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Hamming distance

The Hamming distance between two vectors
x,y € F" is

d(z,y) =|{i:x; Fy;, i =1,2,...,n}.
A nontrivial code C C F"™ has minimum distance

d(C) = min{d(z,y) : x,y € C,x # y}.



Geometric Goppa codes
(Goppa 1981)

For n distinct rational points Pq,..., P, on a curve X,
and for disjoint divisors D = Py 4+ ---+ P, and G, the
geometric Goppa codes Cy(D,G) and Cqo(D,G) are de-
fined as the images of the maps

oy, . L(G) — F"

ag : QUUG-D) — F"
w — (Resp,(w),...,Resp (w) ).



Goppa bound

d(Cr(D,G)) = min{deg A :
0<A<D A L(G-—D+ A) # L(G - D)}.

d(Cqo(D,G)) = min{deg A :

0<A<D A LIK-—G+ A) # L(K — G)}.

d(Cr(D,G)) > min{0,deg(D — G)}

d(Cqo(D,G)) > min{0,deg(G — K)}
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(Basic bounds) GOP——BPT

|

(Floor bounds) MMP——LM——GST

s

(Mixed bounds) GKL GST?2

(Order bounds) KP/FR B

In general, the bounds dggT, dgsTo and dg are not com-
parable, as shown by the following codes constructed
with the Suzuki curve over Fg.

Code dgsT dgsT2 dp
Co(D,G = K + 2P + 2Q) 8 8 7
Co(D,G = K + 4P) 7 6 8

Co(D,G =K+ 4P+ Q) 7 8 8

e



Definition

For a divisor C and for subsets S and S’ of rational
points, define

v(C;S8,8) = min{degD:
(VP € S) L(D) # L(D — P)
(VPe SHL(D-C)# L(D—-C—-P)}.



Theorem 1 (DKP'09)

Let S, S be finite sets of points and let A be the semi-
group of effective divisors with support in S’. For DN
S =0,

d(Cr(D,G)) >
min{y(D — G+ X; S,S5") : A € A}\{0}.
d(Ca(D,G)) =

min{v(G — K+ X;S,5") : A € A}\{0}.



Theorem 2 (DKP'09)

For a given divisor C' ~ D—FE, and for divisors Aq, ..., An,
such that A; = A;,_1 + F;, define the subsets

A = {i: L(4;) # L(A;— P)AL(A;,—C) = L(A,—C—P)}
S={it:L(D)# L(D—-F)}

A = {i: L(A;) = L(A;— P)AL(A;—C) # L(A;—C—P)}
S' = {i: L(E) # L(E — P)}.

Then degD > |[AN S|+ |A N S| — |4
In particular, v(C; S,S") > |A| for

A CS and A’ CS.
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Special cases of Theorem 2

(1) Beelen'07

(2) DP'08a

(3) DK’'09

Assumes

(1)

(2) (3)

S={1,2,....,n}

A CS

P=P foric A
P=P fori=1,2,....n

K KKK

<K KK
< <
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Chart of known bounds

(Basic bounds) GOP—BPT

|

(Floor bounds) MMP——LM——GST—ABZ

™~

(Mixed bounds) GKL GST2—~ ABZ*

(Order bounds) KP B ABZ'—=DP—~DK

(Decoding) FR D
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Comparison table

Code dgst dgst2 dB daBz dapz+ dapz
Co(D,.G = K + P+ 20Q) 8 8 7 8 8 8
Co(D,G = K + 4P) 7 6 8 7 7 8
Cao(D,G=K4+4P + Q) 7 8 8 8 8 8
Co(D,G=K4+4P+2Q) 9 9 9 10 10 10
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Projective line over F, (BCH bound)

For a cyclic code with zero set I D {1,q,...,«
m > 2, the minimum distance d > m.

