
De
odingCodes from Curvesand Cy
li
 Codes

Iwan M. Duursma





Prefa
eThe thesis des
ribes results of my resear
h on de
oding linear 
odes. Thisresear
h has been 
arried out at the Eindhoven University of Te
hnology inthe period September 1990 { Mar
h 1993. It was supported by the Nether-lands Organization for S
ienti�
 Resear
h (NWO), through the foundationSti
hting Mathematis
h Centrum. Some of the results have found theirway to international journals. In the order in whi
h they have appeared aspreprints they are:1. \Algebrai
 de
oding using spe
ial divisors," IEEE Transa
tions onInformation Theory, volume 39, Mar
h 1993.2. \On the de
oding pro
edure of Feng and Rao," Pro
eedings Algebrai
and Combinatorial Coding Theory III Conferen
e, Voneshta Voda,Bulgaria, June 1992.3. \Majority 
oset de
oding," IEEE Transa
tions on InformationTheory, volume 39, May 1993.4. with R. K�otter, \Error-lo
ating pairs for 
y
li
 
odes," preprintEindhoven-Link�oping, submitted for publi
ation, Mar
h 1993.The papers [1℄ and [3℄ ea
h work towards a single theorem, given on page39 and page 50 respe
tively of this thesis. The paper [4℄ has four theorems,on pages 69, 75, 76 and 76. In addition, the tables at pages 84 and 85 giveexpli
it de
oding pro
edures. The introdu
tion further explains the topi
and the 
ontributions of the thesis.I like to thank the Dis
rete Mathemati
s group for the stimulating workingenvironment, professor J.H. van Lint for his support and his 
omments onthe preprints and R. Pellikaan for numerous dis
ussions and managing theNWO proje
t. Thanks also to professor G. van der Geer for introdu
ing meto 
odes from algebrai
 
urves and to professor H. Sti
htenoth and profes-sor R. S
hoof for further dis
ussions on algebrai
 
urves. To all, I expressmy gratitude for judging the �nal manus
ript. For the joint work on 
y
li

odes, I am grateful to the 
oauthor R. K�otter.I thank the NWO for its �nan
ial support. For further support and for hos-pitality I wish to thank the University of Trento and professor R. S
hoof,and the University of Link�oping and professor T. Eri
son.May, 1993. Iwan Duursma





Introdu
tionThe de
oding problem has its roots in 
ommuni
ation theory. Two ele
-troni
 devi
es ex
hange information and due to noise or otherwise it willhappen that the information re
eived di�ers from the information sent. Itis then assumed that the di�eren
e is in general small. In any 
ase it isintended to have small di�eren
es by a proper design of the devi
es and ifpossible of the 
hannel that 
onne
ts them. The de
oding problem is toatta
h the proper interpretation to the re
eived information. If the pos-sibilities for the re
eived information are few, the interpretation 
an beatta
hed to these on
e and for all and stored in a table. We 
onsider sit-uations where su
h tables are not feasible. Without a table, i.e. withoutde
iding about interpretations beforehand, one needs a set of rules that 
anbe applied any time information is re
eived. Obviously, one prefers the setof rules to be small and the rules to be su
h that they 
an be 
arried outqui
kly. These two 
hara
teristi
s determine to a 
ertain extent the sizeand the speed of a de
oding devi
e.De
oding is not only a problem of the re
eiver. The sender and re
eivertogether determine how information is to be sent. In air-traÆ
 
ontrol it is
ommon use to avoid \yes" and \no" and to say \aÆrm" and \negative"instead. Sender and re
eiver have agreed upon this and it greatly enhan
esthe reliability of 
ommuni
ation. Similarly, with two ele
troni
 devi
es, theinformation will be en
oded before it is transmitted. The en
oding shouldimprove the reliability of the 
ommuni
ation and allow easy de
oding bythe re
eiver.The problem has a fruitful translation into mathemati
s: message, en
odedmessage and re
eived message are asso
iated with suitable strings of let-ters. The strings of letters are easily transferred into the language of theele
troni
 devi
es (i.e. strings of zeros and ones) and the rules for en
odingand de
oding 
an be formulated in terms of operations that 
an be 
arriedout by a mi
ropro
essor. A small example is obtained with messages oflength two that use three di�erent letters A, B, and C. The nine possiblemessages are:AA, AB, AC,BA, BB, BC,CA, CB, CC.The messages are very mu
h alike and by 
hanging one letter a messageis transferred into a di�erent message. To enable the re
eiver to re
ognizethat a letter was 
hanged, and thus to improve the reliability of the 
om-muni
ation, the messages are en
oded as follows:



AAAA, ABBB, ACCC,BABC, BBCA, BCAB,CACB, CBAC, CCBA.The set of possible en
oded messages is 
alled a 
ode C, the en
oded mes-sages are 
alled 
odewords. In the example, any two di�erent 
odewordsdi�er in pre
isely three positions and agree in the remaining position. If theen
oded message rea
hes the re
eiver with one letter 
hanged, the re
eiver
an 
on
lude by 
omparing with all 
odewords that something went wrongduring transmission of the message. Moreover, he 
an �nd the messagesent as the unique 
odeword that best resembles the re
eived message, i.e.that di�ers from the re
eived message in one position. For a given 
ode C,the de
oding problem 
an be formulated as:� Find the 
odewords that agree with the re
eived message in a max-imum number of positions. If there is only one su
h 
odeword, takethis 
odeword for the message sent. Otherwise, leave the interpreta-tion unde
ided or make a 
hoi
e.The bottle-ne
k in the problem is how to �nd the 
odewords that resemblethe re
eived message. The most straightforward solution is to 
omparethe re
eived message with all 
odewords. This is far from eÆ
ient andwe mention two other strategies. The �rst strategy uses 
ombinatorialproperties of the 
ode and is known as permutation de
oding. It basi
ally
onsists of two steps. In general, the steps have to be exe
uted severaltimes:� Guess whi
h letters are 
orre
t.� Find the 
odewords that mat
h these letters.Re
all, that in the example any two di�erent 
odewords agree in pre
iselyone position. This 
ombinatorial property tells us how to make suitableguesses: a 
odeword is determined by any two of its letters and it suÆ
esto guess a 
ombination of two letters 
orre
tly. Suitable guesses are that ei-ther the �rst two re
eived letters or the last two re
eived letters are 
orre
t.If one error o

urred, one of the guesses is true and yields the 
odeword.For the re
eived message BBCC, the 
odewords that mat
h BB-- and --CCare BBCA and ACCC respe
tively. Thus, the fourth letter was 
hangedand the message sent was BBCA.Permutation de
oding is fast, but only few examples are known where thestrategy works well. The se
ond strategy applies to linear 
odes, that havethe stru
ture of a ve
tor spa
e. It uses algebrai
 properties of the 
ode andis known as algebrai
 de
oding. It 
onsists of two steps, that are exe
utedonly on
e, but that take more time than the steps in the previous strategy:



� Compute whi
h letters are 
orre
t.� Compute the 
odeword that mat
hes these letters.Note that we assume that suÆ
iently many 
orre
t letters are 
omputed,su
h that only one 
odeword will mat
h the 
orre
t letters. The 
ode in theexample is linear. After repla
ing the letters A, B and C by the numbers0, 1 and 2 respe
tively,0000, 0111, 0222,1012, 1120, 1201,2021, 2102, 2210,we 
an formulate an algebrai
 property: Let 
1
2
3
4 denote a 
odeword.For any 
odeword u1u2u3u4, the number N = 
1u1 + 
2u2 + 
3u3 + 
4u4 isdivisible by three.Again, let BBCA, or 1120, be the message sent and let BBCC, or 1122,be the re
eived message. To verify if the re
eived message is a 
odeword,we 
ompute the number N , for all 
odewords. For 
omparison, we also
ompute the numbers N for the message sent:N = u1 + u2 + 2u3 + 2u4 N = u1 + u2 + 2u30; 5; 10;7; 6; 5;8; 7; 6: 0; 3; 6;3; 6; 3;6; 3; 6:Sin
e the numbers in the left table are not all divisible by three, we 
on
ludethat the re
eived message is not a 
odeword and that an error has o

urred.On the other hand, the numbers in the right table illustrate the algebrai
property and are all divisible by three. It is 
lear that the di�eren
e be-tween the two tables is 
aused by the addition of 2u4 in the left table. Thenumber N in this table is divisible by three only if the 
odeword u1u2u3u4has u4 equal to zero. Thus, to �nd the position of the error, it suÆ
es to�nd the 
odewords for whi
h N is divisible by three, namely 0000; 1120and 2210. The error o

urred at the position where these 
odewords havea zero. The 
odeword that mat
hes the �rst three letters of the re
eivedmessage 1122 is 1120.We refer to the �rst 
hapter for further details. In parti
ular for the 
laimthat it is possible to do the 
omputations in a fairly straightforward way.In the general set up, the 
odewords u are taken from a 
ode U di�erentfrom C. For the 
omputations, a third 
ode V is required. The 
hoi
e of
odes U and V that make the pro
edure work is not obvious. For given
odes U and V , the pro
edure is fairly straightforward.



In this thesis, I give results for the algebrai
 de
oding of two families oflinear 
odes. For ea
h family, methods are given for the 
onstru
tion of de-
oding pro
edures. These 
an only be obtained by using additional featuresof a parti
ular family. On the other hand, many questions arise with bothfamilies that 
an be answered for arbitrary linear 
odes without the restri
-tion to a parti
ular family. The results that are valid for arbitrary linear
odes are presented in the �rst part. The �rst se
tion gives the formulationof a general algebrai
 de
oding pro
edure. In the next two se
tions, 
on-ditions are given that ensure that the pro
edure works in parti
ular 
ases.The theory is then applied to an example that is not 
ontained in one of thetwo families. The last se
tion gives modi�
ations of the general pro
edure.They apply to some 
ases where the 
onditions for the general pro
edureare not met.The family of 
odes from 
urves, also 
alled algebrai
 geometry 
odes orsimply AG-
odes, is in many ways remarkable. The 
odewords 
an still beidenti�ed with strings of letters, but they have a more natural interpreta-tion as rational fun
tions or rational di�erentials on an algebrai
 
urve. Itis immediately 
lear from the last interpretation and by using well-knownresults from algebrai
-geometry that AG-
odes have very good properties.For their appli
ation in pra
ti
e, eÆ
ient de
oding pro
edures are required.That algebrai
 de
oding 
an be applied to AG-
odes was noti
ed in 1988.The pro
edure as it was then formulated is 
alled the basi
 algorithm. AG-
odes have an obvious lower bound on the number of errors that 
an be
orre
ted, 
alled the designed 
apability. The basi
 algorithm does not
orre
t up to this bound. For a parti
ular 
lass of AG-
odes, a modi�edalgorithm was formulated that 
orre
ts more errors but in general still notup to the designed 
apability. In Theorem 3.13, I give a formulation of themodi�ed algorithm that applies to all AG-
odes, rather than to a parti
ular
lass. Several other improvements of the basi
 algorithm have been sug-gested. The idea of Feng and Rao is to use di�erent but related pro
edures,su
h that if not the 
odeword itself at least some more information aboutthe 
odeword will be obtained. Their idea is worked out in Chapter 4.Theorem 4.13 shows that all AG-
odes 
an be de
oded up to the designed
apability without any further restri
tions. The most time 
onsuming 
al-
ulations in the pro
edure involve solving systems of linear equations. Thisis not yet fast enough for appli
ations.For the family of 
y
li
 
odes, algebrai
 de
oding pro
edures have beenknown sin
e the 1960's. Among these pro
edures, several are fast enoughfor appli
ations and have been implemented in 
hips. Similar to AG-
odes,
y
li
 
odes have an obvious designed 
apability. The general de
odingpro
edure for 
y
li
 
odes does not 
orre
t beyond the designed 
apability.On the other hand, many of the best 
y
li
 
odes have an a
tual 
apabil-



ity that is better than their designed 
apability. More re
ent papers givepro
edures to de
ode some of these 
odes. A simpler and more generalformulation of these pro
edures with a shorter proof is given in Theorem5.6. Two other theorems give de
oding pro
edures for parti
ular 
lasses of
y
li
 
odes. The amount of 
omputation in the pro
edures 
ompares pre-
isely with the general pro
edure, while the performan
e is mu
h better forthe 
lasses 
onsidered. The binary quadrati
 residue 
odes of length 23 and41 
an be de
oded in this manner. The binary 
y
li
 
odes of length lessthan 63 that have an a
tual 
apability ex
eeding the designed 
apabilityhave been 
lassi�ed. The theorems in this part yield de
oding pro
eduresfor all of these but four.Part II and Part III are independent and both follow after Part I. WithinPart II, the Chapters 3 and 4 are independent. Both follow after Chapter2. Within Chapter 4, Se
tion 4.5 is independent of the previous se
tions.One 
ommon bibliography is in
luded at the end of the thesis. The resultsof Part I and Part III were obtained in 
o-operation with R. K�otter.The main results appeared in separate preprints and arti
les and are in-
luded in their original form. They are divided over the thesis as follows:Chapter 3 [9℄, Chapter 4 [11℄, Se
tion 4.5 [10℄ and Part I and Part III [12℄.Additions in this thesis 
on
ern remarks, examples and 
ross-referen
es.By abuse, we use the phrase de
oding up to the minimum distan
e, whereup to half the minimum distan
e is meant.
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Chapter 1A uni�ed des
riptionThe most su

essful methods for de
oding linear 
odes separate the de-
oding into the lo
ation of the error positions and the determination ofthe error values. Parti
ular examples are the de
oding of 
y
li
 
odes upto the BCH-bound and the basi
 algorithm for the de
oding of algebrai
-geometri
 
odes. The methods allow a uni�ed des
ription that applies toany linear 
ode. This was noti
ed by Pellikaan [36℄, who used it to de-s
ribe the de
oding of AG-
odes. Independently but later, K�otter [26℄ gavea similar des
ription. The lo
ation of the error positions is done with thehelp of an error-lo
ating pair of ve
tor spa
es. To de
ode a parti
ular linear
ode, one has to assign su
h a pair to the 
ode. For a given error-lo
atingpair, the de
oding itself 
an be performed by solving two systems of linearequations. We �rst re
all the uni�ed des
ription. It applies to any linear
ode. Thus, it is presented with a minimum of assumptions and notationand the proofs 
an remain short.1.1 Error-lo
ating pairsThe n-tuples de�ned over a �eld IF form a ve
tor spa
e denoted by IFn. Fortwo ve
tors u = (u0; u1; : : : ; un�1) and v = (v0; v1; : : : ; vn�1), we de�ne aprodu
t u � v = (u0v0; u1v1; : : : ; un�1vn�1). For two subspa
es U; V � IFn,let U �V denote the set of ve
tors fu�v : u 2 U;v 2 V g. For a linear 
odeC, we denote the dimension by k(C) and the minimum distan
e by d(C),or by k and d respe
tively when no 
onfusion arises.De�nition 1.1 (t-error-lo
ating pair) Let U; V and C be linear
odes of length n over the �eld IF. We 
all (U; V ) a t-error-lo
ating pairfor C if the following 
onditions holdU � V � C?; (1.1)k(U) > t; (1.2)d(V ?) > t: (1.3)3



Using this de�nition, we will derive a t-error-lo
ating pro
edure based onthe following 
entral observation.Theorem 1.2 Let (U; V ) be a t-error-lo
ating pair for the 
ode C.Let y = 
 + e be a word in IFn with 
 2 C and e a ve
tor of weight atmost t. There exists a non-zero ve
tor u 2 U su
h thatn�1Xi=0 yiuivi = 0; for all v 2 V: (1.4)Moreover, any solution u 2 U of (1.4) satis�ese � u = 0 (1.5)Proof. In (1.4) we may repla
e y by e by 
ondition (1.1). Thus anyve
tor u 2 U with property (1.5) is a solution to (1.4). Condition (1.2)guarantees the existen
e of a non-zero ve
tor. This is be
ause we imposeat most t linear 
onditions on U . To prove (1.5), we note that (1.4) has theequivalent formulation y � u 2 V ?:Again repla
ing y by e and using weight(e) � t and 
ondition (1.3) we �nd(1.5).Assume we are given an error-lo
ating pair (U; V ) and a re
eived word y.We have to �nd a solution u 2 U to the homogeneous system of linearequations (1.4). By property (1.5), the 
oordinates of the ve
tor u takethe value zero at the error positions. We will give the matrix de�ning thissystem. Let diag(y) denote the n� n matrix whi
h has the elements of yon its main diagonal and whi
h is zero elsewhere. Equation (1.4) 
an thusbe written as: v � diag(y) � uT = 0; for all v 2 V:Obviously, it is enough to 
onsider a set of basis ve
tors in V , forming agenerator matrix GV for V and we obtainGV � diag(y) � uT = 0:To make this equation solvable with methods of linear algebra we repla
eu by u = �GU , where GU is a generator matrix for U and � is an elementof IF k(U). Thus the key equation (1.4) 
an be rephrased asS(y) � �T = 0; (1.6)where S(y) = GV � diag(y) �GTU :



Any solution � for (1.6) gives a solution u = �GU for (1.4). The ve
tor usatis�es (1.5). Thus we have des
ribed a t-error-lo
ating pro
edure provid-ed we have a t-error-lo
ating pair. The problem of error-lo
ation is now to�nd the spa
es U and V that satisfy 
onditions (1.1)-(1.3) for a maximalvalue of t.Remark 1.3 We are 
ompletely free in 
hoosing bases for U and V ,i.e. in 
hoosing the matri
es GU and GV , without a�e
ting the spa
e ofsolutions to the key equation. Nevertheless the 
hoi
e of GU and GV deter-mines the stru
ture of the matrix S(y). We will point out how this a�e
tsthe 
omputational 
omplexity of solving (1.6) at a later stage.Remark 1.4 Given a parti
ular error ve
tor e, it is 
lear from theproof of Theorem 1.2 that the following 
onditions are suÆ
ient to obtainu 2 Un0 with property (1.5):C � U � V ?; (1.7)9u 2 Un0 : e � u = 0; (1.8)8u 2 Un0 : e � u 2 V ? ) e � u = 0: (1.9)The �rst 
ondition is equivalent to (1.1). Conditions (1.8) and (1.9) areweaker than 
onditions (1.2) and (1.3) respe
tively. We will have to referto them in some 
ases where the 
onditions in De�nition 1.1 are too strong.1.2 Error-lo
ating fun
tionsTheorem 1.2 in the previous subse
tion gives a possibility to determine theerror positions as zeros of a word u 2 U . This des
ribes the general 
ase.In some known algorithms, in parti
ular for BCH-
odes and AG-
odes, anerror-lo
ating word u is asso
iated in a natural way with an error-lo
atingfun
tion. We will need this 
onne
tion to make some properties of u and the
orresponding error-lo
ating fun
tion more transparent. Also the relationwith fun
tions is helpful in a
tually �nding pairs (U; V ). The rest of these
tion is devoted to this relation.We have derived two sets of suÆ
ient 
onditions for an error-lo
ating pair.A pair with (1.1)-(1.3) lo
ates all error patterns of a given weight. Su
h apair is hard to �nd in general. Conditions (1.7)-(1.9) are weaker. They areformulated for a parti
ular error pattern however and the veri�
ation for alarge 
lass of error patterns be
omes 
umbersome. We formulate a set of
onditions that 
an be seen as a 
ompromise. The 
onditions depend onthe positions of the errors but not on the parti
ular error values.Lemma 1.5 For an error ve
tor e, let E (resp. E) be the subspa
e ofIFn 
onsisting of all ve
tors that have zero 
omponents in the error (resp.



non-error) positions. The following 
onditions are suÆ
ient to lo
ate theerror positions with the pair (U; V ):C � U � V ?U \ E 6= 0V ? \ E = 0:Proof. The 
onditions imply (1.7)-(1.9).The 
onditions of the lemma 
an be expressed in terms of fun
tions. Weneed the following.Notation 1.6 For a �eld IF, let S be the the IF-algebra of n-tuplesde�ned over IF with 
omponent-wise multipli
ation and addition. Let Rbe a IF-algebra without zero-divisors, su
h that there exists a surje
tivehomomorphism Ev : R �! S, with kernel I.For a 
ode C � S, let L(C) � R denote a IF-ve
tor spa
e su
h that therestri
tion of Ev to L(C) is a IF-ve
tor spa
e isomorphism from L(C) toC. In parti
ular L(C) \ I = (0).Remark 1.7 R will be identi�ed with a ring of fun
tions. Ev is thenthe evaluation mapping, that means the evaluation of f 2 R in a set ofpoints. Ev naturally indu
es an IF-algebra isomorphism between R=I andS.Example 1.8 For 
y
li
 
odes we take R = IF [x℄. Let � 2 IF bea primitive n-th root of unity. Ev is the evaluation map that evaluatespolynomials in points f1; �; �2; : : : ; �n�1g, i.e.Ev(x) = (1; �; �2; : : : ; �n�1):The ideal I � R is generated by xn � 1. Cy
li
 
odes are the subje
t ofPart III.Example 1.9 For algebrai
-geometri
 
odes, an evaluation map Evo

urs in their de�nition [21℄,[52℄. AG{
odes are the subje
t of Part II. Inthis 
hapter we take the 
onditions (1.1){(1.3) as starting point to studyde
oding, sin
e they are general and apply to any linear 
ode. In Se
tions2.2 and 2.3, we point out the parti
ulars of AG{
odes and their de
oding.Now, let an algebra-homomorphism Ev : R �! S be given as in Notation1.6. The reformulation of Lemma 1.5 be
omes



Lemma 1.10 Let L(U); L(V ?) and L(C) map to the 
odes U; V ? andC after evaluation. Let the maps be bije
tive as in Notation 1.6. For anerror ve
tor e, let J (resp. J) be the ideal in R 
onsisting of all elementsthat evaluate to zero at the error (resp. non-error) positions. The following
onditions are suÆ
ient to lo
ate the error positions with the pair (U; V ):L(C) � L(U) � L(V ?) + I;L(U) \ J 6= (0);L(V ?) \ J = (0):Proof. Immediate from Lemma 1.5.The question arises whether an error-lo
ating pro
edure 
an be formulatedin terms of error-lo
ating fun
tions. This is indeed the 
ase. The de
odingpro
edures for BCH-
odes [4, p.248℄ or AG-
odes [24, 48℄ use this approa
h.L(C); L(U) and L(V ?) have here a natural interpretation.1.3 Error-
orre
ting pairsThe previous se
tions show how an error-lo
ating pair (U; V ) 
an be usedto lo
ate the error positions in a re
eived word. This is the most importantpart of the de
oding. Therefore error-lo
ating pairs will play a major rolein what follows. The key idea is that for a re
eived word y, a ve
tor u 
anbe obtained su
h that u has zeros at the error positions.Remark 1.11 The error ve
tor e satis�es the 
onditionsy� e 2 C;e � u = 0:Thus e 
an be obtained by solving a system of linear equations.In general the ve
tor u may have zeros at other positions too. For thedetermination of the error values it is important that the set of zeros is nottoo large.Lemma 1.12 For a 
ode C with error-lo
ating pair (U; V ), let u 2Un0 lo
ate the error positions of the error ve
tor e, that is e � u = 0: Theerror values are uniquely determined by u if and only if8
 2 C : 
 � u = 0 ) 
 = 0: (1.10)Proof. Assume we 
an write y in two di�erent ways as y = e1 + 
1 =e2 + 
2, where 
1; 
2 2 C and e1 � u = e2 � u = 0. It follows that(e1 � e2) � u = 0; with e1 � e2 = 
2 � 
1 2 C:Condition (1.10) implies e1 = e2. If this 
ondition fails, say 
 � u = 0 for
 6= 0, we �nd the two di�erent solutions e; e� 
.



