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Introduction

The decoding problem has its roots in communication theory. Two elec-
tronic devices exchange information and due to noise or otherwise it will
happen that the information received differs from the information sent. It
is then assumed that the difference is in general small. In any case it is
intended to have small differences by a proper design of the devices and if
possible of the channel that connects them. The decoding problem is to
attach the proper interpretation to the received information. If the pos-
sibilities for the received information are few, the interpretation can be
attached to these once and for all and stored in a table. We consider sit-
uations where such tables are not feasible. Without a table, i.e. without
deciding about interpretations beforehand, one needs a set of rules that can
be applied any time information is received. Obviously, one prefers the set
of rules to be small and the rules to be such that they can be carried out
quickly. These two characteristics determine to a certain extent the size
and the speed of a decoding device.

Decoding is not only a problem of the receiver. The sender and receiver
together determine how information is to be sent. In air-traffic control it is
common use to avoid “yes” and “no” and to say “affirm” and “negative”
instead. Sender and receiver have agreed upon this and it greatly enhances
the reliability of communication. Similarly, with two electronic devices, the
information will be encoded before it is transmitted. The encoding should
improve the reliability of the communication and allow easy decoding by
the receiver.

The problem has a fruitful translation into mathematics: message, encoded
message and received message are associated with suitable strings of let-
ters. The strings of letters are easily transferred into the language of the
electronic devices (i.e. strings of zeros and ones) and the rules for encoding
and decoding can be formulated in terms of operations that can be carried
out by a microprocessor. A small example is obtained with messages of
length two that use three different letters A, B, and C. The nine possible
messages are:

AA, AB, AC,
BA, BB, BC,
CA, CB, CC.

The messages are very much alike and by changing one letter a message
is transferred into a different message. To enable the receiver to recognize
that a letter was changed, and thus to improve the reliability of the com-
munication, the messages are encoded as follows:



AAAA, ABBB, ACCC,
BABC, BBCA, BCAB,
CACB, CBAC, CCBA.

The set of possible encoded messages is called a code C, the encoded mes-
sages are called codewords. In the example, any two different codewords
differ in precisely three positions and agree in the remaining position. If the
encoded message reaches the receiver with one letter changed, the receiver
can conclude by comparing with all codewords that something went wrong
during transmission of the message. Moreover, he can find the message
sent as the unique codeword that best resembles the received message, i.e.
that differs from the received message in one position. For a given code C,
the decoding problem can be formulated as:

e Find the codewords that agree with the received message in a max-
imum number of positions. If there is only one such codeword, take
this codeword for the message sent. Otherwise, leave the interpreta-
tion undecided or make a choice.

The bottle-neck in the problem is how to find the codewords that resemble
the received message. The most straightforward solution is to compare
the received message with all codewords. This is far from efficient and
we mention two other strategies. The first strategy uses combinatorial
properties of the code and is known as permutation decoding. It basically
consists of two steps. In general, the steps have to be executed several
times:

e (Guess which letters are correct.
e Find the codewords that match these letters.

Recall, that in the example any two different codewords agree in precisely
one position. This combinatorial property tells us how to make suitable
guesses: a codeword is determined by any two of its letters and it suffices
to guess a combination of two letters correctly. Suitable guesses are that ei-
ther the first two received letters or the last two received letters are correct.
If one error occurred, one of the guesses is true and yields the codeword.
For the received message BBCC, the codewords that match BB-- and --CC
are BBCA and ACCC respectively. Thus, the fourth letter was changed
and the message sent was BBCA.

Permutation decoding is fast, but only few examples are known where the
strategy works well. The second strategy applies to linear codes, that have
the structure of a vector space. It uses algebraic properties of the code and
is known as algebraic decoding. It consists of two steps, that are executed
only once, but that take more time than the steps in the previous strategy:



e Compute which letters are correct.
e Compute the codeword that matches these letters.

Note that we assume that sufficiently many correct letters are computed,
such that only one codeword will match the correct letters. The code in the
example is linear. After replacing the letters A, B and C by the numbers
0, 1 and 2 respectively,

0000, 0111, 0222,
1012, 1120, 1201,
2021, 2102, 2210,

we can formulate an algebraic property: Let cicocs3cq denote a codeword.
For any codeword wqususuy, the number N = ciuy + cous + cgug + cquy is
divisible by three.

Again, let BBCA, or 1120, be the message sent and let BBCC, or 1122,
be the received message. To verify if the received message is a codeword,
we compute the number N, for all codewords. For comparison, we also
compute the numbers /N for the message sent:

N = uy + ug + 2ug + 2uy N = uqy + ug + 2us
0, 5, 10, 0, 3, 6,
77 67 57 37 67 37
8, 7, 6. 6, 3, 6.

Since the numbers in the left table are not all divisible by three, we conclude
that the received message is not a codeword and that an error has occurred.
On the other hand, the numbers in the right table illustrate the algebraic
property and are all divisible by three. It is clear that the difference be-
tween the two tables is caused by the addition of 2u4 in the left table. The
number N in this table is divisible by three only if the codeword ujususty
has u4 equal to zero. Thus, to find the position of the error, it suffices to
find the codewords for which N is divisible by three, namely 0000, 1120
and 2210. The error occurred at the position where these codewords have
a zero. The codeword that matches the first three letters of the received
message 1122 is 1120.

We refer to the first chapter for further details. In particular for the claim
that it is possible to do the computations in a fairly straightforward way.
In the general set up, the codewords u are taken from a code U different
from C'. For the computations, a third code V' is required. The choice of
codes U and V that make the procedure work is not obvious. For given
codes U and V, the procedure is fairly straightforward.



In this thesis, I give results for the algebraic decoding of two families of
linear codes. For each family, methods are given for the construction of de-
coding procedures. These can only be obtained by using additional features
of a particular family. On the other hand, many questions arise with both
families that can be answered for arbitrary linear codes without the restric-
tion to a particular family. The results that are valid for arbitrary linear
codes are presented in the first part. The first section gives the formulation
of a general algebraic decoding procedure. In the next two sections, con-
ditions are given that ensure that the procedure works in particular cases.
The theory is then applied to an example that is not contained in one of the
two families. The last section gives modifications of the general procedure.
They apply to some cases where the conditions for the general procedure
are not met.

The family of codes from curves, also called algebraic geometry codes or
simply AG-codes, is in many ways remarkable. The codewords can still be
identified with strings of letters, but they have a more natural interpreta-
tion as rational functions or rational differentials on an algebraic curve. It
is immediately clear from the last interpretation and by using well-known
results from algebraic-geometry that AG-codes have very good properties.
For their application in practice, efficient decoding procedures are required.
That algebraic decoding can be applied to AG-codes was noticed in 1988.
The procedure as it was then formulated is called the basic algorithm. AG-
codes have an obvious lower bound on the number of errors that can be
corrected, called the designed capability. The basic algorithm does not
correct up to this bound. For a particular class of AG-codes, a modified
algorithm was formulated that corrects more errors but in general still not
up to the designed capability. In Theorem 3.13, I give a formulation of the
modified algorithm that applies to all AG-codes, rather than to a particular
class. Several other improvements of the basic algorithm have been sug-
gested. The idea of Feng and Rao is to use different but related procedures,
such that if not the codeword itself at least some more information about
the codeword will be obtained. Their idea is worked out in Chapter 4.
Theorem 4.13 shows that all AG-codes can be decoded up to the designed
capability without any further restrictions. The most time consuming cal-
culations in the procedure involve solving systems of linear equations. This
is not yet fast enough for applications.

For the family of cyclic codes, algebraic decoding procedures have been
known since the 1960’s. Among these procedures, several are fast enough
for applications and have been implemented in chips. Similar to AG-codes,
cyclic codes have an obvious designed capability. The general decoding
procedure for cyclic codes does not correct beyond the designed capability.
On the other hand, many of the best cyclic codes have an actual capabil-



ity that is better than their designed capability. More recent papers give
procedures to decode some of these codes. A simpler and more general
formulation of these procedures with a shorter proof is given in Theorem
5.6. Two other theorems give decoding procedures for particular classes of
cyclic codes. The amount of computation in the procedures compares pre-
cisely with the general procedure, while the performance is much better for
the classes considered. The binary quadratic residue codes of length 23 and
41 can be decoded in this manner. The binary cyclic codes of length less
than 63 that have an actual capability exceeding the designed capability
have been classified. The theorems in this part yield decoding procedures
for all of these but four.

Part 1T and Part III are independent and both follow after Part I. Within
Part II, the Chapters 3 and 4 are independent. Both follow after Chapter
2. Within Chapter 4, Section 4.5 is independent of the previous sections.
One common bibliography is included at the end of the thesis. The results
of Part I and Part III were obtained in co-operation with R. Kotter.

The main results appeared in separate preprints and articles and are in-
cluded in their original form. They are divided over the thesis as follows:
Chapter 3 [9], Chapter 4 [11], Section 4.5 [10] and Part I and Part III [12].
Additions in this thesis concern remarks, examples and cross-references.
By abuse, we use the phrase decoding up to the minimum distance, where
up to half the minimum distance is meant.
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Part 1

Algebraic decoding






Chapter 1

A unified description

The most successful methods for decoding linear codes separate the de-
coding into the location of the error positions and the determination of
the error values. Particular examples are the decoding of cyclic codes up
to the BCH-bound and the basic algorithm for the decoding of algebraic-
geometric codes. The methods allow a unified description that applies to
any linear code. This was noticed by Pellikaan [36], who used it to de-
scribe the decoding of AG-codes. Independently but later, Kotter [26] gave
a similar description. The location of the error positions is done with the
help of an error-locating pair of vector spaces. To decode a particular linear
code, one has to assign such a pair to the code. For a given error-locating
pair, the decoding itself can be performed by solving two systems of linear
equations. We first recall the unified description. It applies to any linear
code. Thus, it is presented with a minimum of assumptions and notation
and the proofs can remain short.

1.1 Error-locating pairs

The n-tuples defined over a field IF' form a vector space denoted by IF". For
two vectors u = (ug, uy,...,up 1) and v = (vg,v1,...,0,_1), we define a
product u * v = (ugug, uv1, ..., Uy 10,_1). For two subspaces U,V C IF",
let U %V denote the set of vectors {uxv :u € U,v € V}. For a linear code
C, we denote the dimension by k(C) and the minimum distance by d(C),
or by k and d respectively when no confusion arises.

Definition 1.1 (t-error-locating pair) Let U,V and C be linear
codes of length n over the field IF. We call (U,V) a t-error-locating pair
for C' if the following conditions hold

UxV CCt, (1.1)
k(U) > t,
d(V+*) > t. (1.3)



Using this definition, we will derive a t-error-locating procedure based on
the following central observation.

Theorem 1.2 Let (U, V) be a t-error-locating pair for the code C.
Let y =c+e be a word in IF" with ¢ € C and e a vector of weight at
most t. There exists a non-zero vector u € U such that

n—1
Z yiuiv; = 0, forall v evV. (1.4)
i=0

Moreover, any solution uw € U of (1.4) satisfies
exu=0 (1.5)

Proof.  In (1.4) we may replace y by e by condition (1.1). Thus any
vector u € U with property (1.5) is a solution to (1.4). Condition (1.2)
guarantees the existence of a non-zero vector. This is because we impose
at most ¢ linear conditions on U. To prove (1.5), we note that (1.4) has the
equivalent formulation

yxue V-t

Again replacing y by e and using weight(e) < ¢ and condition (1.3) we find
(1.5). n

Assume we are given an error-locating pair (U, V) and a received word y.
We have to find a solution u € U to the homogeneous system of linear
equations (1.4). By property (1.5), the coordinates of the vector u take
the value zero at the error positions. We will give the matrix defining this
system. Let diag(y) denote the n X n matrix which has the elements of y
on its main diagonal and which is zero elsewhere. Equation (1.4) can thus
be written as:
v -diag(y)-u’ =0, forallveV.

Obviously, it is enough to consider a set of basis vectors in V, forming a
generator matrix Gy for V' and we obtain

Gy - diag(y) - u’ = 0.

To make this equation solvable with methods of linear algebra we replace
u by u = oGy, where GGy is a generator matrix for U and o is an element
of IF¥(Y)_ Thus the key equation (1.4) can be rephrased as

S(y)-o" =0, (1.6)

where



Any solution o for (1.6) gives a solution u = oGy for (1.4). The vector u
satisfies (1.5). Thus we have described a t-error-locating procedure provid-
ed we have a t-error-locating pair. The problem of error-location is now to
find the spaces U and V that satisfy conditions (1.1)-(1.3) for a maximal
value of t.

Remark 1.3  We are completely free in choosing bases for U and V,
i.e. in choosing the matrices Gy and G, without affecting the space of
solutions to the key equation. Nevertheless the choice of G;; and Gy deter-
mines the structure of the matrix S(y). We will point out how this affects
the computational complexity of solving (1.6) at a later stage.

Remark 1.4  Given a particular error vector e, it is clear from the
proof of Theorem 1.2 that the following conditions are sufficient to obtain
u € U\O with property (1.5):

CxUCVH (1.7)
JueU\0 : exu=0, (1.8)
YueU\0 : exucV' = exu=0. (1.9)

The first condition is equivalent to (1.1). Conditions (1.8) and (1.9) are
weaker than conditions (1.2) and (1.3) respectively. We will have to refer
to them in some cases where the conditions in Definition 1.1 are too strong.

1.2 Error-locating functions

Theorem 1.2 in the previous subsection gives a possibility to determine the
error positions as zeros of a word u € U. This describes the general case.
In some known algorithms, in particular for BCH-codes and AG-codes, an
error-locating word u is associated in a natural way with an error-locating
function. We will need this connection to make some properties of u and the
corresponding error-locating function more transparent. Also the relation
with functions is helpful in actually finding pairs (U, V). The rest of the
section is devoted to this relation.

We have derived two sets of sufficient conditions for an error-locating pair.
A pair with (1.1)-(1.3) locates all error patterns of a given weight. Such a
pair is hard to find in general. Conditions (1.7)-(1.9) are weaker. They are
formulated for a particular error pattern however and the verification for a
large class of error patterns becomes cumbersome. We formulate a set of
conditions that can be seen as a compromise. The conditions depend on
the positions of the errors but not on the particular error values.

Lemma 1.5  For an error vector e, let E (resp. E) be the subspace of
IF" consisting of all vectors that have zero components in the error (resp.



non-error) positions. The following conditions are sufficient to locate the
error positions with the pair (U, V):

CxUCV?t
UNE+0
VinE=o0.

Proof.  The conditions imply (1.7)-(1.9). n

The conditions of the lemma can be expressed in terms of functions. We
need the following.

Notation 1.6 For a field IF, let S be the the [F-algebra of n-tuples
defined over IF with component-wise multiplication and addition. Let R
be a IF-algebra without zero-divisors, such that there exists a surjective
homomorphism Ev : R — S, with kernel I.

For a code C' C S, let L(C') C R denote a IF-vector space such that the
restriction of Fv to L(C') is a IF-vector space isomorphism from L(C) to
C. In particular L(C) NI = (0).

Remark 1.7 R will be identified with a ring of functions. Ev is then
the evaluation mapping, that means the evaluation of f € R in a set of

points. Ev naturally induces an IF-algebra isomorphism between R/I and
S.

Example 1.8  For cyclic codes we take R = IF[z]. Let a € IF be
a primitive n-th root of unity. FEwv is the evaluation map that evaluates
polynomials in points {1,a,a?, ..., a" '}, ie.

Ev(z) = (1,a,0”, ..., " ").

The ideal I C R is generated by 2™ — 1. Cyclic codes are the subject of
Part I11.

Example 1.9  For algebraic-geometric codes, an evaluation map Fv
occurs in their definition [21],[52]. AG—codes are the subject of Part II. In
this chapter we take the conditions (1.1)—(1.3) as starting point to study
decoding, since they are general and apply to any linear code. In Sections
2.2 and 2.3, we point out the particulars of AG codes and their decoding.

Now, let an algebra-homomorphism Ev : R — S be given as in Notation
1.6. The reformulation of Lemma 1.5 becomes



Lemma 1.10  Let L(U), L(V1) and L(C) map to the codes U, V+ and
C after evaluation. Let the maps be bijective as in Notation 1.6. For an
error vector e, let .J (resp. J) be the ideal in R consisting of all elements
that evaluate to zero at the error (resp. non-error) positions. The following
conditions are sufficient to locate the error positions with the pair (U, V'):
L(C)* L(U) C L(VY) + 1,
LWU)NJ #(0),
L(VY N =(0).
Proof.  Immediate from Lemma 1.5. [ ]
The question arises whether an error-locating procedure can be formulated
in terms of error-locating functions. This is indeed the case. The decoding

procedures for BCH-codes [4, p.248] or AG-codes [24, 48] use this approach.
L(C),L(U) and L(V*1) have here a natural interpretation.

1.3 Error-correcting pairs

The previous sections show how an error-locating pair (U, V') can be used
to locate the error positions in a received word. This is the most important
part of the decoding. Therefore error-locating pairs will play a major role
in what follows. The key idea is that for a received word y, a vector u can
be obtained such that u has zeros at the error positions.

Remark 1.11 The error vector e satisfies the conditions
y—ec(,
exu=0.

Thus e can be obtained by solving a system of linear equations.

In general the vector u may have zeros at other positions too. For the
determination of the error values it is important that the set of zeros is not
too large.

Lemma 1.12  For a code C with error-locating pair (U, V), let u €
U\O locate the error positions of the error vector e, that is e x u = 0. The
error values are uniquely determined by u if and only if

VeeC : c*xu=0 = c=0. (1.10)

Proof.  Assume we can write y in two different ways asy =e; +¢; =
€y + Co, where ¢1,¢co € C and e; * u = ey x u = 0. It follows that

(1 —ey) xu =0, with e, —eys =c¢y —¢; € C.

Condition (1.10) implies e; = ey. If this condition fails, say ¢ * u = 0 for
c # 0, we find the two different solutions e, e — c. [ ]



We follow the definition of a t-error-correcting pair in [36]. See also [26].

Definition 1.13 (t-error-correcting pair) Let (U, V) be a t-error-
locating pair for the code C' as in Definition 1.1. We call (U, V) a t-error-
correcting pair for the code C if in addition to the conditions (1.1),(1.2)
and (1.3) the following is satisfied

d(C) + d(U) > n, (1.11)

where n denotes the code length of C.

Remark 1.14  The definition is justified by the lemma since condition
(1.11) implies

VeeC,VvuelU : cxu=0 = ¢c=0V u=0. (1.12)

In some cases we will prefer to use the weaker condition (1.12).

Remark 1.15  Recall that a pair (U, V) needs to satisfy C x U C V*
to be error-locating for a code C. By the lemma, an error-locating pair will
be error-correcting if it satisfies

C*«U* C (V1)

Remark 1.16 In terms of functions, a pair (U, V') needs to satisfy
L(C) * L(U) € L(V*) + I to be error-locating. By the lemma it will be
error-correcting if it satisfies

L(C) * L(U) C L(V*).

Here we use the fact that R has no zero-divisors and that L(V)N 1T = (0).
Let (L(C) x L(U)) denote the linear space spanned by all functions in
L(C) % L(U). The following conditions are then sufficient to guarantee
error-correction with a pair (U, V):

LU) N J # (0), (1.13)
(L(C) % L{U))Y NT = (0). (1.14)

The dilemma in algebraic decoding is obvious. For (1.13), we want L(U)
to be large and for (1.14) we want (L(C) x L(U)) to be small, that means
L(U) should be small.



1.4 Example: projective RM-code

The general properties of projective Reed-Muller codes are described in [28],
[49]. For a finite field IF' of order q, let R denote the graded ring in three

variables R = IF[X,Y, Z| = Z R4, where R, consists of the homogeneous

polynomials in X, Y, 7 of degree d. We assume 0 € Ry, d > 0. Let P
denote the set of rational points in PG(2,IF). For d > 0, the image of
Ry in 1F"2+"+1, obtained by mapping a polynomial to its evaluation in the
rational points, defines a linear code Cy. For d > ¢ + 1, the mapping has
non-trivial kernel and we deviate from Notation 1.6.

