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Abstract

We present a scheme for erasure decoding of AG-codes of complex-
ity O(n?). This improves on methods involving Fourier transforms.

The trivial scheme for erasure decoding of AG-codes (Algebraic Geometry
codes in full, or Geometric Goppa codes) solves a system of linear equations.
The scheme is of complexity O(n?), where n denotes the codelength. Fast
schemes, that use a Fourier transform of all syndromes, improve on the com-
plexity. For codes over GF'(q) defined with curves in r-dimensional affine
space, there are (¢ — 1) syndromes to be computed. The transformation
itself is of complexity O(ng") [1]. In general, ¢" > n.

The determination of syndromes is computationally equivalent to the deter-
mination of the message symbols. We give a scheme for the computation of
the message symbols. It avoids the computation of the syndromes and the
use of the Fourier transform. The scheme requires 3kn field multiplications,
with k& the dimension of the code.



Notation 1  The notation will be as follows. Let C be a linear code of
type [n, k|, with generator matrix G and parity check matrix H. Let m =
(m;),c = (¢;),e = (&), y = (y;) denote a message, the encoded message, an
error vector, and the received message respectively. The vectors are related
via

c = mG,
y = c+te.
Let it be known that errors occurred only at the coordinates I C {1,2,...,n}.

For a fixed code C', erasure decoding concerns the determination of the mes-

sage m, given the received message y and the set of unreliable positions
I.

In algebraic decoding, the set of unreliable positions I will in general be given
as the set of zeros of an error-locating vector [2].

Definition 2 By uxe == (u;e;) we denote the componentwise product
of vectors u and e. A vector u is called error-locating if it has the support
of e among its zeros. Equivalently, if u*xe = 0.

We recall two known solutions to erasure decoding. Both compute the error
vector first.

Proposition 3  The error vector e can be computed from the system
of linear equations

(1.1) He® = HyT,
e; =0, fori & I.

Alternatively, for a regular square matrix H of size n’ > n, and a complete
syndrome vector s” = He”', it can be obtained as

(1.2) el = H1sT,
The computation of the message vector then proceeds in both cases via

(2)  Compute c =y —e.
(3)  Compute m, with ¢ = mG.



The complexity of the procedure is determined by the first step. It equals
O(n?) and O(nn’') respectively for the two different versions.

Proof. =~ We consider the complexities. Solving a general system of lineair
equations of size (n — k) x ¢ is of complexity O((n — k)t?). For the second
version, note that the computation of each of the unknown coordinates in e
requires O(n’) operations. O

For AG-codes, the procedures can be improved in several ways. The main
idea is that message symbols can be computed with the same complexity as
syndromes.

Definition 4 Let H be a regular square matrix of size n with rows
hi,h,, ... h,. We assume that the rows of H are given by hy, hy,... h, ;.
Similarly, let a regular square matrix G have rows g1, go, ..., g, such that
the rows of G are given by g1, 8o, ...,8k. In addition, we assume that

glwhj:(), fori+j§n,

A message vector for the code C' will be given as a vector of length n, with
only the first £ symbols nonzero.

Proposition 5 Let H and G be as in the definition. The message m
and the syndromes s satisfy the relation

m=yH (GH")™' —s(GH")™".

Proof.  After substitution of s = eHT, the right hand side reduces to
(y —e)G~!. With Notation 1, and m of length n as in the definition, we are
done. O

Remark 6  The constant part y HT (GHT)~! in the relation can be com-
puted as soon as a word is received. Thus, as part of an error-correction
scheme it can be computed at the time that the errors in the word are being
located. For the time complexity of an error-correction scheme, only the mul-
tiplication of s by (GHT)™! is relevant. From the definition it is clear that
the matrix GH7 is triangular with zeros above the back-diagonal and ones

3



on the back-diagonal. For AG-codes, its entries will in general be contained
in the field of definition of the curve. Often this will be the prime field. More
precisely, this will hold if the set of rational points in the code construction
and the defining divisor of the code are stable under conjugation.

With the proposition, the transformation of the syndrome vector to the error
vector can be ommitted in the calculation of the message. Provided that we
dispose of suitable vectors vi, vy, ..., vy, the syndromes can be computed
recursively.

