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During the two decades after the publication of the pi-
oneering papers Proof of the ergodic theorem and Proof
of the quasi-ergodic hypothesis by Birkhoff [Bi] and von
Neumann [vN], but before the publication of A general
ergodic theorem by Calderón in 1953, there were new
proofs and generalizations of the results of Birkhoff and
von Neumann given by many mathematicians. These in-
clude, among others, Khintchine, Hopf, Kolmogorov, F.
Riesz, Yoshida, Kakutani, Wiener, Dunford, Pitt, Doob,
and Zygmund. Much of this substantial body of work
is referenced in [Ho2], [Ka], and [Kr]. Explorations in
many new directions have continued since then and have
greatly expanded the connections and applications of er-
godic theory to other parts of mathematics and beyond.
Calderón’s 1953 paper [5] played an important role in
this development.

In the paper, Calderón studies the behavior of averages
of the form

1

|Nt|

∫
Nt

F (gx) dg. (1)

Here (Nt)t>0 is a family of compact symmetric neigh-
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borhoods of the identity of a locally compact group G

of one-to-one measure-preserving transformations g on a
measure space E of finite measure, |Nt| is the left in-
variant Haar measure of Nt with dg denoting an element
of this measure, and F is an integrable function on E

such that (g, x) 7→ F (gx) has appropriate measurabil-
ity. It is not assumed that G is abelian but it is as-
sumed that G is ergodic in the sense that there exists
a family (Nt)t>0 as above satisfying NtNs ⊂ Nt+s and
|N2t| < α|Nt| with the choice of the constant α not de-
pending on t. Calderón proves a pointwise ergodic the-
orem for the averages (1) after first proving some of the
properties of ergodic groups, a mean ergodic theorem, a
maximal ergodic theorem, and a dominated ergodic the-
orem. He then shows how these theorems carry over to
the case in which the ergodic group G is replaced by the
product of several ergodic groups.

In this 1953 paper, Calderón significantly extended the
earlier work of Wiener [Wi], who considered the cases
G = Zn and G = Rn, and Dunford [Du] and Zygmund
[Zy], who considered the products of finitely many non-
commutative transformations. In turn, the 1953 paper of
Calderón led to interesting new developments, one being
Tempelman’s ergodic theorem for amenable groups. See
[Te1] and, and for more, his book [Te2] and the references
given there.

One of the first major papers on ergodic theory to
appear after Calderón’s 1953 paper was Cotlar’s paper
[Co] giving A unified theory of Hilbert transforms and
ergodic theory. It had been felt for a number of years
that there were too many analogies between the prop-
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erties of the Hilbert transform and the properties of er-
godic averages, for example their similar Lp behavior,
to be a mere coincidence. But it was realized that the
connection would not be entirely simple since some of
the behavior was not similar, for example ergodic aver-
ages take positive functions to positive functions but the
Hilbert transform does not. Using some of his earlier
work, also published in Volume 1 of Revista, Cotlar de-
velops a framework that allows him to prove many of the
standard properties of both the Hilbert transform and
ergodic averages. The Calderón 1968 paper [22] entitled
Ergodic theory and translation-invariant operators casts
new light on this connection. Calderón shows, among
other things, that the maximal ergodic theorem is “an
immediate consequence of the maximal theorem of Hardy
and Littlewood,” and that the results of Cotlar for the
ergodic Hilbert transform follow immediately from the
corresponding results for the classical Hilbert transform.

In this 1968 paper, Calderón formulates a transference
principle, nowadays often referred to as the Calderón
Transference Principle, that has been an important in-
fluence on later work in ergodic theory and harmonic
analysis. Coifman and Weiss [CW] discuss some of the
newer applications of transference and Bellow [Be] does
the same for some earlier as well as later work. She il-
lustrates the Calderón Transference Principle with the
following special case (also see, for example, [Ak], [J1],
and [J2]).

For each nonnegative integer n, let µnϕ denote the
convolution of ϕ ∈ `1(Z) and a probabilty measure µn
on the σ-algebra of all subsets of Z. Let (X,A,m) be a
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probability space and τ : X → X an invertible measure-
preserving transformation. Define the function µnf on
X for each f ∈ L1(X) by

(µnf)(x) =
∑
j∈Z

µn(j)f(τ jx).

(i) Is there a number C1 ∈ (0,∞) such that, for all
ϕ ∈ `1

+(Z) and λ > 0,

#

{
j ∈ Z : sup

n≥0
(µnϕ)(j) > λ

}
≤ C1

λ
‖ϕ‖`1(Z)?

(ii) Is there a number C2 ∈ (0,∞) such that, for all
(X,A,m) and τ as above and all f ∈ L1

+(X) and λ > 0,

m

{
x ∈ X : sup

n≥0
(µnf)(x) > λ

}
≤ C2

λ
‖f‖L1(X)?

The answer for each question is of course “It depends
on the sequence (µn).” Consider the following condition
on (µn): there are numbers α ∈ (0, 1] and C ∈ (0,∞)
such that, for all n ≥ 0 and all x and y in Z satisfying
0 < 2|y| ≤ |x|,

|µn(x+ y)− µn(x)| ≤ C
|y|α

|x|1+α . (2)

Under this condition, Zo [Zo] and, independently, Bel-
low and Calderón [31] prove that C1 exists. Bellow and
Calderón also observe in this 1999 paper that if C1 ex-
ists, then so does C2, a simple application of the Calderón
Transference Principle. One of the main results of their
paper is that if µ is a strictly aperiodic probability mea-
sure on Z such that

∑
k k

2µ(k) <∞ and
∑

k kµ(k) = 0,
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then the sequence (µn) of nth convolutions of µ with
itself satisfies (2).