Lemma 1.17

Vf S RQ(qfl) . Z f(P =
PeP
Proof.  The sum is well-defined and in particular does not depend on
the representation of the rational points. It suffices to prove the equality for
a summation over the set of affine points A in AG(3,IF). Also, it suffices
to prove the claim for monomials f = X*Y?Z¢ for a +b+c = 2(q — 1).
We may assume ¢ < ¢ — 1 and

> XYy ze=o.

x,yelF zelF

Let the codes U =V be defined by L(U) = L(V) = Ry and the code C' by
L(C) = Ry, for ¢ > 3. By the lemma, condition (1.1) is satisfied. To
see how many errors can be located with a pair (U, V) we note k(U) = 6
and d(V') = 4. The words of minimum weight in V' have as support four
collinear points. The pair is 3-error-locating, but error patterns of weight
five with no four positions collinear will be located. The distance of C' is
d=13(¢=3),d=12(¢=4),d =10(q = 5),d = 6 (¢ > 7). The supports
of words of minimum weight are given by a triple of four collinear points
(¢ = 4), a pair of five collinear points (¢ = 5) and six collinear points
(¢ >7).

The only non-trivial five-error-correcting code is obtained with ¢ = 4. The
code is of type [21,6,12]. The pair (U, V) as defined above may fail when
four of the error positions are collinear. For some error patterns of weight
five, we give the matrix that defines the key equation (1.6). Of course, in
practise, the entries are computed with the received word. The obtained
matrix, however, only depends on the error pattern. We interprete the
solutions to S(y)o = 0 as functions in L(U) = Rs.



X* XY Y? XZ YZ 77

P, P, P P P X2 |1 1 1 1 0 0
X|1 a a* 1 0 XY | 1 1 1 0 0 0
Yy(1r 0 0 0 1 Y2 |1 1 0 0 0 0
Z10 1 1 1 0 XZ |1 0 0 0 0 O
el 1 1 1 1 1 YZ| 0 0 0 0 0 O
Z% 10 0 0 0 0 1

The solution Y Z cancels at the error positions. It has 9 zeros and the 12
remaining positions are correct and determine the codeword.

X* XY Y? XZ YZ 77

P, P, P P F X2 |1 1 1 1 0 0
X|1 a a* 1 0 XY | 1 1 1 0 0 0
Yy(1 0 0 0 O Y2 |1 1 1 0 0 0
Z10 1 1 1 1 XZ |1 0 0 0 0 O
el 1 1 1 1 1 YZ| 0 0 0 0 0 O
Z% 10 0 0 0 0 0

With one error position replaced, the rank of the matrix has decreased by
two. The solutions are spanned by Y (X +Y),YZ and Z%. The functions
that cancel at the error positions are spanned by Y (X +Y) and Y Z, and
the procedure fails. The error pattern has distance seven to the word
Ev(Y?2+YZ+ Z?%). The seven error positions with respect to this word are
among the zeros of the function (Y + Z)Z = 0. This explains the solution
Z?% and the failure.

X?* XY Y? XZ YZ 7?

P, P, P3s P F X210 1 1 0 0 0
X1 a a> 1 0 XY | 1 1 1 0 0 O
Yy(1 0 0 0 O Y2 | 1 1 1 0 0 O
Z10 1 1 1 1 XZ |0 0 0 0 0 1
el 1l a*> a 1 1 YZ| 0 0 0 0 0 0
Z* 10 0 0 1 0 1

With two error values replaced, the error pattern now has distance nine to
the word Fv(Y?+Y Z + Z?%). The nine error positions with respect to this
word are no longer divided over two lines and the solution (Y + Z)Z no
longer holds.



X? XY Y? XZ YZ Z?
P P P P By X210 0 0 0 1 0
X1 a a> 1 0 XY | O 0 0 1 1 1
Y| 1 0 0 1 1 Y?2 | 0 0 1 1 0 0
Z|10 1 1 1 1 XZ 1|0 1 1 0 1 1
el 1l a*> a 1 1 YZ | 1 1 0 1 0 0
A 0 1 0 1 0 1

The generic situation: five error positions, no three collinear. The matrix
is of rank five and the unique solution Y2 + X2 + X Z + Z? has as its zeros
precisely the five error positions.

For larger ¢ we need to reduce the set P and a five error-correcting code is
obtained when the points on a curve of degree four are taken. Part refpcur
is devoted to codes from curves. The basic algorithm for these codes coin-
sides with the procedure above. Various improvements will be discussed.
All improvements can tackle four collinear error positions. However, the
improvements do not apply to the code [21, 6, 12], since no curve over GF'(4)
of degree four contains 21 points.

For the [21,6,12] code, six errors can be detected with permutation de-
coding. A set of three non-collinear points is called a triangle, a set of six
points such that no three are collinear is called a (type II) oval. The latter
provides a set of information symbols. It is easy to see that each triangle
is contained in three ovals. Thus, there are 168 ovals. For a received word
with six errors, we prove that for at least one oval, the errors occur outside
the oval. The result can be improved with the knowledge that the ovals
fall into three classes such that the three ovals containing a given triangle
divide over the classes [6].

Lemma 1.18  For an arbitrary set S of six points in the plane that do
not form an oval, an oval of a prescribed class exists that does not intersect
the siz given points. If the sixz points form an oval, the prescribed class need
to be the class of the oval.

Proof.  Let N; denote the number of ovals, counted with multiplicities,
that intersect the set S in a set of at least ¢ points. By the inclusion-
exclusion principle we need to prove Ng— Ny + Ny — N3+ Ny — N5+ Ng > 0.
But Ny =56, Ny =6-16 and Ny = 15 -4, independent of S. Also, N3 =T
(the number of triangles in S), Ny > N5 and Ng > 0. The inequality to be
proved, reduces to T' < 20. This only fails for an oval, which contains the
maximum of 20 triangles. If the prescribed class differs Ny = N5 = Ng = 0,
if it matches Ny = 15, N5 = 6, Ng = 1. [ ]



1.5 Additional methods

We give two modifications of the procedure in Theorem 1.2. They apply to
pairs (U, V) that do not satisfy the standard conditions. First, let (U, V') be
a pair that does satisfy conditions (1.1) and (1.2), but that may not satisfy
condition (1.3). The solutions to the key equation are still error-locating if
the weaker condition (1.9) is satisfied. This is the case in three of the four
examples in the previous section. The situation becomes quite different
when also condition (1.9) fails.

Proposition 1.19  For a given code C, let the pair (U, V') satisfy con-
ditions (1.1),(1.2) and let W # 0, with

W=(exU)nV=,

Then, fory € e + C, the key equation (1.4)
n—1
Z yiw,v; =0,  forallv eV,
i=0

has at least m = k(W) + 1 independent solutions uy, ..., u, € U. Also,
there exist A, ..., \,, such that

ex (Au; + ...+ Ayu,) =0. (1.15)

Proof.  We may replace y in (1.4) with e. Clearly u € U is a solution
whenever e « u € V1. In other words the space of solutions is the inverse
image of W under the linear map U — e x U, u +— e x u. The map has
non-trivial kernel by condition (1.2). The vectors e x uy, ..., e * u,, are all
in W and hence are dependent. [ ]

With the vectors {uj,...,u,} we associate the n points (uy;, ..., Um;i),
1 =1,...,n in affine m-space. By the proposition all points corresponding
to error positions are contained in a hyperplane through the origin

Proposition 1.20  For a given code C, let the pair (U, V') satisfy con-
ditions (1.1),(1.2) and let d(V") be equal to t. If the key equation (1.4) has
a one-dimensional solution space spanned by w; € U then e xuy; = 0 holds.
If (1.4) has at least two independent solutions uy,uy € U then the error
points either lie in affine 2-space on a line through the origin excluding the
origin or they coincide with the origin.

Proof.  1f the solution space is one-dimensional then, by Proposition
1.19, k(W) is equal to zero and condition (1.9) is satisfied. Otherwise k(W)



is not greater than one because the support of W coincides with the support
of e and d(W) is equal to t. Let U(y) denote the space spanned by u; and
uy. If W is contained in e x U(y) then by Proposition 1.19 the error points
lie on a line through the origin. At least one of u; and u, is unequal to zero
at all error positions so the origin can be excluded. If W is not contained
in e x U(y) both vectors u; and uy satisfy condition (1.9) and the error
points coincide with the origin. [ ]

Remark 1.21 In the above proposition we are looking for lines in
affine space containing at least ¢ points. There can be no more than n/t such
lines. Thus solving for error values can be done in parallel, not affecting
the time complexity. The computational complexity in this case is affected
by a factor n/t.

Secondly, let the pair (U, V') be t-error-locating, but not t-error-correcting.
Thus, the conditions (1.1)-(1.3) are satisfied and condition (1.11) is not.
Let U(y) denote the solutions of the key equation for a received word y.
Any u € U(y) locates the error positions. Combination of several solutions
reduces the possible error patterns. We use the concept of generalized
Hamming weight [54].

Proposition 1.22  Let (U, V) be a t-error-locating pair for the code
C' as in Definition 1.1. Combination of k(U) —t independent error-locating
vectors u € Ul(y) determines the error values uniquely if the following is
satisfied:

d(U,k(U) —t) +d(C) > n,

where d(U, i) denotes the i-th generalized Hamming weight of U and n de-
notes the code length of C.

Proof.  Immediate from the definition of generalized Hamming weight.
]

Example 1.23  We consider binary Reed-Muller codes of length n =
2™, for m > 3. See [32] for the definition and the main properties. The
code C = R(m — 3, m) has distance d(C) = 8. The dual code is the
second order Reed-Muller code, C+ = R(2,m). For the decoding of C
we set U = V = R(1,m). In particular U x V. C C*. Furthermore
E(U)y=m+1>3and d(V') = d(R(m —2,m)) =4 > 3. Thus the pair
(U, V) satisfies Definition 1.1 and is 3-error-locating for the code C. For a
codeword u

(u+1)«R(m—4,m) C C.

The zero set of u supports a subcode of C' and the pair (U,V) is not 3-
error-correcting. However we can reduce the possible error positions by
combining k(U) — 3 = m — 2 independent solutions to the key equation.



We have d(U, i) = 2™ — 2™ and the combination reduces the number of
possible error positions to four.



Part 11

Decoding codes from curves
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Chapter 2

Basic algorithm

The basic algorithm (BA) [24], [48] traces the error locations in a received
word. It yields a so-called error-locating function and the error locations
occur among the zeros of this function. In the original set up, two con-
ditions guarantee the determination of an error-locating function with a
sufficiently small number of zeros. In Section 2.3, we weaken the two con-
ditions and show that they still yield correct decoding. In both cases, the
claims follow from the results of the previous part. In the present contex-
t of codes from curves, we have a natural interpretation of the algebraic
decoding procedure. [t is discussed in Section 2.4. The basic algorithm
does not correct up to the designed capability of a code. In Section 2.5,
we recall improvements by Pellikaan [38] and by Ehrhard [14]. Two other
improvements are treated in separate chapters.

2.1 Notation

We recall some concepts from the theory of algebraic curves and give their
notation and some additional assumptions. The concepts are treated in
detail in the books: [7], [20] and [23]. More recent books pay special
attention to the case of a finite constant field and to the applications in
coding theory: [30],[35],[51] and [52]. Although the concepts are fairly
standard, their description may differ a lot from one book to another.

Notation 2.1  In the following, a curve X, or X /F,, is always abso-
lutely irreducible, non-singular, complete and defined over a finite field, of
q elements. The field of rational functions is denoted by F,(X), the module
of rational differential forms by Q(X). Points on a curve are identified with
places of the function field, rational points with places of degree one. Let
t denote a generator of the maximal ideal of a place. For a function f,
we define the divisor (f) = Y v (f)P, where P runs over all places and
v; denotes the discrete valuation at P. For a differential w, we define the
divisor (w) = X v (w)P, where P runs over all places and v, (fdt) = v4(f).
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A divisor is called principal if it is the divisor of a function. The relation
FEy ~ E, if and only if E; — F5 is principal, defines an equivalence rela-
tion on divisors. The unique divisor class containing the divisors (w), w a
rational differential, is called the canonical divisor class. A representative
is denoted by K. For a divisor E, the linear spaces Q(F) and L(E) are
defined by

QE) = {weQX) : (w)>E}U{0},
LE) = {feF(X)" : ()+E=>0} U {0}
The integers i(E) and [(E) denote the dimension of the spaces Q(FE) and
L(FE) respectively. Each differential w induces a natural isomorphism
L(E) = Q((w)-FE), [ fw. (2.1)

The divisor K satisfies: deg(K) = 2g — 2 and I(K) = g. The integer g is
called the genus of the curve. The genus g of a plane curve of degree m
satisfies g = (m — 1)(m — 2)/2. For a plane curve, let the divisor L denote
the intersection divisor of a line with the curve.

The main results on algebraic curves to be used are

Theorem 2.2 (Residue theorem)  The summation over all places of
the residues of a differential is well-defined and equal to zero.

Theorem 2.3 (Approzimation theorem)  For a divisor E and a finite
set of places S, there exists a divisor E' that is linearly equivalent to E and
that has support outside S.

Theorem 2.4 (Riemann-Roch theorem)  The dimensions of L(E) and
Q(E) are related by

(E) —i(E) = deg(E) +1 - g.
Theorem 2.5 (Clifford’s theorem)  For a divisor E with both L(E)
and Q(FE) non-trivial, the following holds

deg(E)
9

I(E) < +1.

The results and their proofs are described in the literature mentioned above.
The latter two theorems are recalled in a different form in the next chapter.
For the definition of a linear code with an algebraic curve, we recall the
construction of V.D. Goppa.

Let X be a curve. Let P, P,, ..., P, be n distinct rational points on the
curve. Then for the divisors D(= P, + P, + ...+ P,) and G (defined over
F,) one can define algebraic-geometric codes Cq(D, G), known as residue
code, and Cp(D, @), known as functional code. The pair of divisors {D, G}
that we use to define a code, corresponds with a pair {P, D} in [52].



Definition 2.6 (Goppa) We assume that D and G have disjoint sup-
port, without loss of generality. By abuse of notation, we will write P € D,
rather than P € supp(D). The codes Cq(D,G) and Cp(D,G) are defined
as the images of the linear maps

ag - UG —-D) — FJ, w (resp(w))pen,
ar @ L(G) — F, f= (f(P))pep-

In particular, ag and «aj, induce natural isomorphisms

an : QG- D)/UAG) =5 Ca(D,G),
ar : L(G)/L(G —~ D) > C.(D,G).

The isomorphisms yield expressions for the dimension of the codes.

Theorem 2.7 (Goppa) Fordeg(G) > deg(K), the code Cq(D,G) has
parameters

k>deg(K+D—-G)+1—-g, d>d =deg(G-K).
For deg(D) > deg(G), the code C(D,G) has parameters
k>deg(G)+1—g, d>d" =deg(D— Q).

Based on the isomorphism of linear spaces (2.1), a functional code can al-
ways be represented by a residue code. The residue code and the functional
code are dual by the Residue theorem.

Remark 2.8 In case the divisors D and G have a rational point P
in common, we follow the H-construction [52]. Let ordp(G) = i and let ¢
denote a local parameter at P. Then the mappings aq, ay, are modified at
the coordinate P:

agp @ QG-D) — F,, w»—>(r63p(t7iw)),
orp s LG — By o ((EN(P)ren.

2.2 Description

Let C be a residue code Cq(D,G). It has dual code C+ = Cr(D,G).
To apply the procedure of the previous chapter to decode C' we need an
error-locating pair (U, V') as in Definition 1.1. We choose a pair (U, V) of
AG-codes. For a divisor F with support disjoint from D, let U = Cp(D, F)
and V = Cr(D,G — F). This will satisfy condition (1.1). The other
conditions for a t-error-locating pair are

k(U) > t,
d(V+) > t.



With Goppa’s theorem we write

deg(F)+1—g>t+1,
deg(G—F —K)>t+1
The inequalities are satisfied only if 2¢ < deg(G—K)—1—g = d*—1—g. For

t in that range they are satisfied with F' of degree | (deg(G—K)—1+g)/2].
The pair is t-error-correcting when condition (1.11) is satisfied

d(U) +d(C) > n,

Or
deg(D — F) + deg(G — K) > deg(D).

But the pair fulfills already the stronger condition deg(G — F — K) > t and
is thus t-error-correcting. The proof is from [36]. The decoding procedure
itself is formulated in [24] and [48]. We recall their description in terms of
algebraic functions without explicit reference to the pair (U, V).

Say the code C' = Cq(D, G) has parity check matrix H. Let y = (yp)pen
denote a received word with error pattern e = (ep)pep. Thus,

He'= Hy'. (2.2)
An error-locator function f is defined by the property
f(P)#0 = ep=0. (2.3)

The BA consists of finding a nonzero error-locator function f and then
solving (2.2,2.3). To explain how f can be obtained and to formulate the
BA we use

Definition 2.9  With a vector y = (yp) pep We associate a one-dimen
sional syndrome S(y),

S(y) : LG) — F,.
h +—— Z yp h(P).

With a divisor F', we associate a two-dimensional syndrome S(F),

S(F) : L(F)x L(G—F) —— F,
(f,9) — Sy)(f9)

Remark 2.10  The syndrome S(F') depends on the vector y, but this
is suppressed in the notation. For a fixed received word y, it will often be
necessary to consider the syndrome S(F), for various divisors F', and we
anticipate this situation.



Lemma 2.11  The syndrome S(y) in the definition is a coset invari-
ant, that is

S(y)=S(e) & yee+CqoD,G).

A fortiori S(F) is a coset invariant.

Proof.  From the definition,
S(y — e) =0 & y—ec C’[J(D,G’)l = OQ(D,G)
[ ]

Definition 2.12  For a syndrome S(F), the key equation is defined as
S(F)(f.g) =0, VgeL(G-F). (2.4)

The vector space of solutions f € L(F') to the key equation is denoted by
K(F), its dimension by k(F).

Remark 2.13  The dimension k(F') only depends on the equivalence
class of the divisor F'. Thus in considering the dimension, we may assume
that the divisors F' and D have disjoint support. In three of the later
improvements of the basic algorithm, in particular in Proposition 2.36,
choices of F' occur that contain rational points among their support. As
long as the evaluation of (fg¢)(P) takes place after the multiplication of the
functions f and ¢ this poses no problem. The interpretation in terms of
error-locating pairs only holds when the functions f and g can be evaluated
separately. More important, separate evaluation leads to faster procedures
[15]. This is achieved by following the H-construction and using a local
parameter ¢ at P,

(fo)(P)=(#f)(P)- (t"g)(P), fori=ordp(F).
Note that we assume that P is not contained in G.

Lemma 2.14  ([48],[38]) Let the divisor Q) consist of the error loca-
tions, that is QQ = 3., .o P. In general, L(F — Q) C K(F'), and

Co(Q.G-F)=0 = L(F-Q)=K(F) (2.5)

Proof.  In the definition of S(F'), we may replace y by e. The inclusion
L(F — Q) C K(F) is obvious. The assumption is needed for the other
inclusion. It implies that (0,...,1,...,0) € CL(Q,G — F) for all unit
vectors of length deg(Q). Thus in the definition of K(F'), if g runs through
L(G—F), the unit vector with support the point P € @) poses the restriction
K(F) C L(F — P). Together the unit vectors yield K(F) C L(F — Q). =



Remark 2.15  ([24, plane curves,[48, general]) The main steps of the
BA can be summarized as follows:

Fix a divisor F.

Calculation of the key matrix S(F).

Calculation of a nonzero function f in K(F).
Calculation of the zero divisor of the function f.
Calculation of the error values in (2.2,2.3).

TH T @S
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In case the curve used is the projective line and the divisors G and F' are
a multiple of the point at infinity, the algorithm reduces to the Peterson-
Gorenstein-Ziegler decoder [4].

The divisor F' determines the error patterns that will be corrected. The
following theorem gives the degree of the divisor F', that optimizes the
algorithm.

Theorem 2.16  ([24, plane curves],[48, general]) Let C = Cq(D,G)
be a residue code. The BA with F a divisor of degree |(dc — 1)/2 + g/2]
with support disjoint from D will correct any error pattern of weight up to

[(de —1)/2 — g/2].