Definition 7  Let u be an error-locating vector for the errorpattern e.
Also, for the given vector u, let vectors vy, va,..., vy be given, such that

V; kU = hn—i—l—i + Z )\Z,]hj
j<n+l—i

Lemma 8 Let u, v, Vs,..., Vs be as in the definition. Let s = He”.
The syndromes s, _ki1,-..,S, can be computed recursively via

Sniii == Y, Aigsj.

j<n+l—i

Proof.  For the vectors v;, we have

0 = v;-(uxe)
= (v;*xu)-e

= (hpyis+ >, Aijhj)-e

j<ntl—i

= Spy1-i T Z AijS;-

j<n+1l-—i

O

In Proposition 5, the calculation of the error vector was ommitted. But in
fact, for the computation of the message symbols, we can also ommit the
calculation of the syndromes. And, for this computation, we do need to
know neither the coefficients \; ;, nor the entries of GH?.



Lemma 9 Lety;, =e+mig +mago+...+m;g;. Let u,vy, v, ..., vg
be as in the definition. Then m; = (v; x u) - (y;).

Proof. We have

(vixu)-(y;)) = (vixu)-e+ (v;*xu)-(y; —e)
= 0+ (hn+1_i + Z Ai,jhj) : (Z mi’gi’)
j<ntl—i i <i

h, ;- -mgi+0

m;.

The lemma leads to the following erasure decoding scheme.

Theorem 10 Let the notation be as in Notation 1 and Definition 7.
The following scheme produces on input y,u, vy, va, ..., vy the output m,e.

(0) Leti=Fk. Lety, =1y

While 7 > 0,
(1) Compute m; = (v; xu) - (y;)
(2) Compute y;—1 = y; — m;g;
(3) Decrease i by 1

Stop (i=0)

The scheme is of complexity O(n?).

Proof.  The equalities in (1) and (2) follow with the lemma. The output
yo = e. Step (1) requires 2n field multiplications. Step (2) requires n field
multiplications. A complete run involves 3kn field multiplications. a

For the scheme, it is essential that the Definitions 2,4 and 7 can be justified.
We claim without giving details that the definitions are natural for AG-codes
in general. The following example illustrates the scheme for a special case.



Example 11  We consider codes over the field F' = {0, 1,w,w} of four
elements constructed with the Hermitian curve, defined by Y2Z+4+Y 72 = X3,
The only point at infinity is (0 : 1 :0). The functions v = X/Z andy =Y/Z
have a pole at (0 : 1 : 0) of order 2 and 3 respectively. The curve has
eight finite rational points Py, Ps, ..., Ps. The one-point codes have as code-
words a(f) = (f(P1), f(P),..., f(Fs)), for a function f with poles only at
(0:1:0). That is, for f € F[z,y]. The dual codes can be defined in the
same way.

Thus, we define

a(1) 11111111
a(x) 001 1 wwowaw
a(y) 01l wwwwwaw
Y a5 | a@®d ] 10011 00w w
G=1H= alzy)) | 100 w o @ 1 1 w
a(z?) 001 11111
a(z?y) 00 wo 1l waol
a(z3y) 00 w o wowwow
And we obtain
000O0O0O0O0OT1
000O0O0OO0OT1F@O0
000O0O0T1OQO0T1
=~ T 000O01O0O0O
GH™ = 00010010
0010O0O0O0T1
01 001O0O00O0
10100101

Let a word sent be in the span of the first four rows of G. Let y =
(w,0,w,w,w,w, 1,w) be the received word with unreliable values at the zeros

of
u = a(1) + @a(z) + aly) = (1,0,0,1,w,,1,0).

For vy, vy, vy and vy, we take a(z3),a(2?), a(y) and a(x) respectively. To
compute the message m with Proposition 5, we consider the syndrome vectors

yHT = (1,1,0,2,0,0,w,w).

e i
eH" = (1,1,w,w,ss, s¢, S7, S3)-
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Application of Lemma 8 yields,

a(z) * u = alry) + wala?) + a(z), S5 = WSy + Sy = W.
a(y) * u = a(z?) + va(ry), S = WS5 = W.

a(z?) xu = a(2?y) + wa(z?) + a(z?), s;=wss+ 54 = w.
a(z?) xu = a(ry) + a(2?) + wa(r). sg=ss+ wse = 1.

And ) B o
= (yH" —eHA")(GH") ™ = (»,1,0,w,0,0,0,0).

Next, we compute m with Theorem 10.

Yya=Y = (WO@,WWW,LW)

i =4 (a(z)*u) - yy =@, y3=ys4—mya(r?)=(v,0,0,1,0,1,0,&)
1=3: (a(y)*xu)-y3=1, yy= y3 — m3 a(y) = (w, 1, w,w,w,w,w,0)
=2 (a(z?) xu) - y2 =0, y; = 2a(x) = (w, l,w,w,w, w,w,0)
i=1: = (a(z®)*xu) y1 =w, yo= mla( ) =(0,&,0,0,0,0,0,w)
1=0: Stop

Indeed yo = e has its support among the zeros of u
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