In their 1962 paper [14] entitled Convolution operators
on Banach space valued functions, Benedek, Calderón,
and Panzone prove some inequalities for convolution op-
erators that, among other applications, generalize to sev-
eral variables some of the classical inequalities for the
Hilbert transform and the function g of Littlewood and
Paley. Reference is made to the earlier work of Cotlar
[Co] and Hörmander [Hö], who give further references.
There is also the contemporaneous work of Schwartz [Sc].

The interpolation results of the Benedek, Calderón,
Panzone paper hold for all Banach spaces but, later in
the paper, they focus on convolution operators for Hilbert
space valued functions because some of the later theo-
rems do not hold for all Banach spaces. In [Bo], Bour-
gain uses a different approach and obtains a result that
holds for all UMD spaces.

A Banach space B is a UMD space if for some p in the
interval (1,∞) there is a positive real number βp such
that ∥∥∥∥∥

n∑
k=0

εkdk

∥∥∥∥∥
Lp([0,1],B)

≤ βp

∥∥∥∥∥
n∑
k=0

dk

∥∥∥∥∥
Lp([0,1],B)

for all B-valued martingale difference sequences (dk)k≥0,
all sequences (εk)k≥0 of numbers in {1,−1}, and all pos-
itive integers n; equivalently, B is UMD if all martingale
difference sequences in Lp([0, 1], B) are unconditional.
The Lebesgue probability space on the unit interval can
be replaced by any other nonatomic probability space.
This definition does not depend on the choice of p in
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(1,∞) since B is a UMD space for a particular p if and
only if there is a real-valued biconvex function ζ on B×B
such that ζ(0, 0) > 0 and

ζ(x, y) ≤ ‖x+ y‖ if ‖x‖ = ‖y‖ = 1,

a characterization of UMD spaces that is independent
of p. Among other characterizations of UMD spaces,
the following is perhaps the most important: B is UMD
if and only if for some p ∈ (1,∞), and hence for all
such p, the Hilbert transform is a bounded operator
on Lp(R, B). Among the UMD Banach spaces are the
classical reflexive Lebesgue spaces, the reflexive Orlicz
spaces, the reflexive trace-class spaces, and the reflex-
ive non-commutative Lp(M, τ)-spaces where M is a von
Neumann algebra with a faithful, normal, semifinite trace
τ . For some of the history of UMD spaces and more on
their properties, see [Bu] and the references cited there.

Bourgain’s theorem states that if 1 < p < ∞ and B

is a UMD space with a normalized unconditional basis
(ej)j≥0, then any operator T : Lp(Rn, B) → Lp(Rn, B)
defined by

T (
∞∑
k=0

fjej) =
∞∑
k=0

Tj(fj)ej (3)

is bounded. Here fj ∈ Lp(Rn) and Tj is a Calderón-
Zygmund singular integral operator with a convolution
kernel. The operator T is first defined on appropriate
subspaces of Lp(Rn, B) and the family of norms of T on
these subspaces is shown to be bounded, after which the
extension to the whole space is straightforward, prov-
ing (3).
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In their 1995 paper [30], Bellow, Calderón, and Kren-
gel consider a family of operators Tt studied by Eber-
hard Hopf [Ho1], who was interested in the limiting dis-
tribution as t ↑ ∞ of a cloud of particles in a box.
Let (Ω̃, F̃ , µ̃) be the product of the probability space
(Ω,F , µ) and the Lebesgue measure space ([0,∞),L, λ).
Let (τt)t∈R be a measurable measure-preserving flow on
(Ω,F , µ). Fix h ∈  L∞(µ̃). For each t ∈ [0,∞), let
Tt : L1(µ̃)→ L1(µ) be defined by

(Ttf)(ω) =

∫ ∞
0

f(τtsω, s)h(ω, s) dλ(s)

Hopf proved that Ttf converges in L1(µ)-norm as t ↑ ∞.
He also conjectured that Ttf converges almost every-
where. Bellow and Krengel [BK] give a counterexample
to this conjecture and, in addition, prove that Ttf does
not always converge almost everywhere as t ↓ 0. In their
1995 paper, Bellow, Calderón, and Krengel strengthen
this result by proving that almost-everywhere conver-
gence can fail to hold in a dramatic way for Ttf as t ↑ ∞,
and also as t ↓ 0: using the Perron tree construction, they
give an example for which (Tt)t≥0 satisfies the “strong
sweeping out property.” In the example, (Ω,F , µ) is the
probabilty space with Ω = [0, 1) and µ Lebesgue mea-
sure. The flow is given by τt(ω) = ω + t (mod 1), and
h is given by h(ω, s) = 1 for s ∈ [0, 1) and h(ω, s) = 0
for s ∈ [1,∞). They prove that for each ε > 0 there is
a function f ∈ L1(µ̃), the characteristic function of a set
E that satisfies µ̃(E) ≤ ε, such that almost everywhere
lim supt↑∞ Ttf = 1 and lim inft↑∞ Ttf = 0. They also
prove the parallel result with t ↓ 0.
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Both [30] and [31] indicate that Calderón was inter-
ested in ergodic theory to the end of his career. His con-
tributions to ergodic theory during the last five decades
have had a major and continuing influence on the work of
many mathematicians. Here are just a few more exam-
ples. In [NS], Nevo and Stein study the ergodic theory
of free groups and prove a far-reaching generalization of
Birkhoff’s pointwise ergodic theorem. Also, see [Ne] and
the references given there. In [Li], Elon Lindenstrauss is
able to penetrate deeply into the mysteries of Fφlner se-
quences making it possible for him to prove some striking
results on the ergodic theory of amenable group actions.
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