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Abstract

We develop new coset bounds for algebraic geometric codes. The bounds have
a natural interpretation as an adversary threshold for algebraic geometric secret
sharing schemes and lead to improved bounds for the minimum distance of an AG
code. Our bounds improve both floor bounds and order bounds and provide for
the first time a connection between the two types of bounds.

Introduction

This paper deals with coset bounds for algebraic geometric codes and their applications
to lower bounds for the minimum distance of AG codes as well as for thresholds of
algebraic geometric secret sharing schemes. The work was motivated by two important
recent results. The first is the complete description of the minimum distance of Hermitian
two-point codes by Homma and Kim [HK06]. The second is the introduction of algebraic
geometric linear secret sharing schemes by Chen and Cramer [CC06].

For algebraic geometric codes, the actual value of the minimum distance is not a priori
known and needs to be determined or estimated from the data used in the construction.
The best known lower bounds for the minimum distance of an algebraic geometric code
are the order bound and the floor bound. Beelen [Bee07], and independently the second
author [Par], have shown that the order bound agrees, for Hermitian two-point codes,
with the actual minimum distances found by Homma and Kim. In this paper we improve
both the order bound and the floor bound.

An important application of secret sharing schemes is secure multi-party computa-
tion, which requires linear secret sharing schemes with a multiplicative property [CDMO00],
[CDG105]. Chen and Cramer proposed to use one-point algebraic geometric codes for
secret sharing and they have shown that the obtained algebraic geometric linear secret
sharing schemes can be used for efficient secure computation over small fields [CCO06].
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Parties can reconstruct a secret uniquely from their shares only if the total number of
shares exceeds the adversary threshold of the secret sharing scheme. The algebraic ge-
ometric construction of a linear secret sharing scheme guarantees a lower bound for the
adversary threshold. The precise value of the threshold is in general not known. We
show that the adversary threshold corresponds to the minimum distance between cosets
of a code. Our results give improved lower bounds for distances between cosets of an
algebraic geometric code, and therefore improved lower bounds for adversary thresholds
of algebraic geometric linear secret sharing schemes.

As our main results, we formulate an ABZ bound for codes and an ABZ bound for

cosets. The bounds improve and generalize the floor bound and the order bound, re-
spectively. The bounds can be used as tools for constructing improved codes as well as
improved secret sharing schemes. Our Main theorem is an even more general bound. Its
main advantage is that it has a short proof and that all other bounds can be obtained as
special cases.
The floor bound is independent of the order bound. Algorithms are available for decod-
ing up to half the order bound but not for decoding up to half the floor bound. Beelen
[Bee07] gives an example where the floor bound exceeds the order bound. For our gen-
eralizations there is a strict hierarchy. The improved order bound, obtained with the
ABZ bound for cosets, is at least the ABZ bound for codes, which improves the floor
bound. We show that decoding is possible up to half the bound in our main theorem,
and therefore up to half of all our bounds. In particular, we obtain for the first time an
approach to decode up to half the floor bound.

In Section 1, we describe the use of linear codes for secret sharing and the relation
between coset distances and adversary thresholds. Theorem 1.2 gives a general coset
bound for linear codes. Appendix A gives a coset decoding procedure that decodes up
to half the bound. Algebraic geometric codes are defined in Section 2. Theorem 2.4
gives the ABZ bound for algebraic geometric codes with a first proof based on the AB
bound for linear codes. Section 3 gives a geometric characterization of coset distances
for algebraic geometric codes. In Section 4 we define, for a divisor C' and for a point P,
a semigroup ideal

Pp(C) = {A: L(A) £ L(A— PYAL(A—C) £ L(A— C — P)}

such that the minimal degree for a divisor A in I'p(C) is a lower bound for the coset
distance of an algebraic geometric code. In Section 5, the main theorem gives a lower
bound for the degree of a divisor in the semigroup ideal (Theorem 5.3). The bound is
formulated in terms of properties of the complement

Ap(C) = {A: L(A) % L(A— PYAL(A—C) = L(A— C — P)}.

In Section 6, we explain the role of the divisor C' for optimizing the order bound (Propo-
sition 6.4). We formulate the ABZ bound for cosets (Theorem 6.6) and we describe its
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relation to both the order bound (Theorem 6.3) and the floor bound (Theorem 2.3). The
material in this paper forms the first half of the preprint [DP0S].

1 Cosets of linear codes

Let F be a finite field. A F-linear code C of length n is a linear subspace of F". The
Hamming distance between two vectors x,y € F" is d(z,y) = |{i : =; # vi}|. The
minimum distance of a nontrivial linear code C is

4(C) = min {d(z,y) : 2, € C,x # y)
= min{d(z,0) : 2 € C,x # 0}.

If d(C) > 2t +1 and if y € F" is at distance at most ¢ from C then there exists a unique

word ¢ € C with d(c,y) < t.

The Hamming distance between two nonempty subsets X,Y C F" is the minimum
of {d(x,y) : € X,y € Y}. For a proper subcode C' C C, the minimum distance of the
collection of cosets C/C’ is

d(C/C") =min{d(z +C,y+C):z,ycCax—y&C'}
=min{d(z,0): 2 € C,z ¢ C'}.

Lemma 1.1. Ifd(C/C") > 2t+1 and if y € F" is at distance at most t from C then there
exists a unique coset ¢ +C' € C/C" with d(c+C',y+C') < t.

The dual code D of C is the maximal subspace of F" that is orthogonal to C with
respect to the standard inner product. To the extension of codes C/C’ corresponds an
extension of dual codes D’/D with distance parameter d(D’/D). For two vectors x,y € F",
let x xy € F" denote the Hadamard or coordinate-wise product of the two vectors.