Proof.  We have deg(G—F—Q) > deg(G)—(dc—1) = deg(K)+1. Thus
Cqo(Q,G—F) = 0 and step (B2) yields f € L(F—Q). Withdeg(F—-Q) > g
we can take f nonzero. We may assume that (de —1)/2 — g/2 > 0 or
deg(F) < dc— 1. Thus in step (B3) at most d¢c — 2 possible error locations
are obtained and step (B4) has the error vector as a unique solution. =

The basic algorithm led Pellikaan to the definition of error-locating pairs
and the similarity between the two descriptions we have given is obvious.
An advantage of the error-locating pairs is their generality. They will be
used in the next part on cyclic codes too. The description in terms of func-
tions on the other hand is formulated in terms of the divisor () and makes
clear why some error patterns of a given weight are correctly decoded, while
others of the same weight are not.

Another approach to the decoding of AG-codes was taken by Porter [40].
His approach mimics the use of a key equation involving differentials as in
the decoding of classical Goppa codes. In a joint paper with Pellikaan and
Shen [41], the proofs of [40] are completed and in some cases corrected.
Ehrhard [14] generalized the approach in [40] to obtain a description of the
key equation for arbitrary AG-codes. The similarity of his description with
the basic algorithm is less obvious and was established in [14].



2.3 Sufficient conditions

We study in more detail the dependence of the basic algorithm on the par-
ticular error locations, i.e. the divisor ). In Lemma 2.18, we present two
conditions that guarantee error-correction. They have a more general for-
mulation in the form of the conditions (1.13) and (1.14).

Lemma 2.17  Lety denote an arbitrary vector of length n = deg(D).
Let two different vectors e; and ey € y + Cq(D,G) have as their support
the divisors Q1 and Q9 respectively. Then

Proof. ~ We prove the reverse direction and assume F' ~ ) + E, for
E > 0. Let the support of x = e; — e, € Cqo(D,G) be given by Q, <
Q1 + Q2. Then, x = (resp(w))pep for some nonzero w € Q(G — Q). A
fortiori w € Q(G — Q1 — Q2 — E). u

Lemma 2.18  For a vector e € y + Cq(D, G) with support Q, let the
following be fulfilled
QG—-F—-Q)=0, and (2.6)

L(F — Q) # 0. (2.7)

Then the vector e is the unique vector in'y + Cq(D,G) with (2.7). Appli-
cation of the basic algorithm yields in step (B2) an error-locating function
for e and in step (B4) the vector e itself.

Proof. By (2.6) and the previous lemma, any other vector in the coset
does not satisafy (2.7). By (2.6) and Lemma 2.14, the function f € K(F)
is error-locating. By (2.7), we may assume f is non-trivial. The vector e is
a solution to the equations (2.2,2.3). Since f is non-trivial, equation (2.3)
can only be fulfilled for a vector which support satisfies (2.7). But we saw
that e is the only such vector. [ ]

If the conditions on () are fulfilled, it is likely to be for a vector e of small
weight. But this need not be the vector of smallest weight in the coset. To
give an example we use

Notation 2.19  Let the coset y + Cq(D, ) contain two vectors e;
and e, that have disjoint supports. Let the divisors )7 and ()5 consist
of the points in the support of e; and e, respectively. Let the weight of

the vector e; — ey be equal to the designed minimum distance of the code
Cqo(D,G). In particular, G — Q1 — Qs ~ K.



Example 2.20 For the vectors e; and e, as above, the implication in
Lemma 2.17 is in fact an equivalence. The conditions in Lemma 2.18 can
be written as

e =e;: L(F—QQ)ZO, L(F—Ql)#O
€ =€ L(F—Ql):(), L(F—QQ)#O

It is clear that the conditions for e = e, may very well be satisfied, for

deg(Q2) > deg(Q1).

Remark 2.21  In [24],[38],[48],[52, Proposition 3.3.2], uniqueness in
step (B4) of the basic algorithm is ensured by posing a restriction on the
degree of the divisor F' : deg(F) < d*. By the lemma, this condition is
redundant. In particular the condition deg(G) > 4g — 2 can be dismissed
in [38] and the use of the definition of s(H) in the uniqueness proof can be
avoided in [48],[52, Exercise 3.3.10].

To show that deg(F') < d* does not follow in general from (2.6,2.7) a small
example suffices.

Example 2.22  Consider a plane curve of degree four and let Ry, R
be two different points outside D. Let L be the intersection divisor of a line
with the curve. Let G = 2L — R, and F = L— Ry. With K = L, conditions
(2.6,2.7) are satisfied for @ of degree one, but the condition deg(F) < d* is
not.

The next lemma is a slightly stronger version of Lemma 2.14.

Lemma 2.23  For a coset e+Cq(D,G), let K(F') denote the space of
solutions to the key equation as in Definition 2.12 and k(F) its dimension.
Let the divisor @) consist of the support of e. We have

K(F) <IF—Q)+i(G—F—Q)—i(G-F). (2.8)

Proof. In the definition of S(F') we replace y by e. The inclusion
L(F — Q) C K(F) is obvious and (2.5) follows from (2.8). For (2.8), we
also consider the right null space of S(F) and observe that it includes
L(G — F — Q). Thus, we are led to consider a bilinear form S, defined on
the product space L(F)/L(F — Q) x L(G — F)/L(G — F — Q):

S(f.9) = >_ erf(P)g(P).

PeqQ

The domain is isomorphic to the product of linear codes Cy,(F, Q) x Cr,(G —
F, Q). A non-trivial f is contained in the left null space of S if and only if
(epf(P))peq is contained in Cq(Q, G—F). Thus the factor K(F')/L(F—Q)
has dimension at most

dim Co(Q,G - F)=i(G—-F - Q) —i(G—F).
This proves (2.8). n



It is clear from the proof that the factor K(F)/L(F — @) is determined not
only by the error positions but also by the error values. In the situation
of Notation 2.19, we can give a description in terms of positions only. The
description is useful not so much for the decoding itself, but for an analysis
of the basic algorithm in the cases where it fails.

Lemma 2.24  Let e; and ey be as in Notation 2.19. We have
K(F) = L(F — Q) + L(F — Q2).

Proof. It suffices to prove K(F) C L(F — Q1) + L(F — @Q),). By
assumption G ~ K 4+ Q1 + Q2. With @Q = @), we find

dim(L(F — Q1) + L(F — Q3))
= UF-Q)+I(F—(G-K-Q))—I(F - (G-K)),
= WF-Q)+i(G—F—-Q)—i(G-F).

And we use (2.8). u

Example 2.25 Let X be a plane curve of degree four and let G = 4L.
For F' = 2L and an error pattern of weight at most five, the conditions (2.6)
and (2.7) are fulfilled, and the basic algorithm corrects the error. With the
exception of error patterns that have four collinear error positions, in which
case condition (2.6) fails. Indeed, let @1 ~ L + P and Q) ~ 2L — P. By
the lemma, K(F) # L(F — (1) and the basic algorithm fails.

2.4 Decoding and approximation

Decoding a received word can be interpreted naturally as an approximation
problem. For a residue code C' = Cq(G, D) this can be done in two dif-
ferent ways. Either one considers approximation by vectors of finite length
(codewords) or by vectors of infinite length (differentials). In the basic
algorithm, all data involved are formulated in terms of vectors of finite
length. Still, we show that the latter interpretation is more appropriate for
the basic algortihm.

Let y = (yp)pep denote a received n-tuple over IF,. The obvious interpre-
tation is

(1) find a word (cp)pep € C' C F' that minimizes [{P € D : yp # cp}|.

This is the formulation in terms of vector spaces in IF* that defines the task
of the decoder. The basic algorithm that we use for the decoding however
solves a different approximation problem. Recall the mapping

ag : UG—-D) — C, wi— (resp(w))pen-



We assume that d* = deg(G — K) > 0, therefore the mapping agq is an
isomorphism. Problem (1) is thus equivalent with

(2) find a differential w € Q(G — D) that minimizes |Q,,|,
with Q, = {P € D : yp # resp(w)}.

Let the mimimum be attained for Q, = Q. If |Q]| is sufficiently small, that
is if Q(G — F — Q) = 0, the basic algorithm yields a function f € L(F —Q).
It is obtained from the equation

Vge L(G—F): > ypf(P)g(P)=0. (2.9)

PeD

We adapt the notation. The vector (resp(w))pep is naturally extended to
a vector (resp(w))pge of infinite length. For w € Q(G — D) this yields an
extension with zeros only. The received word (yp)pep is similarly extended
to (yp)pea. We choose the extended vector to be zero outside P € D, so
that it differs from the differential in at most the transmitted symbols
P € D. Equation (2.9) is still well-defined if we take the summation over
P ¢ G instead of P € D and if we substitute for (yp)pep the extended
vector (yp)pge. Moreover it yields precisely the same equation for f. It is
clear that in solving for f, the divisor D plays no role. The problem solved
with the basic algorithm can be formulated as

(3) find a differential w with at most simple poles outside G,
and with (w) >4 G, such that L(F — Q) # 0,
with Q, = {P € G : yp # resp(w)}.

We conclude

Lemma 2.26  For an extension IFy D IF, of the constant field of the
curve, let D' > D be a sum of rational points. The code Cq(G,D") con-
tains Cq(G, D) as a shortened subfield subcode. Let'y € e+ Cq(G, D)
be a received word. Let € denote the vector e extended with zeros and let
y' € e+ Cqo(G,D"). For a divisor F, let K(F) (resp. K'(F)) be defined
as in Definition 2.9 as the space of solutions to the key equation, for the
vector'y (resp. y'). Then K(F) = K'(F).

Proof.  In equation (2.9), we may replace y by e and y’ by €' and the
equations take the same form. [

Remark 2.27  The lemma shows that if step (B2) of the basic algo-
rithm fails for a given code, it will also fail for a shortened subfield subcode.
In particular, to make use of the possibly better parameters of a shortened
code, the basic algorithm is of no use. In step (B3), the advantages of the
shortened code are apparent, but the basic algorithm only reaches that step
if it does so for the non-shortened code.



Example 2.28 The Klein quartic over GF'(8) is the plane curve de-
fined by
X XY +YZ + 72X = 0.

It has 24 rational points and 7 points of degree 2. Let B; = (1:0:0), By =
(0:1:0)and B3 = (0:0:1). Let the divisor D be the sum of the 21
other rational points. The choice G = 3(B; + By + Bj) yields a residue
code C = Cq(D, G) of type [21,14, > 5]/GF(8), which actually is of type
[21,14,6]/GF(8). A longer code is obtained by extending the constant field
of the curve to GF(64). Let the divisor D' be the sum of the 21+14 rational
points and let G be defined as before. The code C' = Cq(D', G) is of type
[35,28,> 5|/GF(64). Tt has words of weight five at seven mutually disjoint
supports. Each of the seven supports contains a pair of two conjugate
points over GF(64) and conversely each of the supports is determined by
the pair it contains. Let the points P;, Ps, P3, Pyy, P3 form the support
of a codeword in ' with nonzero coordinates c¢i, ¢a, €3, €29, Co3. We may
assume (after multiplication of the given word by a suitable scalar) that
the coordinates ¢y, ¢9, c3 are in GF(8). Let

e:(C]aCQacﬁ'aOa"'aO)a
/!
e :(01,02,03,0,...,0,0,...,0),

and let y € e+ C and y' € € + (' be received words for the codes C' and
C" respectively. The coset of y has the vector e as coset leader, the coset
of y' has as coset leader the vector (0,0,0,0,...,0, ¢, ¢23,0,...,0). The
basic algorithm applied with F' defined over GF'(8) leads to the same space
of solutions K (F') for both received words. With Lemma 2.24,

It is clear that for the code of length 21, the non-rational points play a role
in the basic algorithm. Although the vector e is a unique coset leader, its
support cannot be located with the basic algorithm.

2.5 Improvements

For practical purposes the basic algorithm is not fast enough. Also it does
not correct up to the designed distance. In this work we focus on the last
problem and mention only briefly contributions to the first problem. The
basic algorithm solves systems of linear equations and therefore has com-
plexity O(n?). This is a worst case complexity and may be improved for
special curves or by using more sophisticated algorithms for solving linear
equations. In case the curve used is the projective line, the basic algorithm
reduces to the Peterson-Gorenstein-Ziegler decoder.



For the computations the Berlekamp-Massey algorithm can be used which
has complexity O(n?). In general the complexity will depend on the chosen
model of the curve: the dimension of the space in which it is embedded and
the form of the equations. For plane curves one can use the generalization
of the Berlekamp-Massey algorithm given by Sakata [45]. This is done in
[25], where an algorithm with complexity O(n"/?) is obtained. For Hermi-
tian curves, an approach similar to Sakata’s algorithm is described in [47].
The paper also discusses efficient encoding of the codes. Tt is shown in [§]
that the approach in [25] can be applied to curves in r-dimensional space
with complexity O(n3=%(+1),

As for correcting more errors, there are several improvements. In the next
chapter, we recall a modification given by Skorobogatov and Vladut and we
give a generalization of their result. In Chapter 4, we work out an idea of
Feng and Rao. In this section, we recall improvements given by Pellikaan
and by Ehrhard and we make some remarks.

All improvements use the fact that the divisor F' in the basic algorithm can
be chosen freely. Pellikaan gives a condition that ensures that a bounded
number of suitable applications of the basic algorithm will yield the error
pattern. The precise statement is

Proposition 2.29 (/38]) Let Divy = {E € Div(X): E > 0,deg(E) =
k} be the set of effective divisors of degree k. Let Picy(X) be the group of

all divisors of degree zero modulo linear equivalence. For s > 2 a mapping
Y} is defined as

(DI Div} — Picy(X)* 1,
(El,EQ,...,ES) — ([El_EQ];[EQ_EBL---;[Esfl_ESD-

For k > g (and all s > 2), the mapping is surjective. Let the error pattern

e be of weight t and let r = d*—2t = deg(G — K)—2t. Let s be such that the

mapping ¢, is not surjective. Then, if (p1,D2, -, Ps_1) 1S without preim-
S

age in 5 and has preimage (Fy, Fy, ..., Fy) in 7, the basic algorithm
yields the error pattern e at least once when applied with F' = Fy, F5, ..., F.

Proof.  One can always find a preimage with the mapping ¢} such that
the divisors FE; are not effective. For k£ > g we may assume that the F;
are effective by the Riemann-Roch theorem. For the claim on the basic
algorithm it suffices to prove that at least one of the F; satisfies both (2.6)
and (2.7). All F; satisfy L(F;—Q) # 0, and we show that Q(G—F;—Q) # 0
for all F; yields a contradiction. Indeed,

QG- F Q) #0 = K~G- F - Q+E,



for some effective divisor E; of degree ¢ — r, and we find a preimage of
(p1, D2, -+, Ps1) in W, n

The restriction deg(G) > 4g — 2 in the original formulation is omitted (see
Remark 2.21). It is possible to give upper bounds for the parameter s
using only the data from the zeta-function [38, 53]. The bottle-neck in the
proposition is to find the element (py,pa,...,ps 1). Once this element is
known, one has a decoding procedure for all codes from the given curve
that decodes up to (d* —r)/2 errors.

Example 2.30 Recall Example 2.25. For a plane curve of degree
four and a residue code defined with G = 4L, the basic algorithm does not
correct all errors when applied with F' = 2L. The proposition applies with
g=3,t=5r=2s=2and p; # [P, — P, for any two rational points
Py, P,. For example, if the tangents of P; and P, have empty intersection
on the curve, the choice p; = [2P; — 2P,] and F} = 2L, Fy ~ 2L+ 2P, — 2P,
will do. For the Klein quartic defined over GF(8), decoding procedures
based on the proposition are given in [44].

Ehrhard formulated an effective procedure to decode up to the designed
distance. The main idea is contained in the following two lemmas. Propo-
sition 2.36 gives the procedure for d* > 6g. We show that the procedure
actually holds for d* > 4g. Also, a slight modification yields a faster pro-
cedure, while the constraint reduces to d* > 4g — 2, where v denotes the
gonality of the curve. For d* < 4g — 2+, we give a family of examples where
the lemmas do not apply.

Lemma 2.31  For an error vector e with support @), let the space
K(F) be as in Definition 2.9, and let

I(F—Q) <Ek(F)<2F-0Q). (2.10)
Let there exist a rational point P, such that for F* = F — P,
k(F*) < k(F) — 2. (2.11)

Then
I(F*— Q) < k(F*) <2(F* - Q). (2.12)

Proof.  The first inequality in (2.12) holds in general by Lemma 2.14
For the second inequality, we have

W) < k(F) —2 < 2(F — Q) — 2 < 2(F* — Q).



Remark 2.32  Let deg(F) < d* or more general Q(G — F) = 0. In
analogy with Lemma 2.17, we note that a vector e € y + Cq(D, G) with
(2.10) is unique in its coset. Indeed, let e; = e and let ey € e;+Cq(D, G) be
a different vector with (2.10). Let their supports be denoted by the divisors
@1 = @ and Q) respectively. Let the support of x = e; — ey € Cq(D, G)
be given by Q, < Q1 + Q2. Then, x = (resp(w))pep for some nonzero
w € UG — Q). Clearly L(F — Q) N L(F — Q) C L(F — Q) and
L(F — @) + L(F — Q2) C K(F). Application of the bounds (2.10) yields

(F—Q)+UF —Qs) —(F—Q,) <2(F —Q),
WE = Q)+ 1(F— Q) — I(F — Q) <2U(F — Q).

Thus L(F — @) # 0 and, for 0 # f € L(F — (),), we obtain the contra-
diction 0 # fw € Q(G — F) = 0.

Lemma 2.33  Assume L(F — Q) # 0 and deg(F) < d*—g—1. Then
precisely one of the following holds.

K(F)=L(F - Q). (2.13)
There exists a rational point P € () with
k(F — P) < k(F)—2. (2.14)

Proof.  Let (2.13) hold. With Lemma 2.14, for an arbitrary rational
point P,

B(F—P)>I(F —P—Q)>I(F—Q)—1=k(F) 1,

and (2.14) fails. Let (2.13) fail. In proving (2.14), we may assume that F
has support disjoint from D by Remark 2.13. Then,

feEK(F) & (epf(P))req € Ca(Q,G —F).

For f € K(F)\L(F — @), let the set { Py, P,, ..., P;} denote the support of
(epf(P))peg- Thus,

K(F)NL(F — P) # K(F), 1=1,2,...,L (2.15)
For some P;, 1 = 1,2, ...,1, let there exist
fi € L(F ~ Q\L(F — P, - Q). (2.16)

In particular, f; € K(F)N L(F — B;). Let g € L(G — F + PB)\L(G — F).
Note that deg(F) < d* by assumption, and ¢ exists. We obtain f;g €
L(G + P — Q\L(G — Q) and S(F — P)(fi,g9) = ep(fig)(Fi) # 0 and
fi ¢ K(F — P;). We conclude that, provided f; exists,

K(F — P)+K(F)NL(F - P). (2.17)



Combination of (2.15),(2.17) and P; € @) proves (2.14).

To prove that for some P; a function f; as in (2.16) exists, it suffices that
the number of base points b of |F' — Q| is less than [. We have, Q(G — F —

P —...—F)#0and deg(G— F) —1 < deg(K) or |l > d* — deg(F). Using
g > b as a bound for the number of base points, the claim follows with the
assumption deg(F) < d* — g. n

Remark 2.34  The original proposition claims the existence of P €
D. At this stage of the basic algorithm, the divisor D plays no essential role
by Lemma 2.26. The divisor @) does. At least when condition (2.10) holds
and when Q(G — F) = 0, by Remark 2.32. Also, in the proof, the points
outside @ play no role. The difference is of no importance in proving the
claim. The proof follows the original and yields the stronger claim, namely
P € . The bound on deg(F) is used twice in the proof. For later use, we
note that the existence of the function ¢ follows with the weaker condition
QG -F)=0.

Remark 2.35 (/16/) We formulate the decoding procedure.

(E0) Fix a divisor F'. Take F* = F.

(E1)  Find P € D with k(F*) < k(F) — 2, for F* = F — P.
Repeat this step till no such P exists.

(E2) Apply the basic algorithm with F™.

Proposition 2.36 ([16]) [1}] Let a code Cqo(G, D) be given with d* >
6g. Let e be an error vector of weight at most t, for 2t < d*. Let F' be
a divisor of degree 2g +t. The procedure of the remark corrects the error
pattern e.