We follow the de�nition of a t-error-
orre
ting pair in [36℄. See also [26℄.De�nition 1.13 (t-error-
orre
ting pair) Let (U; V ) be a t-error-lo
ating pair for the 
ode C as in De�nition 1.1. We 
all (U; V ) a t-error-
orre
ting pair for the 
ode C if in addition to the 
onditions (1.1),(1.2)and (1.3) the following is satis�edd(C) + d(U) > n; (1.11)where n denotes the 
ode length of C.Remark 1.14 The de�nition is justi�ed by the lemma sin
e 
ondition(1.11) implies8
 2 C; 8u 2 U : 
 � u = 0 ) 
 = 0 _ u = 0: (1.12)In some 
ases we will prefer to use the weaker 
ondition (1.12).Remark 1.15 Re
all that a pair (U; V ) needs to satisfy C � U � V ?to be error-lo
ating for a 
ode C. By the lemma, an error-lo
ating pair willbe error-
orre
ting if it satis�esC� � U� � (V ?)�:Remark 1.16 In terms of fun
tions, a pair (U; V ) needs to satisfyL(C) � L(U) � L(V ?) + I to be error-lo
ating. By the lemma it will beerror-
orre
ting if it satis�esL(C) � L(U) � L(V ?):Here we use the fa
t that R has no zero-divisors and that L(V ?)\ I = (0).Let hL(C) � L(U)i denote the linear spa
e spanned by all fun
tions inL(C) � L(U). The following 
onditions are then suÆ
ient to guaranteeerror-
orre
tion with a pair (U; V ):L(U) \ J 6= (0); (1.13)hL(C) � L(U)i \ J = (0): (1.14)The dilemma in algebrai
 de
oding is obvious. For (1.13), we want L(U)to be large and for (1.14) we want hL(C) � L(U)i to be small, that meansL(U) should be small.



1.4 Example: proje
tive RM-
odeThe general properties of proje
tive Reed-Muller 
odes are des
ribed in [28℄,[49℄. For a �nite �eld IF of order q, let R denote the graded ring in threevariables R = IF[X; Y; Z℄ = 1Pd=0Rd, where Rd 
onsists of the homogeneouspolynomials in X; Y; Z of degree d. We assume 0 2 Rd, d � 0. Let Pdenote the set of rational points in PG(2; IF). For d � 0, the image ofRd in IF q2+q+1, obtained by mapping a polynomial to its evaluation in therational points, de�nes a linear 
ode Cd. For d � q + 1, the mapping hasnon-trivial kernel and we deviate from Notation 1.6.Lemma 1.17 8f 2 R2(q�1) : XP2P f(P ) = 0:Proof. The sum is well-de�ned and in parti
ular does not depend onthe representation of the rational points. It suÆ
es to prove the equality fora summation over the set of aÆne points A in AG(3; IF). Also, it suÆ
esto prove the 
laim for monomials f = XaY bZ
, for a + b + 
 = 2(q � 1).We may assume 
 < q � 1 andXX;Y 2IFXaY b XZ2IFZ
 = 0:
Let the 
odes U = V be de�ned by L(U) = L(V ) = R2 and the 
ode C byL(C) = R2q�6, for q � 3. By the lemma, 
ondition (1.1) is satis�ed. Tosee how many errors 
an be lo
ated with a pair (U; V ) we note k(U) = 6and d(V ?) = 4. The words of minimum weight in V ? have as support four
ollinear points. The pair is 3-error-lo
ating, but error patterns of weight�ve with no four positions 
ollinear will be lo
ated. The distan
e of C isd = 13 (q = 3); d = 12 (q = 4); d = 10 (q = 5); d = 6 (q � 7). The supportsof words of minimum weight are given by a triple of four 
ollinear points(q = 4), a pair of �ve 
ollinear points (q = 5) and six 
ollinear points(q � 7).The only non-trivial �ve-error-
orre
ting 
ode is obtained with q = 4. The
ode is of type [21; 6; 12℄. The pair (U; V ) as de�ned above may fail whenfour of the error positions are 
ollinear. For some error patterns of weight�ve, we give the matrix that de�nes the key equation (1.6). Of 
ourse, inpra
tise, the entries are 
omputed with the re
eived word. The obtainedmatrix, however, only depends on the error pattern. We interprete thesolutions to S(y)� = 0 as fun
tions in L(U) = R2.



P1 P2 P3 P4 P5X 1 a a2 1 0Y 1 0 0 0 1Z 0 1 1 1 0e 1 1 1 1 1
X2 XY Y 2 XZ Y Z Z2X2 1 1 1 1 0 0XY 1 1 1 0 0 0Y 2 1 1 0 0 0 0XZ 1 0 0 0 0 0Y Z 0 0 0 0 0 0Z2 0 0 0 0 0 1The solution Y Z 
an
els at the error positions. It has 9 zeros and the 12remaining positions are 
orre
t and determine the 
odeword.P1 P2 P3 P4 P6X 1 a a2 1 0Y 1 0 0 0 0Z 0 1 1 1 1e 1 1 1 1 1
X2 XY Y 2 XZ Y Z Z2X2 1 1 1 1 0 0XY 1 1 1 0 0 0Y 2 1 1 1 0 0 0XZ 1 0 0 0 0 0Y Z 0 0 0 0 0 0Z2 0 0 0 0 0 0With one error position repla
ed, the rank of the matrix has de
reased bytwo. The solutions are spanned by Y (X + Y ); Y Z and Z2. The fun
tionsthat 
an
el at the error positions are spanned by Y (X + Y ) and Y Z, andthe pro
edure fails. The error pattern has distan
e seven to the wordEv(Y 2+Y Z+Z2). The seven error positions with respe
t to this word areamong the zeros of the fun
tion (Y + Z)Z = 0. This explains the solutionZ2 and the failure.P1 P2 P3 P4 P6X 1 a a2 1 0Y 1 0 0 0 0Z 0 1 1 1 1e 1 a2 a 1 1
X2 XY Y 2 XZ Y Z Z2X2 0 1 1 0 0 0XY 1 1 1 0 0 0Y 2 1 1 1 0 0 0XZ 0 0 0 0 0 1Y Z 0 0 0 0 0 0Z2 0 0 0 1 0 1With two error values repla
ed, the error pattern now has distan
e nine tothe word Ev(Y 2+ Y Z +Z2). The nine error positions with respe
t to thisword are no longer divided over two lines and the solution (Y + Z)Z nolonger holds.



P1 P2 P3 P7 P8X 1 a a2 1 0Y 1 0 0 1 1Z 0 1 1 1 1e 1 a2 a 1 1
X2 XY Y 2 XZ Y Z Z2X2 0 0 0 0 1 0XY 0 0 0 1 1 1Y 2 0 0 1 1 0 0XZ 0 1 1 0 1 1Y Z 1 1 0 1 0 0Z2 0 1 0 1 0 1The generi
 situation: �ve error positions, no three 
ollinear. The matrixis of rank �ve and the unique solution Y 2 +X2+XZ +Z2 has as its zerospre
isely the �ve error positions.For larger q we need to redu
e the set P and a �ve error-
orre
ting 
ode isobtained when the points on a 
urve of degree four are taken. Part refp
uris devoted to 
odes from 
urves. The basi
 algorithm for these 
odes 
oin-sides with the pro
edure above. Various improvements will be dis
ussed.All improvements 
an ta
kle four 
ollinear error positions. However, theimprovements do not apply to the 
ode [21; 6; 12℄, sin
e no 
urve over GF (4)of degree four 
ontains 21 points.For the [21; 6; 12℄ 
ode, six errors 
an be dete
ted with permutation de-
oding. A set of three non-
ollinear points is 
alled a triangle, a set of sixpoints su
h that no three are 
ollinear is 
alled a (type II) oval. The latterprovides a set of information symbols. It is easy to see that ea
h triangleis 
ontained in three ovals. Thus, there are 168 ovals. For a re
eived wordwith six errors, we prove that for at least one oval, the errors o

ur outsidethe oval. The result 
an be improved with the knowledge that the ovalsfall into three 
lasses su
h that the three ovals 
ontaining a given triangledivide over the 
lasses [6℄.Lemma 1.18 For an arbitrary set S of six points in the plane that donot form an oval, an oval of a pres
ribed 
lass exists that does not interse
tthe six given points. If the six points form an oval, the pres
ribed 
lass needto be the 
lass of the oval.Proof. Let Ni denote the number of ovals, 
ounted with multipli
ities,that interse
t the set S in a set of at least i points. By the in
lusion-ex
lusion prin
iple we need to prove N0�N1+N2�N3+N4�N5+N6 > 0.But N0 = 56, N1 = 6 � 16 and N2 = 15 � 4, independent of S. Also, N3 = T(the number of triangles in S), N4 � N5 and N6 � 0. The inequality to beproved, redu
es to T < 20. This only fails for an oval, whi
h 
ontains themaximum of 20 triangles. If the pres
ribed 
lass di�ers N4 = N5 = N6 = 0,if it mat
hes N4 = 15; N5 = 6; N6 = 1.



1.5 Additional methodsWe give two modi�
ations of the pro
edure in Theorem 1.2. They apply topairs (U; V ) that do not satisfy the standard 
onditions. First, let (U; V ) bea pair that does satisfy 
onditions (1.1) and (1.2), but that may not satisfy
ondition (1.3). The solutions to the key equation are still error-lo
ating ifthe weaker 
ondition (1.9) is satis�ed. This is the 
ase in three of the fourexamples in the previous se
tion. The situation be
omes quite di�erentwhen also 
ondition (1.9) fails.Proposition 1.19 For a given 
ode C, let the pair (U; V ) satisfy 
on-ditions (1.1),(1.2) and let W 6= 0, withW = (e � U) \ V ?:Then, for y 2 e+ C, the key equation (1.4)n�1Xi=0 yiuivi = 0; for all v 2 V;has at least m = k(W ) + 1 independent solutions u1; : : : ;um 2 U . Also,there exist �1; : : : ; �m su
h thate � (�1u1 + : : :+ �mum) = 0: (1.15)Proof. We may repla
e y in (1.4) with e. Clearly u 2 U is a solutionwhenever e � u 2 V ?. In other words the spa
e of solutions is the inverseimage of W under the linear map U �! e � U , u 7�! e � u. The map hasnon-trivial kernel by 
ondition (1.2). The ve
tors e � u1; : : : ; e � um are allin W and hen
e are dependent.With the ve
tors fu1; : : : ;umg we asso
iate the n points (u1i; : : : ; umi),i = 1; : : : ; n in aÆne m-spa
e. By the proposition all points 
orrespondingto error positions are 
ontained in a hyperplane through the originH : �1X1 + : : :+ �mXm = 0:Proposition 1.20 For a given 
ode C, let the pair (U; V ) satisfy 
on-ditions (1.1),(1.2) and let d(V ?) be equal to t. If the key equation (1.4) hasa one-dimensional solution spa
e spanned by u1 2 U then e �u1 = 0 holds.If (1.4) has at least two independent solutions u1;u2 2 U then the errorpoints either lie in aÆne 2-spa
e on a line through the origin ex
luding theorigin or they 
oin
ide with the origin.Proof. If the solution spa
e is one-dimensional then, by Proposition1.19, k(W ) is equal to zero and 
ondition (1.9) is satis�ed. Otherwise k(W )



is not greater than one be
ause the support ofW 
oin
ides with the supportof e and d(W ) is equal to t. Let U(y) denote the spa
e spanned by u1 andu2. If W is 
ontained in e �U(y) then by Proposition 1.19 the error pointslie on a line through the origin. At least one of u1 and u2 is unequal to zeroat all error positions so the origin 
an be ex
luded. If W is not 
ontainedin e � U(y) both ve
tors u1 and u2 satisfy 
ondition (1.9) and the errorpoints 
oin
ide with the origin.Remark 1.21 In the above proposition we are looking for lines inaÆne spa
e 
ontaining at least t points. There 
an be no more than n=t su
hlines. Thus solving for error values 
an be done in parallel, not a�e
tingthe time 
omplexity. The 
omputational 
omplexity in this 
ase is a�e
tedby a fa
tor n=t.Se
ondly, let the pair (U; V ) be t-error-lo
ating, but not t-error-
orre
ting.Thus, the 
onditions (1.1)-(1.3) are satis�ed and 
ondition (1.11) is not.Let U(y) denote the solutions of the key equation for a re
eived word y.Any u 2 U(y) lo
ates the error positions. Combination of several solutionsredu
es the possible error patterns. We use the 
on
ept of generalizedHamming weight [54℄.Proposition 1.22 Let (U; V ) be a t-error-lo
ating pair for the 
odeC as in De�nition 1.1. Combination of k(U)� t independent error-lo
atingve
tors u 2 U(y) determines the error values uniquely if the following issatis�ed: d(U; k(U)� t) + d(C) > n;where d(U; i) denotes the i-th generalized Hamming weight of U and n de-notes the 
ode length of C.Proof. Immediate from the de�nition of generalized Hamming weight.Example 1.23 We 
onsider binary Reed-Muller 
odes of length n =2m, for m > 3. See [32℄ for the de�nition and the main properties. The
ode C = R(m � 3; m) has distan
e d(C) = 8. The dual 
ode is these
ond order Reed-Muller 
ode, C? = R(2; m). For the de
oding of Cwe set U = V = R(1; m). In parti
ular U � V � C?. Furthermorek(U) = m + 1 > 3 and d(V ?) = d(R(m � 2; m)) = 4 > 3. Thus the pair(U; V ) satis�es De�nition 1.1 and is 3-error-lo
ating for the 
ode C. For a
odeword u (u + 1) � R(m� 4; m) � C:The zero set of u supports a sub
ode of C and the pair (U; V ) is not 3-error-
orre
ting. However we 
an redu
e the possible error positions by
ombining k(U) � 3 = m � 2 independent solutions to the key equation.



We have d(U; i) = 2m � 2m�i and the 
ombination redu
es the number ofpossible error positions to four.



Part IIDe
oding 
odes from 
urves
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Chapter 2Basi
 algorithmThe basi
 algorithm (BA) [24℄, [48℄ tra
es the error lo
ations in a re
eivedword. It yields a so-
alled error-lo
ating fun
tion and the error lo
ationso

ur among the zeros of this fun
tion. In the original set up, two 
on-ditions guarantee the determination of an error-lo
ating fun
tion with asuÆ
iently small number of zeros. In Se
tion 2.3, we weaken the two 
on-ditions and show that they still yield 
orre
t de
oding. In both 
ases, the
laims follow from the results of the previous part. In the present 
ontex-t of 
odes from 
urves, we have a natural interpretation of the algebrai
de
oding pro
edure. It is dis
ussed in Se
tion 2.4. The basi
 algorithmdoes not 
orre
t up to the designed 
apability of a 
ode. In Se
tion 2.5,we re
all improvements by Pellikaan [38℄ and by Ehrhard [14℄. Two otherimprovements are treated in separate 
hapters.2.1 NotationWe re
all some 
on
epts from the theory of algebrai
 
urves and give theirnotation and some additional assumptions. The 
on
epts are treated indetail in the books: [7℄, [20℄ and [23℄. More re
ent books pay spe
ialattention to the 
ase of a �nite 
onstant �eld and to the appli
ations in
oding theory: [30℄,[35℄,[51℄ and [52℄. Although the 
on
epts are fairlystandard, their des
ription may di�er a lot from one book to another.Notation 2.1 In the following, a 
urve X , or X =Fq, is always abso-lutely irredu
ible, non-singular, 
omplete and de�ned over a �nite �eld, ofq elements. The �eld of rational fun
tions is denoted by Fq(X ), the moduleof rational di�erential forms by 
(X ). Points on a 
urve are identi�ed withpla
es of the fun
tion �eld, rational points with pla
es of degree one. Lett denote a generator of the maximal ideal of a pla
e. For a fun
tion f ,we de�ne the divisor (f) = P �t(f)P , where P runs over all pla
es and�t denotes the dis
rete valuation at P . For a di�erential !, we de�ne thedivisor (!) = P �t(!)P , where P runs over all pla
es and �t(fdt) = �t(f).17



A divisor is 
alled prin
ipal if it is the divisor of a fun
tion. The relationE1 � E2 if and only if E1 � E2 is prin
ipal, de�nes an equivalen
e rela-tion on divisors. The unique divisor 
lass 
ontaining the divisors (!), ! arational di�erential, is 
alled the 
anoni
al divisor 
lass. A representativeis denoted by K. For a divisor E, the linear spa
es 
(E) and L(E) arede�ned by 
(E) = f! 2 
(X )� : (!) � E g [ f 0 g;L(E) = f f 2 Fq(X )� : (f) + E � 0 g [ f 0 g:The integers i(E) and l(E) denote the dimension of the spa
es 
(E) andL(E) respe
tively. Ea
h di�erential ! indu
es a natural isomorphismL(E) ��! 
((!)� E); f 7! f!: (2.1)The divisor K satis�es: deg(K) = 2g � 2 and l(K) = g. The integer g is
alled the genus of the 
urve. The genus g of a plane 
urve of degree msatis�es g = (m� 1)(m� 2)=2. For a plane 
urve, let the divisor L denotethe interse
tion divisor of a line with the 
urve.The main results on algebrai
 
urves to be used areTheorem 2.2 (Residue theorem) The summation over all pla
es ofthe residues of a di�erential is well-de�ned and equal to zero.Theorem 2.3 (Approximation theorem) For a divisor E and a �niteset of pla
es S, there exists a divisor E 0 that is linearly equivalent to E andthat has support outside S.Theorem 2.4 (Riemann-Ro
h theorem) The dimensions of L(E) and
(E) are related by l(E)� i(E) = deg(E) + 1� g:Theorem 2.5 (Cli�ord's theorem) For a divisor E with both L(E)and 
(E) non-trivial, the following holdsl(E) � deg(E)2 + 1:The results and their proofs are des
ribed in the literature mentioned above.The latter two theorems are re
alled in a di�erent form in the next 
hapter.For the de�nition of a linear 
ode with an algebrai
 
urve, we re
all the
onstru
tion of V.D. Goppa.Let X be a 
urve. Let P1; P2; : : : ; Pn be n distin
t rational points on the
urve. Then for the divisors D(= P1 + P2 + : : :+ Pn) and G (de�ned overFq) one 
an de�ne algebrai
-geometri
 
odes C
(D;G), known as residue
ode, and CL(D;G), known as fun
tional 
ode. The pair of divisors fD;Ggthat we use to de�ne a 
ode, 
orresponds with a pair fP; Dg in [52℄.



De�nition 2.6 (Goppa) We assume that D and G have disjoint sup-port, without loss of generality. By abuse of notation, we will write P 2 D,rather than P 2 supp(D). The 
odes C
(D;G) and CL(D;G) are de�nedas the images of the linear maps�
 : 
(G�D) �! Fnq ; ! 7! ( resP (!) )P2D;�L : L(G) �! Fnq ; f 7! ( f(P ))P2D:In parti
ular, �
 and �L indu
e natural isomorphisms�
 : 
(G�D)=
(G) ��! C
(D;G);�L : L(G)=L(G�D) ��! CL(D;G):The isomorphisms yield expressions for the dimension of the 
odes.Theorem 2.7 (Goppa) For deg(G) > deg(K), the 
ode C
(D;G) hasparametersk � deg(K +D �G) + 1� g; d � d� = deg(G�K):For deg(D) > deg(G), the 
ode CL(D;G) has parametersk � deg(G) + 1� g; d � d� = deg(D �G):Based on the isomorphism of linear spa
es (2.1), a fun
tional 
ode 
an al-ways be represented by a residue 
ode. The residue 
ode and the fun
tional
ode are dual by the Residue theorem.Remark 2.8 In 
ase the divisors D and G have a rational point Pin 
ommon, we follow the H-
onstru
tion [52℄. Let ordP (G) = i and let tdenote a lo
al parameter at P . Then the mappings �
; �L are modi�ed atthe 
oordinate P :�
;P : 
(G�D) �! Fq; ! 7! ( resP (t�i!) );�L;P : L(G) �! Fq; f 7! ( (tif)(P ))P2D:2.2 Des
riptionLet C be a residue 
ode C
(D;G). It has dual 
ode C? = CL(D;G).To apply the pro
edure of the previous 
hapter to de
ode C we need anerror-lo
ating pair (U; V ) as in De�nition 1.1. We 
hoose a pair (U; V ) ofAG-
odes. For a divisor F with support disjoint from D, let U = CL(D;F )and V = CL(D;G � F ). This will satisfy 
ondition (1.1). The other
onditions for a t-error-lo
ating pair arek(U) > t;d(V ?) > t:



With Goppa's theorem we writedeg(F ) + 1� g � t + 1;deg(G� F �K) � t+ 1:The inequalities are satis�ed only if 2t � deg(G�K)�1�g = d��1�g. Fort in that range they are satis�ed with F of degree b(deg(G�K)�1+g)=2
.The pair is t-error-
orre
ting when 
ondition (1.11) is satis�edd(U) + d(C) > n;Or deg(D � F ) + deg(G�K) > deg(D):But the pair ful�lls already the stronger 
ondition deg(G�F �K) > t andis thus t-error-
orre
ting. The proof is from [36℄. The de
oding pro
edureitself is formulated in [24℄ and [48℄. We re
all their des
ription in terms ofalgebrai
 fun
tions without expli
it referen
e to the pair (U; V ).Say the 
ode C = C
(D;G) has parity 
he
k matrix H. Let y = (yP )P2Ddenote a re
eived word with error pattern e = (eP )P2D. Thus,He t = Hy t: (2.2)An error-lo
ator fun
tion f is de�ned by the propertyf(P ) 6= 0 ) eP = 0: (2.3)The BA 
onsists of �nding a nonzero error-lo
ator fun
tion f and thensolving (2.2,2.3). To explain how f 
an be obtained and to formulate theBA we useDe�nition 2.9 With a ve
tor y = (yP )P2D we asso
iate a one-dimensional syndrome S(y),S(y) : L(G) �! Fq;h 7�! XP2D yP h(P ):With a divisor F , we asso
iate a two-dimensional syndrome S(F ),S(F ) : L(F )� L(G� F ) �! Fq;(f; g) 7�! S(y)(fg):Remark 2.10 The syndrome S(F ) depends on the ve
tor y, but thisis suppressed in the notation. For a �xed re
eived word y, it will often bene
essary to 
onsider the syndrome S(F ), for various divisors F , and weanti
ipate this situation.