Theorem 1.2. (Shift bound or Coset bound) Let C/Cy be an extension of F-linear codes
with corresponding extension of dual codes D1/D such that dimC/C; = dimD;/D = 1.
If there exist vectors aq,...,a, and by, ..., b, such that

a; xb; € D fori+j <w,
a;xb; € DI\D fori+j=w+1,

then d(C/Cy) > w.

Proof. For all ¢ € C\C; and a xb € D1\D, ), a;bic; # 0. To show the nonexistence of a
vector ¢ € C\C; with d(¢,0) < w, it suffices to show, for any choice of w — 1 coordinates,
the existence of a vector a x b € D;\D that is zero in those coordinates. The conditions
show that the vectors aq,...,a, are linearly independent, and there exists a nonzero
linear combination a of the vectors aq,...,a, vanishing at w — 1 given coordinates. If
7 is maximal such that a; has a nonzero coefficient in the linear combination a then
@ * byy1_; € D1\D is zero in the w — 1 coordinates. O
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Let y € F™ be a word at distance at most ¢ from C. For given vectors aq, ..., a, and
b1, ..., b, such that w > 2t, the unique coset ¢ + C; € C/C; with d(¢ + C1,y +C;) < t
can be computed efficiently with the coset decoding procedure in Appendix A. Theorem
1.2 can be used to estimate the minimum distance d(C/C’) of an extension C/C" with
dimC/C" > 1, after dividing C/C’ into subextensions.

Lemma 1.3. Let C/C" be an extension of F-linear codes of length n. For C D> C" C C’,
d(C/C") = min{d(C/C"),d(C"/C")}.

We will now describe the use of code extensions for secret sharing. Our description
focuses on the connection between secret sharing thresholds and coset distances that will
be established in Corollary 1.7. The main properties that we need are described in the
following two lemmas.

Lemma 1.4. Let {1,2,...,n} = [ UJ be a partition of the coordinates. There ezists
a word r € C\Cy with support in I if and only if there exists no word s € D;\D with
support in J.

Proof. Let E; (resp. Ej) be the subspace of F™ of all vectors with support in I (resp.
J). The exact sequences
0 —>CﬂE]/C1 ﬂE[ —>C/C1 e C+E[/Cl +E] — 0,
0 —>D1 ﬂEJ/DﬂEJ —>D1/D H,l)1 +EJ/D+EJ — 0,

are in duality via V +— V* = Hom(V,F). And
(dlmC N E[/Cl N E[) + (dlle N EJ/Dﬂ EJ) = lelC/Cl =1.
O

Lemma 1.5. Let y; € Di\D. For a given vector s € Dy = D & (y1), the projection of
s on (y1) is uniquely determined by the subset of coordinates {s; : i € A} if and only if
Di\D contains no word that is zero in the positions A.

Proof. The only if part is clear. For the if part we may assume with the previous lemma
that there exists r € C\C; with support in A. For any such r, and for s = y+ A\yy, y € D,

res=r-(y+Ay) = A(r-y).
Since (r-y1) # 0, we obtain A = (r-s)/(r - y1). []

Let y; € D;\D. For a secret A\ € F, and for a random vector y € D, the vector
s = y+ Ay is called a vector of shares for A\. A subset A C {1,2,...,n} is called qualified
if the shares {s; : i € A} determine A\ uniquely. Whether A is qualified depends on D; /D
but not on the vector of shares s € D;. Let I'(D;/D) denote the collection of all subsets
A C {1,2,...,n} that are qualified for D;/D and let A(D;/D) denote the collection of
all subsets A C {1,2,...,n} that are not qualified for D; /D. For the definition and main
properties of a general linear secret sharing scheme we refer to [CDG105].
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Theorem 1.6. Let C/Cy and D1/D be dual extensions of F-linear codes of length n. Let
E 4 be the subset of F™ of all vectors with support in A.

F(Dl/D) == {A . CQEA 7£C1 ﬂEA},
A(Dy/D) = {A:CNE,=CiNEy4}.

Moreover, for A =1{1,2,...,n}\A,

I'(C/C)={A: Ae A(D,/D)},

A(C/C) ={A: AeT(D,/D)}.
Proof. Lemma 1.5 and Lemma 1.4. O
Corollary 1.7. The smallest qualified subset for Dy/D is of size

min{|A|: A € I'(D,/D)} = d(C/Cy).
The largest unqualified subset for D1 /D is of size
max{|A| : A € A(D,/D)} = n — d(D;/D),

2 Algebraic geometric codes

Let X/F be an algebraic curve (absolutely irreducible, smooth, projective) of genus g
over a finite field F. Let F(X) be the function field of X/F and let Q(X) be the module
of rational differentials of X/F. Given a divisor £ on X defined over I, let L(F) denote
the vector space over F of functions f € F(X)\{0} with (f) + E > 0 together with the
zero function. Let 2(E) denote the vector space over F of differentials w € Q(X)\{0}
with (w) > E together with the zero differential. Let K represent the canonical divisor
class.

For n distinct rational points P, ..., P, on X and for disjoint divisors D = P;+---+PF,
and G, the geometric Goppa codes C(D, G) and Cq(D, G) are defined as the images of
the maps

ar © L(G) — F* fe (f(P),....f(P)),

ag : QG—-D) — F", wr (resp(w),...,resp, (w)).

The maps establish isomorphisms L(G)/L(G — D) ~ C(D,G) and Q(G — D)/Q(G) ~
Cqo(D, G). With the Residue theorem, the images are orthogonal subspaces of F". With
the Riemann-Roch theorem they are maximal orthogonal subspaces.

There exists a nonzero word in Cp(D,G) with support in A, for 0 < A < D, if
and only if L(G — D + A)/L(G — D) # 0. There exists a nonzero word in Cq(D, G)
with support in A, for 0 < A < D, if and only if Q(G — A)/Q(G) # 0 if and only if
LIK-G+A)/L(K —G) #0.