Proof.  Let @) denote the support of e. We establish condition (2.12),
for F* = F, and use Lemma 2.23. We have deg(G — F — Q) > 2g —
2+ d"—29—1t—t > —2 and therefore k(F) < I(F — Q) + g. Also,
deg(F — Q) > 2g, and it follows that k(F) < 2I(F — Q). Next, we establish
the condition deg(F) < d* — g — 1 in Lemma 2.33. But 6g + 2t < 2d* — 2,
and 29+t < d*—g— 1.

It is clear that a divisor F' = F* with (2.12) satisfies either (2.13) or (2.11).
The conditions of Lemma 2.33 are fulfilled. Thus, in the former case, the
divisor is passed to step (E2). In the latter case, Lemma 2.31 applies and
(2.12) holds for the divisor F* = F' — P. After finitely many repetitions,
a divisor F* with K(F*) = [(F* — Q) # 0 is passed to step (E2). The
basic algorithm yields f € K(F*) and with deg(F*) < d* the error vector
is uniquely determined by the zeros of f. [ ]



Remark 2.37  The choice deg(F') = 29+t implies deg(G — F') = d* —
t—2. By Remarks 2.32 and 2.34, the condition (G —F') = 0 should hold for
the application of the Lemmas 2.31 and 2.33 respectively. In case d* > 4g,
the condition is satisfied, for any choice of F'. In case d* > 2g, the condition
is satisfied for a proper choice of F'. In case d* < 2¢g, no proper choice exists.
In the situation d* < 2¢g however, the choice deg(F') = g + 2t ensures that
condition (2.10) will hold. The choice implies deg(G — F) = g —2+d* — 2t
and Q(G — F') = 0 for a proper choice of F.

Remark 2.38 A closer look at the base points of |F' — Q)| in Lemma
2.33 shows that the proposition in fact holds for d* > 4g. Let P, Py, ..., P,
be b different base points of a non-trivial linear system |E|. Clifford’s
theorem yields,

deg(E)+1—g<I(E)=I1(E— P —...— P) < (deg(E) — b)/2 + 1.

Or
b < 2g — deg(E). (2.18)

In the proof of the lemma, it suffices to prove the inequality
b < d" — deg(F),

where b denotes the number of base points of |F' — Q. It is trivially fulfilled

for b = 0. For b # 0, we apply the bound (2.18), with £ = F — (). The
inequality holds for 2¢g +t < d* or d* > 4g.

Remark 2.39  Another way to reduce the constraint on d* to d* > 4g
is obtained by using the procedure in parallel with F' = Fj and F = G — Fy,.
For at least one of Fyy, G — Fy, condition (2.10) holds. Indeed, it suffices by
Lemma 2.23 that one of the following holds:

I(Fy — Q) +i(G — Fy — Q) < 2(F, — Q),
G Fy Q) +i(Fy Q) <2(G F Q)

This follows with

W(Fo— Q) —i(G—F— Q)+ UG- F—Q) —i(Fh— Q)
=  deg(G—-2Q)+2-29g > d*—2t > 0.

For Fy of degree g +t, the conditions deg(F') < d* — g, for F = F,, G — Fy,
are fulfilled for d* > 2g + ¢, or d* > 4¢g. A further improvement follows by
reconsidering the bound ¢ for the number of base points. It is clear that in
condition (2.10), the dimension /(F' — () > 1. A bound on the number of
base points of F'— @) is given by deg(F — Q) — b > 7, where v denotes the
gonality. This implies that for the choice deg(F,) = g + ¢, the constraint
d* > 4g — 2~y suffices. With this choice for Fy, deg(G — F) > 3g—1—1, for
F = Fy, G — Fy. Avoiding the choices Fy = K,G — K, in case the gonality
v = g + 1 ensures that Q(G — F) = 0.



Example 2.40 Recall Example 2.25. For a plane curve of degree
four, a residue code is defined with G = 4L. Thus d* = 12 = 4¢, and by
Remark 2.38, the procedure of Remark 2.35 corrects up to five errors for F'
in step (EO0) of degree 2g+t = 11. Also, by Remark 2.39, the procedure will
be successful for F' = 2L. In that case, the basic algorithm will in general
be applied in step (E2) with F' = 2L. Only when four error positions are
collinear will F' be modified in step (E1), and the basic algorithm will be
applied with ' = 2L — P'. Here, P’ will be different from the noncollinear
error position P.

Example 2.41 The constraint d* > 4g — 2v is sharp. That is, for
d* < 4g — 27, no P € () may exist with (2.14), while (2.13) does not hold.
Thus, let d* = 49 — 2y — 1 and let ) = (7 and ()3 contain the support
of error vectors e = e; and e, respectively, as in Notation 2.19, such that
deg(Q1) = 29—~ —1 and deg(Q2) = 2g — . As in the proof of Proposition
2.36, we need a divisor F in step (E0), for which (2.12) holds. Following
Remark 2.39, we use F' = Fy and F' = G — Fy in parallel, for a divisor Fy of
degree g +t. We give a special choice for )1, Q)2 and Fy, such that neither
(2.13) nor (2.14) holds. To this end, let Q,, Q1. and Q;o be divisors, such

that

deg(@,) =1, HQy) =2.

deg(Ql*) =9—=7 Z(Q’Y + Ql*) =2.

deg(Qio) =g — 1, Qo) = 1.
Let Q1 = Q1 + Q1o and let Qo ~ Qy + 2Q1.. For Fy ~ Q, + 2Q1. + Q1o,
the divisor Fy is of degree g + ¢ and (2.12) holds for F* = Fy. In fact,
(Fo — Q1) = U(Qy + Q1x) = 2, I(Fo — Q2) = I(Q1o) = 1 and k(Fp) = 3
by Lemma 2.24. But P € ) = )y is a basepoint of either |Fy — ()| or
|Fy — Q2| and no P € @ exists, such that k(Fy — P) < k(Fp) — 2, while

K(Fy) # L(Fy — Q).






Chapter 3

Modified algorithm

The modified algorithm (MA) [48] searches for error-locator functions of
increasing degree and improves on the BA. The MA can be applied only to
a restricted class of codes. The general case was left as an open problem
[52, Remark 3.3.13]. In this chapter, we formulate the extended modified
algorithm (EMA) that applies to all codes. The bound on error-correction
of the MA shows a defect that depends on the particular code. The bound
on error-correction of the EMA shows a defect that depends on the curve
being used, rather than on the particular code.

3.1 Special divisors

We recall two well known results and we define a parameter that will be used
later to measure a defect in a bound on error-correction. The parameter is
investigated for hyperelliptic curves and for plane curves. For a curve X,
let K be a representative of the canonical divisor class.

Theorem 3.1  (Riemann-Roch) For an arbitrary divisor E on the
curve, we have

deg(E) deg(K — FE)
2 2
Proof.  See e.g. [7, Chapter 2],[23, Chapter 4]. [

— (I(B) - 1) — (I(K — B) - 1). (3.1)

Definition 3.2 A divisor F is called special if it is effective and L(K —
E)#0.

Theorem 3.3  (Clifford) For a special divisor E on the curve, we have

deg(E
% ~((E) - 1) > o0 (3.2)
Proof.  See e.g. [1, Chapter 3],[23, Chapter 4]. [ |
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The curves considered in [23] are defined over an algebraically closed field.
From this the result for finite fields follows. The proof in [1] for charac-
teristic zero is similar for finite characteristic. Theorem 3.3 provides an
upper bound for the dimension of a special divisor on a curve. To obtain a
lower bound for the dimension of a special divisor we introduce the Clifford
defect of a set of divisors. The defect measures the largest deviation from
the upper bound.

Definition 3.4  For a curve X, let £ be a finite set of divisors. We
define the Clifford defect s(E) of the set € by s()) = 0 and, for € # (),

s(€) = max{ degT(E)(l(E)l)  BFef}. (3.3)

For our purpose we consider sets £ of special divisors that satisfy
&= {EU;EI;---;EngQ}; deg(E)) :’i, 220,1772(]—2, (34)

with ¢ the genus of the curve (for ¢ = 0 we set £ = ()). One verifies that
such a set exists if and only if the curve has a rational point. For a fixed
&, we write s = s(€) and we define subsets &£y, C £ by

Eecé& & deg(E)=0 (mod2).
Ee& < deg(E)=1

Also, let sg = s(&) and s; = s(&7).

Lemma 3.5  For a divisor E, let s(F) denote s({E}) = deg(F)/2 —
(I(E) = 1). A set £ as in (3.4) can be modified without increase of its
Clifford defect s(E), such that it satisfies

|s(E;) — s(Fip1)| =1/2, i=0,1,...,29 — 3. (3.5)
Proof.  Besides (3.5), we may distinguish two cases:

(1) s(B) — s(Er) >1/2, or  U(Eiy) — U(E) > 1.
2)  s(Bi) - s(E)>1/2, or UK - E)— I(K — E,) > 1.

Let P be a rational point. As a modification in each case, we choose

(1) Ej~Ey,—P, E>0.

With each modification the nonnegative number s(Ey) + s(Ey) + ... +
$(Fyy_o) will strictly decrease. Regardless of the order of the modifications,
after finitely many steps condition (3.5) will hold. [



Remark 3.6 For £ as in (3.4), the maximum in (3.3) is taken over
nonnegative values by Theorem 3.3. With Theorem 3.1 we have

0<s<(9-1)/2, forg=>1
Also note that
s50=0 (mod1l) and s =1/2 (mod1).

A set £ as in (3.4,3.5) satisfies [sp — s1] = 1/2. We will later obtain
bounds on error-correction, t < (dg — 1)/2 — sg and t < (d¢ — 1)/2 — sy
respectively, for the cases of odd and even designed minimum distance
respectively (Theorem 3.13).

Definition 3.7  We define the Clifford defect s(X) of the curve X as
s(X) = min{s(&) : £ asin (3.4) }.

In particular for elliptic curves we obtain s(X) = 0, with £ = {0}. From
Remark 3.6 we conclude that decoding up to the designed minimum dis-
tance is also guaranteed for curves with s(X) = 1/2 (i.e. so = 0 and

s1=1/2).

Proposition 3.8  The curves with s(X) < 1/2 can be classified as the
curves of genus zero or one and the hyperelliptic curves.

Proof. Curves of genus g > 2 with this property have a divisor F,
E = E, € &, that satisfies

deg(F) =2 and I(F) = 2. (3.6)

That is, the curve is hyperelliptic [23, p.298]. Conversely, for a hyperelliptic
curve X the required set £ = &, U &, is defined by

E&={0,E,....(¢g—1)FE},
E={P,E+P,...,(g—2)E+ P},

with E as in (3.6) and P a rational point. u

Curves with s(X) =1 (i.e. s =1 and s; = 1/2) allow decoding up to the
designed minimum distance d¢ in case de is even. Among these are the
plane curves of degree 4.

Proposition 3.9  Let X be a plane curve of degree m with genus g.
With the assumption that the curve has a rational point and m > 4, a set
E can be chosen with

{(m2—4m+8)/8, if m=0 (mod 2).

s(€) = (m? —4m+7)/8, if m=1 (mod 2).

(3.7)



In particular s(X) < (g +1)/4.

Proof. A construction for £ is given in Section 3.5. With g = (m —
1)(m — 2)/2, we have (m* —4m +8)/8 = (¢9+ 1)/4 — (m — 4)/8 and the
inequality follows. [ ]

3.2 Main lemma

The conditions (2.6,2.7) are conflicting: the former is satisfied for a divisor
F of sufficiently low degree, the latter is satisfied for F' of sufficiently high
degree. The following lemma allows one to choose divisors F' of increasing
degree, such that for at least one F' in the sequence both conditions are
satisfied.

Lemma 3.10  (induction step) Let G, F and Q) be given divisors. Let
FE and F* be divisors satisfying

U(E) > g deg(F — Q). and (3.8)
F*~G-F—F. (3.9)

Then
LIF-Q)=0 = QG—-F"—-Q)=0.

Proof.  We assume Q(G — F* — Q) # 0, say it contains w # 0, and
will deduce L(F — Q) # 0. So let

(W)=G-F"-—Q+FE", E*>0.
Using the definition of F* (3.9), we obtain

(wW)~F+FE—Q+E",

F-Q~K-—E— E", (3.10)
where K represents the canonical divisor class. Since E* > 0, it suffices for
L(F — Q) # 0, to prove

deg(E*) < I(K — E). (3.11)
Substitution of (3.10) in (3.8) yields

(9—1) — deg(K — E— E*) < I(E),

deg(E*) < I(F) — deg(E) + g — 1,

deg(E*) < I(F) — deg(FE)/2 + deg(K — E)/2,
deg(E") < (K — E),

where we apply Theorem 3.1 (Riemann-Roch). Thus, we have proven
(3.11). n



For a residue code C, we make the bound on error-correction that is con-
tained in (3.8) explicit.

Lemma 3.11  (a bound on error-correction) Let C = Cq(D, G) be a
residue code. It has designed minimum distance de = deg(G — K). Also,
let t = deg(Q). Then, condition (3.8) in Lemma 3.10 is equivalent to

de — 1
- 2

_deg(E)  deg(F* - F) -1
2 2 ‘

Proof.  Note that (3.9) implies that the right hand side of (3.12) is a
natural number. We will obtain (3.8) from (3.12). To this end, we first
multiply and then substitute for the parameters ¢t and d,

+(I(E) - 1)

(3.12)

2t < (de—1)+2(I(E) — 1) — deg(E) — deg(F* — F) + 1,
2deg(Q) < deg(G— K)+2((F)—1) —deg(E) — deg(F* — F).

Next, we use (3.9),

2deg(Q) < 2(I(F)—1)+deg(G— K — E) —deg(G —2F — E),
deg(K) — 2deg(F Q) < 2((E) 1),
(g—1) —deg(F = Q) < (I(E)—1).

This clearly yields (3.8). We have equivalence at all steps. u

3.3 Description

Proposition 3.12  (modified algorithm [48]) Let C = Cqo(D,G) be a
residue code, with G = aH, H an effective divisor, and h = deg(H). Let

th+h+1

s(H) = maz{ 5

—I(iH) i€ Z).

Then, a received word with error pattern of weight t, t < (de—1)/2—s(H),
can be corrected by successive applications of the BA with F = H,2H, ... .
In particular F = bH of lowest degree such that (2.7) holds will satisfy (2.6).

Proof. A slightly improved bound is given in Proposition 3.17. ]

Theorem 3.13  (extended modified algorithm) Let C' = Cq(D, G) be
a residue code, defined with a curve X, with odd designed minimum distance
dc = 2e+1. Let € be a set of special divisors on X as in Definition 3.4 and
let & be the subset of divisors of even degree, say & = {Fo, E1, ..., Eq_1}
and sq = s(&y):

deg(Ey) = 29220, deg(B)/2 — (I(E;) — 1) < s0.



Also, let F = {Fy, Fy, ..., F,} be a set of divisors on X, with deg(F,) = e,
FO ND= @ and

Fi~G—F;_— B, F,nD =0, i=1,2,...,9.  (3.13)

Then, a received word with error pattern of weightt, t < (do—1)/2—s, can
be corrected by successive applications of the BA with F' = Fy, Fi, ..., F).
In particular F = F; of lowest degree such that (2.7) holds will satisfy (2.6).

Proof. ~ With (3.13) we have, fori =2,3,...,¢,
deg(Fi + Ei_y) = deg(G — Fi_y) = deg(Fi_o + Ei_»),
deg(F; — F; o) =deg(E; 2 — E; 1) = 2.
With deg(Fy) = e and deg(F;) = e + 1 we obtain
deg(F;) =e+1i, i=0,1,...,9.

Let (Q denote the divisor of all the error locations. For Fj we have, with
dPg(Q) =t<e—syand sy >0,

deg(G — Fy — Q) > deg(K) +2e+1—e— (e—s9) > deg(K)+ 1.
And thus Q(G — Fy, — Q) = 0. Next, we prove that, fori =0,1,...,¢9—1,
LIE,-Q) =0 = QG- F. —Q)=0. (3.14)

We use Lemma 3.10. All conditions but (3.8) are trivially fulfilled. We
have

deg(Fiy1 — F;) =1
deg(E;)/2 — (I(E;) — 1) < sp.
deg(Q) < e — sq.

We may apply Lemma 3.11. This proves the induction (3.14). For the
termination of the algorithm we have for F}

deg(Fy— Q) > (e +9) — (e~ 50) > g
Hence L(F, — Q) # 0. n

Remark 3.14  (even designed minimum distance) Let C = Cq(D, G)
have even designed minimum distance do = 2e + 2. The following modifi-
cations apply to Theorem 3.13: We consider the subset £ of £ of divisors
of odd degree, say & = {Ey, Es, ..., E, 1} and 51 = s(&):

deg(E) = 29— 1-2i, deg(E)/2— (I(E) — 1) <.
Also, let F = {Fy, F5, ..., F,}, with deg(F}) = e+1, FiND = () and (3.13)
for+ = 2,3,...,¢9. Then, a received word with error pattern of weight ¢,

t < (dc—1)/2 — sq, can be corrected by successive applications of the BA
with F' = Fy, F,, ..., F,. The proof follows Theorem 3.13.



Example 3.15 Recall Example 2.25. The code Cq(D, G), with G =
4L, has distance d* = 12 and the basic algorithm corrects any (d* — 1 —
g)/2 = 4 errors. Let P denote a rational point on the curve. The set of
special divisors £, = {E; = L — P, Ey; = P} has Clifford defect s; = 1/2.
The set F of divisors F' is defined inductively, starting with F' of degree 6
and using F* =G — F — E:

F=L+2P, F*=2L-P, FE=L—-P,

F=2L—-P, F*=2L, E=P,
Thus the basic algorithm can be applied with F' € F,

F={Fh=L+2P F,=2L— P, F;=2L}.

When applied in this order, the first solution occurring will be error-
locating.

Proposition 3.16  We have the following bounds for error correction
with the EMA. Rational, elliptic and hyperelliptic curves:

t < |(dec—1)/2].
Plane curves of degree m:
t < |(de =1)/2 = (m—=1)(m —3)/8].

Proof.  For the first bound we use the set £ as in Proposition 3.8. For
the second bound we refer to Section 3.5. ]

Proposition 3.17  We claim that Proposition 3.12 holds with the fol-
lowing: H may be any divisor and s(H) can be defined as

] 1
% “I(iH) :i#a (mod?2)}.

s(H) = mazx{
Proof. The improvement is obtained through a different uniqueness
proof (Remark 2.21). Note that the bound on error-correction, ¢ < (d¢ —
1)/2 — s(H), always represents an integer. We use the line of proof in
Theorem 3.13. Clearly, we may add F' = 0 at the beginning of the sequence.
The following are trivial: Q(G — 0 — Q) = 0 and L(aH — Q) # 0. For the
analogue to the induction (3.14), we will apply Lemma 3.10 with F* =
F+ H. Then F =G — F — F* runs through

E = (a—1)H, (a—3)H,....
And, for £ = iH,

deg(E)/2 — (I(E) — 1) = (ih)/2 — (IGH) — 1) < s(H)— (h—1)/2.



Thus we have, at all steps,

deg(F* — F) = h, and
deg(E)/2 — (I(F)—1) < s(H)—(h—1)/2, and
deg(Q) < e— s(H).

We may apply Lemma 3.11. This proves the induction. [ ]

3.4 Additional lemma

After Lemma 3.10, we present another lemma that allows one to choose
divisors F' of increasing degree, such that for at least one F' in the sequence
both conditions (2.6,2.7) are satisfied. Unlike Lemma 3.10, the application
of Lemma 3.18 shows some restrictions, see Remark 3.19.

Lemma 3.18  (alternate step) Let G, F' and Q be given divisors. With
P be a rational point on the curve, let F* = F + P and E =G — F — F*.
Then I(E) = I(E — P) + 1 implies

LF* - Q#LF-Q = QG F Q=G F Q).
Proof. By assumption, there exist a function f # 0 with
(f)=FE — E, E, >0, but not Ef > P.

We assume Q(G — F* — Q) # Q(G — F — @) and will deduce L(F* — Q) =
L(F — Q). Thus, let w # 0 be a differential with divisor

(W) =G —=F"—Q+ Es, Ey > 0, but not Fy > P.
Then fw € Q(F — Q)\Q(F* — Q), and L(F* — Q) = L(F — Q). n

Remark 3.19  (a note on application) The lemma does not apply to
two consecutive steps: in case L(F*—(@)) = L(F—@Q) = 0, no information on
Q(G—-F*—(Q) is obtained and in a next step Q(G—F*—-Q) = Q(G—F —-Q)
provides no useful information. It is clear from the proof of Theorem 3.13
that, for a given set of special divisor £, only some induction steps (3.14)
determine the bound on error-correction. If one succeeds in replacing these
steps by alternate steps, the bound may be improved by one.

