2 + (er, (Ho — 2d)er,)

Since (1, (Ho—2d)er) — 0, we must have V(0)2 =
0. By translation invariance, V(n) = 0 for all n.
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Decay and bound states:

In the following we will consider the half-line oper-
ator on 12(N). We will use Jg for Hy with Dirichlet
b.c. at 0 (say).

Proposition 10. Suppose V(n) > 0 and that Jo+V
has no bound states. Then

V(n)| <n”t

Moreover, this bound cannot be improved in that
for each ng, there exists Vn, so that Vi,(ng) = ng 1

and Jo + Vng has no bound states.

Proof: Let ng € N. Jg + dny has a bound state if
and only if |[A| > nal. Indeed, w.l.0.g. assume X\ > 0.
By Sturm oscillation theory, there is a bound state
in (2,00) iff the solution of

u(n+ 1) +u(n — 1) + Adng(n)u(n) = 2u(n)

with «(0) = 0 and «(1) = 1 has a negative value
for some n € N.

The solution is given by

u(n) = n n < ng
o ng+ (1 — Ang)(n —ng) n > ng

16



Thus u gets negative iff Ang > 1.

If V(ng) > ngt, then V(n) > V(ng)dny(n) for all n
(recall that V > 0). By the minmax theorem and
the fact that Jo+V (ng)dng has a bound state, Jo+V
must have a bound state in (2,0).

The contrapositive of V(ng) > ngl = o(Jo+ V) #
[—2, 2] gives the first assertion of the theorem.

The second follows from an explicit example. ]
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Theorem 11. If Jy 4+ V has no bound states, then
V(n)| < 2n~ /2

Moreover, the above bound cannot be improved by

more than a factor of 2 in that for each ng, there

exists Vpy SO that Jg+ Vg has no bound states and

: 1/2
lim no/ |Viho(no)| =1

ng— 00

Proof. If Jg + V has no bound states so does
Jo + %VQ. (By an easy extension of the compar-
ison Theorem 6 to the half-line case.)

By Proposition 10, we must have V?(n) < n~1.

T he second claim follows from analysing the poten-
tial

1 n = ng

Wno=4¢—-1 n=ng+1

0 n#ng no+1
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The case |[V(n)| ~ Bn™:

Theorem 12. Ifliminfp,—con|V(n)| > 1, then Jog+V
has infinitely many eigenvalues outside [—2, 2].

Remark: We only need that for some sequence

nk—>oo
2 DIk _
n_ Z V(])2
k j=n;/2

is not too small (that is, the potential may have
zeros, but should not be sparse).

If [V(n)|=p08n"%and a < 1, then Jo+V has infinitely
many eigenvalues outside [-2, 2].

Ifa=1and 8> 1, then Jg-+ V has infinitely many
eigenvalues outside [—2,2].

For 8 € [—1,1], the potential V(n) = 8(-1)""1/n
has no bound states (on [2(N)).
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A preparatory lemma:
Lemma 13. For ¢ € Cg°(R4) let

T 2
haly] = / (|so’<x>|2—A'*”iQ)' ) dz.

If X > 7, then there exists a function ¢ € C§°((0, 1))
such that h[y] < 0.

More generally, let
_ o2 lp(@)]?
malel = [ (I9@)P =27 755) d

foro > 0. If A > %, then there exist g > 0 and ¢ €
Cg°((0,1)) such that hy s[e] <O for all 0 <4 < dp.

Proof: The proof of the first part is just the proof
of Hardy’'s inequality, once the coupling constant is
larger than z, the form is unbounded from below
(by scaling).

Also by scaling, once one has a single ¢ with com-
pact support for which h[p] is negative, there are
infinitely many of those with support in (0,1).

The second part follows from the first one by con-
tinuity in 4. H
20



Proof of Theorem 12: By Lemma 4, it is enough
to find a sequence of functions (¢i) with disjoint
supports, such that

Alpg] = (pr, (2 — Ho)r) — 2{pk, Vo) <0 (8)
infinitely often.

Put Uk = Qk_l, Ok = 2k+l, then Dk p— Ok — Uk —
(4l — 1)2"n—!. Choose £ > 0 with

ri=limsup(nV(n))? —e > 1.
Furthermore, put §; = ll_ According to Lemma
13, there exist [ and ¢ € (C§°(0,1) such that

hr/475l [90] < 0.

With pr(n) = »( Dkk) = p(p; — ’Z) = ¢(p; — o)
we have

(Pr, (2 — Ho)pr) = Y lop(n + 1) — pp(n)|?

= Yle() — ()

o("Fh) —

SO(D
— D | k |2 —1
g zn: 1/Dy,

21



and

(o1, VZ301) = D len(n) |2V (n)?

= _le(5) 2V (n+ Ug)?

S eV (D + 5))2.

Since, liminf,—n|V(n)| > 1, there exists K such
that, for all kK > Ko and all n > O,

2 5 r —2 r

in particular,

/’4

(or, VZ2p) > Dy, 1Z|90( )IQ(Dk+5)2Dk_1.

for all large enough k.
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Since

SD(D 2
Zn] 1/ Dy, "D

e("FE) —

— /I@’(w)lzdw

and

n y|2 r 1 |90(x)|2
2B 52 T gy

as k — oo, we see that

T 2
iim Dealg] = [ (@I - 5 20 )

*(z +6)2
h’l“/4,5l [90] < O

To finish the proof, one only has to note
we can choose a subsequence kj such

dist(supp(y;),supp(pm)) > 2 for all Il #m .

that
that
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Blowup of suitable eigenvalue moments:

Lemma 14. Let |V| < 4d on supp(p). Then there
exists ¢ with supp(+) = supp(p) so that

11172| ¢, (Ho + V)| - 2d

> 2 {llell (e, (Ho + 25 V2)g) — 2d]

Proof. Put v+ = (1 + (4d)"1)p. By assumption,
|lYv+|| < 4||l¢||- The claim follows from the basi-
Comparison Lemma 4, choosing either ¢4 or ¥_
for 4. |

To convert this into bounds for eigenvalue mo-
ments we use the following elementary

Lemma 15. Let A be a bounded selfadjoint opera-
tor. Let {goj};?ozl be an orthonormal set with

(pj, Apg) = b

If F' is a nonnegative even function on R that is
monotone nondecreasing on [0,c0), then

tr(F(A) 2> Foy)
J
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Theorem 16. Let J be a Jacobi matrix of the form
Jo +V where

'V(n)|>Cn™ ¢

for some a <1 and V(n) — 0. Then

> (1)l -2) " = oo
J
for
1l — o
2x

where E; are eigenvalues of J outside [-2,2].

v <

Remark: If the constant C is large enough, one
gets divergence for v < 1{—@“

An inspection of the proof shows that this result is
independent of the dimension! (Replacing |Ej| — 2
by |E;| — 2d, of course.)
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Proof. Fix p > 0. Let ¢, be supported near mpPt1
on an interval [mPt1 — CymP, mPT1 4+ C1mP] (Cq is
picked to arrange that the supports are separated
by at least 2). Taking the slopes fixed on each
half-interval, we see

Co
(¢om; (2 — Hg)pm) < e (9)
C'3mP
<90m7 % V290m> Z mza(p_l_l) (10)

and

(Om, pm) > CamP.

So long as a(p+ 1) < p (that is, p < 77), (10)
beats (9) for large m, and we find

(s o)~ Mo (Ho + 3 V2 = 2)m) > 200 +D

Note that, as p | 12, 2a(p+ 1) | 2.

By the last lemma with F'(z) = dist(z, [-2,2])7, we
see that we have divergence if v < 12_—ao‘ |
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