3. A large Fermat code

From theorem 2.6 we know that the Fermat curve of degree nine is maximal over
Fg4, in fact it is a Hermite curve and there are 513 rational points. After
determining rational points over some extensions of F; (prop.3.3), we may
define a series of codes. Lenght and dimension of the codes follow immediately
(prop.3.5). For one of the codes (def.3.6) we determine the minimum distance.
The code appears to be of type [513,485,15] (th.3.15), so the minimum distance
is 14 above the design minimum distance.

3.1 Fermat curve. Let X/Fy2!8 denote the Fermat curve of degree nine,
defined by F(x,y,z) = x%+y9+2z° = 0. For the genus g of X we have (prop.1.6)
8

g£= (2) =28
Let LK be as in def.1.1, then with the adjunction formula (prop.1.7)

K~6L
Finally let o denote the Frobenius on X, i.e.

oP = (x2,y2,22) for P=(xyz)

3.2 Remark. The fields F4, Fg, ..., Fgq may be interpreted as extensions of
F; as follows

Fy = Fy(o2l) = F(X)/(X2+X+1) ,oll 5 X
Fg = Fy(e27) = FyX)(X3+X+1) , o021 5 X
Fis = Fay) = FaXY(X4+X+1) L,y X
Fi2 = Ff) = FX)/(X5+X%+1) ,B- X
Fg4 = Fa(or) = FuX)/(X6+X +1) - X

With this choise Fg4 is an extension of both F4 and Fg. (One verifies
immediately that the polynomials involved are irreducible and that the first two
isomorphisms agree with the last one)

3.3 proposition. Let N be the 9-roots of unity in Feq, N = {1, a7, ..., 56},
and o the Frobenius as in def.3.1.
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For the fields of rem.3.2 the rational points on X are given by

F, fr0:1:1)} 1S3 = A

| AU [10:Lo?!)} ¢ess

Fg AU {t(La?"0l8) ) ¢cg,

Fig AU {TO1)) gess

F3; Avu  {olt (IB:BY) ) 1ess, i=01,...4
Fes4 {t(0:1:p) ) €83, peN U

{ (l:py:vz) ) 14+y9+29=0, y,ze F8* uveN

For their number we obtain
k Fy Fy4 Fg Fis F3z  Fgq
#X (k) 3 9 9 9 33 513

In particular X is maximal over Fgy.

Proof. All points given are on the curve and their number agree with the table,
We show there are no more ¢,

F2,Fg and F33 do not contain a primitive third root of unity. Therefore the map x
— x9 is a bijection on these fields, yielding #X(k)=#P!(k), as in the table.

For F4 and Fy¢ one has

x¢Fy =  x%{0,1)

xeFig =  x%(0,1,$,9,Y%,712) =D
from which the case Fy4 follows immediately. As for Fy¢, points (x:y:z) with
xyz=0, are just the points over F4. To see that there are no new points, i.e.
points with xyz#0, it is sufficient to note ¥3+1=y1 (rem.3.2) and yleD.

Fg4 contains a primitive nineth root of unity and we find rational points by
adjungating them to points over F, (obtaining 3x9 points) and the new points
over Fg (obtaining 6x81 points). Since their number equal the Weil upper
bound, it is sufficient to verify that the points thus obtained are all different. This
being a trivial verification, the proposition is proved.
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3.4 Divisors on X. Write Py, P;, ...,Ps13 for the points over Fgg, say with
Pi=(0:1:1}, Py=(1:0:1), P3=(1:1:0). With (1:B:B1%e X(F1;) and ¢ the
Frobenius we define B, = ¢l (1:p:B19), i=0,1,...,4. Finally let D, B and G be
divisors over F; on X, given by

D P1 +Py+... +P513
B =B;+B;+B3;+Bs+B;s
G = mB 11<m<102

il

3.5 Proposition. The parameters of a Goppa code C*(D,G), D and G as in
3.4, satisfy

n=2513 Jength

k=540-m ,dimension

d*=5m- 54 ,design minimum distance
d*<d<d*+ 28 ,minimum distance

Proof, We may use prop.1.11 to find

n = deg(D)
k=degD-G)+g-1
d* = deg(G-K)
d*<d<d*+g

Substitution of deg(D)=54,deg(G)=5m,deg(K)=54 and g=28 yields the result ¢,

3.6 Definition. With D, B the divisors of 3.4 and referring to the definition of
a Goppa code (1.9) we define the code C as the Goppa code C*(D,11B).