Proposition 2.1.

d(CL(D,G)) =min{deg A: 0< A< D|L(A-C)# L(-C)}, forC=D-Q@G.
d(Co(D,G)) =min{degA: 0< A< D|L(A-C)# L(-C)}, forC=G-K.

Theorem 2.2. (Goppa bound) A nonzero word in Cr(D, G) has weight w > deg (D —G).
A nonzero word in Cq(D,G) has weight w > deg (G — K).

The following bound improves on the Goppa bound in special cases.

Theorem 2.3. (Floor bound) Let G = K +C = A+ B+ Z, for Z > 0 such that
LA+ Z) = L(A) and L(B + Z) = L(B). For D with DN Z = 0, a nonzero word in
Cq(D,G) has weight at least deg C' + deg Z.

Most algebraic bounds for the minimum distance of a linear code rely on one of two
basic arguments. In the paper [vLW86] on cyclic codes they were named the AB bound
and the Shift bound. We obtain the following bound, which includes the floor bound,
using the AB bound argument in combination with the Goppa bound.

Theorem 2.4. (ABZ bound for codes) Let G = K+C = A+B+Z, for Z > 0. For D with
DNZ =0, a nonzero word in Cqo(D, G) has weight w > I(A)—I(A—C)+I(B)—1(B—-C).

Proof. We may assume that A and B are disjoint from D. Since Z > 0 and DN Z = ),
the code CL(D,G) contains the code Cp(D,A + B) as a subcode. Thus, for a word
c € Co(D,G), and for words a € Cr(D, A) and b € C(D, B), if ¢ has support D’ then
> pep apbpcp = 0. The last orthogonality holds for all a € Cr(D’, A) and b € C(D', B),
so that dim Cp (D', A) +dim Cp (D', B) < deg D', and deg D' > I[(A) —I(A—D')+1(B) —
[(B—D'). Together with L(D'—C) # 0, deg D' > [(A)—l(A-C)+I(B)—-l(B—-C). O

It is easy to see, using the Riemann-Roch theorem, that the choice Z = 0 returns the
Goppa bound. Improvements of the Goppa bound are obtained only if the divisors A, B,
and Z, are carefully chosen. For the special case L(A+Z) = L(A) and L(B+Z) = L(B),
we recover the floor bound. In that case, for K + C = A+ B + Z,

I(A)—I(A-C)+1(B)—-U(B-C)
— A+ 2)—-U(K—B—-2)+1(B+2)— (K - A—Z)
= deg(A+2Z)+deg(B+ Z)+2— 29 =degC + deg Z.

3 Cosets of algebraic geometric codes

Let D = Cq(D,G) and C = C(D, G) be dual algebraic geometric codes. For a point P
disjoint from D), let
D,/D = Cqo(D,G — P)/Cq(D,G),
C/C; =CL(D,G)/CL(D,G — P),



be dual extensions of codes. When dimC/C; = dimD;/D = 1, the extensions can be
used for secret sharing as described in Section 1. Theorem 1.6 describes the parties that
can recover the secret for the extension D;/D as the subsets 0 < A < D that support
a word in C/C;. The formulation in terms of divisors is given in Proposition 3.2, with
a similar result for the extension C/C; in Proposition 3.4. As additional motivation, we
give a natural choice for the secret for each of the extensions D;/D and C/C;, and we
describe directly the qualified parties that can determine the secret, in Lemma 3.1 and
Lemma 3.3, respectively. The propositions can then also be obtained from the lemmas.

Let P have multiplicity e in G, and let t be a fixed local parameter for P. For
dim D, /D = 1, there exists a natural isomorphism Q(G—D—P)/QUG—D) ~D,/D ~TF
that maps w € Q(G — D — P)/Q(G — D) to resp(t “w). For dimC/C; = 1, there exists
a natural isomorphism L(G)/L(G — P) ~ C/C, ~ F, that maps f € L(G)/L(G — P) to
(f1°)(P).

Lemma 3.1. Forw € Q(G — D — P), the residue resp(t~“w)(P) is uniquely determined
by the values {f(P) : P € A}, for 0 < A < D, if and only if Q(G— D + A— P) =
QG—-D+A).

Proposition 3.2. For the extension of codes D1/D = Cqo(D,G — P)/Cqo(D,G), where
D =P +---+4+ P, is a sum of n distinct points, G is a divisor disjoint from D, and P
s a point disjoint from D,

I(D,/D) ={0< A< D:CNEs#CiNEs,
—{0<A<D:L(G-D+A)#L(G-D+A-P)}.

A(D/D)={0< A< D:CNE;=C NE4},
—{0<A<D:L(G-D+A)=LG-D+A-P)}.

Proof. In each case, the two descriptions are clearly equivalent. The first description of
I'(D,/D) uses Theorem 1.6. The second description uses Lemma 3.1. O

Lemma 3.3. For f € L(G), the value (t°f)(P) is uniquely determined by the values
{f(P):PeA}, for0< A<D, if and only if L(G — A) = L(G— A — P).

Proposition 3.4. For the extension of codes C/C; = Cr(D,Q)/CL(D,G — P), where
D =P +---+ P, is a sum of n distinct points, G is a divisor disjoint from D, and P
1 a point disjoint from D,

[C/C)={0< A<D :DiNEs#DNE4},
={0<A<D:QG—-A-P)#Q(G—-A)}.

A(C/C)={0< A< D:DiNEs=DNE4},
={0<A<D:QG-A-P)=Q(G-A)}.

