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ABSTRACT

Galois Theory is the connection between groups and fields, known as
extension fields. This is what the project is about.

This project is divided into three chapters. In chapter 1 the theory of
extension fields is introduced along with examples and related theorems.
Special field extensions such as algebraic extensions which lay a major role in
the subsequent work are introduced along with the splitting field of
polynomials: these extension fields of the field of coefficients of a polynomial
that contain all its roots. The existence and uniqueness of such fields was dealt
with.

The problem of separability of polynomials was also treated in this chapter,
that is when does a polynomial have distinct roots in some splitting field.

Chapter 2 is devoted to the fundamental theorem of Galois Theory. Talking
tirst about the fixed field of a group of automorphisms of fields, defining
Galois groups and normal extensions throughout, we reached to the famous
theorem of Galois: the one to one corresponding between the intermediate
tields of an extension field and the subgroups of its Galois group. Examples
were presented to illustrate the results.

The applications of the fundamental theorem of Galois Theory are diverse
the major one is the study of solvability of polynomial equation of any degree
using formulas, like the well known formula, solving any quadratic
polynomial equation. Unfortunately, and due to the lack of time, this
application is not included in my project as I planned earlier but I shall look
into it during my summer vacation. In chapter 3 two application are treated,
the first is about cyclotomic extensions: the splitting fields of cyclotomic
polynomials and the second is on the Galois group of a cubic polynomial over

Q.

The application of Galois Theory is not just in pure mathematics, it goes
beyond that. We can use the galois fields (finite fields) in many areas of
computer science especially in cryptography or more specific in DES (Data
Encryption Standard) and AES (Advanced Encryption Standard). The use of
these algorithms is widespread in many military and commercial agencies.
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CHAPTER 1

Field Theory

In this chapter we will study special types of fields (recall that a field is an
integral domain with unity where every element has a multiplicative inverse),
we will study the relation of a field with its subfield called an extension field
and examine some of its properties and theorems related to it. Then we will
study fields associated with a polynomial called splitting fields and we will
end this chapter by studying an interesting field extension called separable
extension.



§ 1.1 Extension Fields

Definition

If E is a field containing the field F, then E is said to be an extension field of F.

Notation
Let E | F denote that E is an extension field of F where E | F is shorthand for “E
over F”.

Examples

(1) since QcRcC, then R|Q, C|R and C|Q are all extensions fields, we
referred this as a tower of fields.

(2) Every field E is an extension field of its prime subfield (this is the
intersection of all subfield of E), in this case E is called the base field of the
extension.

(3) if p is a prime integer and q= p™ for some positive integer m,then we
know that Z, cZg, hence Z |Z, is also a field extension. <

Now let E | F be any field extension, then under the field operation of E we can
consider E as a vector space over F, where the elements of E are the “vectors”
and the elements of F are the “scalars” and this lead us to the following
definition.

Definition

Let E | F be a field extension, the dimension of the vector space E over F is
called the degree of the extension E | F and it's denoted by [E: F], if the degree
of E | F is finite i.e. [E:F]<wo, then E | F is called a finite field extension.

Examples

(1) Since {1, i} is a basis for the field C over R, then [C: R] =2 and then C|R is a
finite field extension.

(2) Consider the polynomial ring F[x] over a field F where F[x] is an integral
domain, let E be the quotient field of F[x], then the set {1, x, X%, ..., x",..}are
linearly independent over F ( because if a, +a,x+...+a,x" =0,

a, € F,Vi=12,.,n ,then a, =0,Vi ) and also it spans E, hence [E: F]= « and
E | F is infinite field extension. <




Definition

Let E | F be an extension field, a subfield L of E is called an intermediate field
of E|Fif FELcE, Lis called a proper intermediate field if Fc LcE.

We turn now to very important theorem in studying field theory which is the
degree theorem.

Theorem (The Degree Equation)

If E | F is a finite field extension and K | E is a finite field extension, then K |F is
also a finite field extension and [K: F]=[K: E][E: F].

