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I am interested in analytic and probabilistic number theory. In my
thesis I studied primarily questions on the distribution of divisors of
integers. I am also interested in the theory of L-functions and its
applications on prime number theory as well as sieve methods.

1. Summary of results

The main motivating problem for my thesis is the Erdős multiplica-
tion table problem posed in 1955 (see [4], [5]): Given a large number N ,
how many distinct products of the form n1n2 with n1 ≤ N and n2 ≤ N
are there? Call A(N) the quantity in question. Despite the elementary
nature of this question, progress on bounding A(N) has been very slow.
The main reason is that A(N) is intimately connected with deep ques-
tions about the distribution of divisors of integers. More precisely, if
we let H(x, y, z) denote the counting function of integers with a divisor
in (y, z], then in order to bound A(N) it suffices to obtain estimates on
H(x, y, z) when z = 2y. In [7] Ford, improving upon work of Tenen-
baum [19], established the order of H(x, y, z) for all x, y, z and, as a
consequence, the order of A(N).

In my thesis I worked towards extending Ford’s results in two dif-
ferent directions. The first one is the k-dimensional multiplication ta-
ble problem: we seek bounds on Ak(N), the number of integers n
that can be written as product n = n1 · · ·nk with ni ≤ N for all
i ∈ {1, . . . , k}. In an analogous way to the case k = 2, the number
Ak(N) is connected with the counting function of localized factoriza-
tions of integers: Given x ≥ 1, y = (y1, . . . , yk−1) ∈ [0,+∞)k−1 and
z = (z1, . . . , zk−1) ∈ [0,+∞)k−1 define

H(k)(x,y, z) = |{n ≤ x : ∃ d1 · · · dk−1|n with yi < di ≤ zi (1 ≤ i ≤ k−1)}|.

In [16] I established the order of magnitude of H(k)(x,y, 2y) for all
k ≥ 3 when the numbers log y1, . . . , log yk−1 are of the same order. As
a consequence, I determined the order of Ak(N) for k ≥ 3. Combining
the results of [7] for k = 2 and of [16] for k ≥ 3 we have the following
estimate.
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Theorem 1 (Ford [7], K. [16]). Let k ≥ 2. For every N ≥ 3 we have
that

Ak(N) �k
Nk

(logN)δk(log logN)3/2
,

where

δk =

∫ k−1
log k

1

log t dt.

(Here f �a g means that M−1f ≤ g ≤ Mf for some constant M
which depends on a only.) The main difficulties in proving Theorem
1 for k ≥ 3 lie in the lower bound argument because of the presence of
certain complicated combinatorics.

In [14], Haynes and Homma used the methods developed by Ford to
study a related problem. Given R ≥ 1 denote with FR the set of Farey
fractions with denominator at most R, that is

FR =
{a
b

: 1 ≤ a ≤ b ≤ R, (a, b) = 1
}
.

Then a natural question is to estimate the cardinality of the set

FR(k) = FR + · · ·+ FR︸ ︷︷ ︸
k times

(mod 1).

In their paper [14], they established the order of |FR(2)|. Using bounds
on H(k)(x,y, 2y) I extended their result to |FR(k)| for k ≥ 3. Combin-
ing the results of [14] and [16] we have the following theorem.

Theorem 2 (Haynes and Homma [14], K. [16]). Let k ≥ 2. For every
R ≥ 3 we have that

|FR(k)| � R2k

(logR)δk(log logR)3/2
.

In [15] I took a different path and studied a special case of the re-
stricted multiplication table problem: Given B ⊂ N estimate

A(N ; B) = |{n1n2 ∈ B : ni ≤ N (1 ≤ i ≤ 2)}|.

