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Decoding of BCH Codes # 1

Partial realisation Interpolation
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« Wolf 1967: Decoding of BCH codes and
Prony's method for curve fitting

x Peterson-Weldon: “Mathematically the method
is closely related to an interpolation problem "
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control matrix
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differentials
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generator matrix
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interpolation

functions



The affine line # 3

(codelength n = ¢, dimension k)
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Syndromes

For a vector y = (yo,¥1,---,¥g—1)

the vector of known syndromes
s = Hyl' = (Sg,...,S, 1)t
and the vector of all syndromes
s = Hyl = (Soy---sSp_p_1s--+S-1)7T

s is also called the Fourrier transform of y



The partial realisation problem # 5

Parameters: Integers q,r, 7

(Berlekamp-Massey r = 271)

Input: A finite sequence Sg, S1,...,5,_1
over a finite field of ¢ elements

Output: All simple recurrence relations
of length at most -+ 1 and
of period length dividing ¢ — 1 that
generate an infinite sequence
S0,51, -, 50 _1,...




The interpolation problem # 6

Parameters: Integers q,k, 1

(Welch-Berlekamp ¢ = k + 271)

Input: A vector (yo,y1,--->Yg—1)
over a finite field of ¢ elements
An ordering xg,1,...,Tq—1
of the elements of the finite field

Output: All polynomials f(X) of degree
at most k£ — 1 for which f(x;) £ y;
in at most 7 coordinates




Example # 7

So=0,51=4,5=4,53=4
has shortest recurrence relation

Si42 —Si4+1 =0

(x?,) — (1727374757670)
(yz) — (0707575707470)

has optimal quadratic interpolation

(x’iQ _I_ 3) — (_7 07 57 57 07 47 _)



Berlekamp-Massey # 8

Let

R(T) :§O + ST+ -+ Sr_lTr_lj—I—---

known syndromes

Key equation

o(T)R(T) =w(T) (mod T")
o(T)=140c1T 4+ ---+ 0cT€

deg(w) < deg(o) + 6

Corresponding system of linear equations

Sg Sy - Se oo
S1 So Set1 Oe—1

.s O O

S 1 o o+ oo S 1 1 0



Welch-Berlekamp 1/2 # 9

Key equation

MX) =X+ h1 X 4+ he

deg(g) < deg(h) +k—1

Fourrier transform gives system of linear equations

S S. 1 --- S 1 0
Se—l—l Se S1 h1 O

Sy—k—1 " Sy k1 e Re 0



Welch-Berlekamp 2/2 # 10

et
y(mz):y’m \V/Z:O7177q_1
deg(y) <g-1

Then
y(X) = =S, j_1X"— ... —Sox1

A\ 7
~~

syndromes of received word
equal to error syndromes

Polynomial key equation

y(X)h(X) = g(X) (mod X7 - X)

Equal coefficients for Xetk .. x9-1
gives previous system of linear equations



Generalization to list decoding # 11

h(z;)y; = g(z;), Yi=0,1,...,q—1

h(xz)y —g(z) =0

h(z)(y — f(x)) =0

.y = f(x)

Q(z,y) =0
b>1 ¢

ho(z)(y — f1(2)) - (y — fo(x)) =0

Ly = fi(z),..., fo(@)



Sudan I 4 12

Parameters: Integers q,k,7,b

Key equation

ho(x;) y® + -+ + hp_1(z;) y; = g(x;)

Vi=20,1,...,9—1

deg(h;) +(b—j)(k—1)<qg—1-7

deg(g) <g¢g—1-—r7

Q(z,y) =hoy® + - + hy_1y — g



Example # 13

Let

(z;) = (1,2,3,4,5,6,7,8,9,10,11,12,0)
(yz) — (3727 17476757877797 127 117 1070)

Solution to the key equation

:I;iyi3=:134 Vi=20,1,...,12

7

Optimal linear interpolations of (y;)
(xz) — (_727 _747 ) _797 T 117 _70)
(3331) — (37 ) _75787 Ty Ty Ty Ty 1070)
(9$Z) — (_7 ) 17 R 67 Ty 77 ) 127 Ty O)



Back to syndromes # 14

Let S(y) = Gdiag(y)G?
Then vy, = f(x;) in at most = positions
if and only if

rank S(y; — f(z;)) <7



# 15

Example

13,k =2,7=8,b=3

(x’L) — (172737 47 57 67 77 87 97 107 117 127 O)
() = (1,5,9,8,2,6,12,4,3,11,10,7,0)

S(y; —ax; — b)

12

12

12

12




# 16

How to solve list decoding in the partial
realisation setting?

1. Take Fourrier transform of Sudan’s
key equation

2. Write Sudan’s key equation in
polynomial form



Fourrier transform # 17

S(y) = Gdiag(y)G?
Let
T(y) = Gdiag(y)G~! = S(y)(GG!)!

Key equation

T(ho) T(y — f1) - T(y—fp) = O

Observation: Rather than minimizing the
rank of one particular matrix, one should
look for a finite set of similar matrices with
zero product



Affine line # 18

I
GaT = )
0O -1 O
\ -1 0 - 0 -1
(1 0 0 —1 )
O -1 O
(GGt =
0O —1 O




Computation of g(x) suffices # 19
Let

Qz,y) = hoy’® + -+ + hy_1y—g

be the unique solution to the key equation
Q(x;,y;) =0, Vi=0,1,...,q—1

Then

R(x;,y; — f(x;)) =0, Vi=0,1,...,g—1

has unique solution R(z,y) = Q(z,y+ f)

And (y — f) |Q(z,y) & y| R(z,y)

Idea: Find the translated vector (y; — f(x;))
whose interpolation polynomial Q(x,y) has

g(xz) =0



Example # 20

.8,9,10,11,12,0)
2.4.3,11,10,7,0)

=
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Solution to the key equation for (y; — ax; — b)
Qz,y) =

xy3 + (10 az? + 3 bx) y2 +

+ (100223 4 (10 4 6 ba) 22 + 106%7) y +

+ (14 a®)2* 4 (3a+ 10ba?) 23 +

+ (1064 3ab?) 22 4 (123 + 12) 2

gz) =0fora3=—-1and ab=1
Optimal linear interpolations of (y;)

fi=4x -3, fo=10x—-9, f3=12x—1



Syndrome extension # 21

Theorem (Elimination of unknown syndromes):

Under the conditions of Sudan I, the un-
known syndromes can be computed from
the known syndromes one by one as the
zeros of univariate polynomials whose co-
efficients are determinental expressions in
the known syndromes