Proof:

Suppose that [K:E]=n and the set{ o, :i=1,2,...,n,0, € K} be a basis for K| E
and [E:F]=m and the set { B, :i=1,2,...,m,B, € E} be a basis for E | F,
Now letbek, b=a,a, +a,a, +...+a,a,, where a, €E, for alli=1,2,...n

n~*n’
m
and since a; € E, then a, =c,f, +¢,,p, +...+¢, B, i.e. a, = Zciij , SO
j=1

b= Z(z c;iBj)o; = Zi,jcij( ;0,;), and so the mn vectors a;; span K over F,

=1 j=1
now to show that o,f; are linearly independent and then it will be a basis for
K|F,

Let > (D ¢;B)a; =0, since a,’s are linearly independent , them > c,f, =0 and

=1 j=1 j=1
also since B]. ’s are linearly independent C; = 0, for all i=1,2,...n, and

j=1,2,...,m.

hence {ociBj :1=12,.n,j=1,2,.m} is the basis for K|F and that
[K:F]=mn=[K:E][E:F]. [
Definition

Let E | F be a field extension, let c,c,,...,c, be elements in E, then E is said to
be finitely generated if E=F(c,,c,,...,c, ), where F(c,,c,,...,c, ) is the smallest
subfield of E containing F and c,,c,,...,c,, .




Example

Q(+/3)is finitely generated subfield of R, where Q( /3 ) is the smallest
subfield of R containing Q and /3. <

Definition

Let E | F be a field extension, an element c€ E is said to be algebraic over F if
f(c)=0 for some nonzero polynomial f(x) € F[x],if c is not algebraic, then c is
said to be transcendental element over F.

Remark
Every element ceF is algebraic over F since c will be a zero for f(x)=x-c € F[x].

Examples

(1) The element +/3 in R is algebraic over Q because /3 is a root for
x?-3eQJx].

(2) The element i in C is algebraic over Q because i is a zero for x> +1 e Q[x].

(3) The real number e is algebraic over R because e is a zero for (x- e) e R[x],
however e can be shown to be a transcendental element over Q.

(Look at the end of this chapter for the existence of transcendental elements in
R over Q)

@) V2++5 is algebraic element over Q because /2 + 5 is a zero for

x*-4x?%-1=0. |

Theorem

Let E | F be a field extension and c€E, if c is algebraic over F, then c is a root
for some nonzero unique irreducible monic polynomial p(x) over F,
furthermore if f(x) € F[x] such that f(c)=0,then p(x) | f(x).

Proof:
Let E | F be a field extension and c € E. suppose c is algebraic element over F,
consider the evaluation homomorphism ¢, :F[x] > E, where ¢, (x)=c and

¢, (a)=a for all a €F, the kernel of ¢, is ker ¢, ={h(x) e F[x] : ¢, (h(x))=0},
ker ¢, ={h(x) e F[x] : h(c)=0}, since F[x] is principle ideal domain, then the kenel

of ¢, is generated by a nonzero polynomial in F[x], therefore




ker ¢, =(p(x)), where p(c)=0 and deg p(x) >1,now let f(x) be a nonzero
polynomial in F[x], such that f(c) =0, then f(x) € ker ¢,, then f(x) € (p(x)).
Hence p(x) | f(x) and thus p(x) is a polynomial with minimal degree > 1
having c as a zero and any other nonzero polynomial h(x) having c as a zero
in F[x] of the same degree as p(x) will be of the form h(x)=a p(x), where a€F.
so by multiplying by a suitable constant in F, we can assume p(x) is monic
polynomial, then p(x) is a unique monic polynomial having c as a zero.

Now for the irreducibility, suppose p(x)=u(x)v(x), where u(x),v(x) has a lower
degree than p(x) and non-constant in F[x], then p(c)=u(c)v(c)=0,which implies
that u(c)=0 or v(c)=0, since F[x] is an integral domain, which contradict the
fact that p(x) is the polynomial with minimal degree having c as a zero,
therefore p(x) is irreducible monic polynomial. [

Definition

Let E | F be a field extension and ceE is an algebraic element over F, then the
unique monic polynomial p(x) having the property in the previous theorem is
called the irreducible polynomial for c over F and will be denoted by irr(c,F)
and the degree of irr(c,F) is the degree of c over F denoted by deg(c,F).

Example

(1) InR|Q we have:
i) irr(\/g,Q)= x?- 3 of degree 2 i.e. deg(\/g,Q)=2.
ii) irr(1,Q)= x* +1 of degree 2 i.e. deg(i,Q)=2.
iii)irr(~/3 ,R)=x- /3 of degree1i.e. deg(\/g,R)=1.

iv) irr(v2+ 5 ,Q)=x"*-4x"-1 of degree 4 i.e. deg(/2+ J5 ,Q)=4.

Theorem

Let E | F be a field extension, let ce E be algebraic element over F, then

¢.[F[x]] = F[)% rr(c, F))’ where ¢, :F[x] > E is the evaluation homomorphism.