After proposition 3.5 it remains to determine the minimum distance of C. In
preparation for theorem 3.15 we deduce some equivalences of divisors on X.
The following lemma gives us the divisor, corresponding to a tangent at X.
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3.7 Lemma. Let X/Fp¥8 be a Hermitian curve of degree q+1. On X consider
¢ (xiy:z) = (x%yd:z9)

For any Pe X(Fp¥) the divisor Lp, cut out by the tangent at P is given by
Lp=qP + ¢?P

Proof. Say P = (x¢:yo:2g). Points of Lp are given by

{ xA+l 4 yq+l 4 29+1 = @

x09x + yody + 29z = 0
Suppose @?P = (x;:y1:21) # P. Since @¢?Pe Lp points on Lp are of the form

( xotMx1-x%0) : yo+My1~Y0) : 20+A(z1—20) )

Substitution in x4+1+ya+14z3+1=0 yields A=0 (gx), A=1 (Ix). For ¢2P =P
one verifies Lp = (q+1)P. 0.

3.8 Corollary. On X we have the equivalence of divisors (B as in 3.4, L as in
def.1.1)
9B ~ 5L

Proof. We have
SL ~ L) +Lgy+Lps+Lgs+Lps
and by the lemma
Lp1 +1p2+Lps+Lgg+Lps = 9B 0.

3.9 Lemma.
(@ The equation Fa(x,y,z) := Xy + xz + y2 = 0 determines the unique conic
through B1,B»,...,Bs.
(b) There is a unique divisor E on X, satisfying

B+E~2L A E20
(c) The divisor E from (b) is a divisor over Fy of degree 13, with one point of
degree one and two points of degree six.
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Proof. (a) F7 is the unique solution of a system of linear equations. Unicity also
follows from Bezout (th.1.8). (b) is consequence of (a).
(c) With (a,b), points of B + E are the solutions of

{ x9+y9+2%9 =0
Xy +xz+y2 =0

or, since a solution (x:y:z) satisfies x#0

{ 1+y2 +y18 4+ 917 4 910 4 y9 =0 (3.1)
(x:y:z) = (Liy:y+y?)

and it suffices to give the factorisation of (3.1) over F;

yI8+y174y1041 = (yO4yS+yt+y+1) (¥6+yS+1) x
X (y3+y2+1) (y+1) 0.

3.10 Lemma.
(@) The equation F3(x,y,z) := x%z + xyz + (y+z)3 = 0 determines the unique
third degree curve, that touches X at B1,B>,...,Bs.
(b) There is a unique divisor E' on X, satisfying

2B +E' ~ 3L A E>0
(c) The divisor E' from (b) is a divisor over F2 of degree 17, with three points
of degree one (P1+2P7) and a term that is either a point of degree 14 or the sum
of two points of degree 7.

Proof.
(a) We look for a F of the form
F(x,y,z) = apx3 + a1x2y + ... + agz3
From the proof of lem.3.9(c) we see
{B1,B2,....Bs} = { (Liy:y+y?) }yS+y2+1=0
with y3+y2+1 irreducible over Fa. Hence F is of the form
F(Ly.y+y?) = (boy+b1)(y>+y2+1) bo,bie F22ig
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Comparing coefficients of powers of y in the last equation leads to seven
equations in twelve unknows (ag,ay,...,a9,bg,b1). One obtains easily, with F; as
in lem.3.9(a),
F(x,y,z) = coFax + ¢{Fay + coFaz + c3(x3+xyz+yz2) +
+ c4(x2y+y2z+yz2+23)

Let X' be the curve determined by F(x,y,z)=0 and for a non-singular point P of
X' let L'p be the tangent of P at X'. With lem.3.7 it suffices to choose
€0,C1s...,C4 such that @2PeL'p for Pe {B},B3,...,Bs}. As a unique solution we
obtain F= x2z + xyz + (y+z)3. (b) follows from (a)

(c) With (a,b), points of 2B + E' are the solutions of

{ xP+y9+ 29 =0 (3.2)
x2z + xyz + (y+z)3 =0 (3.3)

remark (i). It suffices to show that all solutions of degree <6 (over Fy) are given
by 2B+P;+2P3. For the other solutions (14 in number by Bezout's theorem)
then only two possibilities remain to be divided into Galois orbits: one of length
14 or two of length 7.
remark (ii). Since (3.2) contains no new point of Fig over ¥4 by prop.3.3, no
solution of degree 4 exists. Therefore we may solve (x,y) over F33 (solutions of
degree 1,5) and over Fg4 (solutions of degree 1,2,3,6).
remark (iii). z#0 for a solution (x:y:z) of (x,y), since z=0 = y,z=0 = x,y,z=0.
First suppose y=0, then by (iii)

(B3) = x+2)2z=0 = x=z
or

xy:z)=(1:0:1)=P2 (2%
For y=0, say y=1, we have

(B.3) & x(x+1) =(z+1)3z]
Note that z#0 by (iii). For x,z € F33 or x,z € Fg4 satisfying the last equation
one veifies if (x:1:z) is a point on X. This is straightforward and, using some
tricky reductions, can in fact be done by hand, leading to the solutions

P (1x) and By,By,....Bs(2x)
By remarks (ii) and (i) this proofs the lemma 0.
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3.11 Lemma.The equation y(x+y+z) =10 determines a divisor over F, say
Ly(x+y+z)> on the curve X, With the notation of 3.4 we have

with the Pix, k=1,2,...,15, pairwise different.