Lemma 2.11 The syndrome S(y) in the de�nition is a 
oset invari-ant, that is S(y) = S(e) , y 2 e+ C
(D;G):A fortiori S(F ) is a 
oset invariant.Proof. From the de�nition,S(y � e) = 0 , y� e 2 CL(D;G)? = C
(D;G):De�nition 2.12 For a syndrome S(F ), the key equation is de�ned asS(F )(f; g) = 0; 8g 2 L(G� F ): (2.4)The ve
tor spa
e of solutions f 2 L(F ) to the key equation is denoted byK(F ), its dimension by k(F ).Remark 2.13 The dimension k(F ) only depends on the equivalen
e
lass of the divisor F . Thus in 
onsidering the dimension, we may assumethat the divisors F and D have disjoint support. In three of the laterimprovements of the basi
 algorithm, in parti
ular in Proposition 2.36,
hoi
es of F o

ur that 
ontain rational points among their support. Aslong as the evaluation of (fg)(P ) takes pla
e after the multipli
ation of thefun
tions f and g this poses no problem. The interpretation in terms oferror-lo
ating pairs only holds when the fun
tions f and g 
an be evaluatedseparately. More important, separate evaluation leads to faster pro
edures[15℄. This is a
hieved by following the H-
onstru
tion and using a lo
alparameter t at P ,(fg)(P ) = (tif)(P ) � (t�ig)(P ); for i = ordP (F ):Note that we assume that P is not 
ontained in G.Lemma 2.14 ([48℄,[38℄) Let the divisor Q 
onsist of the error lo
a-tions, that is Q = PeP 6=0 P . In general, L(F �Q) � K(F ), andC
(Q;G� F ) = 0 ) L(F �Q) = K(F ) (2.5)Proof. In the de�nition of S(F ), we may repla
e y by e. The in
lusionL(F � Q) � K(F ) is obvious. The assumption is needed for the otherin
lusion. It implies that (0; : : : ; 1; : : : ; 0) 2 CL(Q;G � F ) for all unitve
tors of length deg(Q). Thus in the de�nition of K(F ), if g runs throughL(G�F ), the unit ve
tor with support the point P 2 Q poses the restri
tionK(F ) � L(F � P ). Together the unit ve
tors yield K(F ) � L(F �Q).



Remark 2.15 ([24, plane 
urves℄,[48, general℄) The main steps of theBA 
an be summarized as follows:(B0) Fix a divisor F .(B1) Cal
ulation of the key matrix S(F ).(B2) Cal
ulation of a nonzero fun
tion f in K(F ).(B3) Cal
ulation of the zero divisor of the fun
tion f .(B4) Cal
ulation of the error values in (2.2,2.3).In 
ase the 
urve used is the proje
tive line and the divisors G and F area multiple of the point at in�nity, the algorithm redu
es to the Peterson-Gorenstein-Ziegler de
oder [4℄.The divisor F determines the error patterns that will be 
orre
ted. Thefollowing theorem gives the degree of the divisor F , that optimizes thealgorithm.Theorem 2.16 ([24, plane 
urves℄,[48, general℄) Let C = C
(D;G)be a residue 
ode. The BA with F a divisor of degree b(dC � 1)=2 + g=2
with support disjoint from D will 
orre
t any error pattern of weight up tob(dC � 1)=2� g=2
.Proof. We have deg(G�F�Q) � deg(G)�(dC�1) = deg(K)+1. ThusC
(Q;G�F ) = 0 and step (B2) yields f 2 L(F�Q). With deg(F�Q) � gwe 
an take f nonzero. We may assume that (dC � 1)=2 � g=2 > 0 ordeg(F ) < dC � 1. Thus in step (B3) at most dC � 2 possible error lo
ationsare obtained and step (B4) has the error ve
tor as a unique solution.The basi
 algorithm led Pellikaan to the de�nition of error-lo
ating pairsand the similarity between the two des
riptions we have given is obvious.An advantage of the error-lo
ating pairs is their generality. They will beused in the next part on 
y
li
 
odes too. The des
ription in terms of fun
-tions on the other hand is formulated in terms of the divisor Q and makes
lear why some error patterns of a given weight are 
orre
tly de
oded, whileothers of the same weight are not.Another approa
h to the de
oding of AG-
odes was taken by Porter [40℄.His approa
h mimi
s the use of a key equation involving di�erentials as inthe de
oding of 
lassi
al Goppa 
odes. In a joint paper with Pellikaan andShen [41℄, the proofs of [40℄ are 
ompleted and in some 
ases 
orre
ted.Ehrhard [14℄ generalized the approa
h in [40℄ to obtain a des
ription of thekey equation for arbitrary AG-
odes. The similarity of his des
ription withthe basi
 algorithm is less obvious and was established in [14℄.



2.3 SuÆ
ient 
onditionsWe study in more detail the dependen
e of the basi
 algorithm on the par-ti
ular error lo
ations, i.e. the divisor Q. In Lemma 2.18, we present two
onditions that guarantee error-
orre
tion. They have a more general for-mulation in the form of the 
onditions (1.13) and (1.14).Lemma 2.17 Let y denote an arbitrary ve
tor of length n = deg(D).Let two di�erent ve
tors e1 and e2 2 y + C
(D;G) have as their supportthe divisors Q1 and Q2 respe
tively. Then
(G� F �Q1) = 0 ) L(F �Q2) = 0:Proof. We prove the reverse dire
tion and assume F � Q2 + E, forE � 0. Let the support of x = e1 � e2 2 C
(D;G) be given by Qx �Q1 + Q2. Then, x = (resP (!))P2D for some nonzero ! 2 
(G � Qx). Afortiori ! 2 
(G�Q1 �Q2 � E).Lemma 2.18 For a ve
tor e 2 y + C
(D;G) with support Q, let thefollowing be ful�lled 
(G� F �Q) = 0; and (2.6)L(F �Q) 6= 0: (2.7)Then the ve
tor e is the unique ve
tor in y + C
(D;G) with (2.7). Appli-
ation of the basi
 algorithm yields in step (B2) an error-lo
ating fun
tionfor e and in step (B4) the ve
tor e itself.Proof. By (2.6) and the previous lemma, any other ve
tor in the 
osetdoes not satisafy (2.7). By (2.6) and Lemma 2.14, the fun
tion f 2 K(F )is error-lo
ating. By (2.7), we may assume f is non-trivial. The ve
tor e isa solution to the equations (2.2,2.3). Sin
e f is non-trivial, equation (2.3)
an only be ful�lled for a ve
tor whi
h support satis�es (2.7). But we sawthat e is the only su
h ve
tor.If the 
onditions on Q are ful�lled, it is likely to be for a ve
tor e of smallweight. But this need not be the ve
tor of smallest weight in the 
oset. Togive an example we useNotation 2.19 Let the 
oset y + C
(D;G) 
ontain two ve
tors e1and e2 that have disjoint supports. Let the divisors Q1 and Q2 
onsistof the points in the support of e1 and e2 respe
tively. Let the weight ofthe ve
tor e1 � e2 be equal to the designed minimum distan
e of the 
odeC
(D;G). In parti
ular, G�Q1 �Q2 � K.



Example 2.20 For the ve
tors e1 and e2 as above, the impli
ation inLemma 2.17 is in fa
t an equivalen
e. The 
onditions in Lemma 2.18 
anbe written as e = e1 : L(F �Q2) = 0; L(F �Q1) 6= 0:e = e2 : L(F �Q1) = 0; L(F �Q2) 6= 0:It is 
lear that the 
onditions for e = e2 may very well be satis�ed, fordeg(Q2) > deg(Q1).Remark 2.21 In [24℄,[38℄,[48℄,[52, Proposition 3.3.2℄, uniqueness instep (B4) of the basi
 algorithm is ensured by posing a restri
tion on thedegree of the divisor F : deg(F ) < d�. By the lemma, this 
ondition isredundant. In parti
ular the 
ondition deg(G) � 4g � 2 
an be dismissedin [38℄ and the use of the de�nition of s(H) in the uniqueness proof 
an beavoided in [48℄,[52, Exer
ise 3.3.10℄.To show that deg(F ) < d� does not follow in general from (2:6; 2:7) a smallexample suÆ
es.Example 2.22 Consider a plane 
urve of degree four and let R1; R2be two di�erent points outside D. Let L be the interse
tion divisor of a linewith the 
urve. Let G = 2L�R1 and F = L�R2. With K = L, 
onditions(2.6,2.7) are satis�ed for Q of degree one, but the 
ondition deg(F ) < d� isnot.The next lemma is a slightly stronger version of Lemma 2.14.Lemma 2.23 For a 
oset e+C
(D;G), let K(F ) denote the spa
e ofsolutions to the key equation as in De�nition 2.12 and k(F ) its dimension.Let the divisor Q 
onsist of the support of e. We havek(F ) � l(F �Q) + i(G� F �Q)� i(G� F ): (2.8)Proof. In the de�nition of S(F ) we repla
e y by e. The in
lusionL(F � Q) � K(F ) is obvious and (2.5) follows from (2.8). For (2.8), wealso 
onsider the right null spa
e of S(F ) and observe that it in
ludesL(G� F �Q). Thus, we are led to 
onsider a bilinear form S, de�ned onthe produ
t spa
e L(F )=L(F �Q)� L(G� F )=L(G� F �Q):S(f; g) = XP2Q ePf(P )g(P ):The domain is isomorphi
 to the produ
t of linear 
odes CL(F;Q)�CL(G�F;Q). A non-trivial f is 
ontained in the left null spa
e of S if and only if(ePf(P ))P2Q is 
ontained in C
(Q;G�F ). Thus the fa
torK(F )=L(F�Q)has dimension at mostdim C
(Q;G� F ) = i(G� F �Q)� i(G� F ):This proves (2.8).



It is 
lear from the proof that the fa
tor K(F )=L(F �Q) is determined notonly by the error positions but also by the error values. In the situationof Notation 2.19, we 
an give a des
ription in terms of positions only. Thedes
ription is useful not so mu
h for the de
oding itself, but for an analysisof the basi
 algorithm in the 
ases where it fails.Lemma 2.24 Let e1 and e2 be as in Notation 2.19. We haveK(F ) = L(F �Q1) + L(F �Q2):Proof. It suÆ
es to prove K(F ) � L(F � Q1) + L(F � Q2). Byassumption G � K +Q1 +Q2. With Q = Q1 we �nddim(L(F �Q1) + L(F �Q2))= l(F �Q) + l(F � (G�K �Q))� l(F � (G�K));= l(F �Q) + i(G� F �Q)� i(G� F ):And we use (2.8).Example 2.25 Let X be a plane 
urve of degree four and let G = 4L.For F = 2L and an error pattern of weight at most �ve, the 
onditions (2.6)and (2.7) are ful�lled, and the basi
 algorithm 
orre
ts the error. With theex
eption of error patterns that have four 
ollinear error positions, in whi
h
ase 
ondition (2.6) fails. Indeed, let Q1 � L + P and Q2 � 2L � P . Bythe lemma, K(F ) 6= L(F �Q1) and the basi
 algorithm fails.2.4 De
oding and approximationDe
oding a re
eived word 
an be interpreted naturally as an approximationproblem. For a residue 
ode C = C
(G;D) this 
an be done in two dif-ferent ways. Either one 
onsiders approximation by ve
tors of �nite length(
odewords) or by ve
tors of in�nite length (di�erentials). In the basi
algorithm, all data involved are formulated in terms of ve
tors of �nitelength. Still, we show that the latter interpretation is more appropriate forthe basi
 algortihm.Let y = (yP )P2D denote a re
eived n-tuple over IFq. The obvious interpre-tation is(1) �nd a word (
P )P2D 2 C � Fnq that minimizes jfP 2 D : yP 6= 
Pgj.This is the formulation in terms of ve
tor spa
es in IFnq that de�nes the taskof the de
oder. The basi
 algorithm that we use for the de
oding howeversolves a di�erent approximation problem. Re
all the mapping�
 : 
(G�D) �! C; ! 7! ( resP (!) )P2D:



We assume that d� = deg(G � K) > 0, therefore the mapping �
 is anisomorphism. Problem (1) is thus equivalent with(2) �nd a di�erential ! 2 
(G�D) that minimizes jQ!j,with Q! = fP 2 D : yP 6= resP (!)g.Let the mimimum be attained for Q! = Q. If jQj is suÆ
iently small, thatis if 
(G�F �Q) = 0, the basi
 algorithm yields a fun
tion f 2 L(F �Q).It is obtained from the equation8g 2 L(G� F ) : XP2D ypf(P )g(P ) = 0: (2.9)We adapt the notation. The ve
tor (resP (!))P2D is naturally extended toa ve
tor (resP (!))P 62G of in�nite length. For ! 2 
(G�D) this yields anextension with zeros only. The re
eived word (yP )P2D is similarly extendedto (yP )P 62G. We 
hoose the extended ve
tor to be zero outside P 2 D, sothat it di�ers from the di�erential in at most the transmitted symbolsP 2 D. Equation (2.9) is still well-de�ned if we take the summation overP 62 G instead of P 2 D and if we substitute for (yP )P2D the extendedve
tor (yP )P 62G. Moreover it yields pre
isely the same equation for f . It is
lear that in solving for f , the divisor D plays no role. The problem solvedwith the basi
 algorithm 
an be formulated as(3) �nd a di�erential ! with at most simple poles outside G,and with (!) �G G, su
h that L(F �Q!) 6= 0,with Q! = fP 62 G : yP 6= resP (!)g.We 
on
ludeLemma 2.26 For an extension IFq0 � IFq of the 
onstant �eld of the
urve, let D0 � D be a sum of rational points. The 
ode C
(G;D0) 
on-tains C
(G;D) as a shortened sub�eld sub
ode. Let y 2 e + C
(G;D)be a re
eived word. Let e0 denote the ve
tor e extended with zeros and lety0 2 e0 + C
(G;D0). For a divisor F , let K(F ) (resp. K 0(F )) be de�nedas in De�nition 2.9 as the spa
e of solutions to the key equation, for theve
tor y (resp. y0). Then K(F ) = K 0(F ).Proof. In equation (2.9), we may repla
e y by e and y0 by e0 and theequations take the same form.Remark 2.27 The lemma shows that if step (B2) of the basi
 algo-rithm fails for a given 
ode, it will also fail for a shortened sub�eld sub
ode.In parti
ular, to make use of the possibly better parameters of a shortened
ode, the basi
 algorithm is of no use. In step (B3), the advantages of theshortened 
ode are apparent, but the basi
 algorithm only rea
hes that stepif it does so for the non-shortened 
ode.



Example 2.28 The Klein quarti
 over GF (8) is the plane 
urve de-�ned by X : X3Y + Y 3Z + Z3X = 0:It has 24 rational points and 7 points of degree 2. Let B1 = (1 : 0 : 0); B2 =(0 : 1 : 0) and B3 = (0 : 0 : 1). Let the divisor D be the sum of the 21other rational points. The 
hoi
e G = 3(B1 + B2 + B3) yields a residue
ode C = C
(D;G) of type [21; 14;� 5℄=GF (8), whi
h a
tually is of type[21; 14; 6℄=GF (8). A longer 
ode is obtained by extending the 
onstant �eldof the 
urve to GF (64). Let the divisorD0 be the sum of the 21+14 rationalpoints and let G be de�ned as before. The 
ode C 0 = C
(D0; G) is of type[35; 28;� 5℄=GF (64). It has words of weight �ve at seven mutually disjointsupports. Ea
h of the seven supports 
ontains a pair of two 
onjugatepoints over GF (64) and 
onversely ea
h of the supports is determined bythe pair it 
ontains. Let the points P1; P2; P3; P22; P23 form the supportof a 
odeword in C 0 with nonzero 
oordinates 
1; 
2; 
3; 
22; 
23. We mayassume (after multipli
ation of the given word by a suitable s
alar) thatthe 
oordinates 
1; 
2; 
3 are in GF (8). Lete = (
1; 
2; 
3; 0; : : : ; 0);e0 = (
1; 
2; 
3; 0; : : : ; 0; 0; : : : ; 0);and let y 2 e + C and y0 2 e0 + C 0 be re
eived words for the 
odes C andC 0 respe
tively. The 
oset of y has the ve
tor e as 
oset leader, the 
osetof y0 has as 
oset leader the ve
tor (0; 0; 0; 0; : : : ; 0; 
22; 
23; 0; : : : ; 0). Thebasi
 algorithm applied with F de�ned over GF (8) leads to the same spa
eof solutions K(F ) for both re
eived words. With Lemma 2.24,K(F ) = L(F � P1 � P2 � P3) + L(F � P22 � P23):It is 
lear that for the 
ode of length 21, the non-rational points play a rolein the basi
 algorithm. Although the ve
tor e is a unique 
oset leader, itssupport 
annot be lo
ated with the basi
 algorithm.2.5 ImprovementsFor pra
ti
al purposes the basi
 algorithm is not fast enough. Also it doesnot 
orre
t up to the designed distan
e. In this work we fo
us on the lastproblem and mention only brie
y 
ontributions to the �rst problem. Thebasi
 algorithm solves systems of linear equations and therefore has 
om-plexity O(n3). This is a worst 
ase 
omplexity and may be improved forspe
ial 
urves or by using more sophisti
ated algorithms for solving linearequations. In 
ase the 
urve used is the proje
tive line, the basi
 algorithmredu
es to the Peterson-Gorenstein-Ziegler de
oder.



For the 
omputations the Berlekamp-Massey algorithm 
an be used whi
hhas 
omplexity O(n2). In general the 
omplexity will depend on the 
hosenmodel of the 
urve: the dimension of the spa
e in whi
h it is embedded andthe form of the equations. For plane 
urves one 
an use the generalizationof the Berlekamp-Massey algorithm given by Sakata [45℄. This is done in[25℄, where an algorithm with 
omplexity O(n7=3) is obtained. For Hermi-tian 
urves, an approa
h similar to Sakata's algorithm is des
ribed in [47℄.The paper also dis
usses eÆ
ient en
oding of the 
odes. It is shown in [8℄that the approa
h in [25℄ 
an be applied to 
urves in r-dimensional spa
ewith 
omplexity O(n3�2=(r+1)).As for 
orre
ting more errors, there are several improvements. In the next
hapter, we re
all a modi�
ation given by Skorobogatov and Vl�adut� and wegive a generalization of their result. In Chapter 4, we work out an idea ofFeng and Rao. In this se
tion, we re
all improvements given by Pellikaanand by Ehrhard and we make some remarks.All improvements use the fa
t that the divisor F in the basi
 algorithm 
anbe 
hosen freely. Pellikaan gives a 
ondition that ensures that a boundednumber of suitable appli
ations of the basi
 algorithm will yield the errorpattern. The pre
ise statement isProposition 2.29 ([38℄) Let Divk = fE 2 Div(X ) : E � 0; deg(E) =kg be the set of e�e
tive divisors of degree k. Let Pi
0(X ) be the group ofall divisors of degree zero modulo linear equivalen
e. For s � 2 a mapping sk is de�ned as sk : Divsk �! Pi
0(X )s�1;(E1; E2; : : : ; Es) 7�! ([E1 � E2℄; [E2 � E3℄; : : : ; [Es�1 � Es℄):For k � g (and all s � 2), the mapping is surje
tive. Let the error patterne be of weight t and let r = d��2t = deg(G�K)�2t. Let s be su
h that themapping  sg�r is not surje
tive. Then, if (p1; p2; : : : ; ps�1) is without preim-age in  sg�r and has preimage (F1; F2; : : : ; Fs) in  sg+t, the basi
 algorithmyields the error pattern e at least on
e when applied with F = F1; F2; : : : ; Fs.Proof. One 
an always �nd a preimage with the mapping  sk su
h thatthe divisors Ei are not e�e
tive. For k � g we may assume that the Eiare e�e
tive by the Riemann-Ro
h theorem. For the 
laim on the basi
algorithm it suÆ
es to prove that at least one of the Fi satis�es both (2.6)and (2.7). All Fi satisfy L(Fi�Q) 6= 0, and we show that 
(G�Fi�Q) 6= 0for all Fi yields a 
ontradi
tion. Indeed,
(G� Fi �Q) 6= 0 ) K � G� Fi �Q+ Ei;



for some e�e
tive divisor Ei of degree g � r, and we �nd a preimage of(p1; p2; : : : ; ps�1) in  sg�r.The restri
tion deg(G) > 4g� 2 in the original formulation is omitted (seeRemark 2.21). It is possible to give upper bounds for the parameter susing only the data from the zeta-fun
tion [38, 53℄. The bottle-ne
k in theproposition is to �nd the element (p1; p2; : : : ; ps�1). On
e this element isknown, one has a de
oding pro
edure for all 
odes from the given 
urvethat de
odes up to (d� � r)=2 errors.Example 2.30 Re
all Example 2.25. For a plane 
urve of degreefour and a residue 
ode de�ned with G = 4L, the basi
 algorithm does not
orre
t all errors when applied with F = 2L. The proposition applies withg = 3; t = 5; r = 2; s = 2 and p1 6= [P1 � P2℄, for any two rational pointsP1; P2. For example, if the tangents of P1 and P2 have empty interse
tionon the 
urve, the 
hoi
e p1 = [2P1�2P2℄ and F1 = 2L; F2 � 2L+2P2�2P1will do. For the Klein quarti
 de�ned over GF (8), de
oding pro
eduresbased on the proposition are given in [44℄.Ehrhard formulated an e�e
tive pro
edure to de
ode up to the designeddistan
e. The main idea is 
ontained in the following two lemmas. Propo-sition 2.36 gives the pro
edure for d� � 6g. We show that the pro
edurea
tually holds for d� � 4g. Also, a slight modi�
ation yields a faster pro-
edure, while the 
onstraint redu
es to d� � 4g � 2
, where 
 denotes thegonality of the 
urve. For d� < 4g�2
, we give a family of examples wherethe lemmas do not apply.Lemma 2.31 For an error ve
tor e with support Q, let the spa
eK(F ) be as in De�nition 2.9, and letl(F �Q) < k(F ) < 2l(F �Q): (2.10)Let there exist a rational point P , su
h that for F � = F � P ,k(F �) � k(F )� 2: (2.11)Then l(F � �Q) � k(F �) < 2l(F � �Q): (2.12)Proof. The �rst inequality in (2.12) holds in general by Lemma 2.14For the se
ond inequality, we havek(F �) � k(F )� 2 < 2l(F �Q)� 2 � 2l(F � �Q):



Remark 2.32 Let deg(F ) < d� or more general 
(G � F ) = 0. Inanalogy with Lemma 2.17, we note that a ve
tor e 2 y + C
(D;G) with(2.10) is unique in its 
oset. Indeed, let e1 = e and let e2 2 e1+C
(D;G) bea di�erent ve
tor with (2.10). Let their supports be denoted by the divisorsQ1 = Q and Q2 respe
tively. Let the support of x = e1 � e2 2 C
(D;G)be given by Qx � Q1 + Q2. Then, x = (resP (!))P2D for some nonzero! 2 
(G � Qx). Clearly L(F � Q1) \ L(F � Q2) � L(F � Qx) andL(F �Q1) + L(F �Q2) � K(F ). Appli
ation of the bounds (2.10) yieldsl(F �Q1) + l(F �Q2)� l(F �Qx) < 2l(F �Q1);l(F �Q1) + l(F �Q2)� l(F �Qx) < 2l(F �Q2):Thus L(F � Qx) 6= 0 and, for 0 6= f 2 L(F � Qx), we obtain the 
ontra-di
tion 0 6= f! 2 
(G� F ) = 0.Lemma 2.33 Assume L(F �Q) 6= 0 and deg(F ) � d�� g� 1. Thenpre
isely one of the following holds.K(F ) = L(F �Q): (2.13)There exists a rational point P 2 Q withk(F � P ) � k(F )� 2: (2.14)Proof. Let (2.13) hold. With Lemma 2.14, for an arbitrary rationalpoint P , k(F � P ) � l(F � P �Q) � l(F �Q)� 1 = k(F )� 1;and (2.14) fails. Let (2.13) fail. In proving (2.14), we may assume that Fhas support disjoint from D by Remark 2.13. Then,f 2 K(F ) , (ePf(P ))P2Q 2 C
(Q;G� F ):For f 2 K(F )nL(F �Q), let the set fP1; P2; : : : ; Plg denote the support of(ePf(P ))P2Q. Thus,K(F ) \ L(F � Pi) 6= K(F ); i = 1; 2; : : : ; l: (2.15)For some Pi, i = 1; 2; : : : ; l, let there existfi 2 L(F �Q)nL(F � Pi �Q): (2.16)In parti
ular, fi 2 K(F ) \ L(F � Pi). Let g 2 L(G � F + Pi)nL(G� F ).Note that deg(F ) < d� by assumption, and g exists. We obtain fig 2L(G + Pi � Q)nL(G � Q) and S(F � Pi)(fi; g) = ePi(fig)(Pi) 6= 0 andfi 62 K(F � Pi). We 
on
lude that, provided fi exists,K(F � Pi) 6= K(F ) \ L(F � Pi): (2.17)



Combination of (2.15),(2.17) and Pi 2 Q proves (2.14).To prove that for some Pi a fun
tion fi as in (2.16) exists, it suÆ
es thatthe number of base points b of jF �Qj is less than l. We have, 
(G� F �P1� : : :�Pl) 6= 0 and deg(G�F )� l � deg(K) or l � d�� deg(F ). Usingg � b as a bound for the number of base points, the 
laim follows with theassumption deg(F ) < d� � g.Remark 2.34 The original proposition 
laims the existen
e of P 2D. At this stage of the basi
 algorithm, the divisorD plays no essential roleby Lemma 2.26. The divisor Q does. At least when 
ondition (2.10) holdsand when 
(G � F ) = 0, by Remark 2.32. Also, in the proof, the pointsoutside Q play no role. The di�eren
e is of no importan
e in proving the
laim. The proof follows the original and yields the stronger 
laim, namelyP 2 Q. The bound on deg(F ) is used twi
e in the proof. For later use, wenote that the existen
e of the fun
tion g follows with the weaker 
ondition
(G� F ) = 0.Remark 2.35 ([16℄) We formulate the de
oding pro
edure.(E0) Fix a divisor F . Take F � = F .(E1) Find P 2 D with k(F �) � k(F )� 2, for F � = F � P .Repeat this step till no su
h P exists.(E2) Apply the basi
 algorithm with F �.Proposition 2.36 ([16℄) [14℄ Let a 
ode C
(G;D) be given with d� �6g. Let e be an error ve
tor of weight at most t, for 2t < d�. Let F bea divisor of degree 2g + t. The pro
edure of the remark 
orre
ts the errorpattern e.Proof. Let Q denote the support of e. We establish 
ondition (2.12),for F � = F , and use Lemma 2.23. We have deg(G � F � Q) � 2g �2 + d� � 2g � t � t > �2, and therefore k(F ) � l(F � Q) + g. Also,deg(F �Q) � 2g, and it follows that k(F ) < 2l(F �Q). Next, we establishthe 
ondition deg(F ) � d� � g � 1 in Lemma 2.33. But 6g + 2t � 2d� � 2,and 2g + t � d� � g � 1.It is 
lear that a divisor F = F � with (2.12) satis�es either (2.13) or (2.11).The 
onditions of Lemma 2.33 are ful�lled. Thus, in the former 
ase, thedivisor is passed to step (E2). In the latter 
ase, Lemma 2.31 applies and(2.12) holds for the divisor F � = F � P . After �nitely many repetitions,a divisor F � with K(F �) = l(F � � Q) 6= 0 is passed to step (E2). Thebasi
 algorithm yields f 2 K(F �) and with deg(F �) < d� the error ve
toris uniquely determined by the zeros of f .