Proof. As in Proposition 3.2 but use Lemma 3.3. O
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The propositions are related via the dualities A € I'(D, /D) if and only if D — A €
A(C/Cy) and A € T(C/Cy) if and only if D — A € A(D;/D) (as Theorem 1.6). The
minimal degree of a divisor A € I'(D;/D) or A € I'(C/C,) is given by the coset distance
d(C/Cy) or d(Dy/D), respectively (as in Corollary 1.7).

Proposition 3.5.

d(C/C;) =min{degA: 0<A<D|LA-C)# L(A-C—-P)}, forC=D-G@G,
d(D1/D) =min{deg A: 0 <A< D|LA-C)#L(A-C—-P)}, forC=G—-K—P.

For a given divisor C' and a point P, let
p(C)={A:L(A) #L(A—P)ANL(A-C)# L(A—-C - P)},

and let vp(C) be the minimal degree for a divisor A € TI'p(C). So that vp(C) >
max{0,deg C'}.

Theorem 3.6. For the extensions of codes D1/D = Cq(D,G—P)/Cq(D,G) and C/Cy =
CL(D7 G)/CL(D7 G — P);

Ael(D,/D) = degA > vp(D —G) > n—degG.

Ae A(Dy/D) = degA < n—vyp(G—K—-P) < n—degG+2g—1.
AeT(C/C) = degA > vp(G—K —P) > degG — 29 + 1.
AeAlC/C)) = degA < n—~p(D—-G) < degG.

The lower bounds for deg A that are obtained with vp(D — G) and vp(G — K — P)
use the assumption L(A) # L(A — P) instead of the stronger assumption 0 < A < D.
Thus, when the bound for deg A is not attained by divisors A of the form 0 < A < D,
the bounds will not be optimal. Essentially, we separate the problem of finding a small
A € I'(D, /D) into two parts: a geometric part that considers all effective divisors A not
containing P, and an arithmetic part that verifies if A can be represented by a divisor
with 0 < A < D. Only the first part is considered in this paper. In other words, the
bounds that we obtain apply to a different and more general problem, that of recovering
local data at a point P from given local data at a divisor A, for any divisor A with no
base point at P. We briefly outline this setting.

Definition 3.7. Let X/F be a curve, and let C' be a divisor on X. For a given point P
on X define the collection Xp(C) = {ma : A > 0} of surjective maps

A QU—C—P)—Q(-C—-P)/QUA-C—P), A>0.

The map 74 assigns to a differential w € Q(—C — P) the local information w modulo
(A — C — P), in short the local information of w at A. Given that w € Q(—C — P),
any sufficiently large amount of local information determines w uniquely. Indeed, for any
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divisor A of sufficiently large degree, Q(A—C — P) = 0 and 74 is a bijection. For a divisor
A with the weaker property Q(A — C — P) = Q(A — C), the maps m4 = ma4p agree. In
that case, the local information of w at A determines uniquely the local information of
w at A+ P. If P occurs in the support of A then this means that the local information
can be determined with increased precision. For secret sharing we assume that the secret
corresponds to a fixed map wp. Then the parties that do not know mp a priori are those
with L(A) # L(A — P). Among those, the parties that can determine 7p from 74 are
those that satisfy Q(A—C — P) = Q(A—(C), or, equivalently, L(A—C) # L(A—C—P).
Together the conditions define the set I'p(C'). In this setting, the access structure I'p(C')
can be analyzed without further assumptions on the representation of the maps m4. The
image under 74 of a differential w € Q(—C — P) might be written out explicitly in terms
of local parameters and residues, much like an algebraic geometric code, or it might
simply be given as a differential w + n for n € Q(A — C — P).

4 Semigroup ideals

Let X/FF be a curve over a field F and let Pic(X) be the group of divisor classes. Let
I'={A: L(A) # 0} be the semigroup of effective divisor classes. For a given point
PeX,letI'p={A:L(A) # L(A— P)} be the semigroup of effective divisor classes
with no base point at P. Call A € I'p a P-denominator for the divisor class C' € Pic(X)
if A—C € I'p. So that A — (A — C') expresses C as the difference of two effective divisor
classes without base point at P. The P-denominators for C' form the I'p-ideal

Fp(C):{AEFpZA—CEFp}.

The ideal structure of the semigroup I'p(C) amounts to the property A + E € T'p(C)
whenever A € I'p(C) and E € I'p. The I'p-ideal of P-numerators for C' is the ideal

Ip(=C)={Aelp: A+C eT'p}.
Clearly, A is a P-denominator for C' if and only if A — C'is a P-numerator for C, that is
AeTlp(C) & A-C eTlp(-0),
The minimal degree vp(C) of a P-denominator for C' is defined as
vp(C) =min{deg A: A e I'p(C)}.
The minimal degrees satisfy
7p(C) —vp(=C) = deg C.

The denominator and numerator terminology is borrowed from the ideal interpretation of
divisors. Let O be the ring of rational functions in F(X') that are regular outside P. For
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effective divisors A and B disjoint from P, the fractional O-ideal U;>oL(iP — (B — A)) =
JI7! is the quotient of the integral O-ideals J = U;>qL(iP — B) and I = U;»oL(iP — A).
To a denominator A of smallest degree corresponds an ideal I of smallest norm.

If either C' € I'p or —C' € I'p then the conditions A € I'p and A — C' € I'p are
dependent.

Proposition 4.1. For a divisor C' on a curve X of genus g, vp(C) > max{0,deg C'}.
Moreover,

VP(C):O ~ —CEFP <~ FP(C):FP
p(C) =degC & C€Tp & I'p(—C)=Tp.

The inequality is strict if and only if C, —C & I'p only if | deg C| < 2g.

