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0.7 Planar Graphs 665

{f.d, j} and {e, i, b}, because it can be obtained by a sequence of elementary subdivisions,
deleting {d, h} and adding {c, k} and {c, d}, deleting {e, £} and adding {a, e} and {a, f}, and
deleting {7, } and adding {g, i} and {g, j}. Hence, the Petersen graph is not planar. <

Exercises

1. Can five houses be connected to two utilities without con- 10.
nections crossing? 11.

In Exercises 2-4 draw the given planar graph without any

Crossings. 12.

2. 3
13.

14.

15.

16.

Complete the argument in Example 3.

Show that K is nonplanar using an argument similar to
that given in Example 3.

Suppose that a connected planar graph has eight vertices,
each of degree three. Into how many regions is the plane
divided by a planar representation of this graph?
Suppose that a connected planar graph has six vertices,
each of degree four. Into how many regions is the plane
divided by a planar representation of this graph?
Suppose that a connected planar graph has 30 edges. Ifa
planar representation of this graph divides the plane into
20 regions, how many vertices does this graph have?
Prove Corollary 3.

Suppose that a connected bipartite planar simple graph
has e edges and v vertices. Show thate < 2u— 4 ifo =3
Suppose thata connected planar simple graph with e edges
and v vertices contains no simple circuits of length 4 or
less. Show that e < (5/3)v — (10/3) if v = 4.

Suppose that a planar graph has k connected components,
e edges, and v vertices. Also suppose that the plane is
divided into # regions by a planar representation of the
graph. Find a formula for r in terms of e, v, and k.
‘Which of these nonplanar graphs have the property that
the removal of any vertex and all edges incident with that
vertex produces a planar graph?

a) Ks b) Ks ¢) K33 d) Ks4

In Exercises 20-22 determine whether the given graph is

- *17.
18.
In Exercises 5-9 determine whether the given graph is planar.
If so, draw it so that no edges cross.
5. a 6. a b c 15.
b ¢
o b ¥ d e f

homeomorphic to K3 3.
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In Exercises 5-11 find the chromatic number of the given
graph. )
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9.8 Graph Coloring 673

11. e h i n o

.
.
<

12. For the graphs in Exercises 5-11, decide whether it is
possible to decrease the chromatic number by removing
a single vertex and all edges incident with it.

13. Which graphs have a chromatic number of 1?

14. What is the least number of colors needed to color a map
of the United States? Do not consider adjacent states that
meet only ata corner. Suppose that Michigan is one region.
Consider the vertices representing Alaska and Hawaii as
isolated vertices.

15. What is the chromatic number of W,?

16. Show that a simple graph that has a circuit with an odd
number of vertices in it cannot he colored using two
colors.

17. Schedule the final exams for Math 115, Math 116, Math
185, Math 193, CS 101, CS 102, CS 273, and CS 473,
using the fewest number of different time slots, if there
are no students taking both Math 115 and CS 473,

" both Math 116 and CS 473, both Math 195 and CS 101,
both Math 195 and CS 102, both Math 115 and Math 116,
both Math 115 and Math 185, and both Math 185 and
Math 195, but there are students in every other combina-

located at the distances shown in the table, if two stations
cannot use the same channel when they are within 150
miiles of each other?

1 2 3 4 5 6

— | 85 175 | 200 | 50 | 100

85 { — | 125 | 175 | 100 § 160

175 | 125 { — [ 100 | 200 | 250

200 | 175 | 100 | — | 210 | 220

50 | 100 | 200 | 210 [ — | 100

L BN B S L

100 | 160 | 230 | 220 § 100 | —

19. The mathematics department has six committees each
meeting once a month. How many different meeting times
must be used to ensure that no member is scheduled to
attend two meetings at the same time if the committees
are C; = {Arlinghaus, Brand, Zaslavsky}, €2 = {Brand,
Lee, Rosen), C; = {Arlinghaus, Rosen, Zaslavsky]},
Cq={Lee, Rosen, Zaslavsky), Cs= {Arlinghaus,
Brand}, and Cs = {Brand, Rosen, Zaslavsky}?