Remark 2.37 The 
hoi
e deg(F ) = 2g+ t implies deg(G�F ) = d��t�2. By Remarks 2.32 and 2.34, the 
ondition 
(G�F ) = 0 should hold forthe appli
ation of the Lemmas 2.31 and 2.33 respe
tively. In 
ase d� � 4g,the 
ondition is satis�ed, for any 
hoi
e of F . In 
ase d� � 2g, the 
onditionis satis�ed for a proper 
hoi
e of F . In 
ase d� < 2g, no proper 
hoi
e exists.In the situation d� � 2g however, the 
hoi
e deg(F ) = g + 2t ensures that
ondition (2.10) will hold. The 
hoi
e implies deg(G�F ) = g� 2+ d�� 2tand 
(G� F ) = 0 for a proper 
hoi
e of F .Remark 2.38 A 
loser look at the base points of jF �Qj in Lemma2.33 shows that the proposition in fa
t holds for d� � 4g. Let P1; P2; : : : ; Pbbe b di�erent base points of a non-trivial linear system jEj. Cli�ord'stheorem yields,deg(E) + 1� g � l(E) = l(E � P1 � : : :� Pb) � (deg(E)� b)=2 + 1:Or b � 2g � deg(E): (2.18)In the proof of the lemma, it suÆ
es to prove the inequalityb < d� � deg(F );where b denotes the number of base points of jF �Qj. It is trivially ful�lledfor b = 0. For b 6= 0, we apply the bound (2.18), with E = F � Q. Theinequality holds for 2g + t < d� or d� � 4g.Remark 2.39 Another way to redu
e the 
onstraint on d� to d� � 4gis obtained by using the pro
edure in parallel with F = F0 and F = G�F0.For at least one of F0; G�F0, 
ondition (2.10) holds. Indeed, it suÆ
es byLemma 2.23 that one of the following holds:l(F0 �Q) + i(G� F0 �Q) � 2l(F0 �Q);l(G� F0 �Q) + i(F0 �Q) � 2l(G� F0 �Q):This follows withl(F0 �Q)� i(G� F0 �Q) + l(G� F0 �Q)� i(F0 �Q)= deg(G� 2Q) + 2� 2g � d� � 2t > 0:For F0 of degree g+ t, the 
onditions deg(F ) < d�� g, for F = F0; G� F0,are ful�lled for d� > 2g + t, or d� � 4g. A further improvement follows byre
onsidering the bound g for the number of base points. It is 
lear that in
ondition (2.10), the dimension l(F �Q) > 1. A bound on the number ofbase points of F �Q is given by deg(F �Q)� b � 
, where 
 denotes thegonality. This implies that for the 
hoi
e deg(F0) = g + t, the 
onstraintd� � 4g� 2
 suÆ
es. With this 
hoi
e for F0, deg(G�F ) � 3g� 1�
, forF = F0; G� F0. Avoiding the 
hoi
es F0 = K;G�K, in 
ase the gonality
 = g + 1 ensures that 
(G� F ) = 0.



Example 2.40 Re
all Example 2.25. For a plane 
urve of degreefour, a residue 
ode is de�ned with G = 4L. Thus d� = 12 = 4g, and byRemark 2.38, the pro
edure of Remark 2.35 
orre
ts up to �ve errors for Fin step (E0) of degree 2g+t = 11. Also, by Remark 2.39, the pro
edure willbe su

essful for F = 2L. In that 
ase, the basi
 algorithm will in generalbe applied in step (E2) with F = 2L. Only when four error positions are
ollinear will F be modi�ed in step (E1), and the basi
 algorithm will beapplied with F = 2L� P 0. Here, P 0 will be di�erent from the non
ollinearerror position P .Example 2.41 The 
onstraint d� � 4g � 2
 is sharp. That is, ford� < 4g � 2
, no P 2 Q may exist with (2.14), while (2.13) does not hold.Thus, let d� = 4g � 2
 � 1 and let Q = Q1 and Q2 
ontain the supportof error ve
tors e = e1 and e2 respe
tively, as in Notation 2.19, su
h thatdeg(Q1) = 2g�
�1 and deg(Q2) = 2g�
. As in the proof of Proposition2.36, we need a divisor F in step (E0), for whi
h (2.12) holds. FollowingRemark 2.39, we use F = F0 and F = G�F0 in parallel, for a divisor F0 ofdegree g + t. We give a spe
ial 
hoi
e for Q1; Q2 and F0, su
h that neither(2.13) nor (2.14) holds. To this end, let Q
; Q1� and Q10 be divisors, su
hthat deg(Q
) = 
; l(Q
) = 2:deg(Q1�) = g � 
; l(Q
 +Q1�) = 2:deg(Q10) = g � 1; l(Q10) = 1:Let Q1 = Q1� +Q10 and let Q2 � Q
 + 2Q1�. For F0 � Q
 + 2Q1� +Q10,the divisor F0 is of degree g + t and (2.12) holds for F � = F0. In fa
t,l(F0 � Q1) = l(Q
 + Q1�) = 2, l(F0 � Q2) = l(Q10) = 1 and k(F0) = 3by Lemma 2.24. But P 2 Q = Q1 is a basepoint of either jF0 � Q1j orjF0 � Q2j and no P 2 Q exists, su
h that k(F0 � P ) � k(F0) � 2, whileK(F0) 6= L(F0 �Q).





Chapter 3Modi�ed algorithmThe modi�ed algorithm (MA) [48℄ sear
hes for error-lo
ator fun
tions ofin
reasing degree and improves on the BA. The MA 
an be applied only toa restri
ted 
lass of 
odes. The general 
ase was left as an open problem[52, Remark 3.3.13℄. In this 
hapter, we formulate the extended modi�edalgorithm (EMA) that applies to all 
odes. The bound on error-
orre
tionof the MA shows a defe
t that depends on the parti
ular 
ode. The boundon error-
orre
tion of the EMA shows a defe
t that depends on the 
urvebeing used, rather than on the parti
ular 
ode.3.1 Spe
ial divisorsWe re
all two well known results and we de�ne a parameter that will be usedlater to measure a defe
t in a bound on error-
orre
tion. The parameter isinvestigated for hyperellipti
 
urves and for plane 
urves. For a 
urve X ,let K be a representative of the 
anoni
al divisor 
lass.Theorem 3.1 (Riemann-Ro
h) For an arbitrary divisor E on the
urve, we havedeg(E)2 � (l(E)� 1) = deg(K � E)2 � (l(K � E)� 1): (3.1)Proof. See e.g. [7, Chapter 2℄,[23, Chapter 4℄.De�nition 3.2 A divisor E is 
alled spe
ial if it is e�e
tive and L(K�E) 6= 0.Theorem 3.3 (Cli�ord) For a spe
ial divisor E on the 
urve, we havedeg(E)2 � (l(E)� 1) � 0: (3.2)Proof. See e.g. [1, Chapter 3℄,[23, Chapter 4℄.35



The 
urves 
onsidered in [23℄ are de�ned over an algebrai
ally 
losed �eld.From this the result for �nite �elds follows. The proof in [1℄ for 
hara
-teristi
 zero is similar for �nite 
hara
teristi
. Theorem 3.3 provides anupper bound for the dimension of a spe
ial divisor on a 
urve. To obtain alower bound for the dimension of a spe
ial divisor we introdu
e the Cli�orddefe
t of a set of divisors. The defe
t measures the largest deviation fromthe upper bound.De�nition 3.4 For a 
urve X , let E be a �nite set of divisors. Wede�ne the Cli�ord defe
t s(E) of the set E by s(;) = 0 and, for E 6= ;,s(E) = max f deg(E)2 � ( l(E)� 1 ) : E 2 E g: (3.3)For our purpose we 
onsider sets E of spe
ial divisors that satisfyE = fE0; E1; : : : ; E2g�2g; deg(Ei) = i; i = 0; 1; : : : ; 2g � 2; (3.4)with g the genus of the 
urve (for g = 0 we set E = ;). One veri�es thatsu
h a set exists if and only if the 
urve has a rational point. For a �xedE , we write s = s(E) and we de�ne subsets E0; E1 � E byE 2 E0 , deg(E) � 0 (mod 2):E 2 E1 , deg(E) � 1 (mod 2):Also, let s0 = s(E0) and s1 = s(E1):Lemma 3.5 For a divisor E, let s(E) denote s(fEg) = deg(E)=2�(l(E) � 1). A set E as in (3.4) 
an be modi�ed without in
rease of itsCli�ord defe
t s(E), su
h that it satis�esjs(Ei)� s(Ei+1)j = 1=2; i = 0; 1; : : : ; 2g � 3: (3.5)Proof. Besides (3.5), we may distinguish two 
ases:(1) s(Ei)� s(Ei+1) > 1=2; or l(Ei+1)� l(Ei) > 1:(2) s(Ei+1)� s(Ei) > 1=2; or l(K � Ei)� l(K � Ei+1) > 1:Let P be a rational point. As a modi�
ation in ea
h 
ase, we 
hoose(1) Ei � Ei+1 � P; Ei � 0:(2) Ei+1 = Ei + P:With ea
h modi�
ation the nonnegative number s(E0) + s(E1) + : : : +s(E2g�2) will stri
tly de
rease. Regardless of the order of the modi�
ations,after �nitely many steps 
ondition (3.5) will hold.



Remark 3.6 For E as in (3.4), the maximum in (3.3) is taken overnonnegative values by Theorem 3.3. With Theorem 3.1 we have0 � s � (g � 1)=2; for g � 1:Also note thats0 � 0 (mod 1) and s1 � 1=2 (mod 1):A set E as in (3.4,3.5) satis�es js0 � s1j = 1=2. We will later obtainbounds on error-
orre
tion, t � (dC � 1)=2 � s0 and t � (dC � 1)=2 � s1respe
tively, for the 
ases of odd and even designed minimum distan
erespe
tively (Theorem 3.13).De�nition 3.7 We de�ne the Cli�ord defe
t s(X ) of the 
urve X ass(X ) = minf s(E) : E as in (3:4) g:In parti
ular for ellipti
 
urves we obtain s(X ) = 0, with E = f0g. FromRemark 3.6 we 
on
lude that de
oding up to the designed minimum dis-tan
e is also guaranteed for 
urves with s(X ) = 1=2 (i.e. s0 = 0 ands1 = 1=2).Proposition 3.8 The 
urves with s(X ) � 1=2 
an be 
lassi�ed as the
urves of genus zero or one and the hyperellipti
 
urves.Proof. Curves of genus g � 2 with this property have a divisor E,E = E2 2 E , that satis�esdeg(E) = 2 and l(E) = 2: (3.6)That is, the 
urve is hyperellipti
 [23, p.298℄. Conversely, for a hyperellipti

urve X the required set E = E0 [ E1 is de�ned byE0 = f0; E; : : : ; (g � 1)Eg;E1 = fP;E + P; : : : ; (g � 2)E + Pg;with E as in (3.6) and P a rational point.Curves with s(X ) = 1 (i.e. s0 = 1 and s1 = 1=2) allow de
oding up to thedesigned minimum distan
e dC in 
ase dC is even. Among these are theplane 
urves of degree 4.Proposition 3.9 Let X be a plane 
urve of degree m with genus g.With the assumption that the 
urve has a rational point and m � 4, a setE 
an be 
hosen withs(E) = ( (m2 � 4m+ 8)=8; if m � 0 (mod 2):(m2 � 4m+ 7)=8; if m � 1 (mod 2): (3.7)



In parti
ular s(X ) � (g + 1)=4.Proof. A 
onstru
tion for E is given in Se
tion 3.5. With g = (m �1)(m � 2)=2, we have (m2 � 4m + 8)=8 = (g + 1)=4 � (m � 4)=8 and theinequality follows.3.2 Main lemmaThe 
onditions (2.6,2.7) are 
on
i
ting: the former is satis�ed for a divisorF of suÆ
iently low degree, the latter is satis�ed for F of suÆ
iently highdegree. The following lemma allows one to 
hoose divisors F of in
reasingdegree, su
h that for at least one F in the sequen
e both 
onditions aresatis�ed.Lemma 3.10 (indu
tion step) Let G, F and Q be given divisors. LetE and F � be divisors satisfyingl(E) � g � deg(F �Q); and (3.8)F � � G� F � E: (3.9)Then L(F �Q) = 0 ) 
(G� F � �Q) = 0:Proof. We assume 
(G � F � � Q) 6= 0 , say it 
ontains ! 6= 0, andwill dedu
e L(F �Q) 6= 0. So let(!) = G� F � �Q+ E�; E� � 0:Using the de�nition of F � (3.9), we obtain(!) � F + E �Q + E�;F �Q � K � E � E�; (3.10)where K represents the 
anoni
al divisor 
lass. Sin
e E� � 0, it suÆ
es forL(F �Q) 6= 0, to prove deg(E�) < l(K � E): (3.11)Substitution of (3.10) in (3.8) yields(g � 1)� deg(K � E � E�) < l(E);deg(E�) < l(E)� deg(E) + g � 1;deg(E�) < l(E)� deg(E)=2 + deg(K � E)=2;deg(E�) < l(K � E);where we apply Theorem 3.1 (Riemann-Ro
h). Thus, we have proven(3.11).



For a residue 
ode C, we make the bound on error-
orre
tion that is 
on-tained in (3.8) expli
it.Lemma 3.11 (a bound on error-
orre
tion) Let C = C
(D;G) be aresidue 
ode. It has designed minimum distan
e dC = deg(G � K). Also,let t = deg(Q). Then, 
ondition (3.8) in Lemma 3.10 is equivalent tot � dC � 12 + (l(E)� 1)� deg(E)2 � deg(F � � F )� 12 : (3.12)Proof. Note that (3.9) implies that the right hand side of (3.12) is anatural number. We will obtain (3.8) from (3.12). To this end, we �rstmultiply and then substitute for the parameters t and dC,2t � (dC � 1) + 2(l(E)� 1)� deg(E)� deg(F � � F ) + 1;2 deg(Q) � deg(G�K) + 2(l(E)� 1)� deg(E)� deg(F � � F ):Next, we use (3.9),2 deg(Q) � 2(l(E)� 1) + deg(G�K � E)� deg(G� 2F � E);deg(K)� 2 deg(F �Q) � 2(l(E)� 1);(g � 1)� deg(F �Q) � (l(E)� 1):This 
learly yields (3.8). We have equivalen
e at all steps.3.3 Des
riptionProposition 3.12 (modi�ed algorithm [48℄) Let C = C
(D;G) be aresidue 
ode, with G = aH, H an e�e
tive divisor, and h = deg(H). Lets(H) = max f ih + h+ 12 � l(iH) : i 2 Z g:Then, a re
eived word with error pattern of weight t, t � (dC�1)=2�s(H),
an be 
orre
ted by su

essive appli
ations of the BA with F = H; 2H; : : : .In parti
ular F = bH of lowest degree su
h that (2.7) holds will satisfy (2.6).Proof. A slightly improved bound is given in Proposition 3.17.Theorem 3.13 (extended modi�ed algorithm) Let C = C
(D;G) bea residue 
ode, de�ned with a 
urve X , with odd designed minimum distan
edC = 2e+1. Let E be a set of spe
ial divisors on X as in De�nition 3.4 andlet E0 be the subset of divisors of even degree, say E0 = fE0; E1; : : : ; Eg�1gand s0 = s(E0):deg(Ei) = 2g � 2� 2i; deg(Ei)=2� (l(Ei)� 1) � s0:



Also, let F = fF0; F1; : : : ; Fgg be a set of divisors on X , with deg(F0) = e,F0 \D = ; andFi � G� Fi�1 � Ei�1; Fi \D = ;; i = 1; 2; : : : ; g: (3.13)Then, a re
eived word with error pattern of weight t, t � (dC�1)=2�s0, 
anbe 
orre
ted by su

essive appli
ations of the BA with F = F0; F1; : : : ; Fg.In parti
ular F = Fi of lowest degree su
h that (2.7) holds will satisfy (2.6).Proof. With (3.13) we have, for i = 2; 3; : : : ; g,deg(Fi + Ei�1) = deg(G� Fi�1) = deg(Fi�2 + Ei�2);deg(Fi � Fi�2) = deg(Ei�2 � Ei�1) = 2:With deg(F0) = e and deg(F1) = e + 1 we obtaindeg(Fi) = e+ i; i = 0; 1; : : : ; g:Let Q denote the divisor of all the error lo
ations. For F0 we have, withdeg(Q) = t � e� s0 and s0 � 0,deg(G� F0 �Q) � deg(K) + 2e+ 1� e� (e� s0) � deg(K) + 1:And thus 
(G� F0 �Q) = 0. Next, we prove that, for i = 0; 1; : : : ; g � 1;L(Fi �Q) = 0 ) 
(G� Fi+1 �Q) = 0: (3.14)We use Lemma 3.10. All 
onditions but (3.8) are trivially ful�lled. Wehave deg(Fi+1 � Fi) = 1:deg(Ei)=2� (l(Ei)� 1) � s0:deg(Q) � e� s0:We may apply Lemma 3.11. This proves the indu
tion (3.14). For thetermination of the algorithm we have for Fgdeg(Fg �Q) � (e + g)� (e� s0) � g:Hen
e L(Fg �Q) 6= 0.Remark 3.14 (even designed minimum distan
e) Let C = C
(D;G)have even designed minimum distan
e dC = 2e + 2. The following modi�-
ations apply to Theorem 3.13: We 
onsider the subset E1 of E of divisorsof odd degree, say E1 = fE1; E2; : : : ; Eg�1g and s1 = s(E1):deg(Ei) = 2g � 1� 2i; deg(Ei)=2� (l(Ei)� 1) � s1:Also, let F = fF1; F2; : : : ; Fgg, with deg(F1) = e+1, F1\D = ; and (3.13)for i = 2; 3; : : : ; g. Then, a re
eived word with error pattern of weight t,t � (dC � 1)=2� s1, 
an be 
orre
ted by su

essive appli
ations of the BAwith F = F1; F2; : : : ; Fg. The proof follows Theorem 3.13.



Example 3.15 Re
all Example 2.25. The 
ode C
(D;G), with G =4L, has distan
e d� = 12 and the basi
 algorithm 
orre
ts any (d� � 1 �g)=2 = 4 errors. Let P denote a rational point on the 
urve. The set ofspe
ial divisors E1 = fE1 = L � P;E2 = Pg has Cli�ord defe
t s1 = 1=2.The set F of divisors F is de�ned indu
tively, starting with F of degree 6and using F � = G� F � E:F = L+ 2P; F � = 2L� P; E = L� P;F = 2L� P; F � = 2L; E = P;Thus the basi
 algorithm 
an be applied with F 2 F ,F = fF1 = L+ 2P; F2 = 2L� P; F3 = 2Lg:When applied in this order, the �rst solution o

urring will be error-lo
ating.Proposition 3.16 We have the following bounds for error 
orre
tionwith the EMA. Rational, ellipti
 and hyperellipti
 
urves:t � b(dC � 1)=2
:Plane 
urves of degree m:t � b(dC � 1)=2� (m� 1)(m� 3)=8
:Proof. For the �rst bound we use the set E as in Proposition 3.8. Forthe se
ond bound we refer to Se
tion 3.5.Proposition 3.17 We 
laim that Proposition 3.12 holds with the fol-lowing: H may be any divisor and s(H) 
an be de�ned ass(H) = max f ih + h+ 12 � l(iH) : i 6� a (mod 2) g:Proof. The improvement is obtained through a di�erent uniquenessproof (Remark 2.21). Note that the bound on error-
orre
tion, t � (dC �1)=2 � s(H), always represents an integer. We use the line of proof inTheorem 3.13. Clearly, we may add F = 0 at the beginning of the sequen
e.The following are trivial: 
(G� 0� Q) = 0 and L(aH �Q) 6= 0. For theanalogue to the indu
tion (3.14), we will apply Lemma 3.10 with F � =F +H. Then E = G� F � F � runs throughE = (a� 1)H; (a� 3)H; : : : :And, for E = iH,deg(E)=2� (l(E)� 1) = (ih)=2� (l(iH)� 1) � s(H)� (h� 1)=2:



Thus we have, at all steps,deg(F � � F ) = h; anddeg(E)=2� (l(E)� 1) � s(H)� (h� 1)=2; anddeg(Q) � e� s(H):We may apply Lemma 3.11. This proves the indu
tion.3.4 Additional lemmaAfter Lemma 3.10, we present another lemma that allows one to 
hoosedivisors F of in
reasing degree, su
h that for at least one F in the sequen
eboth 
onditions (2.6,2.7) are satis�ed. Unlike Lemma 3.10, the appli
ationof Lemma 3.18 shows some restri
tions, see Remark 3.19.Lemma 3.18 (alternate step) Let G;F and Q be given divisors. WithP be a rational point on the 
urve, let F � = F + P and E = G� F � F �.Then l(E) = l(E � P ) + 1 impliesL(F � �Q) 6= L(F �Q) ) 
(G� F � �Q) = 
(G� F �Q):Proof. By assumption, there exist a fun
tion f 6= 0 with(f) = E1 � E; E1 � 0; but not E�1 � P:We assume 
(G� F ��Q) 6= 
(G� F �Q) and will dedu
e L(F ��Q) =L(F �Q). Thus, let ! 6= 0 be a di�erential with divisor(!) = G� F � �Q + E2; E2 � 0; but not E2 � P:Then f! 2 
(F �Q)n
(F � �Q), and L(F � �Q) = L(F �Q).Remark 3.19 (a note on appli
ation) The lemma does not apply totwo 
onse
utive steps: in 
ase L(F ��Q) = L(F�Q) = 0, no information on
(G�F ��Q) is obtained and in a next step 
(G�F ��Q) = 
(G�F�Q)provides no useful information. It is 
lear from the proof of Theorem 3.13that, for a given set of spe
ial divisor E , only some indu
tion steps (3.14)determine the bound on error-
orre
tion. If one su

eeds in repla
ing thesesteps by alternate steps, the bound may be improved by one.Lemma 3.20 Repla
ement of Lemma 3.10 with Lemma 3.18 in prov-ing indu
tion for the EMA (Theorem 3.13) yields an improvement onlyif s = maxfs0; s1g = ( s0; if dC is odd.s1; if dC is even.