For suitable choices of the divisor C, the parameter vp(C) gives a lower bound for
the coset distance of an algebraic geometric code (Proposition 3.5) and therefore bounds
for the access structure of an algebraic geometric linear secret sharing scheme (Theorem
3.6). Proposition 4.1 shows that we can expect improvements over the trivial lower bound
vp(C) > deg C that is used for Theorem 3.6 only if P is a base point for the divisor C.

Let S be a finite set of rational points that includes P. For I's = Npesl'p, let
Lp(C;S) =Tp(C)NTg={AeTls: A—C € I'p}, and let 7p(C;S) be the minimal
degree for a divisor A € I'p(C} S).

Lemma 4.2. For a given set of rational points S that includes P, and for extensions of
algebraic geometric codes Co(D,G — P)/Cq(D,G) and C(D,G)/CL(D,G — P) defined
with a divisor D = Py + --- + P, disjoint from S,

d<CL(D7G)/CL(D7G_P)) Z'.)/P(C;S)a fOTC:D—G,
d(Cqo(D,G — P)/Cqo(D,G)) > ~vp(C;S), forC=G—-K—P.

Proof. Proposition 3.5. O]

To obtain similar estimates for the minimum distance of an algebraic geometric code,
we use Proposition 2.1. Define the I'g-ideals I'*(C; S) C I'(C; S),

["(C;8) ={A€els: L(A-C) # L(-0O)},
[(C;8) = {A €Ts: L(A—C) #0}.

Let v*(C;.S) (resp. v(C;S)) denote the minimal degree for a divisor A € I*(C; S) (resp.
AeI(C,9)).
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Lemma 4.3. For a given set of rational points S, and for algebraic geometric codes
Cr(D,G) and Cq(D,G) defined with a divisor D = Py + - -+ + P, disjoint from S,
d(CrL(D,G)) =2 v (C;8) > ~(C;S), forC=D -G,
d(Ca(D,G)) > 7*(C;S) 2 4(C;S), forC=G - K.
For L(—C) = 0, v*(C; 5) = v(C; 9).
Proof. Proposition 2.1. O]

The condition L(—C') = 0 holds in all cases where the Goppa lower bound d > deg C'
(Theorem 2.2) is positive. We give lower bounds for v(C;S) using lower bounds for
vp(C;S). With a minor modification, we obtain lower bounds for v*(C; S).

Lemma 4.4. Let S be a finite set of rational points. For a divisor C, and for a point
pPes,

[C;S)=Tp(C;S)UT(C + P;S).

[“(C;S) CTp(C; S)UT*(C + P;S).
Moreover, for —C € T'p,

(C;8) CI*(C + P;S).

Proof. For the equality, L(A — C) # 0 if and only if L(A —C) # L(A—-C — P) or
L(A—C—P) # 0. For the inclusion, L(A—C') # L(—C) only if L(A—-C) # L(A—-C—P)
or L(A—C — P) # L(—C — P). Finally, for A € I'*(C; S) such that —C € I'p, we
have dim L(A — C')/L(—C — P) > 1, and thus L(A — C — P) # L(—C — P). So that
AETC + P;S). O

Proposition 4.5.

Y
7'(C;8) = min{yp(C; 8),y"(C + P; S)}\{0}.
Proof. In general v*(C;S) > 0. And vp(C;S) = 0 only if yp(C) = 0 if and only if
)

—C € I'p, in which case we can omit vp(C';S) before taking the minimum. [

7(C;S) > min{yp(C; S),7(C + P;5)}.
C;5)

5 Main theorem

For a given curve X/F, let C' € Pic(X) be a divisor class and let P be a point on X. For
the semigroup I'p = {A : L(A) # L(A — P)} and the I'p-ideal

Fp(C):{AEFP:A_CEFP},
define the complement

AP(C):{AGFPA—CQFP}

11



Lemma 5.1.
Ap(C)=0 & Tp(C)=Tp & —CeTp.

Let X be of genus g and let K represent the canonical divisor class.

Lemma 5.2. In general,
AecAp(C) & K+C+P—-AcAp(C).
For A e Ap(C),
min{0,deg C} < degA < max{2g— 1,degC +2g — 1}.
Proof. This follows from the definition together with the Riemann-Roch theorem. O

The following is the analogue of Theorem 1.2 in the language of divisors.

Theorem 5.3. (Coset bound for divisors) Let {A; < Ay < --- < A,} C Ap(C) be a
sequence of divisors with A1 > A;+ P, fori=1,...,w—1. Then deg A > w, for every
divisor A € T'p(C) with support disjoint from A, — Ay, that is

vp(C; Ay — Ay) > w.

Proof. After replacing the sequence with an equivalent sequence if necessary, we may
assume that Aq, As, ..., A, are disjoint from A. We obtain two sequences of subspaces.

L(Ay) D L(Ay — P) D L(Ay_1) 2 L(Ay_y — P) D ---
-+ D L(A3) 2 L(Ay — P) D L(Ay) 2 L(A, — P).

QA = C) € YAy = C = P) QA1 —C) € YAy 1 —C—P) C---
r CQUA—C)C QA —C—P)CQA —-C) QA —C—P).
Fori=1,2,...,w, choose
fi € LIA)\L(A; — P) and n; € Q(A; — C — P)\Q(A; — C).

Let A € T'p be of degree deg A < w. Then there exists a linear combination f of

fi, fay ..., fu that vanishes on A. If f; is the leading function in the linear combina-
tion then f € L(A; — A\L(A; — A— P) and fn, € Q(—C — P+ A)\Q(—C + A). Thus
A—C¢Tpand A Tp(C). m

For a divisor B, let

Ap(B,C) = {B+iP:icZ} N Ap(C),
:{B—FZPEFP,B—C—FZPng}

12



Lemma 5.4. To the set Ap(B,C) corresponds a dual set

Ap(B—C,—C)={B—-C+iP:icZ}NAp(-C),
={B-C+iPecTp,B+iP ¢Tp},

such that #Ap(B,C) — #Ap(B — C,—C) = deg C. Furthermore,

deg C, if C el'p.
4ap(B,c) = 08GOy
0, if —C € I'p.
In particular,
deg C, if degC' > 2g.
4ap(B,C) = { 0BG TABC =2
0, if deg C' < —2g.