We shall denote this subfield of E by F(c), where F(c) is the intersection of all
subfields of E containing both F and ¢, hence F(c) is the smallest subfield
containing F and c.

Definition




Given E | F and c<E, then the image of ¢, is called the simple field extension

of F with a primitive element ¢, moreover this extension is the smallest
subfield of E containing both ¢ and F.

Theorem

Let E | F be a field extension and ceE, then F[c]=F(c) if and only if c is
algebraic over F.

Proof:
Let E | F be a field extension, c€E is algebraic over F, then by the first

isomorphism theorem, F[c]= F[)%rr(c, F)) =~ F(c), since F[)%rr(C’ F)) isa
field because (irr(c,F)) is maximal ideal and because F[c] < F(c) ,then F[c]=f(c).

Conversely, suppose F[c]=F(c), then if c=0 it will be a root for xe F[x], so
suppose c# 0,then c * €F(c), then ¢ * =a,c" +a, ,¢"" +..+a,C+a,, where
a, eF,i=012,..,nthen1=ac"" +a " +..+a," +a,c and so

n+1

a,c" +a, c"+..+a,c’ +a,c—1=0, hence c is algebraic over F. [

Theorem

Let E | F be a field extension and let ce E be an algebraic element over F of
degree n, then {1,c,c 2,..,c"" Vis a basis for F(c), equivalently every a in F(c)
can be expressed uniquely in the form a=a,c"* +a, ,c"° +..+a,c+a,a € F.

Proof:

Let E | F be a field extension and c€E be an algebraic element over F of
degree n, now let p(x)=irr(c,F),then p(x)=x"+a, X" +..+ax+a, € F[x]
So p(c)=0, then

¢"=-a _,c"t-a "’ -..—-acC+a,
¢ =-a,,c"-a, c""-..—ac’ +a,c
¢c"™=-a ,[-a.,c""~-a c"?-.-ac+a,]-a,,c"" —..—aCc’+a,C




n+k

c"™ =—ahac"™ —ahac"? —...—aic+ao

So {1,c,c?,...c""} span F(c) | F.

for uniqueness, suppose a< F(c), then

a=a,+aC+..+a,,C" ' =ao+aiC+..+aniC"", then

(@, —ao)+(a, —ai)c+..+(a,, —an1)c" =0, let

g(x)= (@, —ao)+(a, —a1)X+..+(a,, —an1)x"" € F[x], then g(c)=0

and since deg g(x) <deg p(x) , then g(x)=0.

soa =ai Vi=0L12.n-1andhence{l,cc?,.,c""} isa basis for F(c). ™

Corollary

Let E | F be a field extension, if c€ E is algebraic over F and of degree n, then
[F(c): F]=n.

Examples

(1) InR | Q, since deg(\/g,Q)=2, then {1, +/3 }is a basis for Q(+/3)|Q
and Q(\/§)={ qo + Ch\/§ :qo,9; €Q}and [Q(\/§)Q]=2

(2) In R(i) | R, since deg(i,R)=2, then {1,i} is a basis for R(i), and
R(i)={a+bi:a,be R} and also [R(i): R]=2.

(3) InR | Q, since %3 is a root of x* —3 € Q[x], then deg(%/§,Q)=3 and
{1, 3/3,(3/3)?} is a basis for Q(3/3), and also [Q(%/3): Q]=3. <

Now let us back to the degree equation and use it for the next examples.

Example

To find [Q(¥/2):
[Q(¥2):Q]=[Q(*
[Q(¥2):Q(V2)]

1 3 4 5

1
and since {1,25,2g,25,25,25} is a basis for Q(Q/?) over Q and { 1,25} is a basis
for Q(+/2 ) over Q, then by the same way in the proof of the degree equation,

1 2

the set {1,2°,26} is a basis for Q(%/2) | Q(~/2). <

(~/2)], we apply the degree equation so
2):Q(+2)][Q(+2):Q], then 6=2[Q(%/2 ):Q(~/2)] and hence
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Theorem

If E | F be a field extension, a,b€ E are algebraic elements over F, let be F(a),
then deg(b,F) | deg(a,F).