For plane 
urves of degree m the 
ondition be
omesm � 0 (mod 4) if dC is odd.m 6� 0 (mod 4) if dC is even.Proof. We 
onsider the 
ase of odd dC and we may assume that Esatis�es (3.5). With the notation as in (3.4) and Lemma 3.5, let s(E2r) = s0.We have improvement, only if s(E2r�2) = s(E2r+2) = s0�1: Then by (3.5):s(E2r�1) = s(E2r+1) = s0 � 1=2. Hen
e s1 < s0. The statement on plane
urves is now a 
onsequen
e of Proposition 3.9.Example 3.21 Let X be the Hermitian 
urve of degree �ve overGF (16). Let P0 and P1 be two rational points. Their tangents have inter-se
tion divisor L0 = 5P0 and L1 = 5P1 respe
tively. Let G = 2a(P0+P1) bea divisor. The 
ode C
(D;G) is of type [63; 68�4a;� 4a�10℄ over GF (16),for 3 � a � 15. Proposition 3.16 tells that the EMA 
orre
ts t� � 1 errors.This is obtained with a set of spe
ial divisors of Cli�ord defe
t one and ahalf. We may take E = f9P0; 7P0; 5P0; 3P0; P0g. Only the divisors 7P0 and3P0 have a defe
t of one and a half. We avoid using Lemma 3.10 with thesedivisors and use Lemma 3.18 instead. The 
ondition l(E) = l(E � P ) + 1in the lemma is satis�ed forE = 4P0 + 3P1; P = P1:E = 5P0 � 2P1; P = P0:For the three remaining indu
tion steps, we may use Lemma 3.10 withE = 5P0 + 4P1; 5P0; P0. Let �F = a(P0 + P1).F = �F � 3P0 � 2P1; F � = �F � 2P0 � 2P1; E = 5P0 + 4P1;F = �F � 2P0 � 2P1; F � = �F � 2P0 � 1P1; E = 4P0 + 3P1;F = �F � 2P0 � P1; F � = �F � 3P0 + P1; E = 5P0;F = �F � 3P0 + P1; F � = �F � 2P0 + P1; E = 5P0 � 2P1;F = �F � 2P0 + P1; F � = �F + P0 � P1; E = P0:Thus the basi
 algorithm 
an be applied with F 2 F ,F = f �F � 3P0 � 2P1; �F � 2P0 � 2P1; �F � 2P0 � P1;�F � 3P0 + P1; �F � 2P0 + P1; �F + P0 � P1 g:When applied in this order, the �rst solution o

urring will be error-lo
ating.3.5 Plane 
urvesWe 
omplete the proofs of Proposition 3.9 and Proposition 3.16.



Proof. (Proposition 3.9) We 
onsider the plane 
urve X of degree mand genus g = (m � 1)(m � 2)=2. With the assumption m � 4, we will
onstru
t a set E withs(E) = ( (m2 � 4m+ 8)=8 if m � 0 (mod 2):(m2 � 4m+ 7)=8 if m � 1 (mod 2): (3.15)Let thus L be an interse
tion divisor of the 
urve with a line. Also, let Bibe an e�e
tive divisor of degree deg(Bi) = i, for i = 0; 1; : : : ; m � 1. Wede�ne the set E as the set of divisors E, that satisfy one of the followingE = aL+Bi ; 0 � a < m� 3 and 0 � i � m� (a+ 2):Or E = (a+ 1)L� Bm�i ; 0 � a < m� 3 and m� (a + 2) < i < m:Or E = (m� 3)L:One veri�es that E 
ontains divisors E, with degree deg(E) in the range:0 � deg(E) � (m � 3)m = 2g � 2. To ea
h degree in the range there
orresponds a unique divisor. With m � 4 we note: in the 
al
ulation ofthe maximum s(E), we may 
onsider E 6= (m � 3)L. We have l(aL) =(a+ 2)(a+ 1)=2, and thus for l(E)l(aL +Bi) � (a + 2)(a+ 1)=2; andl((a + 1)L� Bm�i) � (a+ 3)(a+ 2)=2 � (m� i):For deg(E)=2� (l(E)� 1) we obtain, with i = m� (a + 2)� b; b � 0;deg(E)2 � (l(E)� 1) � �a2 + (m� 4)a+m� 2� b2 : (3.16)The maximum of the right hand side is obtained for a = (m� 4)=2; b = 0.Looking for integer solutions, we see that the maxima are obtained for(a; b) = ( ( (m� 4)=2 ; 0 ); if m � 0 (mod 2):( (m� 3)=2 ; 0 ); if m � 1 (mod 2):Substitution in (3.16) yields (3.15).Proof. (Proposition 3.16) From (3.15) we obtain the inequality(m� 1)(m� 3)=8 � s� 1=2:The gap is at most 1=8. Also s � 1=2 � s0 and s � 1=2 � s1, where oneinequality is tight and the other shows a gap of 1=2. For the 
ases of oddand even designed minimum distan
e the following represent tight integerbounds for de
oding with the EMA (Theorem 3.13)t � (dC � 1)=2� s0; for dC odd:t � (dC � 1)=2� s1; for dC even:Hen
e one veri�es by 
ombination of the inequalities that in both 
asest � (dC � 1)=2� (m� 1)(m� 3)=8;where the gap is at most 5=8.



Chapter 4Majority 
oset de
odingJustesen et al. [24℄ observed that the Peterson algorithm 
ould be general-ized to 
odes from plane algebrai
 
urves. As was shown by Skorobogatovand Vl�adut� [48℄, the restri
tion to plane 
urves and to a parti
ular 
lass of
odes was not essential. Thus a basi
 algorithm for the de
oding of an arbi-trary algebrai
 geometri
 
ode is available. It 
orre
ts up to (d��1)=2�g=2errors. Improvements of this result either are not 
onstru
tive and of high
omplexity [38℄,[53℄ or do not 
orre
t up to the designed minimum distan
ein general [48℄,[9℄. Both Ehrhard [16℄ and Feng and Rao [17℄ formulatedpro
edures that over
ome this. Ehrhard's pro
edure is re
alled in Se
tion2.5.In this 
hapter, we show that the pro
edure of Feng and Rao 
an be appliedto an arbitrary algebrai
 geometri
 
ode. In our set up a redu
tion stepis added to the basi
 algorithm. In 
ase the basi
 algorith fails a major-ity s
heme is used to obtain an additional syndrome for the error ve
tor.Thus a stri
tly smaller 
oset 
ontaining the error ve
tor is obtained. In thisway the basi
 algorithm is applied to a de
reasing 
hain of 
osets and after�nitely many steps the 
oset will be small enough for su

esful appli
ationof the basi
 algorithm. We 
all the pro
edure Majority Coset De
oding (inshort MCD).The repeated appli
ations of the basi
 algorithm in the pro
edure 
an be
arried out with one 
ommon set of data. For this, Feng and Rao [17℄presented a s
heme for the 
omputations. The s
heme is referred to as Mo-di�ed Fundamental Iterative Algorithm (in short MFIA). In the last se
tionwe point out that also in the general 
ase the 
omputations 
an be 
arriedout with the MFIA. Thus the de
oding pro
edure has the 
omplexity ofthe basi
 algorithm, that is O(t2n + g2n).Although based on the same idea, our pro
edure does not 
ompare imme-diately with [17℄ when applied to the the same 
odes. Our formulationinvolves square matri
es of size t+ g, whereas in [17℄ matri
es of size 2t+ gare used. In Se
tion 4.5, we present our pro
edure in the set up of [17℄, asto establish the relation. 45



4.1 Coset de
odingIn the following C1 = C
(D;G1) � Fnq is a �xed residue 
ode [30℄, [52℄.Thus P = fP1; P2; : : : ; Png is a set of n rational points on a non-singular
urve X =Fq, D = P1 + P2 + : : : + Pn and G1 is a divisor de�ned overFq with support disjoint from P. The 
odewords of C1 are of the form(resP1(�); resP2(�); : : : ; resPn(�)); for � 2 
(G1 � D). With g the genus ofthe 
urve X , the 
ode C1 has designed distan
e d�1 = deg(G1) � (2g � 2).The dual 
ode C?1 is equal to the fun
tional 
ode CL(D;G1) with 
ode-words of the form (h(P1); h(P2); : : : ; h(Pn)); for h 2 L(G1).For a rational point P1 62 P, let G0 = G1�P1 and let G2 = G1+P1. Wehave an extension of residue 
odesC0 = C
(D;G0) � C1 = C
(D;G1) � C2 = C
(D;G2): (4.1)Let e be a ve
tor with wt(e) � (d�1 � 1)=2: (4.2)We formulate a 
oset de
oding pro
edure with respe
t to the extension of
odes C1 � C2 : for a given y1 2 e+C1 we show how to obtain y2 2 e+C2.Note that with 
ondition (4.2) this is well-de�ned. In 
ase y2 6= e thepro
edure 
an be repeated, till eventually the error ve
tor is obtained.With a 
ombination of the pro
edure and known algorithms the number ofrepetitions required 
an be bounded by the genus g of the 
urve (Remark4.16). Clearly, we may assume thatC1 6= C2; and L(G2) 6= L(G1);where the se
ond assumption follows from the �rst. As with de
oding oflinear 
odes in general, syndromes are 
ru
ial. We de�ne syndromes aslinear maps to the 
onstant �eld.De�nition 4.1 With a ve
tor y = (y1; y2; : : : ; yn) 2 Fnq we asso
iatea one-dimensional syndrome Si(y), for i = 0; 1; 2,Si(y) : L(Gi) �! Fq;h 7�! nXj=1 yj h(Pj):Lemma 4.2 The one-dimensional syndrome is a 
oset invariant, thatis Si(y) = Si(e) , y 2 e + Ci; i = 0; 1; 2:Proof. From the de�nitionSi(y � e) = 0 , y� e 2 CL(D;Gi)?:The result follows with CL(D;Gi) = C?i .



Lemma 4.3 For u 2 C1 n C2 and for h 2 L(G2) n L(G1) we haveS2(u)(h) 6= 0.Proof. G2 = G1+P1 implies l(G2)� l(G1) � 1 and L(G2) = L(G1)�hhi: With the lemma we haveu 2 C1 ^ u 62 C2 ) S1(u) = 0 ^ S2(u) 6= 0 ) S2(u)(h) 6= 0:The following is immediate from the lemmas.Corollary 4.4 Let u 2 C1 n C2 and let y1 2 e + C1. There exists aunique � su
h that y1 � �u 2 e+ C2. For h 2 L(G2) it satis�es�S2(u)(h) = S2(y1)(h)� S2(e)(h);where S2(u)(h) 6= 0, for h 2 L(G2) n L(G1).By the 
orollary it suÆ
es for 
oset de
oding to �nd a fun
tion h 2 L(G2)nL(G1) with S2(e)(h) = 0. We give a pro
edure to obtain fun
tions f; g su
hthat h = fg will do.4.2 Two-dimensional syndromesDe�nition 4.5 For a ve
tor e with (4.2) we 
onsider the 
osets e+Ciwith syndromes Si(e), for i = 0; 1; 2. With a divisor F , that has supportdisjoint from P, we asso
iate a two-dimensional syndrome Si(F ), for i =0; 1; 2; Si(F ) : L(F )� L(Gi � F ) �! Fq;(f; g) 7�! Si(e)(fg):Let Ki(F ) be de�ned as the subspa
e of L(F ) withf 2 Ki(F ) , 8g 2 L(Gi � F ) : Si(F )(f; g) = 0:Lemma 4.6 The 
ontainmentsK1(F + P1) � K0(F ); K1(F + P1) � K2(F + P1);K0(F ) � K1(F ); and K2(F + P1) � K1(F )de�ne fa
tor spa
es of dimension at most one.Proof. The in
lusion relations are immediate from the de�nition. Inparti
ular K0(F ) = K1(F +P1)\L(F ). Sin
e K1(F +P1) � L(F +P1),the interse
tion redu
es the dimension by at most one. Similar for K2(F +P1) � K1(F ). For the in
lusion K0(F ) � K1(F ) we observe that K1(F )is obtained by applying at most one linear 
ondition to K0(F ). Similar forK1(F + P1) � K2(F + P1).



The in
lusion relations may be depi
ted as follows
K1(F )K0(F ) K2(F + P1)K1(F + P1)

��� ������ ���
As the next lemma explains, we are interested in the situation where thefollowing 
onditions are satis�ed(A1) K1(F + P1) 6= K0(F );(A2) K0(F ) = K1(F );(A3) L(G1 � F ) 6= L(G1 � F � P1):(B1) K1(F + P1) = K2(F + P1);(B2) K2(F + P1) 6= K1(F ):Let (A) , (A1) ^ (A2) ^ (A3): Also let (B) , (B1) ^ (B2):Corollary 4.7 The 
onditions satisfy(A1) ^ (B1) , (A2) ^ (B2):Proof. Immediate from Lemma 4.6.Remark 4.8 The ve
tor spa
es K(F ) that o

ur in the 
onditions(A) and (B) are all de�ned as left null spa
es of bilinear forms S(F ). Theduality in the formulation be
omes more obvious if we 
onsider the rightnull spa
es as well. For example, we have(A2) ^ (A3) , K1(G1 � F ) 6= K0(G1 � F � P1):However, to save on 
omputations, the formulation in terms of the left nullspa
es only is to be preferred.Lemma 4.9 (main lemma) Let the fun
tions f; g satisfyf 2 K1(F + P1) nK0(F ); andg 2 L(G1 � F ) n L(G1 � F � P1):Then fg 2 L(G2) n L(G1);and K1(F + P1) = K2(F + P1) ) S2(e)(fg) = 0:



Proof. From f 2 L(F + P1) and g 2 L(G1 � F ) we obtain fg 2L(G1+P1) = L(G2). For fg 62 L(G1) it suÆ
es to 
onsider the pole order��1(fg) at P1 and��1(fg) = ��1(f)� �1(g)= ordP1(F + P1) + ordP1(G1 � F )> ordP1(G1):Note that g 2 L(G2 � F � P1). With f 2 K2(F + P1) we haveS2(e)(fg) = S2(F + P1)(f; g) = 0:By the remark following Corollary 4.4 we 
an 
hoose h = fg with f; g as inthe lemma, provided that 
onditions (A1),(A3) and (B1) hold. With the
orollary the 
onditions (A) and (B) need to be ful�lled. In the de
odingsituation we 
annot determine K2(F + P1) and we are unable to verify(B). To over
ome this we use a majority s
heme.4.3 A majority s
hemeRemark 4.10 Let the notation be as in De�nition 4.5. Let the divisorPe = Pej 6=0 Pj. With De�nition 4.1 and De�nition 4.5 we see, for i = 0; 1; 2,f 2 L(F � Pe) _ g 2 L(Gi � F � Pe) ) Si(F )(f; g) = 0:Lemma 4.11 Consider the 
onditions(C1) L(F + P1 � Pe) 6= L(F � Pe);(C2) L(G1 � F � Pe) 6= L(G1 � F � P1 � Pe):With the 
onditions (A1)-(A3) and (B1)-(B2) as in the previous se
tionthe following holds (C1) ) (A1) ^ (B2);(C2) ) (A2) ^ (B1) ^ (A3):Proof. Let (C1) hold. For (A1) and (B2) respe
tively it suÆ
es to givefun
tions f1 2 K1(F+P1)nL(F ) and f2 2 K2(F+P1)nL(F ) respe
tively.With the remark a fun
tion f 2 L(F + P1 � Pe) n L(F � Pe) will do inboth 
ases. Let (C2) hold. Re
all that G0 = G1 � P1. We may writeL(G1 � F ) = L(G0 � F ) + L(G1 � F � Pe). With the remark we obtainK0(F ) � K1(F ). This proves (A2). For (B1) we use G1 = G2�P1 and wewrite L(G2�F �P1) = L(G1�F �P1)+L(G2�F �P1�Pe) to obtainK1(F +P1) � K2(F +P1). The 
ondition (A3) follows immediately withPe � 0.



For the appli
ation of the lemma, re
all the 
oset de
oding pro
edure: Forthe residue 
odes C1 = C
(G1; D) � C2 = C
(G1+P1; D), let y1 2 e+C1be a re
eived word. To obtain y2 2 e + C2 with Lemma 4.4, we need afun
tion h. The fun
tion h 
an be obtained with Lemma 4.9, providedthat 
onditions (A) and (B) hold for a divisor F . By Lemma 4.11, the
onditions (C1) and (C2) ensure that (A) and (B) will hold.Lemma 4.12 Let deg(G1) = 2g + 2t � 1 and let deg(Pe) � t. Letthe main lemma be applied with divisors F in the range t� 1 � deg(F ) �t + 2g � 1, starting with a divisor of degree t � 1 and adding a rationalpoint P1 ea
h time. Among the divisors F that satisfy 
ondition (A), thedivisors that satisfy 
ondition (B) as well form a majority.Proof. For the 2g+1 divisors F in the range, the 
onditions (C1) and(C2) will ea
h hold at least g + 1 times and fail at most g times. For atleast one divisor they both hold. Moreover, the 
ases that (C1) and (C2)both hold outnumber the 
ases that (C1) and (C2) both fail. This suÆ
esfor the 
laim, sin
e by Corollary 4.7 and Lemma 4.11,(C1) ^ (C2) ) (A) ^ (B),(A) ^: (B) ) : (C1) ^: (C2).Repeating the 
oset de
oding pro
edure will yield a series of ve
tors y2;y3; : : : ; and �nally the ve
tor e. However, we may stop when the basi
algorithm applies. Also, with ea
h repetition less appli
ations of the mainlemma are required. This is made pre
ise in the following theorem. Thespe
ial 
ase r = 0 
orresponds to the pre
eeding lemma.Theorem 4.13 (main theorem) Let C0 � C1 � C2 be an extensionof residue 
odes as in (4.1). Let the genus g � 1. Let the numbers t; r � 0satisfy 2t + r + 1 � deg(G1) � 2g + 2. For a ve
tor e of weight wt(e) � twe 
onsider the 
osets e + Cj, for j = 0; 1; 2. Let F0 be an arbitrarydivisor of degree t with support disjoint from D. Also, we de�ne Fi =F0 + iP1; for i = 0; 1; : : : ; 2g � 1. LetI = fr; r + 1; : : : ; 2g � 2g;IB = fi 2 I j (A) ^ (B); for F = Fig;I�B = fi 2 I j (A) ^ :(B); for F = Fig;Then at least one of the following holdsL(G1 � F2g�1 � Pe � rP1) 6= 0: (4.3)L(Fr � Pe) 6= 0: (4.4)#IB � #I�B + 1: (4.5)



Proof. The assumption on wt(e) yieldsdeg(F2g�1 � Pe) � 2g � 1; (4.6)deg(G1 � Fr � Pe) � 2g � 1: (4.7)Let the sets IC and I�C be de�ned asIC = fi 2 I j (C1) ^ (C2); for F = Fig;I�C = fi 2 I j :(C1) ^ :(C2); for F = Fig;By Corollary 4.7 and Lemma 4.11 we have IC � IB and I�B � I�C . Thus for(4.5) to hold it suÆ
es to prove#IC � #I�C + 1: (4.8)We may assume that (4.3) and (4.4) do not hold. In that 
ase we havel(G1 � F2g�1 � Pe) � r;l(Fr � Pe) = 0:Combination with (4.6,4.7) yieldsl(F2g�1 � Pe)� l(Fr � Pe) � g;l(G1 � Fr � Pe)� l(G1 � F2g�1 � Pe) � g � r:And #I �#I�C = #fi 2 I j (C1)g+#fi 2 I j (C2)g �#IC ;� (2g � r)�#IC :With #I = (2g � 1� r) we obtain (4.8).4.4 Des
riptionIn the following remarks we use the theorem to formulate a de
oding pro-
edure. Let y1 2 e + C1 be given. If (4.3) or (4.4) holds we 
an apply thebasi
 algorithm. If both (4.3) and (4.4) fail, we 
an apply majority 
osetde
oding.Remark 4.14 (basi
 algorithm) We re
all the basi
 algorithm [48,Theorem 1℄: an error pattern e for the residue 
ode C
(D;G) 
an be 
or-re
ted if the following are satis�ed for a divisor F :L(F � Pe) 6= 0; and deg(G� F � Pe) > 2g � 2: (4.9)



In that 
ase we de�ne a syndrome S(F ) and a subspa
e K(F ) � L(F ) asin De�nition 4.5 and the following reverse of Remark 4.10 holdsS(F )(f; g) = 0; 8g 2 L(G� F ) ) f 2 L(F � Pe):An error lo
ator fun
tion f 2 L(F � Pe)� 
an thus be obtained by solvingfor f 2 K(F )�. In the situation of Theorem 4.13 we have (4.6,4.7), and the
onditions (4.9) are satis�ed forG = G1 � rP1; F = G1 � F2g�1 � rP1; if (4.3) holds.G = G1; F = Fr; if (4.4) holds.Remark 4.15 (majority 
oset de
oding) If none of (4.3,4.4) hold,the theorem tells us that (4.5) will hold. With the notation as in the the-orem the de
oding pro
eeds as follows. The set IA = fi 2 I j (A); for F =Fig is determined. We have IA = IB [ I�B. With the possibly wrong as-sumption that IA = IB appli
ation of Lemma 4.9 and Corollary 4.4 yieldsa ve
tor y2 = y1 � �u, one for ea
h i 2 IA. The unique ve
tor y2 withy2 2 e+C2 is obtained for i 2 IB. By (4.5) this ve
tor will o

ur with thehighest multipli
ity.Remark 4.16 (
omputations) By the previous remarks we havean e�e
tive pro
edure to de
ode arbitrary algebrai
 geometri
 
odes upto the designed distan
e. With the basi
 algorithm one has to solve forf 2 K(F )� for suitableG;F . With majority 
oset de
oding one has to solvefor f 2 K1(F + P1) nK0(F ) in Lemma 4.9 for a number of G1; F . These
omputations 
learly dominate the 
omplexity of the pro
edure. They 
on-sist of solving a system of linear equations. We show that it suÆ
es to
onsider one homogeneous system of linear equations Sx = 0.Let C
(D;G) be a 
ode with deg(G) = 2g � 2 + 2t + 1. By repla
ingG by G � P1 if ne
essary, we may assume that deg(G) is odd. Let e bean error pattern of weight wt(e) � t. Let F0 be a divisor of degree t as inTheorem 4.13. The de
oding pro
edure starts withG1 = G and if ne
essary
ontinues with G1 = G + rP1; r = 1; 2; : : : ; g. For r = g 
ondition (4.4)in Theorem 4.13 holds and the basi
 algorithm will yield the error ve
tor.Thus the de
oding pro
edure terminates after at most g repetitions. Forea
h G1 the following two-dimensional syndromes are 
onsideredS0(Fi) : L(Fi)� L(G0 � Fi) �! Fq;S1(Fi) : L(Fi)� L(G1 � Fi) �! Fq;S1(Fi + P1) : L(Fi + P1)� L(G1 � Fi � P1) �! Fq;S2(Fi + P1) : L(Fi + P1)� L(G2 � Fi � P1) �! Fq;where i = r; r+1; : : : ; 2g� 2; for G1 = G+ rP1. All syndromes are 
learly
ompatible. They are restri
tions of a mapS : L(F2g�1)� L(G� F0) �! Fq:



This map has a representation by a square matrix S of size t + g. Toobtain 
ompatible representations for the syndromes we 
hoose the basesfor L(F2g�1) and L(G� F0) as follows. LetL(F0) = hf1; f2; : : : ; fli;L(G� F2g�1) = hg1; g2; : : : ; gmi:And let L(F2g�1) = L(F0) + hfl+1; fl+2; : : : ; ft+gi;L(G� F0) = L(G� F2g�1) + hgm+1; gm+2; : : : ; gt+gi;su
h that ��1(gm+1) < ��1(gm+2) < : : : < ��1(gt+g);��1(fl+1) < ��1(fl+2) < : : : < ��1(ft+g):The fun
tions f 2 K1(F + P1) n K0(F ) and f 2 K(F )� 
orrespond to(partial) relations among the rows of the matrix S. Note that by natureof the pro
edure some entries of S only be
ome known in the 
ourse ofthe pro
edure, but all 
omputations use known entries. Applying Gaus-sian elimination to the matrix S gives the partial relations as intermediateresults. Thus the overall 
omplexity 
an be shown to be not larger thanone appli
ation of the Gaussian elimination algorithm to the matrix S. Forthis, Feng and Rao formulated the Modi�ed Fundamental Iterative Algo-rithm [17℄. The de�nition of the matrix S has 
omplexity O((t + g)2n) ingeneral. The Gaussian elimination has 
omplexity O((t+ g)3) and for theoverall 
omplexity we obtain O(t2n + g2n), whi
h is similar to the basi
algorithm (of 
ourse the 
onstants will be larger).Remark 4.17 (modi�ed algorithm) The 
ondition (4.4) for theappli
ation of the basi
 algorithm holds for r = g and at most g appli
ation-s of the majority s
heme are required. The modi�ed algorithm improveson the basi
 algorithm and we note that the solutions for the modi�edalgorithm are just the partial relations that o

ur as intermediate resultsin the Gaussian elimination. The modi�ed algorithm basi
ally 
laims thatthe �rst partial relation o

urring is error-lo
ating, for t � (d� � 1)=2� s,where s denotes the Cli�ord defe
t. Thus, for r = 2s and after 2s < gappli
ations of the majority s
heme, the modi�ed algorithm applies. In theformulation of the theorem, s = s(E), for E = fG1 � 2Fi � P1 : i � 0g:



4.5 ComparisonWe restri
t to a parti
ular 
lass of AG-
odes and give the proof of the pre-vious se
tions in the notation of [17℄.Let P = fP1; P2; : : : ; Pn; P1g be a set of n + 1 rational points on a non-singular 
urve X =Fq of genus g, for g � 1. We 
onsider an algebrai
geometri
 
ode of type C
(D;G) � Fnq , where D = P1 + P2 + : : :+ Pn andG = mP1. The 
ode has designed minimum distan
e d� = m� 2g + 2. It
an 
orre
t t = b(d� � 1)=2
 errors. We may assume that t > 0 or m > 2g.We may also assume that m is odd. For if m is even we 
an de
ode withrespe
t to the 
ode with G = (m� 1)P1. Let m� denote the dimension ofL(G). Thus m = 2t+ 2g � 1; m� = 2t+ g:Re
all that a number oi is a non-gap for P1 if L(oiP1) 6= L((oi � 1)P1).Then a fun
tion �i 2 L(oiP1) exists with pole order oi at P1. As iswell-known the non-gaps satisfy0 = o1 < o2 < : : : < og < og+1 = 2g;And oi = i+ g � 1; for i � g + 1:The fun
tions �1; �2; : : : ; �m� provide a basis for the spa
e L(G).Let e denote an error ve
tor of weight � � t. We de�ne one-dimensionalsyndromes as sk = nXl=1 el �k(Pl):Also, we de�ne two-dimensional syndromes asSi;j = nXl=1 el �i�j(Pl):For the de
oding, we de�ne the matrix S := (Si;j) 1� i;j� t+g. The matrixhas rank � (we omit the proof, but note that this will not hold in generalfor a smaller matrix; in [2℄ a matrix of size 2t+g is used). As is well-knowna re
urren
e among the syndromes provides an error lo
ator fun
tion. Westate without proof (whi
h follows [3,4℄): If 
olumn j of S is a linear 
om-bination of its previous 
olumns, say with 
oeÆ
ients ai for 1 � i � j � 1,then the error lo
ations are among the zeros of the fun
tion�j � j�1Xi=1 ai �i: (4.10)



Not all syndromes in S are known, as the values of sm�+1; sm�+2; : : : areunknown. Let us assume the syndromes are known up to sm�+w�1 and thatsm�+w is still unknown, for w � 1. We also assume that no fun
tion (4.10)
an be obtained from the known syndromes. Now we want to �nd sm�+w.Let Su;v be a syndrome su
h thatou + ov = om�+w: (4.11)The syndrome 
an be expressed as a linear 
ombination of the sk, fork = 1; 2; : : : ; m�+w, where the 
oeÆ
ient of sm�+w is non-zero. Knowledgeof Su;v will give us sm�+w.With Su;v = (Si;j) 1�i�u;1�j�v, letrank(Su;v�1) = rank(Su�1;v�1) = rank(Su�1;v): (4.12)Then, there exists a unique value for the syndrome Su;v, su
h thatrank(Su;v) = rank(Su�1;v�1): (4.13)A pair (u; v) that satis�es (4.12), but fails (4.13) is 
alled a dis
repan
y ofS. A pair (u; v) satis�es (4.12) if and only if there are no dis
repan
ies a-mong f(i; v)gi<u and f(u; j)gj<v. In parti
ular, any row or 
olumn 
ontainsat most one dis
repan
y. The number of dis
repan
ies equals the rank � ofthe matrix S. All this is straightforward to verify.A syndrome Su;v with (4.11) is 
alled a 
andidate if 
ondition (4.12) is ful-�lled. A 
andidate is 
alled a 
orre
t 
andidate if the 
ondition (4.13) isful�lled. Otherwise it is 
alled an in
orre
t 
andidate. With the knowninformation it is possible to determine if Su;v is a 
andidate, but not if it isa 
orre
t or an in
orre
t 
andidate. On the assumption that a 
andidate is
orre
t its value is uniquely determined.We return to the determination of sm�+w. For this we seperate the knownrows and 
olumns in S from the rows and 
olumns that 
ontain some un-known entries. Let h be maximal su
h that St+g;h = Sh;t+g is known.
S = 0BBBBBBBBBB�

S1;1 : : : S1;h S1;h+1 : : : S1;t+g... ... ... ...Sh;1 : : : Sh;h Sh;h+1 : : : Sh;t+gSh+1;1 : : : Sh+1;h Sh+1;h+1 : : : Sh+1;t+g... ... ... ...St+g;1 : : : St+g;h St+g;h+1 : : : St+g;t+g
1CCCCCCCCCCA :



Let the number of known dis
repan
ies in S be divided over the four partsas follows. 0BBBBBBBBBB�
: : : : : :... d0 ... ... d1 ...: : : : : :: : : : : :... d1 ... ... d2 ...: : : : : :

1CCCCCCCCCCA :The assumption that St+g;h+1 is unknown yieldsot+g + oh+1 � om�+w: (4.14)We look for the number N of (u; v) with (4.11) and ou; ov � ot+g. Inparti
ulart + w = om�+w � ot+g � ou; ov � ot+g = t+ 2g � 1:To every ou 
orresponds an ov su
h that (4.11) if om�+w � ou is a non-gap.Thus N � # non-gaps in ft+ w; : : : ; t+ 2g � 1g +� # gaps in ft+ w; : : : ; t+ 2g � 1g;� 2# non-gaps in ft+ w; : : : ; t+ 2g � 1g � (2g � w);� 2(t+ g � h)� (2g � w) = 2t� 2h+ w;where we used (4.14).Next, we 
onsider the total number of 
andidates (
orre
t + in
orre
t).With the remarks following (4.12,4.13) we look for those (u; v) that haveno dis
repan
y in their row or 
olumn. Thus we obtain as a lower boundT + F � 2t� 2h+ w � 2d1 � 2d2: (4.15)An in
orre
t 
andidate is itself a dis
repan
y and the number of in
orre
t
andidates F is bounded byF � � � d0 � 2d1 � d2: (4.16)The assumption that the known 
olumns are independent yieldsh = d0 + d1: (4.17)Combination of (4.16), (4.17) and (4.15) gives2F � 2t� 2h� 2d1 � 2d2 � T + F � w:



And T � F +w. With the assumption that all 
andidates are 
orre
t theirvalues 
an be determined a

ording to (4.13). All 
orre
t 
andidates givethe true value and by the obtained inequality this value will o

ur the mostoften among the values given by all 
andidates (
orre
t and in
orre
t). Theidea on whi
h the above pro
edure is based is presented in [17℄. The pa-per 
ontains a s
heme for the 
omputations and a 
omplete example. The
onstru
tion of the example is given in the next se
tion. In the previousse
tions, the relation to 
oset de
oding is emphasized and a generalisationto all algebrai
 geometri
 
odes is formulated.The square matrix S that we use has size t + g, while the matrix S o
-
urring in [17℄ has size 2t + g. We obtain a majority with the 
andidatesfrom a smaller matrix with the assumption (4.17). Also, the variables hand d0; d1 and d2 were introdu
ed to shorten the 
ounting argument thatleads to the inequality T > F and to avoid having to 
onsider spe
ial 
ases.The notions 
andidates, 
orre
t 
andidates and in
orre
t 
andidates areintrodu
ed in [17℄. They 
orrespond with the sets IA; IB and I�B in theprevious se
tion. In parti
ular, the inequalities to be proved are T > Fand #IB > #I�B respe
tively. The notion of dis
repen
y is more 
ommonlyused and is very mu
h related to the way the 
omputations are 
arriedout. The pre
ense of a dis
repan
y in a row or 
olumn means that it islinearly independent of its previous rows or 
olumns respe
tively. In thisse
tion, the numbers of dis
repan
ies d0; d1 and d2 o

ur in the two in-equalities (4.15) and (4.16). In the �nal inequality T > F they disappear,that is they appear in the irrelevant middle term. The use of dis
repan
iesis avoided in the general proof of the previous se
tion, where instead the
onditions (C1) and (C2) are used. These, to the 
ontrary, imply that a
ertain row or 
olumn does depend linearly on its previous rows or 
olumnsrespe
tively. There, the inequality IC > I�C is proved. Again, it is irrelevanton its own, but it implies the required IB > I�B.Finally, the matrix S is symmetri
, while the matrix S o

urring in Remark4.16 is not symmetri
 in general. In the spe
ial 
ase that it is symmetri
,we have G1 � F2g�1 = Fr in the proof of Theorem 4.13. In parti
ular, theinequality l(G1 � F2g�1 � Pe) � r 
an be repla
ed with l(G1 � F2g�1 �Pe) = 0. And, the obtained inequality IB � I�B + 1 
an be sharpened toIB � I�B + 1 + r, for r � 0. This 
orresponds indeed with T � F + w, forw � 1, that was proved as a spe
ial 
ase in this se
tion.



4.6 ExampleRe
all the situation of Lemma 2.24. The error patterns e1 and e2 are inthe same 
oset. It is assumed that their supports are disjoint and that thesum of their weights equals the designed minimum distan
e of the 
ode. Inthis situation, the obvious in
lusion L(F � Q1) + L(F � Q2) � K(F ) isin fa
t an equality. In the same situation, the inequalities in the majoritys
heme 
an be proved to be sharp. We present results for this spe
ial 
aseand give two expli
it examples.Notation 4.18 Let the majority s
heme in Theorem 4.13 be appliedwith the following: r = 0 and thus deg(G1) = 2g + 2t� 1. The divisor F0is of degree t and Fi = F0 + iP1, for i = 0; 1; : : : ; 2g � 1. The majoritys
heme is applied when (4.3) and (4.4) fail, and we may assumeL(G1 � F2g�1 � Pe) = 0; (4.18)L(F0 � Pe) = 0: (4.19)Also, we 
onsider the situation of Notation 2.19. To distinguish betweenthe 
ases e = e1 and e = e2, we write (C1,e1), if 
ondition (C1) holds withe = e1. Similarly, with the other 
onditions. The sets IB; I�B; IC and I�C inthe theorem are indexed with 1 or 2, for the ve
tors e1 and e2 respe
tively.Note that the set IA is the same for both ve
tors.Lemma 4.19 With the notation as above, the following equivalen
eshold: (C1,e1) , : (C2,e2)(C2,e1) , : (C1,e2)Proof. By duality, it suÆ
es to prove the �rst equivalen
e, andl(F + P1 �Q1)� l(F �Q1) ++ l(G1 � F �Q2)� l(G1 � F � P1 �Q2)= l(F + P1 �Q1)� l(F �Q1) ++ l(K +Q1 � F )� l(K +Q1 � F � P1) = 1:The 
laim follows.Corollary 4.20 We have IC;1 = I�C;2 and I�C;1 = IC;2.Proposition 4.21 In the situation of Notation 4.18, the set IA has apartition IA = IC;1 [ IC;2. Also, the in
lusions IC � IB and I�B � I�C , thato

ur in the proof of Theorem 4.13, are in fa
t equalities, for both e = e1and e = e2.



Proof. By de�nition, we have partitionsIA = IB;1 [ I�B;1; IA = IB;2 [ I�B;2:Also, we have the obvious in
lusionsIC;1 [ IC;2 � IB;1 [ IB;2 � IA:To prove the 
laims, it suÆ
es to proveIA � IC;1 [ IC;2; (4.20)and IB;1 \ IB;2 = ;: (4.21)For (4.20), we use Lemma 2.24, and K1(F ) = L(F�Q1)+L(F�Q2). Thus,(A1), or K1(F+P1) 6= K1(F ), implies that either (C1,e1) or (C1,e2) holds.Similarly (A2,A3), or K1((G1�F ) 6= K1(G1�F �P1), implies that either(C2,e1) or (C2,e2) holds. Here, we use Remark 4.8. Now use Lemma 4.19.For (4.21), we use Lemma 4.9 and Corollary 4.4. With F = Fi, for i 2IB;1 \ IB;2, a 
ombination of the lemma and the 
orollary yields a ve
tor y,y 2 e1 + C
(D;G1 + P1) \ e2 + C
(D;G1 + P1) = ;;a 
ontradi
tion.In the terms of the previous se
tion, the 
andidates split into two 
lasses.The 
andidates yield a new syndrome, either for the 
oset e1+C
(D;G1+P1) or for the 
oset e2 + C
(D;G1 + P1). To prove this, we use thenotation of Se
tion 4.3. Knowing that the 
andidates split into two 
lasses,the 
ardinalities of the two 
lasses 
an be made pre
ise in either of the twonotations.Lemma 4.22 For the 
ardinalities we have#IC;1 + wt(e1) = #IC;2 + wt(e2):In the subsequent steps of the majority s
heme, the set IA of 
ondidates will
onsist of one 
lass of 
orre
t 
andidates.Proof. By Lemma 4.19, IC1;1nIC;1 = IC1;2nIC;2; and #IC;1�#IC;2 =#IC1;1 �#IC1;2: But,#IC1;1 = l(F2g�1 �Q1)� l(F0 �Q1);#IC1;2 = l(F2g�1 �Q2)� l(F0 �Q2):



Also, i(F2g�1 �Q1) = l(G1 � F2g�1 �Q2);i(F2g�1 �Q2) = l(G1 � F2g�1 �Q1):With the assumptions (4.18) and (4.19), we obtain#IC1;1 �#IC1;2 = deg(F2g�1 �Q1)� deg(F2g�1 �Q2):Let (A) hold in step j, for some j � 2. Thus, Kj(F + P1) 6= Kj(F ), anda fortiori K2(F + P1) 6= K2(F ) and K1(F + P1) 6= K1(F ). By the latterinequality, either (C1,e1) or (C1,e2) holds. The 
andidate will be 
orre
tfor e1, if (C1,e1) holds, and we are done. If (C1,e1) fails, we have (C,e2).This in turn implies that (B,e1) fails, 
ontradi
ting the former inequality.The proof is 
onsiderably shorter in the other notation. Let T; F and � beindexed by 1 and 2, for the ve
tors e1 and e2 respe
tively.Lemma 4.23 For the 
ardinalities we haveT1 + �1 = T2 + �2:After one appli
ation of the majority s
heme, all dis
repan
ies are known.The inequalities (4.15) and (4.16) are sharp in the situation of Notation2.19.Proof. The partition in Proposition 4.21 implies that T1 = F2 andT2 = F1. Combination of (4.16) and (4.15), for w = 1, yields�1 + �2 � 2d0 � 4d1 � 2d2 � F1 + F2 � 2t� 2h+ 1� 2d1 � 2d2:With h as in (4.17)), we have equalities, and the 
laims follow immediately.Remark 4.24 Let X : Y 4Z + Y Z4 = X5 denote the Hermite 
urveof degree �ve over the �eld GF (16). The 
urve 
ontains 64 �nite rationalpoints, with Z 6= 0, and a point P1 = (0 : 1 : 0) at in�nity. With Dthe sum of the �nite rational points and G1 = 23P1, we de�ne the 
odeC = C
(D;G�1). It is of type [64; 46; 13℄. The words x of minimumweighthave support Px � 13P1. Let l1; l2 and l3 be three lines with interse
tiondivisors L1; L2 and L3:L1 = P1 + P2 + P3 + P4 + P5;L2 = P6 + P7 + P8 + P9 + P1;L3 = P10 + P11 + P12 + P13 + P1; (4.22)



su
h that jfP1; P2; : : : ; P13gj = 13. Let x be a 
odeword with supportQx = P1 + P2 + : : :+ P13, sayx = (
1; 
2; : : : ; 
12; 
13; 0; 0; : : : ; 0; 0): (4.23)The lines l1; l2 and l3 and the word x indeed exist. For example, the linesl1 : X = Y; l2 : X = Z and l3 : X = a3Z give the wordx = (a12; a4; a7; a8; a9; a9; a5; a12; a11; a4; a7; a6; 1; 0; 0; : : : ; 0; 0);where a 2 GF (16) satis�es a4 + a+ 1 = 0.We use the 
odeword x in (4.23) to illustrate the majority s
heme in thesituation of Notation 2.19.Example 4.25 Lete1 = (0; 0; 0; 
4; 
5; 
6; 
7; 
8; 
9; 0; 0; 0; 0; 0; 0; : : : ; 0; 0);e2 = (
1; 
2; 
3; 0; 0; 0; 0; 0; 0; 
10; 
11; 
12; 
13; 0; 0; : : : ; 0; 0):Thus, e1 is the 
oset leader and e2 2 e1 2 C
(D; 23P1). The table on topof page 62 yields the 
andidates and their partition. A plus sign indi
atesthat a 
ondition holds. In 
ase it fails, we put a minus sign, unless thefailure is due to a gap of the form L(F +P1) = L(F ), in whi
h 
ase we puta g. The matrix below is given in the notation of [17℄. The positions of thedis
repan
ies (marked �) mat
hes the table on top, but slightly di�erentpositions may also o

ur.The following example was suggested to G.L.Feng for in
lusion in [17℄, asit shows the short
omings of the modi�ed algorithm and the fruitful useof the majority s
heme. In their paper, the example is worked out for theve
tor x that is given expli
itly in the remark.Example 4.26 Lete1 = (
1; 
2; 
3; 
4; 
5; 
6; 0; 0; 0; 0; 0; 0; 0; 0; 0; : : : ; 0; 0);e2 = (0; 0; 0; 0; 0; 0; 
7; 
8; 
9; 
10; 
11; 
12; 
13; 0; 0; : : : ; 0; 0);Thus, e1 is the 
oset leader and e2 2 e1 2 C
(D; 23P1). The di�eren
ebetween the number of 
orre
t and in
orre
t 
andidates is again one, butthe total number of 
andidates has 
hanged. Re
all that the modi�edalgorithm yields as output the �rst re
urren
e among 
olumns that holdsfor the known syndromes.Thus, it yields the fun
tion of pole order 8 that
orresponds with the fourth 
olumn. But, this fun
tion lo
ates the positionsof e2 and the modi�ed algorithm fails to lo
ate the error positions of e1.