Proof. For iy large enough,

#AP(BaC) _#AP(B_Ca_C)
= #{i<ip: B+iP€Tlp,B—C+iP ¢Tp}
—#{i<ip: B+iP ¢Tp,B—C+iP eTp}
= Y ((B+iP)~(B+iP—P))— (I(B—C+iP)— (B~ C +iP - P))

1<tp

= dim L(B + igP) — dim L(B — C' + i P) = deg C.
For the remainder use Lemma 5.1. ]
Corollary 5.5. For any choice of divisor B, there is a pair of equivalent bounds
15(C) > #Ap(B,C). p(=C) > #Ap(B — C,—C).

Proof. For the first inequality, the elements Aj, As,..., A, € Ap(B,C), ordered from
lowest to highest degree, meet the conditions of the theorem. Similar for the second
inequality. Equivalence follows from vp(C) — vp(—C') = deg C' and the previous lemma.

O

Lemma 5.6. I[f A€ I'p(E) and E € T'p(C) then A € T'p(C). For E € I'p(C),
AP(C) C AP(E)

Proof. The first claim is immediate from the definitions, in particular A — E € I'p and
E —C eTl'pimplies A—C € I'p. For E € I'p(C), the first claim shows that A & I'p(E)
whenever A ¢ I'p(C). O

13



6 Order bound and floor bound

We unify and improve two known lower bounds for the minimum distance of an algebraic
geometric code. Let S be a given set of rational points, and let Cr(D, G) and Cq(D, G)
be algebraic geometric codes defined with a divisor D = P, + --- + P, disjoint from S.
With Lemma 4.3,

“(C;S), forC=D-GaG,
“(C;8), for C=G-K.

Proposition 6.1. For points Qy, ..., Q.—1 € S, define divisors Cy < Cy < --- < C). such
that Co = C and Ciyqy = C; + Q;, fori=0,...,r — 1. Then
7(C55) = min{yg, (Co; 5), 701 (C13 5), - - -7, (Cro135), 7 (Cr; S) {0},
In general, v*(C,; S) > deg C' + r.
Proof. Proposition 4.5 gives v*(C;; S) > min{yg,(Ci; 5), v*(Cit1; S) }\{0}. O
We give a formulation of the order bound for an algebraic geometric code Cq (D, G).

Theorem 6.2. (Order bound [Bee07, Theorem 7]) Let C be an algebraic curve and G
a rational divisor. Let P be a set of rational points not occurring in the support of the
divisor G. Then we have

d(Cp(G)) > dp(G) = d(G).

Using [Bee07, Remark 5, Definition 6], we expand the theorem in the notation of the
current paper. In comparison with the original theorem, we have removed the condition
that the divisors By, ..., B, are disjoint from D.

Theorem 6.3. (Order bound [Bee07]) Let Cq(D,G) be an algebraic geometric code, and
let G = K + C. For a sequence of points Qq, ..., Q,—1 disjoint from D, let Cy = C and
Ci+l :Cl—FQ“ fOTiZO,...,T—l.

Co=Co(D,K+C)DC,=Co(D,K+Cy)D---2C,

Co(D,K + C,).

If C; # Cit1 then a word in C;\Cit1 has weight w > #Aq,(0,C;). For r large enough,
d(Co(D,G)) = min{#Aq,(0,C;) : C; # Cipa }-

Moreover, for a sequence of divisors By, ..., B,_1,
d(Co(D,G)) = min{#Aq,(B;, C;) : C; # Cisr }.

Proof. The order bound for the minimum distance combines Proposition 6.1 with the
estimates g, (Ci; S) > v0,(Ci) > #A¢,(B;, C;) in Corollary 5.5. O
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We analyze the choice of the points Qo, Q1,...,Q,—1. In [Bee07], the choice of the
points is unrestricted, and an example is given where the optimal lower bound is obtained
with a choice of ); outside G. On the other hand, Proposition 4.1 shows that vq,(C;) >
deg C;. Thus, we may assume that the minimum min{yg,(C;)}\{0} is taken over an
interval i = 0,1, ..., 7 such that, for all ¢ in the interval, either ¢, (C;) = 0 or yg,(C;) >
deg C;. With Proposition 4.1 this implies that either —C; € T'g, or C; ¢ I'g,. In both
cases, we can conclude, for C; # 0, that C; & I'g,, i.e. that L(C;) = L(C; —Q;). The same
conclusion can be reached with Lemma 5.4 if the argument is repeated for Ag,(B;, C;)
instead of v, (C;). The following stronger result holds.

Proposition 6.4. The maximum in the order bound s attained for a choice of points
Qo, Q1,...,Q._1 such that, fori =0,1,...,r—1, either C; =0, or Q;,...,Q,_1 are base
points of the divisor C;. In particular, if C; is a nonzero effective divisor, we may restrict
the choice for Q;,...,Q,_1 to points in the support of C;.

Proof. For Q) € {Qi,...,Q,_1}, let j be minimal in {4,...,r — 1} such that Q; = Q. If
C; # 0, we may assume as explained above, that C; € I'g. With ' = Q;+---+Q,_1 € I'g
and C; = C; + E it follows that C; ¢ I'g. If C; = 0 then either i = j, in which case
C; =0, or i < j, in which case degC; < 0 and C; ¢ T'g. [

In [Bee07, Example 8], the minimum distance lower bound for a code Cq(D,5P)
on the Klein curve is improved with a choice Qg = P,Q, = @ # P. For the example,
5P=K+2P—@Q and 6P = K + @ + R, so that Cy = 2P — @ and C; = () + R. Indeed,
with the proposition, we can expect improvements only with @Q; = @ or with ); = R.