Proof, We consider the contributions of the irreducible components (N as
defined in 3.2)

y=0 2 (10
pe N

X+y+z =0 2 P
Pe X(Fg)

since for P=(x:y:z)e X(Fg): x+y+z = (x9+y9+29)% =0 and #X(Fg) = 9. The
statement follows at once. In particular Pe Lyx+y+z) => Pe X(Fg4). See also
convention 3.4 0.

To determine the minimum distance we use prop.1.11 :

3.12 Remark. For a Goppa code C*(D,G), with D,G divisors on a curve X,
the minimum distance equals the smallest d for which there is a relation in
Div(X) of the form

G+Q ~K+Pjp+Ppo+...+Py (3.4)
with Q=>0, K as in def.1.1 and the PixeD, k=1,2,...,d, pairwise different.

3.13. Proposition. Let d be the minimum distance of the code
C=C*(D,11B). Then d<15.
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Proof. With the previous proposition it suffices to give a relation

11B+Q ~ K+Pj1 +Pip+... + Pj15

We have
6L ~ K (rem.3.1)
9B ~ 5L (cor.3.8)
2B+E ~ 3L E>0 (lem.3.10)
2L ~ Py +2P2 + Pj; + Pi2 + .. + P15 (lem.3.11)

These yield the required relation.with Q = E - Pq - 2P5 > 0. by lem. 3.10. and
the Pixe D, k=1,2,...,15, pairwise different by lem.3.11 ¢.

3.14.Lemma. For the code C suppose a relation (3.4), with d<14, exists.
Then there is a relation

2B+Q+P ~L+P+P ~ 3L
with Q. P20, D2P20 and deg(P')24.
Proof. We assume a relation of the following form
I1IB+Q ~ K+P

P = Pi1 + Pi2 +.. + Pig, ds14. Using 9B ~ 5L (cor.3.8) and K ~ 6L (rem.3.1)
we obtain

2B+Q ~L+P

Through P we may choose a curve of degree 4, thus obtaining a P~e Divyg(X)
satisfying P+P~ ~ 4L, Then
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2B+Q+P~ ~L+P+P~ ~ 5L

Since 2B + Q + P~ 2 0 we conclude that there is also a curve of degree 5
through P~. Deg(P~)=36-deg(P)222, hence the two curves (of degree 4 and 5)

have a component in common, say of degree m.
Noting that 2B+Q M P =@, we obtain a P*e Div>0(X), P*<P~, with

2B +Q+P* ~ L+P+P* ~ (5-m)L

(m=1) We find two curves (of degree 3 and 4) through P*. Since in this case
deg(P*)=27-deg(P)213, Bezout implies that the two curves have a component in
common. Case (m=1) thus reduces to (m=2)

(m=2) We obtain the required relation. Indeed deg(P*)=18-deg(P)24

(m=3) We find 2B+Q'~2L, Q>0. A contradiction with lem.4.x.

(m=4) The curve of degree 5 intersects X at 2B+P+P*, but then
deg(2B+P+P*)=462>45, a contradiction 0.

3.15 Theorem. The code C, defined in 3.6, is of type [513,485,15].

Proof. With propositions 3.5 en 3.13 the code C is of type [513,485,1<d<15].
We now assume d<15

~ Then the lemma applies and we have the equivalences
2B+Q+P' ~L+P+F ~ 3L

with Q,P'20, D=P20 and deg(P)24. P' can be chosen such that QNP=@.
Since 2BNP=@ also we conclude, by lemma 3.10, that the third degree curve
through 2B + Q + P' and the second degree curve through P + P' have no
common component. Bezout then gives deg(P')<6.

Consider

21, ~ P4+ P ~ ofP +ofP' = P+ obP
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Since deg(P)=18—deg(P")212, the two curves through P + P and P + ¢SP'
are equal {even with both curves reducible and one component in common, three
common points remain for the other components; both are lines and thus fully
determined by these three points), hence o6P'=P'. However, lemma 3.10 and
deg(P")24 imply that P' contains a point with coordinates of degree 7 or 14 (over
F2), so 6%P'#P', a contradiction. We conclude d=15 0.