Lemma 3.20  Replacement of Lemma 3.10 with Lemma 5.18 in prov-
ing induction for the EMA (Theorem 3.13) yields an improvement only
if
sg,  if do is odd.

s1,  if do is even.

s = max{sy,s1} = {



For plane curves of degree m the condition becomes

m=0 (mod4) ifde is odd.
m#0 (mod4) ifdc is even.

Proof. We consider the case of odd d¢ and we may assume that £
satisfies (3.5). With the notation as in (3.4) and Lemma 3.5, let s(Ey,) = sq.
We have improvement, only if s(Fa, 5) = s(Fay12) = so— 1. Then by (3.5):
$(For 1) = $(Foy1) = so — 1/2. Hence s; < sg. The statement on plane
curves is now a consequence of Proposition 3.9. [

Example 3.21 Let X be the Hermitian curve of degree five over
GF(16). Let Py and P, be two rational points. Their tangents have inter-
section divisor Ly = 5P, and Ly = 5P respectively. Let G = 2a(Py+ P;) be
a divisor. The code Cq(D, G) is of type [63,68 —4a, > 4a—10] over GF'(16),
for 3 < a < 15. Proposition 3.16 tells that the EMA corrects t* — 1 errors.
This is obtained with a set of special divisors of Clifford defect one and a
half. We may take & = {9P,, 7Py, 5P, 3P, Py}. Only the divisors 7P, and
3P, have a defect of one and a half. We avoid using Lemma 3.10 with these
divisors and use Lemma 3.18 instead. The condition [(E) = [(E — P) +1
in the lemma is satisfied for

E =4Py+ 3P, P=P,.
E:5P0—2P1, P:PO

For the three remaining induction steps, we may use Lemma 3.10 with
E =5Py+4P;,5Py, Py. Let F = a(Py + P).

F=F—-3P,-2P,, F*=F—-2P—2P,, E=5P +4P,,
F=F—-2P,—-2P,, F*=F—-2P—1P,, E =4P,+ 3P,
F=F—-2P, - P, F*=F —3P, + P, E =5P,
F=F 3P, + P, F*=F 2Py + P, E =5P, — 2P,
F=F 2P, + P, F*=F+ Py~ P, E = P,.

Thus the basic algorithm can be applied with F' € F,
f - { F*3P0*2P], F*QP@*QP], F*QP()*P],

F-3P,+P, F-2P+P, F+P P

When applied in this order, the first solution occurring will be error-
locating.

3.5 Plane curves

We complete the proofs of Proposition 3.9 and Proposition 3.16.



Proof.  (Proposition 3.9) We consider the plane curve X of degree m
and genus g = (m — 1)(m — 2)/2. With the assumption m > 4, we will
construct a set £ with
(m? —4m +8)/8 ifm =0 (mod 2).

s(€) = {(m24m+7)/8 ifm=1 (mod 2). (3.15)

Let thus L be an intersection divisor of the curve with a line. Also, let B;
be an effective divisor of degree deg(B;) =i, fori = 0,1,...,m — 1. We
define the set £ as the set of divisors F, that satisfy one of the following
E=alL+ B;, 0<a<m-—3 and 0<i<m-—(a+2).
Or E=(a+1)L—B,i, 0<a<m—3 and m—(a+2)<i<m.
Or E=(m—3)L.
One verifies that £ contains divisors E, with degree deg(F) in the range:
0 < deg(F) < (m —3)m = 2g — 2. To each degree in the range there
corresponds a unique divisor. With m > 4 we note: in the calculation of
the maximum s(€), we may consider E # (m — 3)L. We have [(aL) =
(a+2)(a+1)/2, and thus for [(E)
l(aL + B;) > (a+2)(a+1)/2, and
l((a+1)L — B,,—i) > (a+3)(a+2)/2 — (m—1).
For deg(E)/2 — (I(E) — 1) we obtain, with i =m — (a +2) Fb,b > 0,
deg(FE) —a’+(m—4)a+m—2—10
2 2 '

The maximum of the right hand side is obtained for a = (m —4)/2,b = 0.
Looking for integer solutions, we see that the maxima are obtained for

—(UE)-1) < (3.16)

((m—4)/2,0), ifm =0 (mod?2).
(a.0) = {“m—SVZOL ifm =1 (mod2).
Substitution in (3.16) yields (3.15). u

Proof.  (Proposition 3.16) From (3.15) we obtain the inequality
(m—1)(m—3)/8<s—1/2.

The gap is at most 1/8. Also s —1/2 < sy and s — 1/2 < s;, where one
inequality is tight and the other shows a gap of 1/2. For the cases of odd

and even designed minimum distance the following represent tight integer
bounds for decoding with the EMA (Theorem 3.13)

t<(dc—1)/2 =35y, forde odd.
t<(de—1)/2— s, fordc even.
Hence one verifies by combination of the inequalities that in both cases
t<(dec—1)/2—=(m—1)(m—3)/8,
where the gap is at most 5/8. m



Chapter 4

Majority coset decoding

Justesen et al. [24] observed that the Peterson algorithm could be general-
ized to codes from plane algebraic curves. As was shown by Skorobogatov
and Vladut [48], the restriction to plane curves and to a particular class of
codes was not essential. Thus a basic algorithm for the decoding of an arbi-
trary algebraic geometric code is available. It corrects up to (d*—1)/2—g/2
errors. Improvements of this result either are not constructive and of high
complexity [38],[53] or do not correct up to the designed minimum distance
in general [48],]9]. Both Ehrhard [16] and Feng and Rao [17] formulated
procedures that overcome this. Ehrhard’s procedure is recalled in Section
2.5.

In this chapter, we show that the procedure of Feng and Rao can be applied
to an arbitrary algebraic geometric code. In our set up a reduction step
is added to the basic algorithm. In case the basic algorith fails a major-
ity scheme is used to obtain an additional syndrome for the error vector.
Thus a strictly smaller coset containing the error vector is obtained. In this
way the basic algorithm is applied to a decreasing chain of cosets and after
finitely many steps the coset will be small enough for succesful application
of the basic algorithm. We call the procedure Majority Coset Decoding (in
short MCD).

The repeated applications of the basic algorithm in the procedure can be
carried out with one common set of data. For this, Feng and Rao [17]
presented a scheme for the computations. The scheme is referred to as Mo-
dified Fundamental Tterative Algorithm (in short MFTA). In the last section
we point out that also in the general case the computations can be carried
out with the MFIA. Thus the decoding procedure has the complexity of
the basic algorithm, that is O(t*n + ¢*n).

Although based on the same idea, our procedure does not compare imme-
diately with [17] when applied to the the same codes. Our formulation
involves square matrices of size ¢t + g, whereas in [17] matrices of size 2t + ¢
are used. In Section 4.5, we present our procedure in the set up of [17], as
to establish the relation.
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4.1 Coset decoding

In the following €1 = Cq(D,G1) C F} is a fixed residue code [30], [52].
Thus P = {P,, P,,...,P,} is a set of n rational points on a non-singular
curve X/F,, D = P, + P, + ... + P, and G, is a divisor defined over
F, with support disjoint from P. The codewords of C; are of the form
(resp, (1), resp,(n), ..., resp,(n)), for n € Q(G, — D). With g the genus of
the curve X, the code C; has designed distance d} = deg(G;) — (29 — 2).
The dual code C{ is equal to the functional code Cp(D,G,) with code-
words of the form (h(Py), h(P,),...,h(P,)), for h € L(G).

For a rational point Py, & P, let Go = G1 — Py and let G5 = G1 + P,,. We
have an extension of residue codes

Cy = CQ(D, Go) O () = CQ(D, Gl) O Cy = CQ(D, GQ) (41)

Let e be a vector with

wt(e) < (dj —1)/2. (4.2)
We formulate a coset decoding procedure with respect to the extension of
codes Cy D Cy : for a given y; € e+ () we show how to obtain y, € e+ (5.
Note that with condition (4.2) this is well-defined. In case y; # e the
procedure can be repeated, till eventually the error vector is obtained.
With a combination of the procedure and known algorithms the number of
repetitions required can be bounded by the genus g of the curve (Remark
4.16). Clearly, we may assume that

Cy #Cy, and L(Gy) # L(Gy),

where the second assumption follows from the first. As with decoding of
linear codes in general, syndromes are crucial. We define syndromes as
linear maps to the constant field.

Definition 4.1 ~ With a vector y = (y1,92,-..,ya) € F we associate
a one-dimensional syndrome S;(y), for i = 0,1, 2,

Si(y) : L(G;) — F,,
h — zn:yjh(Pj)-

Lemma 4.2  The one-dimensional syndrome is a coset invariant, that
08
Si(y) =Sile) & yee+C; i=0,1,2.
Proof.  From the definition
Sily —e)=0 & y—ecCn(D,G)".
The result follows with C7,(D, G;) = Ci-. n



Lemma 4.3 Foru € C,\ Cy and for h € L(Gs) \ L(G1) we have
Sa(u)(h) # 0.

Proof. G9 = G+ Py implies [(Gy) —1(G1) < 1 and L(Gy) = L(Gy) &
(h). With the lemma we have

uEC’l/\u§ZC’2 = Sl(U):O/\SQ(U)#O = SQ(U)(h)?éO

The following is immediate from the lemmas.

Corollary 4.4 Letu € C,\ Cy and let y; € e + Cy. There exists a
unique A such that y; — Au € e + Cy. For h € L(G3) it satisfies

ASy(u)(h) = Sa(y1)(h) — Sa(e)(h),
where Sy(u)(h) # 0, for h € L(Gy) \ L(G).
By the corollary it suffices for coset decoding to find a function h € L(G9)\

L(G,) with Sy(e)(h) = 0. We give a procedure to obtain functions f, g such
that h = fg¢ will do.

4.2 Two-dimensional syndromes

Definition 4.5  For a vector e with (4.2) we consider the cosets e+ C;
with syndromes S;(e), for ¢ = 0,1,2. With a divisor F', that has support
disjoint from P, we associate a two-dimensional syndrome S;(F), for i =
0,1,2,

Si(F) : L(F)x L(G;— F) — F,,
(f.9) +— Si(e)(fg).
Let K;(F) be defined as the subspace of L(F) with

feK|(F) & VgeL(G;,—F): Si(F)(f,g9) =0.

Lemma 4.6 The containments

K1 (F + Py) D Ky(F), Ki(F + Px) D Ky(F + Px),
Ko(F) > K{(F), and Ky(F + Py) D K (F)

define factor spaces of dimension at most one.

Proof.  The inclusion relations are immediate from the definition. In
particular Ko(F) = K, (F + Py) N L(F). Since K1(F + Py) C L(F + Py),
the intersection reduces the dimension by at most one. Similar for Ky(F +
P.) D K,(F). For the inclusion K((F) D K;(F') we observe that K;(F')
is obtained by applying at most one linear condition to K(F'). Similar for
K\(F + Py) D Ky(F + Py). m



The inclusion relations may be depicted as follows

{(F + Py)
/ \
Ko Ko(F + Py)

N

Ky (F)

As the next lemma explains, we are interested in the situation where the
following conditions are satisfied

(A1) Ki(F + Py) # Ko(F),
(A2) Ko(F) = K (F),
(A3) L(G, — F)#L(G, — F — P).

(B1) Ki(F + Px) = Ky(F + Py),
(B2) Ky(F + Py) # Ky (F).
Let (A) & (A1) A (A2) A(A3). Alsolet (B) & (B1)A (B2).
Corollary 4.7  The conditions satisfy
(A1) A (B1) & (A2) A (B2).
Proof.  Immediate from Lemma 4.6. [ ]

Remark 4.8  The vector spaces K(F) that occur in the conditions
(A) and (B) are all defined as left null spaces of bilinear forms S(F'). The
duality in the formulation becomes more obvious if we consider the right
null spaces as well. For example, we have

(A2) A (A3) & Ki(Gy— F)# Ko(Gy — F — Py).

However, to save on computations, the formulation in terms of the left null
spaces only is to be preferred.

Lemma 4.9 (main lemma)  Let the functions f, g satisfy

g€ LGy —F)\L(Gy — F — Py).
Then
fg € L(G2) \ L(Gy),

and

K\(F + Py) = Ky(F + Py) = Ss(e)(fg) =0.



Proof.  From f € L(F + Py) and g € L(G; — F) we obtain fg €
L(G1 4+ Px) = L(G3). For fg & L(G) it suffices to consider the pole order
—VUno(fg) at Py and

_Voo(fg) = _Voo(f) - Voo(g)
= ordp (F + Px) +ordp_(Gi — F)
> ordp_(G).

Note that g € L(Gy — F — Py). With f € Ko(F + Py)
Sy(e)(fg) = So(F + Pw)(f.9) = 0.

we have

By the remark following Corollary 4.4 we can choose h = fg with f, g as in
the lemma, provided that conditions (A1),(A3) and (B1) hold. With the
corollary the conditions (A) and (B) need to be fulfilled. In the decoding
situation we cannot determine Ky(F + P,) and we are unable to verify
(B). To overcome this we use a majority scheme.

4.3 A majority scheme

Remark 4.10 Let the notation be as in Definition 4.5. Let the divisor
P, = Zeﬁéo P;. With Definition 4.1 and Definition 4.5 we see, fori = 0,1, 2,

fEL(Fipe)\/gEL(Gi*F*Pe) = Sl(F)(fag):O

Lemma 4.11 Consider the conditions

(O]') L(F_FPOO*Pe)#L(F*Pe)a
(C2) L(G,—F—P)#LG, —F— Py —P,).

With the conditions (A1)-(A8) and (B1)-(B2) as in the previous section
the following holds

c1) =
(c2) =

A1) A (B2),

(
(A2) A (B1) A (A3).

Proof.  Let (C1) hold. For (A1) and (B2) respectively it suffices to give
functions f; € Ki(F+ Px)\L(F) and fy € Ky(F+ Px)\ L(F') respectively.
With the remark a function f € L(F + Py, — P.) \ L(F — P.) will do in
both cases. Let (C2) hold. Recall that Gy = G; — Pyx. We may write
L(Gy — F) = L(Gy — F) + L(Gy — F — P.). With the remark we obtain
Ky(F) C K,(F). This proves (A2). For (B1) we use Gy = G5 — Py, and we
write L(Gy — F — Py) = L(Gy — F — P) + L(Gs — F — Py, — P.) to obtain
K (F + Py) C Ky(F + P). The condition (A3) follows immediately with
P, > 0. [ |



For the application of the lemma, recall the coset decoding procedure: For
the residue codes C; = Cq(G1, D) D Cy = Co(G1+ P, D), let y; € e+
be a received word. To obtain y, € e + Cy with Lemma 4.4, we need a
function h. The function h can be obtained with Lemma 4.9, provided
that conditions (A) and (B) hold for a divisor F'. By Lemma 4.11, the
conditions (C1) and (C2) ensure that (A) and (B) will hold.

Lemma 4.12  Let deg(G1) = 2g + 2t — 1 and let deg(P.) < t. Let
the main lemma be applied with divisors F' in the range t — 1 < deg(F) <
t+ 29 — 1, starting with a divisor of degree t — 1 and adding a rational
point P, each time. Among the divisors F that satisfy condition (A), the
divisors that satisfy condition (B) as well form a majority.

Proof.  For the 2g + 1 divisors F' in the range, the conditions (C1) and
(C2) will each hold at least g + 1 times and fail at most g times. For at
least one divisor they both hold. Moreover, the cases that (C1) and (C2)
both hold outnumber the cases that (C1) and (C2) both fail. This suffices
for the claim, since by Corollary 4.7 and Lemma 4.11,

(CHA(C2) = (A) A (B),
(A) A= (B) = - (C1) A= (C2).
u

Repeating the coset decoding procedure will yield a series of vectors ys,
¥3, ..., and finally the vector e. However, we may stop when the basic
algorithm applies. Also, with each repetition less applications of the main
lemma are required. This is made precise in the following theorem. The
special case r = 0 corresponds to the preceeding lemma.

Theorem 4.13 (main theorem) Let Cy D C D Cy be an extension
of residue codes as in (4.1). Let the genus g > 1. Let the numbers t,r > 0
satisfy 2t +r + 1 < deg(Gy) — 29 + 2. For a vector e of weight wt(e) < t
we consider the cosets e + C;, for j = 0,1,2. Let Fy be an arbitrary
divisor of degree t with support disjoint from D. Also, we define F; =
Fo+ 1Py, fori=0,1,...,29g — 1. Let

I={rr+1,...,2g—2},
Ig={iel|(A)N(B), for F=F},
I, ={iel]|(A) A(B), for F=F},

Then at least one of the following holds
L(Gl - Fngl - Pe - TPOO) 7£ 0. (43)
L(F, — P.) #0. (4.4)
#Ig > #I;+ 1. (4.5)



Proof.  The assumption on wt(e) yields

deg(Foy—1 — Pe) > 29 — 1, (4.6)
deg(Gy — F, — P.) > 29— 1. (4.7)

Let the sets I and I be defined as

Io = {i € I | (C1) A (C2), for F = F},
I ={i € I | =(C1) A=(C2), for F = F}},

By Corollary 4.7 and Lemma 4.11 we have I~ C Iz and I}; C 1. Thus for
(4.5) to hold it suffices to prove

Hlo > 415+ 1. (4.8)
We may assume that (4.3) and (4.4) do not hold. In that case we have

l(Gl - Fngl - Pe) S r,
I(F, — P.) = 0.

Combination with (4.6,4.7) yields

l(F29*1_Pe)_l(Fr_Pe)Zga
Z(G]*FT*PE)*Z(G]*FQQ,]*PE)ZQ*T.

And
#l =l = #lie I (CO)}+#{ieT](C2)} —+#lo,
> (29 —71)—#lc.
With #1 = (29 — 1 — r) we obtain (4.8). u

4.4 Description

In the following remarks we use the theorem to formulate a decoding pro-
cedure. Let y; € e + C be given. If (4.3) or (4.4) holds we can apply the
basic algorithm. If both (4.3) and (4.4) fail, we can apply majority coset
decoding.

Remark 4.14 (basic algorithm)  We recall the basic algorithm [48,
Theorem 1]: an error pattern e for the residue code Cq(D,G) can be cor-
rected if the following are satisfied for a divisor F':

L(F—P,)#0, and deg(G—F — P,) >2g—2. (4.9)



In that case we define a syndrome S(F') and a subspace K(F) C L(F) as
in Definition 4.5 and the following reverse of Remark 4.10 holds

S(F)(f,g)=0, VgeL(G-F) = feL(F—P,).

An error locator function f € L(F — P,)* can thus be obtained by solving
for f € K(F)*. In the situation of Theorem 4.13 we have (4.6,4.7), and the
conditions (4.9) are satisfied for

G = G, — rP,, F =G, — Fy,1 —rPy, if (4.3) holds.
G =Gy, F=F, if (4.4) holds.

Remark 4.15 (majority coset decoding) Ifnone of (4.3,4.4) hold,
the theorem tells us that (4.5) will hold. With the notation as in the the-
orem the decoding proceeds as follows. The set I, = {i € I | (A), for F' =
F;} is determined. We have Iy = Ip U I};. With the possibly wrong as-
sumption that I, = Ig application of Lemma 4.9 and Corollary 4.4 yields
a vector yo = y; — Au, one for each ¢ € I4,. The unique vector ys with
y2 € e + (5 is obtained for i € Iz. By (4.5) this vector will occur with the
highest multiplicity.