Proof:

since deg(a,F)=[F(a):F], deg(b,F)=[F(b):F] and F < F(b) c F(a) because
beF(a), then
[F(a):F]=[F(a):F(b)][F(b):F], hence [F(b):F] | [F(a):F], hence deg(b,F) | deg(a,F). m

Example

There is no element of Q(«/§ ) that is a zero of x® — 2, because if there is such

an element be Q(~/3) such that b* —2 =0, then deg(b,Q) | deg(~/3,Q) and
that means 3 | 2 which impossible. <

Recall from the field generated over F by a finite number of elements in E,
(where E | F is a field extension) is the smallest subfield of E containing F and
these elements, the following lemma show that this finitely generated field
can be obtained recursively by a series of simple extensions.

Lemma

Let E | F be a field extension, a and b €E are algebraic elements over F, then

F(a,b)=[F(a)](b).

Proof:

Since the field F(a,b) contain F and a, then it contains F(a) and because it
contains also b it contains F(b), so it contains F(a)(b) and so F(a)(b) c F(a,b)
by minimality of the field F(a)(b),
and because F(a)(b) contains F,a and b, then by the definition of F(a,b), we
have F(a,b) is the smallest subfield of E contain F,a and b, therefore F(a,b)
c F(a)(b), hence F(a,b)=F(a)(b).

Now in general,
if E=F(c,,c,,...,c,), where ¢, €E,Vi=12,...,n then E=F(c,,c,,...c,,)(c,)
so let F, be the field generated over F by c,

F, be the field generated over F(c,) by c,

F, be the field generated over F, by c,

F, be the field generated over F, ; by c;,




ie. F,=F(c,) , 1i=012,.n-1 andthatF, =F
so we will get the following chain: F=F, cF c..cF, =E

and by the degree equation we will get:
[E:F]=[E:F [ E, :F_,]..[F :F] [

Example

To find a basis for Q( J2, J3 ) over Q, we have {1, J2 } is a basis for Q( N )
over Q and {1, +/3} is a basis for Q(+/3) over Q, then by the degree equation (
in fact the result of its proof),we have the set {1, J2, J3 , J6 } is a basis of
Q(+2,43)|Q.

by the previous lemma, let E=Q(~/2 ),then Q(~+/2,+/3)=E(+/3), by the the
degree equation [E(~/3 ):Q]=[E(+/3),Q(~/2)][Q(~/2 ):Q] hence
[Q(V2,43):Q(2)]=2. <

Definition

A field extension E | F is called algebraic if every element of E is algebraic over
F, otherwise E | F is called transcendental.

Examples
(1) C|R is algebraic because every nonzero polynomial in R has a root in C

(2) A|Q, where A is the set of all algebraic numbers in R over Q, the field A is
called the field of algebraic numbers. <

Theorem

Every finite field extension E | F is an algebraic extension.

Proof:

Assume E | F is a finite field extension, let [E:F]=n, let ce E.
if c=0,1, then c is algebraic over F because ceF.
so assume c# 0,c# 1, then consider { 1,¢,c?,...,c"}, if they are not all distinct,
then there exist 0<i=j<n such that ¢’ = ¢/, hence ¢'”’ =1, then c is a root for
x'7 —1e F[x] and therefore c is algebraic.
If {1,c,c?,..,c"} are all of distinct elements, then they are linearly dependent
because [E:F]=n, so there is b,,b,,...,b, are not all zero, such that :
b, +b,c+...+b c" =0,
hence c is a root for nonzero polynomial f(x)= b, + b;x+...+ b, x" € F[x]

9




therefore c is algebraic over F. [

Examples
(1) Q(+/3) | Q is algebraic extension because [Q(+/3):Q]=2<

(2) Q(\/g A2 ) | Q is algebraic extension because [Q( V3,42 ):Q]=4< 0

(3) R | Q is transcendental extension because there exist an element e such that
e is not algebraic over Q. <

Corollary

Let E | F be a field extension, let ce E, then c is algebraic over F if and only if
[F(c):F]=n, where n=deg(c,F).

The next theorem is a summary of the results obtained about the simple
extension F(c).

Theorem

Let E | F be a field extension, let ce E be an algebraic element over F, then the
following are equivalent:

(1) F(c)=F[c].

(2) [F(c):F]=deg( irr(c F)).

(3) {1, ¢, c?,...,c" "} is a basis of F(c), where n is the degree of c over F.

(4) Every nonzero polynomial in F[c] has an inverse in F[c] and (f(c))™ = q(c),

where f(x)q(x)+p(x)r(x)=1, where p(x)=irr(c,F).

