A diamagnetic inequality for
semigroup differences

(Birmingham, March 26-30, 2002)

Barry Simon and 100DM

Abstract: We give a simple proof of the fact that
the integrated density of states is independent of
the boundary conditions used in its construction.



The integrated density of states (IDS)

Schrodinger operator:
H:=H(V):=-3A+V,=: HQO,V),
or, with a magnetic vector potential A,

H:= H(A,V) = 3(=iV — A)2 + V,
on L2(R%).

e [0 Mmodel disordered systems, the potential V is
often taken to be a random potential, e.g.,

V(z) =Vu(z) = ) flz—zn(w))

neN

where z,, are randomly distributed points in RY,
or

V(z) =Vu(z) = ) In(w)f(z—zn)

necz4

where the (\) are i.i.d. random variables. We
will assume that V € LL _(RY) and v > 0, for
simplicity.



e T he magnetic vector potential A gives rise to
a magnetic field B = dA. Again, B can be
thought of as given by a random process or is
fixed.

Let A C R? be an open set. H#(A, V) is the re-
striction of H(A,V,) to A with Dirichlet (# = D),
respectively Neumann (# = N), boundary condi-
tions.

Definition (IDS) The finite volume integrated den-
Sity of states for Dirichlet, respectively Neumann,
boundary conditions is given by

1 .
pﬁfw(s) = W#{elgenvalues N (HF (A, VL)) < s}
p# = Iimdp/#\#’w

N—R



Natural questions

Question 1: Do the limits p7f exist?

Question 2: If so, how are they related? In par-
ticular, are they the same (= independence of the
boundary conditions)?

Fact:

o A — |A|pR. (resp. |[AlpX ) is a sub (resp. super)
additive ergodic process.

This implies that the macroscopic limits

# — lim o7
P A—>de/\’w

exist almost surely and are non-random, i.e.,

p?r = E[p?] almost all w
(= self-averaging property of the IDS).



Independence of the Boundary
conditions

We will fix some potential V > 0 and magnetic vec-
tor potential A € L2 (R%) and have the the finite
volume IDS p# for these fixed potentials.

It will turn out that the independence of the bound-
ary conditions of the macroscopic limits of pj‘f 1S
independent of their existence!

Let f: R — R be a nice function, then

[ £ o (1) = ﬁtrm [FCHFE (A V)],

for # =N (Neumann), resp. =D (Dirichlet) bound-
ary conditions.

e We will often write tr[f(HZ (A,V))] instead of
trr2ca) [f(H (A,V))] as long as there can be no
confusion.

e Choosing f(E) = e £ we get the Laplace trans-
forms of the measures dpj‘(’k, i.e., the Laplace
transform is the trace of the corresponding
semigroup.



Theorem 1 (S. Nakamura, S.-i. Doi et al).
Take N = [—L,L]% V and B = dA continuous and

uniformly bounded, and f € C5(R). Then
oA C
=

tr [fCHA (A, V) — F(HR (A, V)] < O A

Remark:
e Nakamura needs continuity and uniform bound-

edness in his proof.
e This was relaxed to 0 < V € LL_(R?) and

A€ L2 (R?) by Doi et al.
e Hupfer et al extend it to certain unbounded po-

tentials.

Sketch (of Nakamura’s proof):

Recall that with the help of the Krein spectral shift
function one can write

e (A1) = F(A)] = [ F(B)€a, ,(B) dE

where

HgAlvAQHLl < ||A1 — Azll; -



Take Ay := (HY + M)™P, Ay := (HR + M)~P, then
FCHRY) = g(A1) with f(E) = g((E+m)™P).

and hence, using Krein,

trUFCHA) = SCHR) = [ 6'(B) €4, 4, (B) dE

So using the L1 bound on &, it is enough to show
that

[N + 20)P — (HE + M) 7P|, < Clon|

However, this is rather tricky and requires a good
knowledge of the domains of the restricted opera-
tors, which is complicated.



A completely different approach:

Theorem 2 (Barry Simon, 100DM). Let AN C
Re be any open set, A€ L2 _, V >0,V € LL_.
T hen

a) |(e"HR AV £)(2)] < (e ROV f)(w) for = € A

b) | ((e—tH/]y(A,V) . e—tH/l\)(A,V))f> ($)|
< ((e—tH}Qf(o,V) _ e—tH/l\)(O,V)Nf')(x)

< <(e—tH,]¥(0,0) _ e—tH/l\)(O,O))|f|)(a;).
V>0
In particular,
0< tr<e—tH}Qf(A,V) B e—tH/Q(A,V))
< tr(e—tH}\V(o,O) _ e-tH}Q(O,O)) — O(|8A)).