To improve the order bound we apply the main theorem with a different format for
the divisors Ay, ..., A,. Let

Ap(< B,C)={B+iP€eT,: B—C—iP¢Tp A i<0},
Ap(>B+P,C)={B+iPeT,: B—C—iP¢Tp A i>1},

be a partition of the set Ap(B,C) into divisors of small and large degree.

Lemma 6.5.
#Ap(< B,C)=dim L(B) —dim L(B - C) + #Ap(< B—-C,-C).
Proof. Similar to the proof of Lemma 5.4, but use iqg = 0. O]

Theorem 6.6. (ABZ bound for cosets) Let C' be a divisor and let P be a point. For
G=K+C=A+B+7Z, 7 >0,

1p(C; ZUP) > #Ap(< A, C) + #Ap(< B, C).
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Proof. With Lemma 5.2, a divisor A’ € Ap(C) if and only if K + C+ P — A’ € Ap(C).
And A/ < Aifandonlyif K+C+P—-A>K+C+P—A= B+ P+ Z. The elements
Ay, Aoy Ay € Ap(S B,C)UAp(> B+ P+ Z,C), ordered from lowest to highest
degree, meet the conditions of Theorem 5.3, with w = #Ap(< A, C)+#Ap(< B,C). O

The lower bound #Ap(B, C) that is used for the order bound takes into account only
the number of divisors in a delta set Ap(B,C). The improved bounds in Theorem 6.6
are possible by considering also the degree distribution of divisors in the delta set. For
Z =0, the bounds in the theorem include those used in the order bound (Theorem 6.3).
The floor bound (Theorem 2.3) sometimes exceeds the order bound. The ABZ bound
for codes (Theorem 2.4) gives an improvement and generalization of the floor bound.
We show that the bounds in the theorem not only include those obtained with the order
bound but also those obtained with the ABZ bound for codes. In each case, the coset
decoding procedure in the appendix decodes efficiently up to half the bound.

Theorem 6.7. (ABZ bound for codes) Let G = K+C = A+B+Z, for Z > 0. For D with
DNZ =0, a nonzero word in Cq(D, G) has weight w > 1(A)—1(A—C)+I(B)—1(B—-C).

Proof. Let P be a point on the curve not in the support of D, if necessary it can be
chosen over an extension field. We use Proposition 6.1 with S = ZU P and Qo = @1 =

. =Q,, =P
(€ 8) = min{yp(C; 5),7p(C + P;5),....,vp(C + (r — 1)P;5), 7" (C +rP; S)}\{0}.
Now use Theorem 6.6 with K +C +iP = A+ B+ (Z +iP),
vp(C +iP;S) > #Ap(< A,C +iP)+ #Ap(< B,C +iP).
With Lemma 6.5,

(4)

(A= C —iP)+1(B)—I(B—C —iP)

> 1(A) =1
> I(A) — (A= C)+U(B) — (B —C).

Hence, by taking r large enough, v*(C;S) > l(A) —I(A—-C)+I(B) = I(B - C). O

Neither the ABZ bound for codes, nor the ABZ bound for cosets gives an improve-
ment in general. For Z = 0, both bounds return previously known bounds, namely the
Goppa bound and the order bound, respectively. For carefully chosen nontrivial Z, there
are possible improvements. If we apply Lemma 6.5 with both A and B,

H#Ap(< A, C) = dim L(A) — dim L(A — C) + #Ap(< A — C, —C),
#Ap(< B,C) = dim L(B) — dim L(B — C) + #Ap(< B — C,—~C),

and add the two equations, then we see that the improvement of the ABZ coset bound
applied to G = K+C = A+ B+ Z over the floor bound applied to G = K+C = A+ B+Z7
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is given by the ABZ coset bound applied to the dual decomposition G’ = K — C =
(A-C)+(B—C)+ Z. For Z =0, we recover that the improvement of the order bound
applied to G = K + C over the Goppa bound deg C' is given by the order bound applied
to G’ = K — C (Lemma 5.4 and Corollary 5.5).

We consider the special case of the order bound with By = --- = B,_; = 0 and
Qo = -+ = Q,_1 = P. For codes of the form CL(D,pP)* = Cq(D, pP) or of the form
Cr(D,K + P + pP)t = Cq(D,K + P + pP) the resulting bound can be formulated
entirely in terms of the numerical semigroup S of Weierstrass P-nongaps. For the first
code use C' = pP — K, and for the second C' = pP + P. For the delta sets we obtain

pP € Ap(pP — K) & pPe€Tp ANK+pP —pP ¢Tp.
S peSAp—p+1eSs,

pP € Ap(pP) < pPelp ApP —pP — P ¢TDp.
S peSAp—p—1&5.

The first of the two bounds in the following theorem is the Feng-Rao bound [FR93],
[CEMO00]. The second bound is different when the canonical divisor K % (29 — 2)P.

Theorem 6.8. (Feng-Rao bound) Let S be the semigroup of Weierstrass P-nongaps.
d(Cp(D, pP)*) > min{#A[p] : p' > p}\{0},
where Alp] ={p € S|lp—p e S}.
d(Co(D, K + pP)) > min{#Bp] o' > ph\{0},
where Blp| = {p € S|p—p & S}.
Proof. Apply Proposition 6.1 with the given delta sets. O]

7 Concluding remark

Both problems of finding the lower bound for the adversary threshold of an algebraic
geometric linear secret sharing scheme and the lower bound for the minimum distance of
an algebraic geometric code can be approached as a geometric approximation problem :
Given a divisor on an algebraic curve, represent the divisor as a difference of two effective
divisors such that the effective divisors are each disjoint from a given set S and find lower
bounds for the degrees of the effective divisors in such a representation. In other words,
for a given curve X and divisor class C, find the lower bounds on the degree of a divisor
A such that A and A — C belong to specified semigroups of divisors. For suitable choices
of the semigroups we obtain (1) lower bounds for the size of a party A that can recover
the secret in an algebraic geometric linear secret sharing scheme with adversary threshold
C, and (2) lower bounds for the support A of a codeword in a geometric Goppa code
with designed minimum support C'.