Proof (4):

Let E | F be a field extension, c€ E be an algebraic element over F,
let 0+ f(x) e F[x], such that f(c) # 0, then p(x)=irr(c,F) doesn’t divide f(x),hence
there is no common divisor between them, so gcd(f(x),p(x))=1 (unit in F), so
there exist q(x),r(x) such that f(x)q(x)+p(x)r(x)=1 and so f(c)q(c)+p(c)r(c)=1,
then f(c)q(c)=1 ,hence (f(c))™ = q(c).
the converse it straight forward that is if every polynomial f(c) has an inverse
in F[c], then F[c] is a field and thus F[c]=f(c) and then c is algebraic. [

Examples

In C|R,ieCis an algebraic over R, then

(1) R(i)={a+bi: a,be R}=R][i].
10




(2) [R(i):R]=deg irr(i,R)=deg ( x* +1)=2.
(3) {1,i} is a basis for R[i] | R.

(4) for 0= 1£(i) e F[i], f(i)=a+bi has an inverse
2 12 2 1.2
(fi) =2 Th <
a’+b® a’+b?

Remark
This theorem can be used to get similar results about finitely generated
extensions as we will see in the following example.

Example

Q(+/3,42)|Q, [Q(+/3,+2):Q]=4<w then+/3,+/2 are algebraic over Q (since
V3 is algebraic over Q(+/2 ), then It will algebraic over Q). <

Theorem

Let E | F be a field extension, if L is the set of all algebraic elements of E over F,
then L is an intermediate field of E | F.

Proof:

Suppose E | F be a field extension, let
L={c € E:cis algebraic over F}, since 0,1€L, then L# ¢, now let ceF, then c is
algebraic over F, hence F c L, now let a,beL, since a,b<E are algebraic
elements over F, then let deg irr(a,F)=n and deg irr(b,F)=m , so we have
[F(a):F]=n and [F(b):F=m, by the degree equation:
[F(a,b):F]=[F(a,b):F(a)][F(a):F], since [F(a,b):F(a)] < m, thus [F(a,b):F] is finite,
therefore F(a,b) | F is finite field extension, hence every element of F(a,b) is
algebraic over F, since a,b €F(a,b), then a-b €F(a,b) and abte F(a,b),therefore
a-band ab™ are algebraic elements over F, hence a-b, ab™? €L hence Lisa
subfield of E, so we have F ¢ L ¢ E which shows that L is an intermediate
field of E | F. [

Examples

(1) The field of algebraic numbers A (A is the set of all real numbers which are
zeros for nonzero polynomial over Q).

(2) In the extension field C over R, the set of all algebraic elements in C over R
is C itself, we can prove that by using some knowledge from complex analysis

11




or specifically Liouville’s theorem or we can use the degree equation again,
where

[C:R]=[C:L][L:R], since ie L ,therefore L# R, hence [L:R] #1, therefore
2=[C:L][L:R], then [C:L]=1 and thus C=L. <

Now one can ask if L | F and E | L are algebraic field extensions, then is E | F
also algebraic field extension where L is an intermediate field of E | F?
the answer will be in the following theorem.

Theorem

Let L be an intermediate field of the field extension E | F, then E | F is algebraic
extension if and only if E|L and L | F are algebraic extensions.

Proof:

Let E | F be a field extension, let L be an intermediate field of E | F, assume
E | F is algebraic extension, let ¢ €E, then c is a root for irr(c,F)=p(x), since
Fc L then p(x) €L[x], thus c is algebraic element over L also, and hence E | L is
algebraic extension. now let ce L, then ce E and hence is algebraic over F, thus
L | F is algebraic extension.
therefore we proved that E | F is algebraic extension only if E|L and L | F are
algebraic extensions.

Conversely, suppose E | L and L | F are algebraic extensions, let ce E, then c is
aroot for irr(c,L)=p, (x) =a, +a,x+...+a,x" € L[x], so c is algebraic over
F(a,,a;,..,a,), now F(a,,a,,..,a,)(c)| F(a,,a,,...,a,) is finite by (corollary in
page 10).
Now

[F(ay,a;,...,a,)(c):F]=[F(a,,a,,..,a,) (c):F(ay,a,,...a,) |[F(ay,a,,...a,) F]
since F(a,,a,,...,a,) are algebraic elements over F, therefore
F(a,,a,,...,a,)(c) | F is a finite extension, therefore c is algebraic over F, and
this prove that E | F is algebraic. [

We know now that every finite extension is algebraic, but is the converse
true? the answer is given in the following result about the field of algebraic
numbers A.

Lemma

If p,p; /P, P, are distinct prime integers, then \/E Q(P1,PasrrPn)

12




Proof:
proof by induction on n.