Remark 4.16 (computations) By the previous remarks we have

an effective procedure to decode arbitrary algebraic geometric codes up
to the designed distance. With the basic algorithm one has to solve for
f € K(F)* for suitable G, F. With majority coset decoding one has to solve
for f € Ky(F + Py) \ Ko(F) in Lemma 4.9 for a number of G, F. These
computations clearly dominate the complexity of the procedure. They con-
sist of solving a system of linear equations. We show that it suffices to
consider one homogeneous system of linear equations Sx = 0.
Let Cq(D,G) be a code with deg(G) = 2g — 2 + 2t + 1. By replacing
G by G — P4 if necessary, we may assume that deg(G) is odd. Let e be
an error pattern of weight wt(e) < ¢. Let Fj be a divisor of degree ¢ as in
Theorem 4.13. The decoding procedure starts with (G; = G and if necessary
continues with Gy = G + rPy,r = 1,2,...,g. For r = g condition (4.4)
in Theorem 4.13 holds and the basic algorithm will yield the error vector.
Thus the decoding procedure terminates after at most ¢ repetitions. For
each GG the following two-dimensional syndromes are considered

So(F;) : L(F;) x L(Gy — F;) — F,

Si(F;) : L(F;) x L(Gy — F;) — F,

Si1(F; + Py) : L(F, + Px) x L(G, — F; — Py,) — F,

So(F; + Px) : L(F; + Px) X L(Gy — F; — Py) — F,
where i = r,r+1,...,29 — 2, for G; = G+ rP,. All syndromes are clearly
compatible. They are restrictions of a map

S L(FQQ,]) X L(G — Fg) — Fq.



This map has a representation by a square matrix S of size t + g. To
obtain compatible representations for the syndromes we choose the bases
for L(Fy,_1) and L(G — Fy) as follows. Let

L(FO) = <f17f27"'7fl>7
L(G — Fyg1) = (91,92 - -+, Gm)-

And let

L(Fyg1) = L(Fo) + (fix1s fieos -, frag)s
L(G - FO) = L(G - F2971) + <9m+179m+2, cee 7gt+g>a

such that

_Voo(gm+1) < _Voc(gm+2) <...< _Voo(gt+g)7
Voo (fir1) < Voo fir2) <o < Voo frrg)-

The functions f € Ki(F + Py) \ Ko(F) and f € K(F)* correspond to
(partial) relations among the rows of the matrix S. Note that by nature
of the procedure some entries of S only become known in the course of
the procedure, but all computations use known entries. Applying Gaus-
sian elimination to the matrix S gives the partial relations as intermediate
results. Thus the overall complexity can be shown to be not larger than
one application of the Gaussian elimination algorithm to the matrix S. For
this, Feng and Rao formulated the Modified Fundamental Iterative Algo-
rithm [17]. The definition of the matrix S has complexity O((t + g)?n) in
general. The Gaussian elimination has complexity O((t + g)?) and for the
overall complexity we obtain O(#*n + ¢g*n), which is similar to the basic
algorithm (of course the constants will be larger).

Remark 4.17 (modified algorithm) The condition (4.4) for the
application of the basic algorithm holds for » = g and at most g application-
s of the majority scheme are required. The modified algorithm improves
on the basic algorithm and we note that the solutions for the modified
algorithm are just the partial relations that occur as intermediate results
in the Gaussian elimination. The modified algorithm basically claims that
the first partial relation occurring is error-locating, for ¢t < (d* —1)/2 — s,
where s denotes the Clifford defect. Thus, for r = 2s and after 2s < ¢
applications of the majority scheme, the modified algorithm applies. In the
formulation of the theorem, s = s(€), for £ = {G, — 2F; — Py, : i > 0}.



4.5 Comparison

We restrict to a particular class of AG-codes and give the proof of the pre-
vious sections in the notation of [17].

Let P = {P,,Ps,...,P,, Py} be a set of n + 1 rational points on a non-
singular curve X' /F, of genus ¢, for ¢ > 1. We consider an algebraic
geometric code of type Cqo(D,G) C Fy, where D = P+ P, + ...+ P, and
G = mP,. The code has designed minimum distance d* =m — 2g + 2. It
can correct t = | (d* — 1)/2] errors. We may assume that ¢ > 0 or m > 2g.
We may also assume that m is odd. For if m is even we can decode with
respect to the code with G = (m — 1) Py. Let m* denote the dimension of
L(G). Thus

m=2t+2g—1, m* =2t +g.

Recall that a number o; is a non-gap for Py if L(0;Px) # L((0; — 1) Px).
Then a function ¢; € L(0;Py) exists with pole order o; at P,. As is
well-known the non-gaps satisfy

0=01 <0 <...<0g <0441 = 2g,

And
o,=14+¢g—1, for 1 >g+1.

The functions ¢1, @9, . .., ¢+ provide a basis for the space L(G).

Let e denote an error vector of weight 7 < t. We define one-dimensional

syndromes as
n

sk=y_ e di(P).

=1
Also, we define two-dimensional syndromes as

n

Sij =Y e didi(P).

=1

For the decoding, we define the matrix S := (S;;) 1<ij<+y. The matrix
has rank 7 (we omit the proof, but note that this will not hold in general
for a smaller matrix; in [2] a matrix of size 2t + g is used). As is well-known
a recurrence among the syndromes provides an error locator function. We
state without proof (which follows [3,4]): If column j of S is a linear com-
bination of its previous columns, say with coefficients a; for 1 <7 < j — 1,
then the error locations are among the zeros of the function

J—1

G; — Y i Pi. (4.10)

=1



Not all syndromes in S are known, as the values of s, 1, Sp40,... are
unknown. Let us assume the syndromes are known up to s,,«1,_1 and that
Sm* - 18 still unknown, for w > 1. We also assume that no function (4.10)
can be obtained from the known syndromes. Now we want to find s, 4.

Let S,, be a syndrome such that
Oy + 0y = O 4ap- (411)

The syndrome can be expressed as a linear combination of the s, for
k=1,2,...,m*+w, where the coefficient of s,,-,, is non-zero. Knowledge
of Sy, will give us s« 4.

With S, , = (Si;) 1<i<usi<j<o, let
rank(S, ,_1) = rank(S,_ ,_1) = rank(S,_1,). (4.12)
Then, there exists a unique value for the syndrome S, ,, such that
rank(S, ) = rank(S,_1,,-1)- (4.13)

A pair (u,v) that satisfies (4.12), but fails (4.13) is called a discrepancy of
S. A pair (u,v) satisfies (4.12) if and only if there are no discrepancies a-
mong {(%,v) }i<y and {(u, j)};<,. In particular, any row or column contains
at most one discrepancy. The number of discrepancies equals the rank 7 of
the matrix S. All this is straightforward to verify.

A syndrome S, , with (4.11) is called a candidate if condition (4.12) is ful-
filled. A candidate is called a correct candidate if the condition (4.13) is
fulfilled. Otherwise it is called an incorrect candidate. With the known
information it is possible to determine if S, , is a candidate, but not if it is
a correct or an incorrect candidate. On the assumption that a candidate is
correct its value is uniquely determined.

We return to the determination of s,,«,,. For this we seperate the known
rows and columns in S from the rows and columns that contain some un-
known entries. Let h be maximal such that S5 = Sh 14 is known.

S]y] e Sl,h S],h+1 C S],t+g
g — Sh,,l A Sh,h Sh,h+1 A Sh,t+g
Sh+1,1 -+ Shith Shttht1 -+ Shilitg

Strg1 -+ Strgh  Strght1 -+ Stigttg



Let the number of known discrepancies in S be divided over the four parts
as follows.

do @ @ d4

di i dy

The assumption that Sy, 4541 is unknown yields
Ot4g + Oh+1 Z Om>*+w- (414)

We look for the number N of (u,v) with (4.11) and 04,0, < 044y In
particular

t+w = Om*+w — Ot4g < 04,0 < Ot+g = t+2(]_1

To every o, corresponds an o, such that (4.11) if 0., 1, — 0, iS a non-gap.
Thus

N

v

# non-gaps in {t +w,..., t+2g — 1} +

— #gapsin {t+w,...,t+2g— 1},
> 2# non-gaps in {t+w,...,t+2g9 1} — (29 — w),
> 2(t+g—h)— (29 —w) =2t — 2h + w,

where we used (4.14).

Next, we consider the total number of candidates (correct + incorrect).
With the remarks following (4.12,4.13) we look for those (u,v) that have
no discrepancy in their row or column. Thus we obtain as a lower bound

T+F>2—2h+w-—2d, — 2ds. (4.15)

An incorrect candidate is itself a discrepancy and the number of incorrect
candidates F' is bounded by

F<7—dy— 2dy — ds. (4.16)
The assumption that the known columns are independent yields
h =dy+ d;. (4.17)
Combination of (4.16), (4.17) and (4.15) gives

2F§2t*2h*2d]*2dQ§T—|‘F*’ll)



And T > F' +w. With the assumption that all candidates are correct their
values can be determined according to (4.13). All correct candidates give
the true value and by the obtained inequality this value will occur the most
often among the values given by all candidates (correct and incorrect). The
idea on which the above procedure is based is presented in [17]. The pa-
per contains a scheme for the computations and a complete example. The
construction of the example is given in the next section. In the previous
sections, the relation to coset decoding is emphasized and a generalisation
to all algebraic geometric codes is formulated.

The square matrix S that we use has size ¢ + g, while the matrix S oc-
curring in [17] has size 2t + g. We obtain a majority with the candidates
from a smaller matrix with the assumption (4.17). Also, the variables h
and dy,d; and dy were introduced to shorten the counting argument that
leads to the inequality 7" > F' and to avoid having to consider special cases.

The notions candidates, correct candidates and incorrect candidates are
introduced in [17]. They correspond with the sets [4,Ip and I} in the
previous section. In particular, the inequalities to be proved are T' > F
and #1p > #I} respectively. The notion of discrepency is more commonly
used and is very much related to the way the computations are carried
out. The precense of a discrepancy in a row or column means that it is
linearly independent of its previous rows or columns respectively. In this
section, the numbers of discrepancies dgy,d; and dy occur in the two in-
equalities (4.15) and (4.16). In the final inequality 7" > F' they disappear,
that is they appear in the irrelevant middle term. The use of discrepancies
is avoided in the general proof of the previous section, where instead the
conditions (C1) and (C2) are used. These, to the contrary, imply that a
certain row or column does depend linearly on its previous rows or columns
respectively. There, the inequality I~ > I}, is proved. Again, it is irrelevant
on its own, but it implies the required Iz > Ij.

Finally, the matrix S is symmetric, while the matrix S occurring in Remark
4.16 is not symmetric in general. In the special case that it is symmetric,
we have Gy — Fy,_1 = F, in the proof of Theorem 4.13. In particular, the
inequality [(Gy — Fyy_1 — Pe) < r can be replaced with (G — Fy,1 —
P.) = 0. And, the obtained inequality Iz > I} + 1 can be sharpened to
Ig > I+ 147, for r > 0. This corresponds indeed with 7" > F' 4 w, for
w > 1, that was proved as a special case in this section.



4.6 Example

Recall the situation of Lemma 2.24. The error patterns e; and e, are in
the same coset. It is assumed that their supports are disjoint and that the
sum of their weights equals the designed minimum distance of the code. In
this situation, the obvious inclusion L(F — Q1) + L(F — Q) C K(F) is
in fact an equality. In the same situation, the inequalities in the majority
scheme can be proved to be sharp. We present results for this special case
and give two explicit examples.

Notation 4.18  Let the majority scheme in Theorem 4.13 be applied
with the following: r = 0 and thus deg(G;) = 2¢g + 2t — 1. The divisor F,
is of degree t and F; = Fy + iP, for 1 = 0,1,...,2g — 1. The majority
scheme is applied when (4.3) and (4.4) fail, and we may assume

L(Gy — Fyy 1 — P) = 0, (4.18)
L(Fy — P,) = 0. (4.19)

Also, we consider the situation of Notation 2.19. To distinguish between
the cases e = e; and e = ey, we write (Cl,e;), if condition (C1) holds with
e = e;. Similarly, with the other conditions. The sets I, I}, I and I}, in
the theorem are indexed with 1 or 2, for the vectors e; and ey respectively.
Note that the set 14 is the same for both vectors.

Lemma 4.19  With the notation as above, the following equivalences
hold:
(Cle) < - (C2e)
(CQ,G]) < (C]_,eg)

Proof. By duality, it suffices to prove the first equivalence, and
UF + P — Q) —U(F — Q1) +
+ U(G1 — F—Q2) —l(G1 — F — Py — Q9)
= I(F+Px— Q) U(F—Q)+
+U(K+Q—F)—I(K+Q,—F—-Py) = 1.
The claim follows. [

Corollary 4.20 We have Icy = It and It = Ico.

Proposition 4.21  In the situation of Notation 4.18, the set 14 has a
partition Iy = o U lcy. Also, the inclusions Ic C Ig and I C 17, that
occur in the proof of Theorem 4.13, are in fact equalities, for both e = e;
and e — e,.



Proof. By definition, we have partitions
Ian=1Ip Ul Is=1IpaUlg,.
Also, we have the obvious inclusions
IcqnUlcy C IpiUlgy C Iy
To prove the claims, it suffices to prove
Iy ClcyUley, (4.20)
and

IgiNigy=10. (4.21)

For (4.20), we use Lemma 2.24, and K, (F) = L(F — Q1)+ L(F —Q3). Thus,
(A1), or Ky (F+ Py) # K, (F), implies that either (Cl,e;) or (C1,es) holds.
Similarly (A2,A3), or K,((G, — F) # K,(G, — F — P.,), implies that either
(C2,eq) or (C2,e3) holds. Here, we use Remark 4.8. Now use Lemma 4.19.
For (4.21), we use Lemma 4.9 and Corollary 4.4. With F' = F;, for i €
Ip1N1Ips, a combination of the lemma and the corollary yields a vector y,

y € e +Cq(D,Gy+ Py) Ney+Co(D,Gy + Py) = 0,
a contradiction. m

In the terms of the previous section, the candidates split into two classes.
The candidates yield a new syndrome, either for the coset e; + Cq (D, G +
P) or for the coset ey + Cq(D,G + Py). To prove this, we use the
notation of Section 4.3. Knowing that the candidates split into two classes,
the cardinalities of the two classes can be made precise in either of the two
notations.

Lemma 4.22 For the cardinalities we have

#Icq1 + wi(er) = #1ca + wi(es).

In the subsequent steps of the majority scheme, the set I, of condidates will
consist of one class of correct candidates.

Proof. By Lemma4.19, Icq11\Ic1 = Ici2\Ico, and #lc)—#Ico =
#1c1,) — #1c12. But,

#lcig = l(Fngl - Ql) - l(Fo - Ql):
#lcp = l(Fng - QQ) - l(Fo - QQ)



Also,

7:(F2971 - Q]) - ](G] - Fngl o QZ)a
'L’(Fngl - QQ) = l(Gl - Fngl - Ql)

With the assumptions (4.18) and (4.19), we obtain

#Icm - #101,2 = deg(Fng - Q]) - deg(Fng - QQ)

Let (A) hold in step j, for some j > 2. Thus, K,;(F + P) # K;(F'), and
a fortiori Ky(F + Py) # Ky(F) and K, (F + Py) # K, (F). By the latter
inequality, either (Cl,e;) or (Cl,es) holds. The candidate will be correct
for ey, if (Cl,e;) holds, and we are done. If (Cl,e;) fails, we have (C,e).
This in turn implies that (B,e;) fails, contradicting the former inequality.

[

The proof is considerably shorter in the other notation. Let T, F' and 7 be
indexed by 1 and 2, for the vectors e; and e, respectively.

Lemma 4.23 For the cardinalities we have
T] + 7 :TQ+TQ.

After one application of the majority scheme, all discrepancies are known.
The inequalities (4.15) and (4.16) are sharp in the situation of Notation
2.19.

Proof. The partition in Proposition 4.21 implies that T} = F; and
T, = Fy. Combination of (4.16) and (4.15), for w = 1, yields

71+TQ—2d0—4d1—2d2ZFl—l—FQZQt—Qh—l—I—le—QdQ.

With A as in (4.17)), we have equalities, and the claims follow immediately.
]

Remark 4.24 Let X : Y*Z 4+ Y Z* = X° denote the Hermite curve
of degree five over the field GF(16). The curve contains 64 finite rational
points, with Z # 0, and a point Py, = (0 : 1 : 0) at infinity. With D
the sum of the finite rational points and G; = 23P,,, we define the code
C =Cq(D,G-1). Tt is of type [64, 46, 13]. The words x of minimum weight
have support Py ~ 13P. Let [1,l, and [3 be three lines with intersection
divisors Lq, L, and Ls:

L, = P+ P+ P+ P+ Fs,
LQ — P6+P7+P8+P9+Poc, (422)
Ly = P+ P+ Py + P+ Py,



such that [{P, P,,..., Pi3}| = 13. Let x be a codeword with support
QX:P1—|—PQ+...+P13, say

X:(Cl,CQ,...76127613,0,0,...,0,0). (423)

The lines [, [ and [3 and the word x indeed exist. For example, the lines
L:X=Y, lh: X =Zandl3: X =a®7 give the word

12 4 7 8 9 9 5 12 11 4 7 6
x=(a",a",a",a°a’,a’,a’,a",a " a",a",a”,1,0,0,...,0,0),
where a € GF(16) satisfies a' +a+ 1 = 0.

We use the codeword x in (4.23) to illustrate the majority scheme in the
situation of Notation 2.19.

Example 4.25 Let

€ = (Oa070a04ac5706ac7ac8a0970aanaoaoaoa e '70a0)7
€y = (C]ac% C3, 07 01 07 01 07 Oa €10, C115 €12, C13, Oa 07 R Oa 0)

Thus, e; is the coset leader and e, € e; € Cq(D, 23P,). The table on top
of page 62 yields the candidates and their partition. A plus sign indicates
that a condition holds. In case it fails, we put a minus sign, unless the
failure is due to a gap of the form L(F + Py,) = L(F'), in which case we put
a g. The matrix below is given in the notation of [17]. The positions of the
discrepancies (marked x) matches the table on top, but slightly different
positions may also occur.

The following example was suggested to G.L.Feng for inclusion in [17], as
it shows the shortcomings of the modified algorithm and the fruitful use
of the majority scheme. In their paper, the example is worked out for the
vector x that is given explicitly in the remark.

Example 4.26 Let

€ = (C],(32,03,(34,(35,06,0,0,0,0,0,0,0,0,0, e '70a0)7
€y — (0, 0, 0, 0, 0, 0, Ccv, Cg, Cg, C10, C11, C12, C13, 0, 0, Cey 0, 0),

Thus, e; is the coset leader and e; € e; € Cq(D,23P,). The difference
between the number of correct and incorrect candidates is again one, but
the total number of candidates has changed. Recall that the modified
algorithm yields as output the first recurrence among columns that holds
for the known syndromes.Thus, it yields the function of pole order 8 that
corresponds with the fourth column. But, this function locates the positions
of e; and the modified algorithm fails to locate the error positions of e;.



(Example 4.25)
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(Ezample 4.26)

(S3} €2
i (C1) (C2) T/F (C1) (C2) T/F
0 g + g +
1 - - F + + T
2 + 4+ T - - F
3 + 4+ T - - F
4 g + g +
5 - - F + + T
6 + g + g9
7 + + T - - F
8 + 4+ T - - F
9 - - F + + T
10 + g + g

Iy=1{1,2,3,5,7,8,9},

I,=1{1,2,3,5,7,8,9},

[B,l :[C,l - {2737778}7 ]B,Q :]C,Q - {1:579}7
[E,l :I;?,l = {17579}7 ]E,Q :];(],2: {27377:8}
045 8 9 10 12 13 14 15 16 17
0 * 000 0 0 0 0 0 O 0 0 0
4 s «x 0 0 O 0 0 0 O 0 0 0
5) s s x 0 0 0 0 0 O 0 0 0
8 s s s 0 0 O 0 0 0 0 Q@ #
9 s s s 0 0 0 0 0 0 @u # #
10 s s s 0 0 0 0 0 @ # #H# #
12 s s s 0 0 0 @ # # H# H# #
13| s s s 0 0 0 # # # H# H# #
14| s s s 0 0 Q@ # # # # # #
| s s s 0 @ # # # # # # #
16| s s s Q # # # # # # # #
17 s s s # # # # # # # # #
@5,@6,@9,@]0 [S3] +CQ(D,24POO),
@4,@7,@]] eQ+CQ(D,24POO)
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Chapter 5

The BCH-bound and beyond

5.1 Notation

In this chapter we suggest a general format for error-locating pairs that is
based on the Roos-bound. In the next chapter two different formats are
presented. Chapter 7 gives pairs to decode all but four binary cyclic codes
of length less than 63 up to their actual capability.