C =mP
A 0 iPeA
P & i>0andi—m <0
(m—-1)P
S’ {P}
A’ iPc A
g 0 & 1 <0andi—m >0
v > m
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Hermitian curve over Fig (Feng-Rao bound)

C =3P C =4P
A 0 0
4 P 5P
5P 10P
OP 15P
10P
14P
s’ {P} {P}
yAN 3P
7P
11P
S {P}
v > §) 4
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Grid for ¢ = 3P

C =
v 2>

d(Co(D,K + 3P) > 4
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Suzuki curve over Fg (C = 2P + 2Q)

(B) (DP,DK)
A 0] 0
8P 8P
10P 10P
13P 13P
16P 16P + 2Q
19P + 2Q)
21P 21P 4 2Q
29P 29P 4 2Q)
S’ {P} {P}
A’ 14P 14 P
15P 14P 4+ Q*
27TP 15P + Q@
15P 4+ 2Q*
S {P} {P,Q}
v > Ve 3
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Grid for C = 2P + 2Q

(B) (DP)

2 3 4 5 6 2 3 4 5 6
2| 7 8 9 10 10 2| 8 9 10 11 10
3/ 8 8 10 11 3| 9 8 10 11
4|1 9 10 10 4 (10 10 10
5110 11 5|11 11
6 | 10 6 |10

d(Co(D,K +2P 4 2Q) > 8
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Suzuki curve over Fg (C = —5P + 8Q)

(B,DP) (DK)
A 10P — 3Q 10P — 3Q
12P — 3Q 12P — 3Q
13P — 3Q 13P — 3Q
16P —2Q*
16P —Q*
16P*

22P — 3Q 22P

23P — 3Q 23P

25P — 3Q

= {P} {P,Q}

A/ 8P — 3Q 8P — 3Q
16P — 3Q 16 P — 3Q

17P
19P
27P — 3Q 27P

S {P} {P}

v > 6 8
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Grid for C = —5P + 8Q

(DP) (DK)

3 9 10 11 12 3 9 10 11 12
-5/6 8 7 9 71 -5/8 8 9 9 7
-4 /8 9 10 11 -4 /8 9 10 11
-3 |7 10 7 -39 10 7
-2 19 11 -2 19 11
-1 1|7 -1 |7

d(Co(D,K —5P +8Q) > 7
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Suzuki curve over [fg
X/Fg:y®+y=2x104 3
has g = 14, N = 65, and m = 13 = 32 4 22,

The m inequivalent divisor classes in D(P, Q) with sup-
port in P and @ are represented by the divisors

(0,0) - (—=5,12) : (—10,24)
(—3,10) : (—8,22)

(—1,8) - (—6,20) : (—11,32)
(—4,18) : (—9,30)

(—2,16) : (—7,28) : (—12,40)
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Floor bounds

dry dgst  dapz

daop 6352 6352 6352
dr - 2245 2852
dast : . 2213
dany . . .
dp 1 1 1
daBz : : :
dgop 8 13 21
drnv : 7 15
dasT : : 3
dany . . .
dp 1 1 1
daBz : : :

Number of improvements of one bound over another (top), and
the maximum improvement (bottom), based on 10168 two-point
codes for the Suzuki curve over Fso.
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Order bounds

dp dpp  dpk

daop 6352 6352 6352
dr v 4729 4731 4757
dasT 4729 4731 4757
dABz 4683 4685 4711
dp : 236 1565
dpp : - 1366
dcop 33 33 33
dr v 28 28 28
dast 24 24 24
dapz 24 24 24
dp - 5 6
dpp : : 6

Number of improvements of one bound over another (top), and
the maximum improvement (bottom), based on 10168 two-point
codes for the Suzuki curve over Fso.
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Argument used in Theorem 2

For G of degree 2g + t, and for A of degree at most ¢,
L(G—A)#L(G—-A—-P).

For an improvement, let
O< a1 < - <agppgp1 <29+t

be the vanishing orders at P, and let
A = {a; : ; is a nongap for P}.

Then |[A|>t+ 1 and L(G - A) # L(G— A— P) for all

A of degree less than |A|.
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Proof of the argument
For o; € A, choose
fi € L(G — a;P)\L(G — a; — P)
g9i € L(a;P)\L(o;P — P)
Then f,9; € L(G)\L(G — P).
Assume |A| < |A]. There exists g € (g;la; € A) such
that g vanishes at A. If g has pole order «; at P then

fig € L(G—A\L(G—A—P) and L(G—A) # L(G—A—P).
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