- Base case : n=0, then it is clear that ,/p ¢ Q
- Induction step :
assume ,/p € Q(p,,P,,-Py) and suppose \/E €Q(P,,P2s-PrsPri1), then

\/E €Q(p1,P2s-Pi)(Pis1), hence \/E =a+byp,y /s

where a,b € Q(p,, P,/ Py)

now if a=0, then \/E = b\/a — p = b?p,.,, which is contradiction since p
and p,,, are distinct prime integers.

if b=0, then \/E =a—>p=a’ also a contradiction since p is prime integer.

so assume a#0,b#0, then p=a® +2ab,/p,,, +b’p,,, ie.

a’ b .
Jpea = Pt ¢ Q(p,,ps .- py), hence peQ(p,,p, ... py) whicha

contradiction w1th the induction hypothesis.
hence the result is true. [

Theorem

[A:Q]= « and A | Q is algebraic extension.

Proof:
let F=Q( { \/E :p is prime integer}) =R, so by the previous lemma

QcQ(+2)cQ(V2,43)cQ(V2,43,45)c

is a infinite strictly chain of intermediate field of F | Q, hence F | Q must be
infinite dimensional and hence [F:Q]=o

now since the field of algebraic numbers A contain F, therefore [A:Q]= o« and
A| Q is algebraic extension and as a result, we have

[R:Q]=[R:A][A:Q]= . ]
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§ 1.2 Splitting Fields

This section is about answering the question of the existence of a field
extension of the field of coefficients of a polynomial that contains all the roots
of the polynomial.

We will start this section with a very important theorem which it due to
kronecker.

Theorem (Kronecker Theorem)

Let F be a field, let f(x) be a nonzero polynomial over F, then there exist an
extension field E of the field F and ce E such that f (c)=0.

Proof:

Let F be a field, f(x) be a non-constant polynomial in F[x], since F[x] is unique
factorization domain, then f(x)=p(x) f, (x)f, (x)...f, (x) , where p(x), f,(x) are
irreducible polynomial over F, for all i=1,2,...n
Now finding an extension field E for F for which p(x) has a root in E will be
sufficient to prove the theorem.

since p(x) is irreducible polynomial in F[x], then (p(x)) is a maximal ideal of
F[x]
F[x] and hence %p(x)) is a field. Now consider the natural homomorphism

F[y

sF— /(P(X)) by s(a)=a+(p(x)), for acF.

the kernel of s is kerS={a e F:s(a)=(p(x))}, now s(a)=(p(x)) implies
a+(p(x))=(p(x)), then a-0=a e (p(x)) hence p(x) | a, but deg p(x)>0,then a must
be zero, hence ker s={0} and so s is monomorphism map ( of course we can
show this directly because any nontrivial homomorphism between any two
tields are monomorphism)

Now F=z=s(F)={a+(p(x)):aeF}c F[%(X)) =E

so we find a field extension E | F by the means of this map S and now we have
to show that E will contains a zero for p(x).

so consider the evaluation homomorphism ¢, : F[x] —» F[%(X)) by letting
¢ =x+(p(x)), where ¢_(a)=a foraeFand ¢ .(x)=c=x+(p(x)).

now if p(x)=a, x" +a, ,x"" +..+a,x+a,,a, € F, for all i=0,1,2,..n

o.(p(x))=d.(a,x" +a, x"" +...+a,x+a,)

— n n-1
—anC +an71C +...+alC+a0

=a, (x+(P(x)))" +a,,4 (x+(P()))"" +...+a,(x+(p(x))) +a,
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=(a,x" +a, X" +..+a,x+a,)+(p(x))
F[x]

=p(x)*+(p(x)=(p(x))=0in /(P(x)
hence we found an element c in E such that p(c)=0,therefore f(c)=0. -

Example

Let F=R let p(x)=x +1, which irreducible polynomial over R and has no root
in R let c= x+(p(x))= x+(x*+1), E= R[%z +1) 5° p(c)=c” +1=(x+(x" +1))* +1

=x’ +1+(x*+1)=(x* +1)=0 in E. <

Corollary

If p(x) is an irreducible polynomial over a field F, then there exist an extension
tield E | F where p(x) has a root in E and [E:F]=deg p(x).

Proof:

Let p(x) €F[x] with deg p(x)>0, by kronecker theorem there is an extension
tield E | F and ce E such that p(c)=0.
Now consider F[c] will be same as F(c) because c is algebraic and that E=F(c)
because of the effect of the evaluation homomorphism. Hence [F(c):F]=deg
p(x) and therefore [E:F]=deg p(x).