17



A Coset decoding

For a given vector y € F", and for an extension of linear codes C' C C C F", coset
decoding determines the cosets of C' in C that are nearest to the vector y. If y is at
distance d(y,C) < t from C and the minimum distance d(C/C’) between distinct cosets
is at least w > 2t then there exists a unique nearest coset ¢ + C" with d(y,c + C') < t.
We describe a coset decoding procedure that returns the unique coset when the estimate
d(C/C') > w is obtained with Theorem 1.2. The procedure follows the majority coset
decoding procedure in [Duu], [Duu93].

Shift bound or Coset bound (Theorem 1.2): Let C/C; be an extension of F-linear codes
with corresponding extension of dual codes D, /D such that dimC/C, = dim D, /D = 1.
If there exist vectors aq,...,a, and b, ..., b, such that

a; *b; €D for i +j < w,
a;xb; € DI\D fori+j=w+1,

then d(C/Cy) > w.

For a given x € D;\D, we may assume, after rescaling if necessary, that a; * b,11_; €
x+ D, fori=1,...,w. Define the following cosets of a; and b,1_;, for i =1,... w,

Ai = a;+ (a1, ..., a;1),
Buti1—i = byg1—i + (b1, ..., buw—).
For ¢ € C, the coset ¢+ C; is uniquely determined by x - ¢. For a given y € F" such that
d(y,C) < t, the decoding procedure will look for a pair o’ € A;,b" € B,,.1_; such that, for

all ¢ € C with d(y,c) <t, (a/*V)-y = x-c. The vector a’ *b is defined as the Hadamard
or coordinate-wise product of the vectors a’ and ¥'. We use (a’ * V') -y = (a/ xy) - V.

Theorem A.1l. (Decoding up to half the coset bound) Let 2t < w < d(C/Cy), for C/C;
and w as in Theorem 1.2. Fory € F" such that d(y,C) <'t, let

I={1<i<w: (Fa; € A4;) (aj*b;) Ly, 1<j<w-—1i},

For every ¢ € C with d(y,c) <t, x-c= (a,*b,) -y, for a majority of i € I N I*.

Proof. For c € C, let a} € A; be such that a;*y = a}*c. The vector a, if it exists, satisfies
(a; x b;) -y =0, for j = {1,...,w —i}. Moreover, for any b’ € Byti_;, (a;*V) -y =
(a;*b,)~C: (ai*bw+1,i)~czx~c. Let

F={1<i<w: (3a; € Aj) ajxy = a;*c }, A={1<i<wkT,
M={1<j<w: (W) € Byy1-4) Vyxy=0*c}, A" ={1<j<wh\I'™

18



We know a priori only the sets [ and I*. Clearly, I' C I and I'* C I*. Moreover, for ¢ € C
with d(y,c) <t, |A|,|A*| <t. Forie INI* (a,*b) -y=ua-cifeitheri eI orieI'™.
Regardless of the actual sets I and I*, this is certainly the case if i € ' N I™ and it fails
only when i € AN A*. Now

Nl —|[ANA*=w—-|'NA"|—|I"NA|>w—2t>0.
Thus, the majority of ¢ € I N I* will give a value (a; *b}) -y =x-c. ]

If dimC/C" > 1 then the procedure can be applied iteratively to a sequence of exten-
sions (' =C, C C._; C ---C; C Cy = C such that dimC;/C;_y = 1, fori = 1,...,r. For
given yo € F™ with d(yo,Co) < t, the procedure returns the unique coset ¢y + C; such that
d(yo,co + C1) < t. At the next iteration, for y; = yo — ¢o € F" with d(y;,C1) < ¢, the
procedure returns the unique coset ¢; + Cy such that d(y;,¢; + Co) < ¢, and so on.

Let A ={A; < Ay < --- < Ay} C Ap(C) be a sequence of divisors with A;,; >
A;+ P, fori = 1,...,w — 1. Theorem 5.3 (Main theorem) together with Lemma 4.2
shows that d(Cq(D,G — P)/Cqo(D,G)) > w, for G such that C = G — K — P, and for
DN (A, — A1) = 0. We show how the coset decoding procedure applies to the given
extension. For a divisor 4; € Ap(C), also K +C+ P — A, = G — A; € Ap(C). Thus,
there exist functions f; € L(A;)\L(A; — P) and ¢g; € L(G — A;)\L(G — A; — P). Let
(@i * byi1—5) = ((fi9:)(Pn), - - -, (fig;)(Fy)), for i < j. Then

a; *b; € CL(D,G) for i +j < w,
a;xb; € Cr,(D,G)\CL(D,G—P) fori+j=w+1,
Moreover, we have the following interpretation for the sets I', I'*, A, A*.

iell & A el'p(Q), ieA & A e Ap(Q),
el & A, €eAp(C—-Q), i€eA* & A elp(C—-Q).

The order bound (Theorem 6.3) and the floor bound (Theorem 2.3) as well as their
generalizations the ABZ bound for cosets (Theorem 6.6) and the ABZ bound for codes
(Theorem 6.7) are all obtained in this paper as special cases of the main theorem. Thus,
in each case coset decoding can be performed with Theorem A.1.
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