(Weyl asymptotic for the free casel!)

Remark: So the difference of the Laplace trans-
forms of p{ and p¥ is O(%).

Thus we have independence of the boundary con-
ditions in the macroscopic limit A — R,



Motivation: The Feynman-Kac-Ito
formula

) t
(e IR AV £y () = E=[e 5" (DO —Jo Vsddsy  (b) £(by)],

where t — b IS @ Brownian motion process,

SH(A) = /OtA(bS)dbS + %/OtdivA(bS)ds

is the “line integral” of A along a Brownian path,
and we integrate only over the region

N == {blbs € N for all 0 < s < t}.

With Neumann boundary conditions:

(e_tH/]\V(A’V)f)(CB) — [* [e—iSt(A) (5)—fg V(Es)dsf(gt)}

where t — b; is the so-called reflected Brownian
motion (in A).

Note that, at least morally, b = b for paths b € A,
(if Brownian motion did not hit the boundary up to
time t it could not have been reflected, yet.)



Assuming this, we immediately get

|(e—tH/]¥(A,V) . e—tH/l\)(A,V))f| —

_ ‘Ew [e—ist(A)(B)—ng(Es)ds\(l _ X/\t(g)lf(gt)”
>0

< Befem VO (1 — x5 (B)IF G

— (e—tH/]Q[(O,V) . e_tH/l\)(O’V))lf‘

~ t T ~ -~
= E"[ e Jo V)1 —p, BB
<1 if V>0

<E7[(1 = xa, B (E)]

_ (e—tH}\V(o,O) B e—tH/l\)(0,0))|f|
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Sketch of the proof of Theorem 2:
a) = b): Take a potential W > 0. We have

duHamel’'s formula, for A A4+ B >0
—tA _ e—t(A—I—B) _

_/ —sAe (t— s)(A—I—B)> ds
ds

_e—sA( A—l—A—I—B)e (t—s)(A+B)

:/o e~ 5ABe~(t—=5)(A+B) 4q.

S

Choose A = HY(A,0), B =W, ie, A+ B =
(A W). Then

)(e—tH}Qf(A,O) B e—tH}Qf(A,W))f‘

ds

< e~ HR (0.0) 1= (=) (HA QW) ¢

N N
W:>O(e—tH/\ (0,0) e—tH/\ (O,W))|f|

Now reconstruct Dirichlet b.c.: Set W(x) =
Wn(x) :=nlac(x) and note that (morally)

N D
n—~oo
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Proof of a): Let D =V —iA. Then the quadratic
form domain of Hy' (A,0) is the domain of D.

Lemma 3 (Kato’s inequality (bilinear version)).
Let us = \/|u|2—|—€2, and s = u% Then
u € D(D) = |uel, |u| € D(V). Moreover, for ¢ > 0,
¢ € D(V), w € D(D) with ¢ < 14 |u| we have

|Du|2 — |Vu5|2

Re(D(sep) - Du) = ¢ - + [se| VoV |yl
g
> [s¢|VpVul
Remark:
e All proofs of Kato’s inequality start by proving
| Du| > |Vuel.
o
Vs, — Vﬁ _ Vu — 85Vu57
Uge Ue
hence
D(scp) = p(Vse —iAs:) + sV
Du — sVu
— @ c c + nggp - L2
Ue

as long as p/us € L.
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How to use this Lemma:

Note that szu = |s¢||u|, hence we have

(seip,u) = [lselplulda > 0,

and, using the above bound, we see
151 (V9 ul + Eolul) de

< Re((D(sggo), Du) + E{scp, u))

= Re(se, (Hp (A,0) + E)u)
< (|sele, |(HA (A,0) + E)ul)
= (|sele, [v]) < (g, |v])
for all E >0 and u = (Hy (4,0) + E) " lv.

Taking € — 0, we get
((HA (0,0) + E)¢, |ul)
= (Vo, Viu|) + E{p, |u|)

< (¢, |v]).
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Now choose ¢ = (HX (0,0) + E)~14, 1 > 0. Then
(4, |(HA (A,0) 4+ E) " tol)
< ((HN (0,0) + E) 'y, o))
= (¥, (HN (0,0) + E) " tv|)
for all ¢» > 0 and v € L?(A). lLe.,
((HA (A,0) + E) 'o| < HY(0,0) + E) o]
and by induction

I((HX (A,0) 4+ E) ™| < HX (0,0) + E)~"|v| for all n €}

The diamagnetic inequality for the Neumann semi-
group follows, since

=s—lim ()" (HY +2) "

n—aoeo

N
o—tHA
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