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A linear code is divisible if for some ¢ > 1 the
Hamming distance between any two codewords
IS divisible by c.

The minimum distance d of a code is the
smallest Hamming distance between any two
distinct codewords.

D’'03 : The Singleton bound
d+d-<n+4+2
generalizes to
d~+ cdt <n+clc+1).
With an improvement

2d + cd+ < n 4+ c(c+ 2)

for even self-complimentary binary codes.



Define the weight enumerator of a g-ary lin-
ear code

N
Alz,y) == Y Ay ¥ "Wy,
w=0

where A, is the number of words of Hamming
weight w and N is the codelength.

The dual code has weight enumerator

N
Az, y) = ¢ Y Aw(z + )N TV (z -y

w=0

where k = diquC and vy =q — 1.



A linear code is divisible by ¢ if

A(z,y) € Clz° — y°, y°].

A linear code is divisible by ¢ and symmetric if

A(z,y) € Cl(z€ — y©)?, 2.

A linear code is formally self-dual if

A(z,y) € Clz(x + vy), y(xz — y)].



By Gleason’s Theorem a nontrivial self-dual di-
visible code is of one of four types. For each
type, the weight enumerator belongs to a ring
of invariants of the form C[F, G].

Gleason’'71 :
(TypeI)  (q,¢c) =(2,2) C[Fg,Go]
(Type H) (Q7 C) — (27 4) C:F247 GS]
(Type III)  (q,c) =(3,3) C[F12,G4]
(Type IV)  (q,c) = (4,2) C[Fs,G?]

Mallows-Sloane'73 :

(Typel) d<2|n/8] 42

(TypeIl) d<4|n/24]+4
(Type IlI) d<3|n/12| 43
(Type IV) d<2|n/6]+2




The Mallows-Sloane upper bounds are attained
only by a finite number of codes.

Zhang’'99
(Type I) n < 24, it 8|n.
(Type II) n < 3672, it 24|n.
(Type III) n < 828, it 12|n.
(Type V) n <96, it 6|n.

The Mallows-Sloane upper bounds allow an
asymptotic improvement.

Krasikov-Litsyn'00 (Type II), Rains’'03 :

p

2113 < 1/4 (Typel).

1656 < 1/6 (Type II).
2467 < 1/4 (Type III).
3170 < 1/3 (Type IV).

limsupd/n < <

—1 1
q (1—

q Cc—|—1)'

limsupd/n <




Theorem 1 (Type III/IV)

For N = cn, let

AGwy) = 3 as(a® — )" (o)
1=0

Then, for n = (c+ 1)m,

(Type III) :
41 — 270ay,_1 — 1944ay,_o — 2187ay,—3 = 0.

(Type IV) :
41 — 48ay,—1 — 128a,—2 = 0.



Theorem 2 (Type I/II) :

For N = 2¢n, let

mn . .
A(z,y) = Y a;(a€ — y©)2" 2 (aCy°)"
1=0

Then, for 2n = (¢ + 2)m,

(Type ) :
ayp4-1 — 16a,,—1 = 0.

(Type II) :
Ayp4-1 — (68ay,—1 —8192a,,_o = 0.



Let C((t)) be the ring of formal series in t.

For f = Zz’>>oo aiti,
Res;(fdt) .= a_1

is called the residue of the differential fdt.

The residue of a differential does not depend
on the choice of local parameter:

For a different local parameter v and for g(u)du

= f(¢)dt,
Res,(g(u)du) = Res:(f(t)dt).



Lemma: Let

. m .
Y oaut T = > e,
i>0 j=0

for local parameters v and v in C((t)), and let
v ?dv = h(u)u 2du,
for h(u) = Y h;ut. Then

m—+1
> hiapmy1-; =0,
i=0
Proof:

m .
0 = Resy( ) ijj—m—de)
j=0
= Resy () a;u' "2 h(uw)du)
1>0
m—+1

= > hiamy1-i
i=0



Proof Thm 1 (Typelll, N = 12m) :

4m
A(z,y) = Y ai(a> — ) i(y3)!
1=0
m . .
= Z (3]'}7*7(;3WL_3=7
J=0

for F = y3(z3 — y3)3,G = (2 4 8xy3).

Let t = y3 /a3,

t o t(1—1)3
1—¢ © (1+80)3

Then
4m _ m _
doaumMm =) i/ T™
i=0 =0

v %dv = (1 4+ 9u)?(1 — 18u — 27u?) v 2du.
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Proof Thm 1 (Type IV, N =6m) :

3m - _
A(z,y) = Y ai(x? — y2)>"i(y?)!
1=0
m . .
= Z (3]'}7*7(;3WL_3=7
J=0

for F = y?(2? — y?)?, G = (z° + 3y?).