A cyclic code C' C IF" is usually identified with an ideal in the ring
IF[x]/(2™ — 1) generated by a polynomial g(z), which divides 2" — 1. A
codeword ¢ = (cg, ¢1,...,¢, 1) € C is interpreted as a polynomial by the
relation

c(z) = co + az' 4+ ... +cpqa™ !, with g(x)lc(z).

The code is determined by the zeros of g(z). We assume (char IF,n) = 1, so
that 2" — 1 has n different zeros. Let the extension IF of IF contain the n-th
roots of unity and let o € IF be a primitive n-th root of unity. Let m;(z) be
the minimal polynomial of o' over IF. If g(x) equals lem{m;(z) : o' € R}
then we call R a defining set for C'. If R is the maximal defining set for
C we call R complete. By abuse of standard notation we will describe the
defining set by the exponents occurring in R. With R = {iy,is,...,4;} the
matrix

(ail)o (ail>] (ail)nf]
is a parity-check matrix for a code C' C TF". The code C is obtained as the
subfield subcode of C, that means C = C N IF".

Definition 5.1  Let R be a defining set of a cyclic code C/IF. C' is
then defined as
C={celF": M(R)c" = 0}.
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We also like to refer to a matrix M (R) as a generator matrix to describe the
codes U and V' in an error-locating pair (U, V). To distinguish between the
use of M(R) as a parity-check matrix or as a generator matrix, we call R
a defining set in the former case and a generating set in the latter case. As
it will be seen the notion of generating sets is very convenient to describe
error-locating pairs for cyclic codes.

Definition 5.2  Let I be a generating set of a cyclic code U/IF. U is
then defined as

U={ueTF":u=ocM),cecF"}.

In the following, generating sets for the codes U and V will be denoted
by I and J respectively. We stress that both codes are defined over the
large field IF. Thus, their dimensions follow immediately as k(U) = |I] and
k(V)=|J|. Let I ={i1,...,4}, where iy < ... <4,. We define

1= {iv,i1+1,...,0— 1,4}
The following reformulation of the BCH-bound is obvious.

Lemma 5.3  The minimum distance of a cyclic code of length n with
generating set I 1s bounded below by

d>n—|I]+1.

We will freely use the following observations. Let

2 a(nq)i)_

i
ey

a(i) = (1,0, a

We have
a(i) La(j) & i+j#0 (modn).

Let b+ cR = {b+ci (modn):i € R}. The codes with defining sets
R and b+ cR are equivalent, for (¢,n) = 1. Alsolet I +.J = {i +j
(modn) :i € I,je€ J}. Let UV and W be cyclic codes with generating
sets I, J and I + J respectively. Then U x V is a subset of W,

5.2 Decoding BCH-codes

Theorem 1.2 provides a way to construct a decoding algorithm for a par-
ticular linear code. The bottle-neck in the construction is the search for
an error-correcting pair (U, V). As we shall see, there exists an obvious
choice which enables us to decode up to the BCH-bound. We can do better
however by using a correspondence between the pair of codes (U, V) and
the pair of defining sets (A, B) in the lemma below.



Lemma 5.4 (Roos-bound, [31, Theorem 3]) If A is a defining set
for a cyclic code with minimum distance dy and if the set B is such that
|B| < |B| +da — 2, then the code with defining set A + B has minimum
distance d > |B| +ds — 1.

Proof.  After replacing A and B by sets of zeros see [31]. ]

Corollary 5.5  Let ¢; and ¢y satisfy (c1,n) = (co,n) = 1. In the
lemma, the same bound on the distance holds for a code with defining set
ClA + CQB.

Proof.  First it is immediate from the proof in [31] that the constants
play no essential role and can be taken equal to one. Also, we may restrict
to the case ¢y = 1 by passing to an equivalent code. The lemma can now
be applied with the sets ¢; A and B. [ ]

Theorem 5.6  Let s < t. Let the generating sets I,.J and K satisfy
|[I| = t+1,
|]| = t—s, |J| = t—s,
K| = s+1, |K| < t
Let (¢1,n) = (co,n) = (c3,n) = 1. Then the code C/IF with defining set
R = b+ 1] + coJ + 3K has a t-error-locating pair (U, V), where U/IF

is defined by the generating set b + c;I and V/IF by the generating set
coJ + c3 K. For the distance of the code C' we have

1] <2t = d(C)>2t+1.
The pair (U, V) is t-error-correcting whenever
1] <d(C).

Proof.  The verification of conditions (1.1) and (1.2) is straightforward.
The distance d(V ") can be estimated with the lemma. We use it with

A=.J dy=t—s+1 and

B=K, [B|<(s+1)+(t—s+1)—2,
and apply the corollary. It follows that d(V*) > (s+1)+(t—s+1)—1 = t+1
and (1.3) holds. The distance d(C') follows with another application of the
lemma, this time with

A=cJ+cK, dy>t+1 and

B=be;'+1, |B[<(t+1)+(t+1) -2
Using the corollary, d(C') > (t+ 1)+ (t+1) —1 = 2t + 1. For the last

statement, combination of d(U) > n—|I|+1 (Lemma 5.3) and d(C) > |T|-1
yields condition (1.11). u



Example 5.7 (Ezample 1 [19]) Let C be the binary cyclic code of
type [39,15] defined by R D {1,3}. In particular

RO {1,2,3,4,5,6,8,9,10,11,12}.

The BCH-bound yields d > 7 (the Hartmann-Tzeng bound or the Roos
bound do not improve on this). The actual distance equals 10 ([39],[31]).
In the theorem we may choose I = {1,2,3,8,9},J = {0,1,2,3}, K = {0}
with # = 4 and s = 0. Since |I| > 2¢, the theorem does not yield a better
estimate for the distance d(C'). Using the knowledge that the distance
is equal to 10, it yields that the 4-error-locating pair (U,V) is actually
4-error-correcting. The code C' corresponds to entry 45 in Table 1.

A procedure to decode up to the Hartmann-Tzeng bound and in some
cases up to the Roos bound is presented in [18]. We recall the two bounds,
following [18], and show that the procedure is a special case of Theorem
5.6. Let the defining set for a cyclic code C' contain b + ¢;I* + ¢oJ*, with
I'={1,2,...,dy— 1} and J* = {j1, 72, - - -, Jss1}, for j1 < jo < ... < Jsu1
and js11 — j1 — s < dy — 1. Also, let (¢1,n) = (¢o,n) = 1. Then

d(C) Z dRoos = d() + s.
The bound is a special case of Lemma 5.4. With the further restrictions

s+1<dy—1, (5.1)
Jst1—J1 < (do +5—1)/2.
the procedure in [18] decodes up to dpges.- Note that the Hartmann-Tzeng

bound corresponds to j, = h,h = 1,2,...,s 4+ 1 and in this case the re-
strictions can always be fulfilled.

Corollary 5.8 (Theorem 4 and Theorem 5 [18])  In decoding up to
the Roos-bound, we may assume that s is such that dg..s 1S odd and we
write dy + s = 2t + 1. Let the generating sets I, J, K be defined as

I={0,1,2,...,t},
J={1,2,...,t— s},
K = {jhj?a e aj5+1}‘
The code C with defining set R = b+ i1 + ¢1J + oK has distance

d(C) > 2t + 1. A t-error-correcting pair is given by (U,V), where U has
generating set b+ ciI and V' has generating set c1J + co K.

Proof.  The restriction (5.1) can be written as s < ¢. In particular the
set J is well-defined. The restriction (5.2) yields |[K| —1 < ¢. Thus all
conditions of the theorem are fulfilled. |



5.3 Recurrences

Some error-locating pairs in Theorem 5.6 do not satisfy the condition |I| <
d(C). In that case an error-locating word u € U is obtained but it is not
immediately clear whether the error values are uniquely determined or not.
To investigate this we use

Lemma 5.9  Let the vector e have support in a set A and let R contain
|A| consecutive integers. Let the syndromes

S; = (e,a(i)), i€ R, (5.3)

be known. Then the set of equations (5.3) determines e uniquely.

Proof. By the BCH-bound the difference of two solutions for e has
weight at least |A| + 1 or zero. Hence, a solution with support in A is

unique. An efficient way to solve for e is given by Forney’s algorithm [39,
p.297]. ]

Recall from the computational scheme that in solving (1.4) for u € U\ 0 we
actually find a vector o solving the key equation (1.6). With I = {iy, ...}
as generating set for U the generator matrix of U is given by Gy, = M(I).
We are in the situation of Example 1.8 and for ¢ = (0y,,...,0;,) we have
u = oGy = Fv(o) for the polynomial

(I:(IilXil—I—...—l—(J'Z'QXiZ—l-(J'Z'IXil. (5.4)

Having found an error-locating polynomial o, the zeros of u are obtained
as the zeros of o by e.g. a Chien search. We denote this set with A. The
following lemma provides a method to obtain a consecutive syndrome set
of size |A|.

Lemma 5.10  Let the polynomial o (5.4) have the support of € among
its zeros. Then

0 Sivj oo+ 00, Siyy + 04 Si; =0, (5.5)

for all integers 7.

Proof.

0i,Si+j + -+ 01, Si 45
= (e,o,a(ii+J)+...+o,a(i +J))
= (e, (0;a(i) +...+0,a(iy)) *a(j))
= (e,uxa(j))=(exu,a(j))=0.



Example 5.11  We consider the binary cyclic code C of type [45,15]
with R D {1,3,7,15}. Tt corresponds to entry 84 in Table 1. We have

RO {1,2,3,4,11,12,13,14,15,16,17, 28,29, 30, 31}.

The BCH-bound gives d > 8, while the actual distance d = 9 and four
errors can be corrected. The choice

I={1,11,12,13,14}, J={0,1,2,3},

defines an error-locating pair (U, V) by Theorem 5.6. We can therefore
compute

g = 0'14X14 + 0'13X13 + 0'12X12 + O'HXH + 0'1)(7

such that the error positions are zeros of . We may assume that there are
four errors and therefore that oy # 0. Using (5.5) with j = 17 we find Sis.
The syndrome Sy is then obtained with 7 = 4. By then S;, 5, ..., Sy are
all known and Lemma 5.9 applies.

Remark 5.12  When using recurrences of type (5.5) we need to know
which syndromes have a nonzero coefficient. In general there can be zero
coefficients and these cases have to be treated separately. As in the exam-
ple, one may be able to show that some coefficients cannot be zero. The
procedure is described in [19], but there zero coefficients are not considered.
Thus, the procedure as described in [19] may fail for the entries 17,84 and
121 in Table 1.

Example 5.13 We consider the code C' of Example 5.11. The pro-
cedure in [19] corresponds to the choices

I=1{11,12,13,14,28}, J={0,1,2,3}.

This defines an error-locating pair. In the case of four errors there will
be a unique error-locating polynomial. The polynomial X2® — X' has
fifteen zeros among the 45-th roots of unity. The zeros support a two-
dimensional subcode of C' and the error values are not uniquely determined
from the error positions. In fact, the unknown syndromes {Ss, Sig, Sa0, Sao,
S35, S9s} cannot be obtained from the known syndromes with a recurrence

Si54j = Sj-

5.4 Correcting more errors

Theorem 5.6 gives an error-correcting pair (U, V') to correct errors up to
the BCH-bound and in some cases beyond. To achieve the error-correction
capability of some cyclic codes we recall a well-known ’trick’. Considering
binary cyclic codes, Sy has value either 0 or 1.



Remark 5.14  Let the binary cyclic code C have distance d(C) >
2t+1. A t-error-correcting algorithm for the even weight subcode becomes
a t-error-correcting algorithm for the code itself when used twice with two
different values of Sj.

Example 5.15  We consider the cyclic code of length 33 with defining
set R = {1,3}. The complete defining set contains the set {—4, -3, —2, —1,
1,2,3,4}. The actual distance is equal to 10 and the even weight subcode
can be decoded up to this distance with the pair (U, V) defined with gen-
erating sets I = {0,1,2,3,4} and J = {-3,—-2,—1,0}.

Feng and Tzeng [18] showed how the trick can be applied with reduced
complexity. We recall briefly their argument applied to error-correcting
pairs. In many cases we find error-correcting pairs, such that Sy occurs
just once in the key matrix S(y) (1.6). Without loss of generality we can
assume that Sy occurs in the last column. Let ¢ be the maximal number of
errors that we want to decode. If less than ¢ errors have occurred we can
find an error-locating polynomial o from the leftmost columns, i.e. with
vanishing coefficient at the last column. We only need to know S if we
cannot find such a solution. But then by assumption precisely ¢ errors have
occurred which means Sy is equal to ¢ (mod 2).

Example 5.16 We consider the [31,16,7] binary cyclic code with
defining set R = {1,5,7}. An error-correcting pair is described by gen-
erator matrices Gy = M ({1,2,0}) and Gy = M({7,8,18,0}). The key
equation is then given by

Se Sy Sy Si\ [
Sg S]o SQO SQ 0_8 :0
S? 58 518 SO '8

0o

If less than 3 errors occurred, we will find a vector o with oy = 0 which
locates the error positions. If we cannot find such a vector we assume three
errors to have occurred and this means S is equal to 1. So whenever S
is needed in order to calculate the error-locator polynomial, we know its
value.






Chapter 6

Pairs from MDS-codes

6.1 A class of MDS-codes

In this section we assume that the field IF is finite of order ¢. Also let
(n,q) = 1. As in the previous section, let IF O IF contain the n-th roots of
unity.

Theorem 6.1  Let C' and A denote two cyclic codes over IF of length
n. Let their defining sets be given by

Re ={1,¢".¢".....¢""}, and Ro={1,¢".¢",....¢"},
forl,r,s >0 withr < s. Then
d(C) = min{ |Rc|+1, d(A) }.
In particular the code C is MDS for |Rc| < d(A).

Proof.  Clearly d(C) < |Rc|+ 1 by the Singleton bound. It suffices
to prove for a word ¢ € C of weight wt(c) < |Rs| that ¢ € A. The
columns in M (R¢) corresponding to the support of ¢ are dependent. Thus
the submatrix of M(R¢) formed by these columns has row-rank less than
|Rc|. The submatrix of M(R4) formed by columns at the support of ¢
has a linear relation among its top |R¢| rows. Taking coefficients and rows
to the power ¢' yields a relation on lower rows and it is seen that the two
submatrices have the same row-space. [ ]

Remark 6.2  The conclusion and the proof of the theorem remain the
same when zero is added to the defining sets Rc and R4

Example 6.3 The code C over IF = GF(2') of length n = 23 with
defining set R = {0,1,4,...,4"} is MDS for r < 5.
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6.2 Construction of pairs

For a t-error-correcting BCH-code C' with defining set R D {1,2,...,2t},
we have by Theorem 5.6 a t-error-correcting pair (U, V). The codes U and
V' have generating sets I = {0,1,...,t} and J = {1,2,...,t} respectively.
More generally, we have

Proposition 6.4  Let the codes U and V be MDS of dimension k(U) =
t+ 1 and k(V) = t respectively. A code C with C L U xV has distance
d(C) > 2t + 1. Moreover it has the t-error-correcting pair (U, V).

Proof.  Let ¢ € C have support of weight w. Fort+1 < w < 2t + 1,
Theorem 5 in [31] yields w > (t+1)+t, a contradiction. For 0 < w < t+1, it
yields w > w+1, again a contradiction. Thus d(C) > 2t+1. The conditions
(1.1) (1.3) and (1.11) for an error-correcting pair follow immediately. =

Remark 6.5 In case the code U is not MDS, but otherwise the con-
ditions on U and V are satisfied, the pair (U, V) in the lemma is still
t-error-locating for a code C with C' L U % V.

We give two applications of MDS codes obtained with Theorem 6.1. In
both cases, U and V' are chosen such that the condition C' | U %V leads to
a small defining set for C'. Furthermore the key-equation (1.6) can be solved
with complexity O(#?) in both cases. Here the complexity is estimated by
the number of required multiplications in the field IF.

Theorem 6.6 (first conjugacy format) Let the codes U/TF and V/IF
have generating sets I = {1,¢',¢*,...,¢"} and J = {0,4¢",¢%, ..., ¢V},
fort > 2. Lett = t; be mazimal such that both U and V are MDS of
dimension k(U) =t + 1 and k(V) =t respectively. For 2 <t <, a code
C/IF with

Re D {1,2,¢ +1,¢" +1,... ¢V +1}

has the t-error-correcting pair (U, V). The key equation (1.6) can be solved
with complezity O(t?).

Proof.  The value of ¢, can be obtained with Theorem 6.1. The complete
defining set R for C' satisfies R D I + J and thus C' L U * V. We may use
Proposition 6.4. For the solving of the key equation see Section 6.3. ]

Theorem 6.7 (second conjugacy format)  Let the codes U/IF and V/IF
have generating sets I = {0,1,¢%,¢*, ..., ¢ 2} and J = {0,¢', ¢, ...,
qP= fort > 2. Let t = t; be mazimal such that both U and V are MDS
of dimension k(U) =t + 1 and k(V') = t respectively. For 2 <t <t a
code C/IF with

Rce D {0,1,¢'+1,¢%+1,....¢" ¥ +1}



has the t-error-correcting pair (U, V). The key equation (1.6) can be solved
with complexity O(t?).

Proof.  As in Theorem 6.6. [ ]

Example 6.8  We consider codes of length n = 23 over GF(2'"). Let
U and V be as in Theorem 6.7 with ¢ = 2,1 =1,¢t =3, or I = {0,1,4,16}
and J = {0,2,8}. By Example 6.3, both U and V' are MDS and we have
found a 3-error-correcting pair for the even weight subcode C' of the binary
Golay code, since R¢ D {0,1,3,9}.

Lemma 6.9 (recurrences) If a pair (U, V) is t-error-locating and
the generating sets I and J are of a conjugacy format, then the syndromes
S; = (e,al(i)) can be determined for

i=q¢'+1, fors>1, first format (Theorem 6.6).
i=q® V41 fors>1, second format (Theorem 6.7).

Proof.  The case s < t is obvious. For s > ¢ we use induction. For both
formats we may assume that the error-locating word u € U has non-zero
coordinate oy at a(1). We have, for the first format,

0 = (exu,a(¢"))

= (e.uxa(q"))
= o{e,a(¢" + 1)) + known terms.

Similarly for the second format. [ ]

Example 6.10  We consider codes of length n = 39 over GF(2'?). Let
U and V be as in Theorem 6.6 with ¢ =21 =1,t =4, 0or [ ={1,2,4,8,16}
and J = {0,2,4,8}. The code V is MDS and we have found a 4-error-
locating pair for the binary code C' with Rc D {1,3,5,9}. Tt is of type
[39,15,10]. By the lemma, we can determine syndromes corresponding to
the checks 17 and 65 = 26 (mod 39) and the error values can be deter-
mined by Lemma 5.9.

6.3 Fundamental iterative algorithm

In their paper [18], Feng and Tzeng proposed a fundamental iterative algo-
rithm (FIA). For a matrix A, it gives the minimal set of dependent leading
columns. It basically solves an arbitrary homogeneous system of linear e-
quations and contains the Berlekamp-Massey algorithm as a special case.
The algorithm is not required to make our decoding procedure work but it
seems to be a key algorithm in treating complexity aspects.



We recall it in a form that allows us to complete the proof of Theorem
6.6 and Theorem 6.7. Whenever it is necessary for reasons of dimension,
we extend a vector with a suitable number of zeros. Let the matrix A
be the submatrix of A consisting of the elements in the first a rows and
the first b columns of A. For a fixed b, we consider column vectors o with
non-zero coordinate at position b that solve the equation

Aleb) 5 — 0.

Let a = a® be maximal such that a solution exists and let ¢ = o¢® be
such a solution. To assure that a solution exists we use the convention
AL — 0T For these a and o, let A® he defined as

b
A® = Z Aa+],k(7ka

k=1

or as A®) = 0 when Ac® = 0. For given { (0 A® a®)}, . the idea
of the FIA is now to calculate ¢(¥ with help of the ¢, b < i. Starting
with any vector o of length 7 and o; unequal to zero, this is achieved
by subtracting suitable scalar multiples of the known ¢(® from o thereby
obtaining a new o. More precisely, whenever o solves

AUig = 0.

d= Z Aj+1,k0k 7’é 0,
k=1

and there exists a triple (¢(®, A, ), we construct

d
00— ——o,

A®)

which now solves
AU+L) 5 — .