Again, in order to solve this problem it is sufficient to bound

H(x, y, z; B) = |{n ∈ [1, x] ∩B : ∃ d|n with y < d ≤ z}|,

when z = 2y. If B is reasonably well-distributed in arithmetic pro-
gressions, then we expect that

H(x, y, z; B) ≈ |B ∩ [1, x]|
x

H(x, y, z).
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In [7] Ford focused on the special and important case when B = Ps =
{p+s : p prime} for some fixed s 6= 0. He obtained upper bounds of the
expected order on H(x, y, z;Ps) for all x, y, z as well as lower bounds
when y and z are fixed powers of x. In [15] I worked towards supplying
the lower bounds in the broadest possible range of the parameters y
and z. One of the results in this paper establishes the desired lower
bound when 3 ≤ y + 1 ≤ z ≤ x, provided that z ≥ y + y(log y)−A for
some fixed A ≥ 0. As a consequence we have the following theorem.

Theorem 3 (Ford [7], K. [15]). Fix s ∈ Z \ {0}. For N ≥ 3 we have
that

A(N ;Ps) �s
A(N)

logN
.

In order to prove lower bounds on A(N ;Ps) we need fairly precise
estimates of primes in arithmetic progressions, a problem for which our
knowledge is limited. Specifically, we have to understandH(x, y, 2y;Ps)
when y is very close to

√
x, which in turn depends heavily on es-

timates on average for primes in arithmetic progressions of modulus
d ≤
√
x (actually, for technical reasons, we need to go up to x1/2+ε for

an arbitrarily small, but nevertheless fixed, positive ε). Therefore the
Bombieri-Vinogradov theorem cannot handle this problem. To prove
the lower bound implicit in Theorem 3, I used a result by Bombieri,
Friedlander and Iwaniec [1, Theorem 9] along with an application of
the fundamental lemma of sieve methods [9, Lemma 5] in order to
smoothen certain sums and make [1, Theorem 9] applicable.

2. Future projects

After proving Theorem 1, I turned to the generalized multiplication
table problem: Given N1, . . . , Nk estimate Ak(N1, . . . , Nk), the number
of integers n that may be written as a product n = n1 · · ·nk with
ni ≤ Ni for all i ∈ {1, . . . , k}. The size of Ak(N1, . . . , Nk) is extremely
sensitive to the relative size of

`i = log
log 3Ni

logNi−1

(1 ≤ i ≤ k − 1),

where for simplicity we assume that 1 = N0 ≤ N1 ≤ · · · ≤ Nk. I
have obtained some partial results on this more general problem. In
particular, I determined the order of A3(N1, N2, N3) in all cases.

Theorem 4 (K. [17]). Let 3 ≤ N1 ≤ N2 ≤ N3. Then

A3(N1, N2, N3)

N1N2N3

� `1`2
(`1 + `2)5/2

exp{−Q(3α)`1 −Q(2α)`2},
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where Q(u) =
∫ u
1

log t dt and α is defined implicitly via the equation

3α log 3`1 + 2α log 2`2 = 2`1 + `2.

This is still work in progress and my ultimate goal is to extend the
above theorem to k ≥ 4 in the broadest possible range of the parameters
N1, . . . , Nk.

Furthermore, I am particularly interested in the circle of problems
that are related to Siegel zeros and exceptional characters. Specifically,
I am studying a series of papers by Iwaniec and Friedlander where, un-
der the assumption that there is an exceptional character, they obtain
asymptotics for the number of prime numbers in very short intervals
[10] and in arithmetic progressions to large moduli [11]. The remark-
able feature of their work is that such asymptotics are beyond the
reach of the Generalized Riemann Hypothesis. In a different direction,
Conrey and Iwaniec [2] showed how the existence of an exceptional
character could distort the conjectural distribution of zeros of the Rie-
mann ζ function on Montgomery’s Pair Correlation Conjecture [18].
An interesting question would be whether one can use similar ideas to
deduce more precise estimates on the pair correlation of zeros of the
Riemann ζ function under the assumption of the Riemann hypothesis
and the existence of an exceptional character.

Another area of number theory that is particularly appealing to me
is sieve methods. I recently became aware of a new proof of Linnik’s
theorem by Iwaniec and Friedlander [8, Chapter 3] in which zero density
estimates for Dirichlet L-functions are substituted by a parity-sensitive
version of the sieve. I plan to study their method and try to apply it
to other related problems.
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