Let t = y2 /2,

t _t(1—1)?
1—¢ (14303

Then

3m _ m _
doaumMm =) i/ T™
i=0 =0

v %dv = (1 + 4u)?(1 — 8u) u ?du.
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Proof Thm 2 (Typel, N =8m) :

2m
Alz,y) = Y aj(@? — y2) M2 (zy)?
1=0
m . .
= Z ch]G4m_4J
j=0

for F = 22y?(a? — y2)?, G = (22 + y?).

Let t = y2/x2,

t t(1—t)2
= y (R .
(1-1)2 (1+)4
Then
4m m
doaum M=) i)™
i=0 7=0

v 2dv = (1 4 4u)(1 — 4u) v ?du.
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Proof Thm 2 (Typell, N =24m) :

3m _ '
Alz,y) = Y aj(zt —y")Om 2 (ay)™
1=0
m . .
= Z CJ'F"?GBWL_a7
j=0

for F = z%y*(z* —y*)?*, G = (28 + 142%y% 4 ¢9).

Let t = y* /2%,

t B t(1—1t)*
1-02 =~ ((1+ 14423

Then
3m _ m _
doaumMm =) i/ T™
i=0 =0

v 2dv = (1 + 16u)?(1 — 32u) u ?du.
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Proof KLR (Type IIIl, N = 3n = 12m) :

For A(x,y) of Type III and for

o 03 o3
A =y(y> —z3)— (—_8aT

AA(x,y) is again of Type III.

We apply Theorem 1 to AA(x,y).

The contribution of
A Az, (z3)" % (y3)Y
to a;, fori=m 4+ o(1) as n — oo, is a positive
multiple of
12('w3 —8(m —w)(n — w)Q)
(2n)3 — 4(2n — 3w)3.

The RHS changes sign once for w/n € [0,1/4].
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Proof KLR (Type IV, N =2n =6m) :

For A(x,y) of Type IV and for

o 02 o2
= y(y° — :1:2) (— — 937

AA(x,y) is again of Type IV.

We apply Theorem 1 to AA(x,y).

The contribution of

A Apy, (%) (y2)Y
to a;, fori=m 4+ o(1) as n — oo, is a positive
multiple of

6(w? — 9(m — w)(n —w))
(3n)2 — 3(3n — 4w)?.

The RHS changes sign once for w/n € [0,1/3].
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Proof KLR (Type I, N =4n =8m) :

For A(x,y) of Type I and for

92 , 0% 07
— 2 2
A=ay(y” —a )8x8y(82y 92

AA(xz,y) is again of Type L.

)

We apply Theorem 2 to AA(x,y).

The contribution of

A Ay, ((22)" (g2 4 (%)% (y2)2" )
to a;, fori=m 4+ o(1) as n — oo, is a positive
multiple of

8(w?(2n —m —w) — (m — w)(2n — w)?)
= n(n? —3(n —2w)?).

The RHS changes sign once for w/n € [0,1/4].
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Proof KLR (Type ll, N =8n = 24m) :

For A(x,y) of Type II and for

or 9%  o*
_ 4 4
A=ayly’ - )8x8y(84y - 94

AA(xz,y) is again of Type II.

)

We apply Theorem 2 to AA(x,y).

The contribution of

A Ay, () (yh)Y 4 (@)Y (y*") 2" )
to a;, fori=m 4+ o(1) as n — oo, is a positive
multiple of

24(w*(2n — m —w) — (m — w)(2n — w)*)
= n (n* = 5(n —2w)*).

The RHS changes sign once for w/n € [0,1/6].
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Our proof of the KLR bound applies to divisible
codes (not necessarily self-dual) with

dt>N/(c+1)+c
and to even self-complimentary binary codes
with

dt-> N/(c+2)+c

Namely, such codes have a,,4+1 = 0in AA(x,y).
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Differential operators and bounds

For a divisible code :

yd=e(a® — yo)d ¢ | AA(xz,y)

For an even self-complimentary binary code :

(zy)?(af — )% ¢ | AA(z,y)
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Differential operators and Gleason’s Theorem

The subring of C[oz,0y] of differential oper-
ators that preserve the invariant ring CI[F, ]
is of the form C[F,G] for each of the types
I,IIIII,1V.
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Differential operators and zeta functions

For a given weight enumerator A(z,y) there
exists a uniqgue MDS code, with weight enu-
merator M(x,y), and a unique differential op-
erator A € C[0x, dy] such that

A(z,y) = AM(x,y).

For P =0x + 0y and § = Oz,

0,60 0
ooy~ Vow) = (P S)P —aS).
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