Finally we will obtain the triple ((T(i), A a(i)). For details and proofs see
[18].

Let us assume that A is a Hankel matrix. By starting the calculation of ¢
with a particular choice for o, namely a shifted version of ¢(—") with zero
in the lowest position, we get the well-known Berlekamp-Massey algorithm.
The calculations of most d are not necessary — they are zero or already
known by the structure of Hankel matrices. This is the crucial point in
saving complexity. In the next section we will show how to apply the FIA
to matrices S(y) obtained with Theorem 6.6 and Theorem 6.7. It turns out
that solving the linear systems described by these matrices is achieved with
basically the same complexity as used for the Berlekamp-Massey algorithm.



6.4 Reducing complexity

In general the complexity of the procedure described in Section 1.1 equals
O(n?). This is due to the fact that only matrix inversions and multiplica-
tions are involved. We found two possibilities to improve on the number
of computations. One approach uses regular structures of the matrix S(y)
and the other approach reduces the size of the field that contains the entries

of S(y).

In the case of the conjugacy format, the matrix S(y) has a highly regular
structure. We explicitly treat the first conjugacy format. For the second
conjugacy format similar considerations hold. We write the generating sets
defining U and V for the first conjugacy format in the following ordered
form

J={¢ ¢ ), T={14 ", "),
excluding the zero in .JJ. We recall the definition of S; given in Lemma 5.9.
Si = (e,a(i)), i€R.

Obviously S; = (y,a(i)) holds for all i € R.

Lemma 6.11 With generator matrices for U and V' corresponding to
the above ordering, the entries in S(y) satisfy

l . .
S(y)j,i = (S(y)Hm,])q , ] = 1, ...,t — 2 , 0= 2, ...,t+ 1.

Proof.  The entry S(y),; is equal to the syndrome S, ,) with
h(z.i) =" + 4070,

Obviously h(j, 1) is equal to ¢'h(j + 1,7 —1). The vector y was assumed to

be defined over a field IF of cardinality q. Hence S, = Sh"l and the lemma
follows. |

We see from Lemma 6.11 that the format of S(y) is very similar to a Hankel
matrix. Thus to find S(y) we only have to calculate the entries in the first
row and the last column. The other entries are found using the lemma. This
structure is now used in finding the space of solutions to the key equation
in the same way as in the Berlekamp-Massey algorithm. Recall that the
complexity gain in using the Berlekamp-Massey algorithm was due to the
fact that given a vector o(®), which solves equation

Al g =,
we find a vector o that solves equation
A(aﬁl,b+l)0_ -0

as a shifted version of o(® with zero in the lowest position.



Proposition 6.12  Let S(y) be the (t — 1) x (t + 1)-matriz of Lemma
6.11. Solving
S(y)o=0

for a can be done with complexity O(t?).

Proof. Consider a typical step in the FIA. Given a solution o0~
to the equation S(y)("”ifl)(f = 0, we also have a solution to the equation
S(y)@=1)g = 0. The latter solution is obtained by taking all elements
in o1 to the ¢'-power and shifting them by one position. Using normal
bases for the field, raising a number to the ¢'-th power can be performed by
a cyclic shift, not requiring computational complexity. Whenever possible,
we now perform an update of . This is done by performing the following
operation

o0 — %0(") with d = (A4

and the calculation of a new d. The whole step requires at most O(t)
operations and we find a solution to S(y){@?. Thus in every complexity
demanding step, starting from a solution to the system S(y)(®" we find a
solution to the system S(y)@*) such that a’ +b' is equal to @ +b+ 1. On
the other hand a’ + b’ is bounded by 2¢ which is the sum of the number of
rows and the number of columns in S(y). So we have to perform at most
2t times a calculation requiring O(t) operations. The proposition follows.

[

Remark 6.13 (on the proof of Theorem 6.6 and Theorem 6.7)
To complete the proof of Theorem 6.6, we have to add a row to S(y) of
Lemma 6.11. This row caused by the zero in .J does not fit into the quasi
Hankel format. This causes one additional step in the FIA with complexity
O(t).Theorem 6.7 requires not only an additional row but also an addition-
al column. We add this column as the rightmost column of S(y). The FIA
needs at most O(t) operations for every position in this column. In both
cases the overall complexity is still ruled by O(#?).

Example 6.14 The quadratic residue code of length 41 is a good
example for the second conjugacy format. We find I = {1,23,37,31,0}
and J = {8,20,9,0} with ¢' = 23. By the results of section 3 we can set
So = 0 whenever it is needed. An error-locating polynomial is found by
solving the system

Sgsp1 Ss2(g341) Ssi(g+1)  Oss(s+1) s

Sgp1 Sgse) Swser) Swesry Sw |

Sgt1 Sss41)  Sssi+1)  Osei+1) S8 '
S Sg2 Sga Sge So

We see that the submatrix S(y)®* has a quasi Hankel structure which can
be utilized to solve the system.



In considering cyclic codes of length n, in most cases codes U and V' will be
defined over the smallest field IF containing an n-th root of unity. In some
cases however U and V can be taken to be codes defined over IF C TF. This
implies that S(y) has entries from IF rather than from IF which allows us
to perform these operations faster.

Example 6.15 Let n = 15. Let C be the double error-correcting
BCH-code with R = {1,2,3,4,6,8,9,12}. To show how the choice of
and .J influences the decoding, we notice two possible choices. First we see
that we can choose J = {1,2} and I = {0, 1,2} and this would correspond
to the usual decoding as a subcode of a RS-code. A different choice is
I = {2,8,0} and J = {1,4,0}. This choice corresponds to cyclotomic
cosets with respect to GF(4). Sy is only needed if two errors occurred
which gives Sy = 0. S(y) will be a matrix over GF'(4) and all calculations
will only involve computations over GF'(4).






Chapter 7

Applications

7.1 Codes of length less than 63

Table 1 gives error-correcting pairs for binary cyclic codes which have error-
correction capability exceeding the error-correction capability given by the
BCH bound. We use the same numbering for codes as in [31]. Equivalent
codes and subcodes with the same error correction capability use the same
pair. Usage of hyperplanes (Proposition 1.20) or usage of the unknown
syndrome Sy is indicated as remark. The remark FT indicates that the
same error-correcting pair is given by Feng and Tzeng in [19]. In four
cases (no. 92,123,132,146) we stay one short of the actual error-correction
capability. All other pairs allow decoding up to half the actual minimum
distance of the code.

To check conditions (1.1) and (1.2) of Definition 1.1 is straightforward. In
all but four cases (no. 85,106,107,137), the code V' is MDS. This follows
either immediately using the BCH-bound or with Theorem 6.1. Thus, also
condition (1.3) is easily verified in these cases. In the cases 85 and 137, the
distance d(V1) is obtained with the Hartmann-Tzeng bound and Theorem
6.1 respectively. Cases 106 and 107 are treated in Example 7.3 and Example
7.4 respectively.

To show that the pairs are error-correcting we use either the BCH-bound
to show that condition (1.11) is satisfied or we use recurrences to determine
unknown syndromes until we can apply Lemma 5.9. Whenever we use the
conjugacy format, Lemma 6.9 provides us with a possibility to determine
some unknown syndromes. Cases that require other recurrences are listed
in Table 2. For brevity we introduce the following notation. o; # 0 :
R(j) — Si;; means that we use equation (5.5) in Lemma 5.10,

UilSil+j 4+ ...+ 0'7;257;2_|_j =+ 0'7;1 Sﬁ—!—j = 0,

with the indicated j and that S;; will be the only unknown in the equation.
Thus it can be obtained provided o; # 0. Recurrences separated by a
comma can be computed in parallel.
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no. n k d R J I d(V1t) Remark
317 9 5 {1} 1417 13.0,+3} 3 GF(16)
{0,8} {1,8,13} 3
g l21 9 8 {0137} {0,1,2} {0,1,2,6} 4 FT
9 78 {1,379} {0,1,2} {1,2,6,7} 4 FT
123 12 7 {1} {2,8,0} {1,4,16,0} 4 S0=1
1331 21 5 {15} {1,4} {0,1,4} 3
17 16 7 {157} {0,1,2} {0,7,8,18} 4 FT,S0=1
19 111 {1,3511} {0,... .3} {1,2,3,8,9,10} 5 H,Ex.7.1
25 | 33 13 10 {13} {2,...,42} {-2,...,+2} 5 GF(32),80=0,1
26 111 {1,311} {0,10,20,30,40} {1,2,11,15,24,25} 6 FT
{2,....2} {1312, 11,+11,+12,+13} 6 GF(32),Ex.7.2
36 |35 16 7 {157} {0,3,6} {1,2,4,5} 4 FT
40 7 14 {0,135} {0,... .5} {31,...,34,0,1,8} 7 FT
4139 26 6 {01} {0,1} {0,1,4} 3 FT,80=0
45 15 10 {1,3} {0,2,4,8} {1,2,4,8,16} 5 Ex.6.10
{0,....,3} {1,2,3,8,9} 5 FT,Ex.5.7
47 13 12 {1,313} {0,...,3} {1,2,3,8,9,10} 5 H
9 la 2 9 {1} {8,20,9,0} {1,23,37,31,0} 5
51143 29 6 {1} {1,2} {0,20,40} 3 FT
52 15 13 {1,3} {-6,... -1} {0,....6} 7 S0=0,1
73 |45 23 7 {1,521} {0,1,2} {31,32,33,38} 4 FT
83 16 10 {0,1,3,7} {0,...,3} {2,...1,11} 5 FT
84 15 9 {13,715} {0,... .3} {1,11,... 14} 5 Ex.5.11
85 15 10  {1,7,9,15} {0,1,2,13,14,15} {13,...,17} 5 FT
90 9 12 {1,5,7,9,15} {13,...,17} {0,1,2,13,14,15} 6
92 | 47 24 11 {1} {3,27,8,0} {1,9,34,24,0} 5 S0=0
96 | 51 35 5 {19} {0,1} {1,8,15} 3 FT
{0,8} {1,8,13} 3
98 34 6 {015} {0,1} {0,1,4} 3 FT
106 27 8 {139} {0,2,8} {0,1,4,16} 3 S0=1,Fx.7.3
107 27 9 {159} {0,2,7,8,13} {0,2,7,8,13} 5 S0=0,Ex.7.4
108 27 9 {1,3,19} {-4,... -1} {0,... 4} 5 S0=0,1
119 19 14 {1,359} {0,... 4} {0,...,4,12,6} 6  S0=0,H
121 17 12 {1,3,9,17,19} {4,...,0} {0,...,4,19} 6 SOFT
122 17 14 {1,3,5,17,19} {-4,...1} {0,... 6} 7 S0=0,1
123 17 14 {1,5,9,17,19} {13,...,17} {0,...,4,19} 6 Ex.7.5
124 17 16 {1,3,5,9,17} {0,... 5} {0,...5,12,13} 7 H,80=1
128 11 15  {1,3,5,11,19} {£7,... 1} {0,...,7} 8  S0=0,1
132 8 24 {0,1,3,5,9,11,17} {0,...,8} {0,...,10} 0 "
135 | 55 35 5 {1} {0,9} {7.8,9} 3 FT
{713} {1,49,36} 3
136 34 8 {01} {0,7,13} {0,1,49,36} 4
137 30 10 {0,1,11} {0,7,13,32} {0,1,49,36,4} 4 W
138 25 11 {1,5} {0,7,16,13,14} {1,18,49,2,36,43} 6
140 21 15 {1,511} {0,7,16,13,14,32} {0,1,18,49,2,36,43,4} 7 H,S0=1
144 | 57 21 14 {1,3} {0,2,4,8,16} {0,1,2,4,8,16,-32} 6 H,S0=0,1
146 19 16 {1,3,19} {0,2,4,8,16} {0,-1,-2,-4,-8,-16,-32} 6 H,50=0,1



no. condition recurrence
17 J18 7'5 0 R(25) — 512, R(28) — 515, R(24) — 511
o1g =0AN0g #0 R(7) = Si5, R(9) = S17,R(18) — Sag
26 J924 7'5 0 R(IG) — 57
o1 £ 0 R(6) — Sy
095 7é 0 R(l) — 526
g9 75 0 R(24) — SQ(;
73 038 7é 0 R(33) — 826
83 oo 7'5 0 R(5) — Sg,R(lS) — Slg
oo =0Ao11 7é0 R(25) —)Sgﬁ (10) —)SQ] (44) —)S]g
90 015 7'5 0 R(27) — 542
015 =0AN014 #0 R(28)—>S42
o15=0AN014=0A013#0 R(29)—)S42
96 (o 7é 0 R(13) — S]4 R( ) — Sg (40) — S4]
106 g1 7'5 0 R(48) — S4q, R( ) — SIO, R(43) — 544
107 o7 7é 0 R(5) — S]Q R(lﬁ) — 523
07:0/\087é0 R(lﬁ)—>5’24 R()—)S]]
121 oo 7'5 0 R(14) — 514,R(23) — qu
0'0:0/\0']9#0 R(46)—>S]4R()—>Sgg
123 oo 7'5 0 R(31) — S31,R(48) — S48
0'0:0/\0']9#0 R(12) —)Sg1R(29) —>S48
136 g1 7'5 0 R(32) — S33;R(28) — SQQ, R(lg) — SQ()
137 (o 7é 0 R(28) — Sgg; R(l ) — SQO

Table 1. Error-correcting pairs for binary cyclic codes.
Table 2. Recurrence relations on syndromes.

For details about the notation, see page 83.

Example 7.1 (19) Conditions (1.1),(1.2) and (1.11) are satisfied with
t =5, but d(V+) = 5 and condition (1.3) is not satisfied. We follow Propo-
sition 1.20. Thus, in case we obtain two independent solutions u; and
uy to the key equation, we look for a linear combination of u; and u,
that has at least five zeros. At most six such combinations exist and for

each we solve for an error pattern with support among the zeros. Entries
47,119,124,137,140,144,146 proceed likewise.

Example 7.2 (26) The codes defined with R = {1,3,11} and R =
{3,5,11} are equivalent. The given pairs are also equivalent. The codes
U and V in the latter pair however have generator matrices Gy and Gy
respectively that are defined over GF'(32). With this choice of Gy and Gy
the key equation (1.6) can be solved over the field GF(32).



Example 7.3 (106) The code C'is of type [51,27, 8] with R D {1, 3,9}.
The pair (U, V) is defined with I = {2,8,12,0} and J = {1,4,0}. We need
Sy only when three errors occurred and may then set Sy = 1 (see section
3). For the error-location all conditions except (1.3) are obviously satis-
fied. In fact d(V1) = 3 and condition (1.3) does not hold for ¢+ = 3. We
prove the weaker condition (1.9): (e * U) N VL = 0. Words of weight three
in V+/GF(256) are in the code with defining set R = {1,4,16,13,0} by
Lemma 6.1. But {1,4} + {0,12} C R and the support of a word of weight
three must be of the form

{o, pa, p*a},

for v a 51-th root of unity and p a primitive third root of unity. Up to
multiplication with a scalar the values at these positions are (1, p, p?). But
the values of u € U at these positions are a linear combination of (1,1, 1)
and (1, p?, p) and (1.9) is satisfied.In [19] the pair I = {0,2,8,12} and
J =1{0,1,4} is given without the above verification.

Example 7.4 (107)  The code C'is of type [51,27,9] with R D {1,5,9}.
The pair (U, V) is defined with T = J = {8,13,2,7,0}. We need S, only
when four errors occurred and may then set SO = 0 (see section 3). For
the error-location we prove (1.3): d(V+) > 4. A word ¢ € V' satisfies the
checks {8,13,2,0} and by theorem 6.1 also R = {8,13,2,16,26,4,32,1,0}
if it is of weight four or less. Thus d(V"') > 4. Let ¢ have non-zero val-
ues (c1,c9,c3,¢4). At the same support we have codewords with values
(c1c1, 109, ¢rc3, c1eq4) and (2, ¢3,c3,¢3). Thus ¢, = ¢y = ¢3 = ¢4. Example
32 in [31] shows that a binary code with R D {1, 7} has no words of weight
four, using R O {0,3} + {1,2,4}. The error-correction follows with the
recurrences in Table 2.

Example 7.5 (123)  There is an extended choice for U and V', name-
ly I ={0,1,2,3,4,19,36} and J = {13,14,15,16,17,32,49}. Assume six
errors have occurred and we find a space of polynomials with o35 equal
to zero. Then we can apply the hyperplane method and the given recur-
rences. If there is no such solution then the error positions do not support
a codeword in V1 and the solution with o35 # 0 is error-locating. An
error-locator of the form 05 X? + 019 X' 4+ 036 X3¢ can occur and then the
zero set supports an eight dimensional subcode of C'. Solutions of another
form determine the error values uniquely:

oo #0:  R(31) (
o1 #0:  R(30) — S31, R(47) — Sus.
03 40:  R(34) (
o, #0:  R(33) (



7.2 Sequences of codes

In a certain range of the minimum distance, the conjugacy formats of Chap-
ter 6 allow the construction of sequences of cyclic codes with the same
designed distance and redundancy as BCH-codes.

Proposition 7.6  Let n be equal to 2™ — 1, m = 2l + 1. For a bi-
nary cyclic code C with defining set Re D {1,2' +1,2"" + 1} we have a
3-error-correcting pair (U, V) with generating sets I = {0,1,2% 2"} and
J = {0,221},

Proof. ~ The code is defined in [32, Ch.9 §11]. There it is also proved
that the distance d = 7. For the even weight subcode we may write R D
{0,1,2'4+1,2% +1}. Thus we find the formats of Theorem 6.7, except that
the code U is not MDS. In fact the codes U and V are equivalent to codes
with generating sets I' = 4 -1 = {0,4,2,1} and J' = 4-2'-J ={0,2,1}.
The conditions (1.1)-(1.3) and (1.11) are fulfilled. Since Sy occurs only
once in the key matrix S(y), by the results of Section 5.4 we can assume
that So =3 (mod 2). n

Remark 7.7 (QR-codes) It is clear from Table 1, that the second
conjugacy format yields good pairs for the smaller binary QR-codes. The
conjugacy formats require defining sets of size ¢, while the BCH-format re-
quires sets of size 2¢ (the largest set of consecutive quadratic residues is in
general not formed by the residues {1,2,...,2t} and the usual argument
that only {1,3,...,2t — 1} need to be in the defining set does not apply).
With a uniform distribution of the quadratic residues, the conjugacy for-
mats should correct about twice the number of errors of the BCH-format.
Calculations for codes of length less than 1024 agree with this. For ex-
ample, for the codes of length n = 863 and n = 887, we apply Theorems
6.6 and 6.7 with ¢ = 2. They yield pairs to correct ¢ = 10 (I = 57) and
t =7(l =62) errors for n = 863 and ¢t = 8 (I = 182) and t = 11 (I = 206)
errors for n = 887. For both values of n, the BCH-format corrects t = 4
errors. Also, it is clear that both the BCH-format and the conjugacy for-
mats have a capability that is of order log(n) for large codelength n. This
is way below the square root bound.

In addition to these we give the following sequences.

Proposition 7.8  Let C be a binary cyclic code of length n where
3 does not divide n. Let Ro contain the set {—1,1}. Then a 2-error-
correcting pair (U, V') is given through generating sets I = {—3,0,3} and
J={-1,1}.



Proof.  The complete defining set R for C satisfies R D I + J. 3 does
not divide the length and it follows that U and V' are both MDS. The proof
follows from Lemma 6.4. [ ]

Example 7.9 (Zetterberg codes [55]) Let n be equal to 2°™ +
1. The Zetterberg code C' with defining set Rc = {1} has the 2-error-
correcting pair (U, V') given in Proposition 7.8.

Example 7.10 (Melas codes [34]) Let n be equal to 2™ — 1 and
let m be odd. The Melas code C' with defining set R = {1, —1} has the
2-error-correcting pair (U, V') given in Proposition 7.8.

The following sequence of reversible codes contains as members binary
codes of type [73,37,> 11] and [85, 45, > 11].

Proposition 7.11  Let C' be a binary cyclic code of length n where 3
does not divide n. Let Rc contain the set {—7,-5,—1,1,5,7}. Then a 5-
error-correcting pair (U, V') is given through generating sets [ = {—4, -2, —1
1,2,4} and J = {—6,-3,-0,3,6}.

3

Proof.  Use Theorem 5.6. ]
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