(Example 4.25) e1 e2i (C1) (C2) T=F (C1) (C2) T=F0 g + g +1 � + � +2 + � + �3 � + � +4 g + g +5 + + T � � F6 + g + g7 + � + �8 � + � +9 + � + �10 + g + gIA = f5g; IA = f5g;IB;1 = IC;1 = f5g; IB;2 = IC;2 = ;;I�B;1 = I�C;1 = ;; I�B;2 = I�C;2 = f5g:
0 4 5 8 9 10 12 13 14 15 16 170 � 0 0 0 0 0 0 0 0 0 0 04 s � 0 0 0 0 0 0 0 0 0 05 s s 0 0 0 0 0 0 0 � 0 08 s s 0 � 0 0 0 0 0 s � #9 s s 0 s 0 0 0 0 0 � # #10 s s 0 s 0 � 0 0 � # # #12 s s 0 s 0 s �7 # # # # #13 s s 0 s 0 s # # # # # #14 s s 0 s 0 � # # # # # #15 s s � s � # # # # # # #16 s s s � # # # # # # # #17 s s s # # # # # # # # #�7 : e1 + C
(D; 24P1):



(Example 4.26) e1 e2i (C1) (C2) T=F (C1) (C2) T=F0 g + g +1 � � F + + T2 + + T � � F3 + + T � � F4 g + g +5 � � F + + T6 + g + g7 + + T � � F8 + + T � � F9 � � F + + T10 + g + gIA = f1; 2; 3; 5; 7; 8; 9g; IA = f1; 2; 3; 5; 7; 8; 9g;IB;1 = IC;1 = f2; 3; 7; 8g; IB;2 = IC;2 = f1; 5; 9g;I�B;1 = I�C;1 = f1; 5; 9g; I�B;2 = I�C;2 = f2; 3; 7; 8g:
0 4 5 8 9 10 12 13 14 15 16 170 � 0 0 0 0 0 0 0 0 0 0 04 s � 0 0 0 0 0 0 0 0 0 05 s s � 0 0 0 0 0 0 0 0 08 s s s 0 0 0 0 0 0 0 �11 #9 s s s 0 0 0 0 0 0 �10 # #10 s s s 0 0 0 0 0 �9 # # #12 s s s 0 0 0 �7 # # # # #13 s s s 0 0 0 # # # # # #14 s s s 0 0 �6 # # # # # #15 s s s 0 �5 # # # # # # #16 s s s �4 # # # # # # # #17 s s s # # # # # # # # #�5;�6;�9;�10 : e1 + C
(D; 24P1);�4;�7;�11 : e2 + C
(D; 24P1):
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Chapter 5The BCH-bound and beyond
5.1 NotationIn this 
hapter we suggest a general format for error-lo
ating pairs that isbased on the Roos-bound. In the next 
hapter two di�erent formats arepresented. Chapter 7 gives pairs to de
ode all but four binary 
y
li
 
odesof length less than 63 up to their a
tual 
apability.A 
y
li
 
ode C � IFn is usually identi�ed with an ideal in the ringIF [x℄=(xn � 1) generated by a polynomial g(x), whi
h divides xn � 1. A
odeword 
 = (
0; 
1; : : : ; 
n�1) 2 C is interpreted as a polynomial by therelation 
(x) = 
0 + 
1x1 + : : :+ 
n�1xn�1; with g(x)j
(x):The 
ode is determined by the zeros of g(x). We assume (
har IF; n) = 1, sothat xn�1 has n di�erent zeros. Let the extension IF of IF 
ontain the n-throots of unity and let � 2 IF be a primitive n-th root of unity. Let mi(x) bethe minimal polynomial of �i over IF. If g(x) equals l
mfmi(x) : �i 2 Rgthen we 
all R a de�ning set for C. If R is the maximal de�ning set forC we 
all R 
omplete. By abuse of standard notation we will des
ribe thede�ning set by the exponents o

urring in R. With R = fi1; i2; : : : ; ilg thematrix M(R) = 0BBBB� (�i1)0 (�i1)1 : : : (�i1)n�1(�i2)0 (�i2)1 : : : (�i2)n�1... ... . . . ...(�il)0 (�il)1 : : : (�il)n�1 1CCCCAis a parity-
he
k matrix for a 
ode C � IFn. The 
ode C is obtained as thesub�eld sub
ode of C, that means C = C \ IFn.De�nition 5.1 Let R be a de�ning set of a 
y
li
 
ode C=IF. C isthen de�ned as C = f
 2 IFn :M(R)
T = 0g:67



We also like to refer to a matrixM(R) as a generator matrix to des
ribe the
odes U and V in an error-lo
ating pair (U; V ). To distinguish between theuse of M(R) as a parity-
he
k matrix or as a generator matrix, we 
all Ra de�ning set in the former 
ase and a generating set in the latter 
ase. Asit will be seen the notion of generating sets is very 
onvenient to des
ribeerror-lo
ating pairs for 
y
li
 
odes.De�nition 5.2 Let I be a generating set of a 
y
li
 
ode U=IF. U isthen de�ned as U = fu 2 IFn : u = �M(I); � 2 IF jIjg:In the following, generating sets for the 
odes U and V will be denotedby I and J respe
tively. We stress that both 
odes are de�ned over thelarge �eld IF. Thus, their dimensions follow immediately as k(U) = jIj andk(V ) = jJ j. Let I = fi1; : : : ; ilg, where i1 < : : : < il. We de�neI = fi1; i1 + 1; : : : ; il � 1; ilg:The following reformulation of the BCH-bound is obvious.Lemma 5.3 The minimum distan
e of a 
y
li
 
ode of length n withgenerating set I is bounded below byd � n� jIj+ 1:We will freely use the following observations. Leta(i) = (1; �i; �2i; : : : ; �(n�1)i):We have a(i) ? a(j) , i+ j 6� 0 (mod n):Let b + 
R = fb + 
 i (mod n) : i 2 Rg. The 
odes with de�ning setsR and b + 
R are equivalent, for (
; n) = 1. Also let I + J = fi + j(mod n) : i 2 I; j 2 Jg: Let U; V and W be 
y
li
 
odes with generatingsets I; J and I + J respe
tively. Then U � V is a subset of W .5.2 De
oding BCH-
odesTheorem 1.2 provides a way to 
onstru
t a de
oding algorithm for a par-ti
ular linear 
ode. The bottle-ne
k in the 
onstru
tion is the sear
h foran error-
orre
ting pair (U; V ). As we shall see, there exists an obvious
hoi
e whi
h enables us to de
ode up to the BCH-bound. We 
an do betterhowever by using a 
orresponden
e between the pair of 
odes (U; V ) andthe pair of de�ning sets (A;B) in the lemma below.



Lemma 5.4 (Roos-bound, [31, Theorem 3℄) If A is a de�ning setfor a 
y
li
 
ode with minimum distan
e dA and if the set B is su
h thatjBj � jBj + dA � 2; then the 
ode with de�ning set A + B has minimumdistan
e d � jBj+ dA � 1:Proof. After repla
ing A and B by sets of zeros see [31℄.Corollary 5.5 Let 
1 and 
2 satisfy (
1; n) = (
2; n) = 1. In thelemma, the same bound on the distan
e holds for a 
ode with de�ning set
1A+ 
2B.Proof. First it is immediate from the proof in [31℄ that the 
onstantsplay no essential role and 
an be taken equal to one. Also, we may restri
tto the 
ase 
2 = 1 by passing to an equivalent 
ode. The lemma 
an nowbe applied with the sets 
1A and B.Theorem 5.6 Let s < t. Let the generating sets I; J and K satisfyjIj = t+ 1;jJ j = t� s; jJ j = t� s;jKj = s+ 1; jKj � t:Let (
1; n) = (
2; n) = (
3; n) = 1. Then the 
ode C=IF with de�ning setR = b + 
1I + 
2J + 
3K has a t-error-lo
ating pair (U; V ), where U=IFis de�ned by the generating set b + 
1I and V=IF by the generating set
2J + 
3K. For the distan
e of the 
ode C we havejIj � 2t ) d(C) � 2t+ 1:The pair (U; V ) is t-error-
orre
ting wheneverjIj � d(C):Proof. The veri�
ation of 
onditions (1.1) and (1.2) is straightforward.The distan
e d(V ?) 
an be estimated with the lemma. We use it withA = J; dA = t� s+ 1 andB = K; jBj � (s+ 1) + (t� s+ 1)� 2;and apply the 
orollary. It follows that d(V ?) � (s+1)+(t�s+1)�1 = t+1and (1.3) holds. The distan
e d(C) follows with another appli
ation of thelemma, this time withA = 
2J + 
3K; dA � t+ 1 andB = b
�11 + I; jBj � (t+ 1) + (t+ 1)� 2:Using the 
orollary, d(C) � (t + 1) + (t + 1) � 1 = 2t + 1. For the laststatement, 
ombination of d(U) � n�jI j+1 (Lemma 5.3) and d(C) > jIj�1yields 
ondition (1.11).



Example 5.7 (Example 1 [19℄) Let C be the binary 
y
li
 
ode oftype [39; 15℄ de�ned by R � f1; 3g. In parti
ularR � f1; 2; 3; 4; 5; 6; 8; 9; 10; 11; 12g:The BCH-bound yields d � 7 (the Hartmann-Tzeng bound or the Roosbound do not improve on this). The a
tual distan
e equals 10 ([39℄,[31℄).In the theorem we may 
hoose I = f1; 2; 3; 8; 9g; J = f0; 1; 2; 3g; K = f0gwith t = 4 and s = 0. Sin
e jIj > 2t, the theorem does not yield a betterestimate for the distan
e d(C). Using the knowledge that the distan
eis equal to 10, it yields that the 4-error-lo
ating pair (U; V ) is a
tually4-error-
orre
ting. The 
ode C 
orresponds to entry 45 in Table 1.A pro
edure to de
ode up to the Hartmann-Tzeng bound and in some
ases up to the Roos bound is presented in [18℄. We re
all the two bounds,following [18℄, and show that the pro
edure is a spe
ial 
ase of Theorem5.6. Let the de�ning set for a 
y
li
 
ode C 
ontain b + 
1I� + 
2J�, withI� = f1; 2; : : : ; d0 � 1g and J� = fj1; j2; : : : ; js+1g, for j1 < j2 < : : : < js+1and js+1 � j1 � s < d0 � 1. Also, let (
1; n) = (
2; n) = 1. Thend(C) � dRoos = d0 + s:The bound is a spe
ial 
ase of Lemma 5.4. With the further restri
tionss+ 1 � d0 � 1; (5.1)js+1 � j1 < (d0 + s� 1)=2: (5.2)the pro
edure in [18℄ de
odes up to dRoos. Note that the Hartmann-Tzengbound 
orresponds to jh = h; h = 1; 2; : : : ; s + 1 and in this 
ase the re-stri
tions 
an always be ful�lled.Corollary 5.8 (Theorem 4 and Theorem 5 [18℄) In de
oding up tothe Roos-bound, we may assume that s is su
h that dRoos is odd and wewrite d0 + s = 2t+ 1. Let the generating sets I; J;K be de�ned asI = f0; 1; 2; : : : ; tg;J = f1; 2; : : : ; t� sg;K = fj1; j2; : : : ; js+1g:The 
ode C with de�ning set R = b + 
1I + 
1J + 
2K has distan
ed(C) � 2t + 1. A t-error-
orre
ting pair is given by (U; V ), where U hasgenerating set b+ 
1I and V has generating set 
1J + 
2K.Proof. The restri
tion (5.1) 
an be written as s < t. In parti
ular theset J is well-de�ned. The restri
tion (5.2) yields jKj � 1 < t. Thus all
onditions of the theorem are ful�lled.



5.3 Re
urren
esSome error-lo
ating pairs in Theorem 5.6 do not satisfy the 
ondition jIj �d(C). In that 
ase an error-lo
ating word u 2 U is obtained but it is notimmediately 
lear whether the error values are uniquely determined or not.To investigate this we useLemma 5.9 Let the ve
tor e have support in a set A and let R 
ontainjAj 
onse
utive integers. Let the syndromesSi = he; a(i)i; i 2 R; (5.3)be known. Then the set of equations (5.3) determines e uniquely.Proof. By the BCH-bound the di�eren
e of two solutions for e hasweight at least jAj + 1 or zero. Hen
e, a solution with support in A isunique. An eÆ
ient way to solve for e is given by Forney's algorithm [39,p.297℄.Re
all from the 
omputational s
heme that in solving (1.4) for u 2 U n0 wea
tually �nd a ve
tor � solving the key equation (1.6). With I = fi1; : : : ; ilgas generating set for U the generator matrix of U is given by GU =M(I).We are in the situation of Example 1.8 and for � = (�i1 ; : : : ; �il) we haveu = �GU = Ev(�) for the polynomial� = �ilX il + : : :+ �i2X i2 + �i1X i1: (5.4)Having found an error-lo
ating polynomial �, the zeros of u are obtainedas the zeros of � by e.g. a Chien sear
h. We denote this set with A. Thefollowing lemma provides a method to obtain a 
onse
utive syndrome setof size jAj.Lemma 5.10 Let the polynomial � (5.4) have the support of e amongits zeros. Then �ilSil+j + : : :+ �i2Si2+j + �i1Si1+j = 0; (5.5)for all integers j.Proof. �ilSil+j + : : :+ �i1Si1+j= h e ; �ila(il + j) + : : :+ �i1a(i1 + j) i= h e ; (�ila(il) + : : :+ �i1a(i1)) � a(j) i= h e ; u � a(j) i = h e � u ; a(j) i = 0:



Example 5.11 We 
onsider the binary 
y
li
 
ode C of type [45; 15℄with R � f1; 3; 7; 15g. It 
orresponds to entry 84 in Table 1. We haveR � f1; 2; 3; 4; 11; 12; 13; 14; 15; 16; 17; 28; 29; 30; 31g:The BCH-bound gives d � 8, while the a
tual distan
e d = 9 and fourerrors 
an be 
orre
ted. The 
hoi
eI = f1; 11; 12; 13; 14g; J = f0; 1; 2; 3g;de�nes an error-lo
ating pair (U; V ) by Theorem 5.6. We 
an therefore
ompute � = �14X14 + �13X13 + �12X12 + �11X11 + �1X;su
h that the error positions are zeros of �. We may assume that there arefour errors and therefore that �1 6= 0. Using (5.5) with j = 17 we �nd S18.The syndrome S5 is then obtained with j = 4. By then S1; S2; : : : ; S20 areall known and Lemma 5.9 applies.Remark 5.12 When using re
urren
es of type (5.5) we need to knowwhi
h syndromes have a nonzero 
oeÆ
ient. In general there 
an be zero
oeÆ
ients and these 
ases have to be treated separately. As in the exam-ple, one may be able to show that some 
oeÆ
ients 
annot be zero. Thepro
edure is des
ribed in [19℄, but there zero 
oeÆ
ients are not 
onsidered.Thus, the pro
edure as des
ribed in [19℄ may fail for the entries 17,84 and121 in Table 1.Example 5.13 We 
onsider the 
ode C of Example 5.11. The pro-
edure in [19℄ 
orresponds to the 
hoi
esI = f11; 12; 13; 14; 28g; J = f0; 1; 2; 3g:This de�nes an error-lo
ating pair. In the 
ase of four errors there willbe a unique error-lo
ating polynomial. The polynomial X28 � X13 has�fteen zeros among the 45-th roots of unity. The zeros support a two-dimensional sub
ode of C and the error values are not uniquely determinedfrom the error positions. In fa
t, the unknown syndromes fS5; S10; S20; S40;S35; S25g 
annot be obtained from the known syndromes with a re
urren
eS15+j = Sj.5.4 Corre
ting more errorsTheorem 5.6 gives an error-
orre
ting pair (U; V ) to 
orre
t errors up tothe BCH-bound and in some 
ases beyond. To a
hieve the error-
orre
tion
apability of some 
y
li
 
odes we re
all a well-known 'tri
k'. Consideringbinary 
y
li
 
odes, S0 has value either 0 or 1.



Remark 5.14 Let the binary 
y
li
 
ode C have distan
e d(C) �2t+1. A t-error-
orre
ting algorithm for the even weight sub
ode be
omesa t-error-
orre
ting algorithm for the 
ode itself when used twi
e with twodi�erent values of S0.Example 5.15 We 
onsider the 
y
li
 
ode of length 33 with de�ningset R = f1; 3g. The 
omplete de�ning set 
ontains the set f�4;�3;�2;�1;1; 2; 3; 4g. The a
tual distan
e is equal to 10 and the even weight sub
ode
an be de
oded up to this distan
e with the pair (U; V ) de�ned with gen-erating sets I = f0; 1; 2; 3; 4g and J = f�3;�2;�1; 0g.Feng and Tzeng [18℄ showed how the tri
k 
an be applied with redu
ed
omplexity. We re
all brie
y their argument applied to error-
orre
tingpairs. In many 
ases we �nd error-
orre
ting pairs, su
h that S0 o

ursjust on
e in the key matrix S(y) (1.6). Without loss of generality we 
anassume that S0 o

urs in the last 
olumn. Let t be the maximal number oferrors that we want to de
ode. If less than t errors have o

urred we 
an�nd an error-lo
ating polynomial � from the leftmost 
olumns, i.e. withvanishing 
oeÆ
ient at the last 
olumn. We only need to know S0 if we
annot �nd su
h a solution. But then by assumption pre
isely t errors haveo

urred whi
h means S0 is equal to t (mod 2).Example 5.16 We 
onsider the [31; 16; 7℄ binary 
y
li
 
ode withde�ning set R = f1; 5; 7g. An error-
orre
ting pair is des
ribed by gen-erator matri
es GV = M(f1; 2; 0g) and GU = M(f7; 8; 18; 0g). The keyequation is then given by0B� S8 S9 S19 S1S9 S10 S20 S2S7 S8 S18 S0 1CA0BBB� �7�8�18�0 1CCCA = 0:If less than 3 errors o

urred, we will �nd a ve
tor � with �0 = 0 whi
hlo
ates the error positions. If we 
annot �nd su
h a ve
tor we assume threeerrors to have o

urred and this means S0 is equal to 1. So whenever S0is needed in order to 
al
ulate the error-lo
ator polynomial, we know itsvalue.





Chapter 6Pairs from MDS-
odes
6.1 A 
lass of MDS-
odesIn this se
tion we assume that the �eld IF is �nite of order q. Also let(n; q) = 1. As in the previous se
tion, let IF � IF 
ontain the n-th roots ofunity.Theorem 6.1 Let C and A denote two 
y
li
 
odes over IF of lengthn. Let their de�ning sets be given byRC = f1; ql; q2l; : : : ; qrlg; and RA = f1; ql; q2l; : : : ; qslg;for l; r; s > 0 with r < s. Thend(C) = minf jRCj+ 1; d(A) g:In parti
ular the 
ode C is MDS for jRC j < d(A).Proof. Clearly d(C) � jRC j + 1 by the Singleton bound. It suÆ
esto prove for a word 
 2 C of weight wt(
) � jRC j that 
 2 A. The
olumns in M(RC) 
orresponding to the support of 
 are dependent. Thusthe submatrix of M(RC) formed by these 
olumns has row-rank less thanjRC j. The submatrix of M(RA) formed by 
olumns at the support of 
has a linear relation among its top jRC j rows. Taking 
oeÆ
ients and rowsto the power ql yields a relation on lower rows and it is seen that the twosubmatri
es have the same row-spa
e.Remark 6.2 The 
on
lusion and the proof of the theorem remain thesame when zero is added to the de�ning sets RC and RAExample 6.3 The 
ode C over IF = GF (211) of length n = 23 withde�ning set RC = f0; 1; 4; : : : ; 4rg is MDS for r � 5.75



6.2 Constru
tion of pairsFor a t-error-
orre
ting BCH-
ode C with de�ning set R � f1; 2; : : : ; 2tg,we have by Theorem 5.6 a t-error-
orre
ting pair (U; V ). The 
odes U andV have generating sets I = f0; 1; : : : ; tg and J = f1; 2; : : : ; tg respe
tively.More generally, we haveProposition 6.4 Let the 
odes U and V be MDS of dimension k(U) =t + 1 and k(V ) = t respe
tively. A 
ode C with C ? U � V has distan
ed(C) � 2t+ 1. Moreover it has the t-error-
orre
ting pair (U; V ).Proof. Let 
 2 C have support of weight w. For t + 1 < w < 2t + 1,Theorem 5 in [31℄ yields w � (t+1)+t, a 
ontradi
tion. For 0 < w � t+1, ityields w � w+1, again a 
ontradi
tion. Thus d(C) � 2t+1. The 
onditions(1.1){(1.3) and (1.11) for an error-
orre
ting pair follow immediately.Remark 6.5 In 
ase the 
ode U is not MDS, but otherwise the 
on-ditions on U and V are satis�ed, the pair (U; V ) in the lemma is stillt-error-lo
ating for a 
ode C with C ? U � V .We give two appli
ations of MDS 
odes obtained with Theorem 6.1. Inboth 
ases, U and V are 
hosen su
h that the 
ondition C ? U �V leads toa small de�ning set for C. Furthermore the key-equation (1.6) 
an be solvedwith 
omplexity O(t2) in both 
ases. Here the 
omplexity is estimated bythe number of required multipli
ations in the �eld IF.Theorem 6.6 (�rst 
onjuga
y format) Let the 
odes U=IF and V=IFhave generating sets I = f1; ql; q2l; : : : ; qtlg and J = f0; ql; q2l; : : : ; q(t�1)lg,for t � 2. Let t = tl be maximal su
h that both U and V are MDS ofdimension k(U) = t + 1 and k(V ) = t respe
tively. For 2 � t � tl, a 
odeC=IF with RC � f1; 2; ql + 1; q2l + 1; : : : ; q(t�1)l + 1ghas the t-error-
orre
ting pair (U; V ). The key equation (1.6) 
an be solvedwith 
omplexity O(t2).Proof. The value of tl 
an be obtained with Theorem 6.1. The 
ompletede�ning set R for C satis�es R � I + J and thus C ? U � V . We may useProposition 6.4. For the solving of the key equation see Se
tion 6.3.Theorem 6.7 (se
ond 
onjuga
y format) Let the 
odes U=IF and V=IFhave generating sets I = f0; 1; q2l; q4l; : : : ; q(2t�2)lg and J = f0; ql; q3l; : : : ;q(2t�3)lg, for t � 2. Let t = tl be maximal su
h that both U and V are MDSof dimension k(U) = t + 1 and k(V ) = t respe
tively. For 2 � t � tl, a
ode C=IF with RC � f0; 1; ql + 1; q3l + 1; : : : ; q(2t�3)l + 1g



has the t-error-
orre
ting pair (U; V ). The key equation (1.6) 
an be solvedwith 
omplexity O(t2).Proof. As in Theorem 6.6.Example 6.8 We 
onsider 
odes of length n = 23 over GF (211). LetU and V be as in Theorem 6.7 with q = 2; l = 1; t = 3, or I = f0; 1; 4; 16gand J = f0; 2; 8g. By Example 6.3, both U and V are MDS and we havefound a 3-error-
orre
ting pair for the even weight sub
ode C of the binaryGolay 
ode, sin
e RC � f0; 1; 3; 9g.Lemma 6.9 (re
urren
es) If a pair (U; V ) is t-error-lo
ating andthe generating sets I and J are of a 
onjuga
y format, then the syndromesSi = he; a(i)i 
an be determined fori = qsl + 1; for s � 1; �rst format (Theorem 6.6):i = q(2s�1)l + 1 for s � 1; se
ond format (Theorem 6.7):Proof. The 
ase s < t is obvious. For s � t we use indu
tion. For bothformats we may assume that the error-lo
ating word u 2 U has non-zero
oordinate �1 at a(1). We have, for the �rst format,0 = he � u; a(qsl)i= he;u � a(qsl)i= �1he; a(qsl + 1)i+ known terms:Similarly for the se
ond format.Example 6.10 We 
onsider 
odes of length n = 39 over GF (212). LetU and V be as in Theorem 6.6 with q = 2; l = 1; t = 4, or I = f1; 2; 4; 8; 16gand J = f0; 2; 4; 8g. The 
ode V is MDS and we have found a 4-error-lo
ating pair for the binary 
ode C with RC � f1; 3; 5; 9g. It is of type[39; 15; 10℄. By the lemma, we 
an determine syndromes 
orresponding tothe 
he
ks 17 and 65 � 26 (mod 39) and the error values 
an be deter-mined by Lemma 5.9.6.3 Fundamental iterative algorithmIn their paper [18℄, Feng and Tzeng proposed a fundamental iterative algo-rithm (FIA). For a matrix A, it gives the minimal set of dependent leading
olumns. It basi
ally solves an arbitrary homogeneous system of linear e-quations and 
ontains the Berlekamp-Massey algorithm as a spe
ial 
ase.The algorithm is not required to make our de
oding pro
edure work but itseems to be a key algorithm in treating 
omplexity aspe
ts.