Example

Back to the previous example, C=R(c)={a+bc:a,be R}, hence we may think of
c as i and that will give algebraic construction to the complex numbers. <

Theorem

Let F be a field, let f(x) € F[x] be a non-constant polynomial, then f(x) has at
most n roots in any extension field E | F.

Proof:

Let F be field and f(x) €F[x],deg f(x)=n> 1, the proof will be by induction on
n.
So let P(n) be the proposition that f(x)e F[x] be a non-constant polynomial,
then f(x) have at most n roots in any extension field E | F.
-Basis step: P(1)
let deg f(x)=1, then f(x)=ax+b, a#0,b €F, so in any extension field E |F, if c €E
such that f(c)=0, then c=-a"'b, hence f(x) has only one root ¢ € F and thus P(1)
is true.
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-Induction step : P(1) AP(2) A... AP(k-1) > P(k)

assume P(i)is true for all i=1,2,3,.. k-1 i.e. the result in any field for all
polynomial of degree less than k, let deg f(x)=k and E | F is an extension field,
so we have two cases :

case 1 : if E has no root for f(x) , then we are done.

case 2 : if E contains a root for f(x) i.e. there exist ce E such that f(c)=0, so
suppose f(x)=(x—c)"q(x), q(c)z0and m<n.

Now q(x) € E[x] and deg q(x)=n-m,

assume b# c € E such that f(b)=0, then (b—c)™ q(b) =0, hence q(b)=0i.e. bis
a root for q(x) over E and by induction hypothesis q(x) has at most n-m roots

in E, which together with m roots for c shows that f(x) has at most n roots in
E. n

Examples
(1) Consider f(x)= x* +1eR[x] has two roots in C|R ( +ieC).
(2) let f(x)=x? -3 eQ[x] has two roots in Q(~/3). <

Remark

Even when we are proving this theorem we didn’t realize the importance of
the commutative axiom of the field e.g. in any division ring which fails to be a
tield only because of the commutative axiom doesn’t hold it doesn’t follow
the result of the theorem for instance take f(x)=x’ +1 in the ring of
quaternion, then f(x) has three roots ij k.

even with a commutative non-integral domain (ab=0 while a# 0,b # 0) the
theorem will not follow, for instance take f(x)=ax ,then f(x)=0 either x=0 or
x=b.

Corollary

If f(x) e F[x], deg f(x)=n > 1, then there exist a finite extension field E | F,
where f(x) has a root and [E:F]<n.

Proof:

Let p(x) be an irreducible polynomial factor of f(x), any root of p(x) will be a
root for f(x), hence [E:F]=deg p(x) < n, where E is a simple extension field of F
generated by the root of p(x). [
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Definition

Let F be a field, A polynomial f(x) € F[x] is said to split over a field EDF, if f(x)
can be factored as a product of linear factor in E[x].

Examples

(1) Let f(x)=x* +1 eR[x], then f(x) = (x —i)(x +1i) in C[x], hence f(x) splits over

C, but note that f(x)=x* +1 e Q[x] splits over Q(i) and C, by the previous
corollary [Q(i):Q]=2<2=deg f(x).

(2) consider f(x)=(x? —3)(x* — 2) € Q[x] which is split over Q(~/3,+/2 ) and it
doesn’t split over Q(+/2 ) because /3 ¢ Q(+/2 ) and by the previous corollary
[Q(+2):Q]=2<4=deg(f(x)). <

Theorem

Let F be a field, f(x) € F[x] with deg f(x)=n>1, then there is an extension E | F
of degree at most n! in which f(x) has n roots.

Proof:

Let F be field, with deg f(x)=n>1, the proof will be by the induction on n.
-Basis step: if n=1, then E=F and [E:F]=1 <1!.
- Induction step :
suppose the result is true for all polynomial of degree less than n,
suppose f(x) has a root c in extension field E; |f, then by the previous

corollary,
[E,:F] <n, also f(x)=(x-c)q(x), where q(x) € E,[x] , q(x) has degree n-1 so by the
induction hypothesis there is an extension field E | E, with [E: E,]<(n-1)!

which q(x) has all n-1 roots there, so now f(x) has n roots in E and by the
degree equation : [E:F]=[E: E,][E,:F] <n(n-1)! <nl. [

This theorem leads us to believe that given any polynomial f(x) € F[x], where F
is a field, then there exist an extension field E | F where f(x) has n=deg f(x)
roots or there exist an extension field E of F such that f(x) factors completely
into linear factors and this lead us to define a new type of field extensions E | F
where a polynomial f(x) splits up completely over E as a product of linear
factors.
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Definition

Let F be a field, f(x) e F[x] and E | F is a field extension, the E is said to be the
splitting field for f(x) over F if :

1- £(x) splits over E.