We re
all it in a form that allows us to 
omplete the proof of Theorem6.6 and Theorem 6.7. Whenever it is ne
essary for reasons of dimension,we extend a ve
tor with a suitable number of zeros. Let the matrix A(a;b)be the submatrix of A 
onsisting of the elements in the �rst a rows andthe �rst b 
olumns of A. For a �xed b, we 
onsider 
olumn ve
tors � withnon-zero 
oordinate at position b that solve the equationA(a;b)� = 0:Let a = a(b) be maximal su
h that a solution exists and let � = �(b) besu
h a solution. To assure that a solution exists we use the 
onventionA(0;b) = 0T . For these a and �, let �(b) be de�ned as�(b) = bXk=1Aa+1;k�k;or as �(b) = 0 when A�(b) = 0. For given f (�(b);�(b); a(b)) gb<i, the ideaof the FIA is now to 
al
ulate �(i) with help of the �(b), b < i. Startingwith any ve
tor � of length i and �i unequal to zero, this is a
hievedby subtra
ting suitable s
alar multiples of the known �(b) from � therebyobtaining a new �. More pre
isely, whenever � solvesA(j;i)� = 0;d = iXk=1Aj+1;k�k 6= 0;and there exists a triple (�(b);�(b); j), we 
onstru
t�  � � d�(b)�(b);whi
h now solves A(j+1;i)� = 0:Finally we will obtain the triple (�(i);�(i); a(i)). For details and proofs see[18℄.Let us assume that A is a Hankel matrix. By starting the 
al
ulation of �(i)with a parti
ular 
hoi
e for �, namely a shifted version of �(i�1) with zeroin the lowest position, we get the well-known Berlekamp-Massey algorithm.The 
al
ulations of most d are not ne
essary | they are zero or alreadyknown by the stru
ture of Hankel matri
es. This is the 
ru
ial point insaving 
omplexity. In the next se
tion we will show how to apply the FIAto matri
es S(y) obtained with Theorem 6.6 and Theorem 6.7. It turns outthat solving the linear systems des
ribed by these matri
es is a
hieved withbasi
ally the same 
omplexity as used for the Berlekamp-Massey algorithm.



6.4 Redu
ing 
omplexityIn general the 
omplexity of the pro
edure des
ribed in Se
tion 1.1 equalsO(n3). This is due to the fa
t that only matrix inversions and multipli
a-tions are involved. We found two possibilities to improve on the numberof 
omputations. One approa
h uses regular stru
tures of the matrix S(y)and the other approa
h redu
es the size of the �eld that 
ontains the entriesof S(y).In the 
ase of the 
onjuga
y format, the matrix S(y) has a highly regularstru
ture. We expli
itly treat the �rst 
onjuga
y format. For the se
ond
onjuga
y format similar 
onsiderations hold. We write the generating setsde�ning U and V for the �rst 
onjuga
y format in the following orderedform J = fql(t�1); ql(t�2); ql(t�3); : : : ; qlg; I = f1; ql; q2l; : : : ; qtlg;ex
luding the zero in J . We re
all the de�nition of Si given in Lemma 5.9.Si = he; a(i)i; i 2 R:Obviously Si = hy; a(i)i holds for all i 2 R.Lemma 6.11 With generator matri
es for U and V 
orresponding tothe above ordering, the entries in S(y) satisfyS(y)j;i = (S(y)j+1;i�1)ql; j = 1; :::; t� 2 ; i = 2; :::; t+ 1:Proof. The entry S(y)j;i is equal to the syndrome Sh(j;i) withh(j; i) = ql(t�j) + ql(i�1):Obviously h(j; i) is equal to qlh(j +1; i� 1). The ve
tor y was assumed tobe de�ned over a �eld IF of 
ardinality q. Hen
e Sqlh = Shql and the lemmafollows.We see from Lemma 6.11 that the format of S(y) is very similar to a Hankelmatrix. Thus to �nd S(y) we only have to 
al
ulate the entries in the �rstrow and the last 
olumn. The other entries are found using the lemma. Thisstru
ture is now used in �nding the spa
e of solutions to the key equationin the same way as in the Berlekamp-Massey algorithm. Re
all that the
omplexity gain in using the Berlekamp-Massey algorithm was due to thefa
t that given a ve
tor �(b), whi
h solves equationA(a;b)� = 0;we �nd a ve
tor � that solves equationA(a�1;b+1)� = 0as a shifted version of �(b) with zero in the lowest position.



Proposition 6.12 Let S(y) be the (t� 1)� (t+1)-matrix of Lemma6.11. Solving S(y)� = 0for � 
an be done with 
omplexity O(t2).Proof. Consider a typi
al step in the FIA. Given a solution �(i�1)to the equation S(y)(a;i�1)� = 0, we also have a solution to the equationS(y)(a�1;i)� = 0. The latter solution is obtained by taking all elementsin �(i�1) to the ql-power and shifting them by one position. Using normalbases for the �eld, raising a number to the ql-th power 
an be performed bya 
y
li
 shift, not requiring 
omputational 
omplexity. Whenever possible,we now perform an update of �. This is done by performing the followingoperation �  � � d�(b)�(b) with d = (�(i�1))ql;and the 
al
ulation of a new d. The whole step requires at most O(t)operations and we �nd a solution to S(y)(a;i). Thus in every 
omplexitydemanding step, starting from a solution to the system S(y)(a;b) we �nd asolution to the system S(y)(a0;b0) su
h that a0 + b0 is equal to a+ b+ 1. Onthe other hand a0 + b0 is bounded by 2t whi
h is the sum of the number ofrows and the number of 
olumns in S(y). So we have to perform at most2t times a 
al
ulation requiring O(t) operations. The proposition follows.Remark 6.13 (on the proof of Theorem 6.6 and Theorem 6.7)To 
omplete the proof of Theorem 6.6, we have to add a row to S(y) ofLemma 6.11. This row 
aused by the zero in J does not �t into the quasiHankel format. This 
auses one additional step in the FIA with 
omplexityO(t).Theorem 6.7 requires not only an additional row but also an addition-al 
olumn. We add this 
olumn as the rightmost 
olumn of S(y). The FIAneeds at most O(t) operations for every position in this 
olumn. In both
ases the overall 
omplexity is still ruled by O(t2).Example 6.14 The quadrati
 residue 
ode of length 41 is a goodexample for the se
ond 
onjuga
y format. We �nd I = f1; 23; 37; 31; 0gand J = f8; 20; 9; 0g with ql = 23. By the results of se
tion 3 we 
an setS0 = 0 whenever it is needed. An error-lo
ating polynomial is found bysolving the system0BBB� S85+1 S82(83+1) S84(8+1) S85(8+1) S85S83+1 S82(8+1) S83(8+1) S83(83+1) S83S8+1 S8(8+1) S8(83+1) S8(85+1) S8S1 S82 S84 S86 S0 1CCCA� = 0:We see that the submatrix S(y)(3;4) has a quasi Hankel stru
ture whi
h 
anbe utilized to solve the system.



In 
onsidering 
y
li
 
odes of length n, in most 
ases 
odes U and V will bede�ned over the smallest �eld IF 
ontaining an n-th root of unity. In some
ases however U and V 
an be taken to be 
odes de�ned over 
IF � IF. Thisimplies that S(y) has entries from 
IF rather than from IF whi
h allows usto perform these operations faster.Example 6.15 Let n = 15. Let C be the double error-
orre
tingBCH-
ode with RC = f1; 2; 3; 4; 6; 8; 9; 12g. To show how the 
hoi
e of Iand J in
uen
es the de
oding, we noti
e two possible 
hoi
es. First we seethat we 
an 
hoose J = f1; 2g and I = f0; 1; 2g and this would 
orrespondto the usual de
oding as a sub
ode of a RS-
ode. A di�erent 
hoi
e isI = f2; 8; 0g and J = f1; 4; 0g. This 
hoi
e 
orresponds to 
y
lotomi

osets with respe
t to GF (4). S0 is only needed if two errors o

urredwhi
h gives S0 = 0. S(y) will be a matrix over GF (4) and all 
al
ulationswill only involve 
omputations over GF (4).





Chapter 7Appli
ations
7.1 Codes of length less than 63Table 1 gives error-
orre
ting pairs for binary 
y
li
 
odes whi
h have error-
orre
tion 
apability ex
eeding the error-
orre
tion 
apability given by theBCH bound. We use the same numbering for 
odes as in [31℄. Equivalent
odes and sub
odes with the same error 
orre
tion 
apability use the samepair. Usage of hyperplanes (Proposition 1.20) or usage of the unknownsyndrome S0 is indi
ated as remark. The remark FT indi
ates that thesame error-
orre
ting pair is given by Feng and Tzeng in [19℄. In four
ases (no. 92,123,132,146) we stay one short of the a
tual error-
orre
tion
apability. All other pairs allow de
oding up to half the a
tual minimumdistan
e of the 
ode.To 
he
k 
onditions (1.1) and (1.2) of De�nition 1.1 is straightforward. Inall but four 
ases (no. 85,106,107,137), the 
ode V is MDS. This followseither immediately using the BCH-bound or with Theorem 6.1. Thus, also
ondition (1.3) is easily veri�ed in these 
ases. In the 
ases 85 and 137, thedistan
e d(V ?) is obtained with the Hartmann-Tzeng bound and Theorem6.1 respe
tively. Cases 106 and 107 are treated in Example 7.3 and Example7.4 respe
tively.To show that the pairs are error-
orre
ting we use either the BCH-boundto show that 
ondition (1.11) is satis�ed or we use re
urren
es to determineunknown syndromes until we 
an apply Lemma 5.9. Whenever we use the
onjuga
y format, Lemma 6.9 provides us with a possibility to determinesome unknown syndromes. Cases that require other re
urren
es are listedin Table 2. For brevity we introdu
e the following notation. �i 6= 0 :R(j)! Si+j means that we use equation (5.5) in Lemma 5.10,�ilSil+j + : : :+ �i2Si2+j + �i1Si1+j = 0;with the indi
ated j and that Si+j will be the only unknown in the equation.Thus it 
an be obtained provided �i 6= 0. Re
urren
es separated by a
omma 
an be 
omputed in parallel.83



no. n k d R J I d(V ?) Remark3 17 9 5 f1g f-1,+1g f-3,0,+3g 3 GF (16)f0,8g f1,8,13g 38 21 9 8 f0,1,3,7g f0,1,2g f0,1,2,6g 4 FT9 7 8 f1,3,7,9g f0,1,2g f1,2,6,7g 4 FT11 23 12 7 f1g f2,8,0g f1,4,16,0g 4 S0=113 31 21 5 f1,5g f1,4g f0,1,4g 317 16 7 f1,5,7g f0,1,2g f0,7,8,18g 4 FT,S0=119 11 11 f1,3,5,11g f0; : : : ;3g f1,2,3,8,9,10g 5 H,Ex.7.125 33 13 10 f1,3g f-2; : : : ;+2g f-2; : : : ;+2g 5 GF (32),S0=0,126 11 11 f1,3,11g f0,10,20,30,40g f1,2,11,15,24,25g 6 FTf-2; : : : ;2g f-13,-12,-11,+11,+12,+13g 6 GF (32),Ex.7.236 35 16 7 f1,5,7g f0,3,6g f1,2,4,5g 4 FT40 7 14 f0,1,3,5g f0; : : : ;5g f31; : : : ;34,0,1,8g 7 FT41 39 26 6 f0,1g f0,1g f0,1,4g 3 FT,S0=045 15 10 f1,3g f0,2,4,8g f1,2,4,8,16g 5 Ex.6.10f0; : : : ;3g f1,2,3,8,9g 5 FT,Ex.5.747 13 12 f1,3,13g f0; : : : ;3g f1,2,3,8,9,10g 5 H49 41 21 9 f1g f8,20,9,0g f1,23,37,31,0g 551 43 29 6 f1g f1,2g f0,20,40g 3 FT52 15 13 f1,3g f-6; : : : ;-1g f0; : : : ;6g 7 S0=0,173 45 23 7 f1,5,21g f0,1,2g f31,32,33,38g 4 FT83 16 10 f0,1,3,7g f0; : : : ;3g f-2; : : : ;1,11g 5 FT84 15 9 f1,3,7,15g f0; : : : ;3g f1,11; : : : ;14g 5 Ex.5.1185 15 10 f1,7,9,15g f0,1,2,13,14,15g f13; : : : ;17g 5 FT90 9 12 f1,5,7,9,15g f13; : : : ;17g f0,1,2,13,14,15g 692 47 24 11 f1g f3,27,8,0g f1,9,34,24,0g 5 S0=096 51 35 5 f1,9g f0,1g f1,8,15g 3 FTf0,8g f1,8,13g 398 34 6 f0,1,5g f0,1g f0,1,4g 3 FT106 27 8 f1,3,9g f0,2,8g f0,1,4,16g 3 S0=1,Ex.7.3107 27 9 f1,5,9g f0,2,7,8,13g f0,2,7,8,13g 5 S0=0,Ex.7.4108 27 9 f1,3,19g f-4; : : : ;-1g f0; : : : ;4g 5 S0=0,1119 19 14 f1,3,5,9g f0; : : : ;4g f0; : : : ;4,12,6g 6 S0=0,H121 17 12 f1,3,9,17,19g f-4; : : : ;0g f0; : : : ;4,19g 6 S0,FT122 17 14 f1,3,5,17,19g f-4; : : : ;1g f0; : : : ;6g 7 S0=0,1123 17 14 f1,5,9,17,19g f13; : : : ;17g f0; : : : ;4,19g 6 Ex.7.5124 17 16 f1,3,5,9,17g f0; : : : ;5g f0; : : : ;5,12,13g 7 H,S0=1128 11 15 f1,3,5,11,19g f-7; : : : ;-1g f0; : : : ;7g 8 S0=0,1132 8 24 f0,1,3,5,9,11,17g f0,. . . ,8g f0,. . . ,10g 10 H135 55 35 5 f1g f0,9g f7,8,9g 3 FTf7,13g f1,49,36g 3136 34 8 f0,1g f0,7,13g f0,1,49,36g 4137 30 10 f0,1,11g f0,7,13,32g f0,1,49,36,4g 4 H138 25 11 f1,5g f0,7,16,13,14g f1,18,49,2,36,43g 6140 21 15 f1,5,11g f0,7,16,13,14,32g f0,1,18,49,2,36,43,4g 7 H,S0=1144 57 21 14 f1,3g f0,2,4,8,16g f0,-1,-2,-4,-8,-16,-32g 6 H,S0=0,1146 19 16 f1,3,19g f0,2,4,8,16g f0,-1,-2,-4,-8,-16,-32g 6 H,S0=0,1



no. 
ondition re
urren
e17 �18 6= 0 R(25)! S12, R(28)! S15; R(24)! S11�18 = 0 ^ �8 6= 0 R(7)! S15, R(9)! S17,R(18)! S2626 �24 6= 0 R(16)! S7�1 6= 0 R(6)! S7�25 6= 0 R(1)! S26�2 6= 0 R(24)! S2673 �38 6= 0 R(33)! S2683 �0 6= 0 R(5)! S5,R(18)! S18�0 = 0 ^ �11 6= 0 R(25)! S36; R(10)! S21; R(44)! S1090 �15 6= 0 R(27)! S42�15 = 0 ^ �14 6= 0 R(28)! S42�15 = 0 ^ �14 = 0 ^ �13 6= 0 R(29)! S4296 �1 6= 0 R(13)! S14; R(2)! S3; R(40)! S41106 �1 6= 0 R(48)! S49; R(9)! S10, R(43)! S44107 �7 6= 0 R(5)! S12;R(16)! S23�7 = 0 ^ �8 6= 0 R(16)! S24; R(3)! S11121 �0 6= 0 R(14)! S14,R(23)! S23�0 = 0 ^ �19 6= 0 R(46)! S14;R(4)! S23123 �0 6= 0 R(31)! S31,R(48)! S48�0 = 0 ^ �19 6= 0 R(12)! S31;R(29)! S48136 �1 6= 0 R(32)! S33;R(28)! S29; R(19)! S20137 �1 6= 0 R(28)! S29; R(19)! S20Table 1. Error-
orre
ting pairs for binary 
y
li
 
odes.Table 2. Re
urren
e relations on syndromes.For details about the notation, see page 83.Example 7.1 (19) Conditions (1.1),(1.2) and (1.11) are satis�ed witht = 5, but d(V ?) = 5 and 
ondition (1.3) is not satis�ed. We follow Propo-sition 1.20. Thus, in 
ase we obtain two independent solutions u1 andu2 to the key equation, we look for a linear 
ombination of u1 and u2that has at least �ve zeros. At most six su
h 
ombinations exist and forea
h we solve for an error pattern with support among the zeros. Entries47,119,124,137,140,144,146 pro
eed likewise.Example 7.2 (26) The 
odes de�ned with R = f1; 3; 11g and R =f3; 5; 11g are equivalent. The given pairs are also equivalent. The 
odesU and V in the latter pair however have generator matri
es GU and GVrespe
tively that are de�ned over GF (32). With this 
hoi
e of GU and GVthe key equation (1.6) 
an be solved over the �eld GF (32).



Example 7.3 (106) The 
ode C is of type [51; 27; 8℄ withR � f1; 3; 9g.The pair (U; V ) is de�ned with I = f2; 8; 12; 0g and J = f1; 4; 0g. We needS0 only when three errors o

urred and may then set S0 = 1 (see se
tion3). For the error-lo
ation all 
onditions ex
ept (1.3) are obviously satis-�ed. In fa
t d(V ?) = 3 and 
ondition (1.3) does not hold for t = 3. Weprove the weaker 
ondition (1.9): (e �U)\ V ? = 0. Words of weight threein V ?=GF (256) are in the 
ode with de�ning set R = f1; 4; 16; 13; 0g byLemma 6.1. But f1; 4g+ f0; 12g � R and the support of a word of weightthree must be of the form f�; ��; �2�g;for � a 51-th root of unity and � a primitive third root of unity. Up tomultipli
ation with a s
alar the values at these positions are (1; �; �2). Butthe values of u 2 U at these positions are a linear 
ombination of (1; 1; 1)and (1; �2; �) and (1.9) is satis�ed.In [19℄ the pair I = f0; 2; 8; 12g andJ = f0; 1; 4g is given without the above veri�
ation.Example 7.4 (107) The 
ode C is of type [51; 27; 9℄ withR � f1; 5; 9g.The pair (U; V ) is de�ned with I = J = f8; 13; 2; 7; 0g. We need S0 onlywhen four errors o

urred and may then set S0 = 0 (see se
tion 3). Forthe error-lo
ation we prove (1.3): d(V ?) > 4. A word 
 2 V ? satis�es the
he
ks f8; 13; 2; 0g and by theorem 6.1 also R = f8; 13; 2; 16; 26; 4; 32; 1; 0gif it is of weight four or less. Thus d(V ?) � 4. Let 
 have non-zero val-ues (
1; 
2; 
3; 
4). At the same support we have 
odewords with values(
1
1; 
1
2; 
1
3; 
1
4) and (
21; 
22; 
23; 
24). Thus 
1 = 
2 = 
3 = 
4. Example32 in [31℄ shows that a binary 
ode with R � f1; 7g has no words of weightfour, using R � f0; 3g + f1; 2; 4g. The error-
orre
tion follows with there
urren
es in Table 2.Example 7.5 (123) There is an extended 
hoi
e for U and V , name-ly I = f0; 1; 2; 3; 4; 19; 36g and J = f13; 14; 15; 16; 17; 32; 49g. Assume sixerrors have o

urred and we �nd a spa
e of polynomials with �36 equalto zero. Then we 
an apply the hyperplane method and the given re
ur-ren
es. If there is no su
h solution then the error positions do not supporta 
odeword in V ? and the solution with �36 6= 0 is error-lo
ating. Anerror-lo
ator of the form �2X2 + �19X19 + �36X36 
an o

ur and then thezero set supports an eight dimensional sub
ode of C. Solutions of anotherform determine the error values uniquely:�0 6= 0 : R(31)! S31; R(48)! S48:�1 6= 0 : R(30)! S31; R(47)! S48:�3 6= 0 : R(34)! S37; R(0)! S3:�4 6= 0 : R(33)! S37; R(50)! S3:



7.2 Sequen
es of 
odesIn a 
ertain range of the minimum distan
e, the 
onjuga
y formats of Chap-ter 6 allow the 
onstru
tion of sequen
es of 
y
li
 
odes with the samedesigned distan
e and redundan
y as BCH-
odes.Proposition 7.6 Let n be equal to 2m � 1, m = 2l + 1. For a bi-nary 
y
li
 
ode C with de�ning set RC � f1; 2l + 1; 2l�1 + 1g we have a3-error-
orre
ting pair (U; V ) with generating sets I = f0; 1; 22l; 24lg andJ = f0; 2l; 23lg.Proof. The 
ode is de�ned in [32, Ch.9 x11℄. There it is also provedthat the distan
e d = 7. For the even weight sub
ode we may write R �f0; 1; 2l+1; 23l+1g. Thus we �nd the formats of Theorem 6.7, ex
ept thatthe 
ode U is not MDS. In fa
t the 
odes U and V are equivalent to 
odeswith generating sets I 0 = 4 � I = f0; 4; 2; 1g and J 0 = 4 � 2l � J = f0; 2; 1g.The 
onditions (1.1)-(1.3) and (1.11) are ful�lled. Sin
e S0 o

urs onlyon
e in the key matrix S(y), by the results of Se
tion 5.4 we 
an assumethat S0 � 3 (mod 2).Remark 7.7 (QR-
odes) It is 
lear from Table 1, that the se
ond
onjuga
y format yields good pairs for the smaller binary QR-
odes. The
onjuga
y formats require de�ning sets of size t, while the BCH-format re-quires sets of size 2t (the largest set of 
onse
utive quadrati
 residues is ingeneral not formed by the residues f1; 2; : : : ; 2tg and the usual argumentthat only f1; 3; : : : ; 2t� 1g need to be in the de�ning set does not apply).With a uniform distribution of the quadrati
 residues, the 
onjuga
y for-mats should 
orre
t about twi
e the number of errors of the BCH-format.Cal
ulations for 
odes of length less than 1024 agree with this. For ex-ample, for the 
odes of length n = 863 and n = 887, we apply Theorems6.6 and 6.7 with q = 2. They yield pairs to 
orre
t t = 10 (l = 57) andt = 7 (l = 62) errors for n = 863 and t = 8 (l = 182) and t = 11 (l = 206)errors for n = 887. For both values of n, the BCH-format 
orre
ts t = 4errors. Also, it is 
lear that both the BCH-format and the 
onjuga
y for-mats have a 
apability that is of order log(n) for large 
odelength n. Thisis way below the square root bound.In addition to these we give the following sequen
es.Proposition 7.8 Let C be a binary 
y
li
 
ode of length n where3 does not divide n. Let RC 
ontain the set f�1; 1g. Then a 2-error-
orre
ting pair (U; V ) is given through generating sets I = f�3; 0; 3g andJ = f�1; 1g.



Proof. The 
omplete de�ning set R for C satis�es R � I + J . 3 doesnot divide the length and it follows that U and V are both MDS. The prooffollows from Lemma 6.4.Example 7.9 (Zetterberg 
odes [55℄) Let n be equal to 22m +1. The Zetterberg 
ode C with de�ning set RC = f1g has the 2-error-
orre
ting pair (U; V ) given in Proposition 7.8.Example 7.10 (Melas 
odes [34℄) Let n be equal to 2m � 1 andlet m be odd. The Melas 
ode C with de�ning set RC = f1;�1g has the2-error-
orre
ting pair (U; V ) given in Proposition 7.8.The following sequen
e of reversible 
odes 
ontains as members binary
odes of type [73; 37;� 11℄ and [85; 45;� 11℄.Proposition 7.11 Let C be a binary 
y
li
 
ode of length n where 3does not divide n. Let RC 
ontain the set f�7;�5;�1; 1; 5; 7g. Then a 5-error-
orre
ting pair (U; V ) is given through generating sets I = f�4;�2;�1;1; 2; 4g and J = f�6;�3;�0; 3; 6g.Proof. Use Theorem 5.6.
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