2- there is no proper intermediate field L of E | F where f(x) splits over L.

Examples

(1) the field C is the splitting field for f(x)=x° +1 over R because
f(x)=(x—1)(x+1) over C[x], and if L is an intermediate field between C and R

which f(x) = x* +1 split over L, then by the degree equation
2=[C:R]=[C:L][L:R], which implies that either L=R or L=C, hence there is no
proper intermediate field.

(2) The field C is not the splitting field for x* +1 over Q, because x* +1 split
over Q(i) and QcQ(i) cC

in part (1) and (2) we notice that [C:R]=2=2! and [Q(i):Q]=2!=deg f(x).

(3) the splitting field for f(x) = (x? —2)(x* —3) is the field Q(+2,~/3) over Q,
since + v/2,+ +/3 eQ(+/2,+/3), and [Q(+/3,+/2 ):Q]=4 <4!=deg f(x).

(4) Consider f(x)=x* —2 € Q[x], then the splitting field for this polynomial is

not just Q(3/2) , because f(x)=(x —3/2)(x -3/2(— 1+ 1\/_ x +3/2(— 1\/_ and
the other complex root are not in Q(%/2).

Now to find the splitting field E, one can suggest adjoining the complex roots
to Q(3/2), and then f(x) will split over E but we may notice that any field

containing i+/3 and (/2) will contain the three roots of f(x), hence we can
take E=Q(i~/3 ,%) to be the splitting field for f(x)= over Q.
[E:QI=[E: Q(¥2)]1Q(V2) :Q]=6=(deg f(x))!

(5) now we apply the same technique we just apply it for part (4) for the
polynomial f(x)=x* +4 eQ[x], then

f)=x* +1=x" +4x" +4-4x" = (x* +2) - 4x® = (x> +2-2X)(x" + 2+ 2X)
fx)=(x—i+1)(x+i+)(x-1+1i)(x—1-1)

so the roots of this polynomial are in Q(i),hence Q(i) is the splitting field for
f(x) over Q and [Q(i):Q] <4!=deg f(x).
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(6) Consider f(x)=x" -1 €Q[x], n 21, then to find the roots for f(x) we use
some theorems from complex analysis which states that x” —1=0 has a zero
of the form re®, then r"e™ =1, then r=1 and ni® =2k, k=0,1,2,...n-1, and

hence O—Lk k=0,1,...n-1.

n
So the splitting field for f(x) is the field generated by these numbers which we
will study them in details in section 3.1 cyclotomic field.

(7) Let f(x)=x"+[1] € Z, [x], f(x)=0,then x*+[1]=0, then x=[1],[3] € Z,
hence the splitting field for f(x) is Z, over Z,. <

Theorem

Let F be a field and f(x) be a polynomial in F[x] of degree n, let E | F be a field
extension, then if f(x)=a(x —c,)(x—c,)...(x —c,,) in E[x], then F(c,,c,,...,c,) is
a splitting field for f(x) over F.

Proof:

Let F be a field and f(x) be a polynomial in F[x] of degree n, let E | F be a
field extension.
Suppose f(x)=a(x—c;)(x—c,)...(x —c, ) in E[x],then f(x) has n roots in E and so
f(x) split over F(c,,c,,...,C,).
Now suppose L be an intermediate field of F(c,,c,,...,c,) | F such that f(x)
splits also over L,
since F[x] is a UFD, then f(x)=a(x—c;)(x—c,)...(x —c, ) in L[x] and that
implies c¢,,c,,...,c,inL, then F(c,,c,,..,c,) cL and so F(c,,c,,...,c,) is the
smallest intermediate field over which f(x) splits. [
Now we move to a very important question:
Given f(x) e F[x], n=deg f(x) >1, is there an extension field E of F for which
f(x) spilt?
And if there is such an extension field is it unique ?
The answer for this question will be in the next few theorems.

Theorem

Let F be a field, f(x) € F[x],n=deg f(x) 21, then there exist a splitting field for
f(x) over F.
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Proof:

Let F be a field, f(x) e F[x], n=deg f(x)>1, the proof will be by the induction
onn.
-Basis step: n=1

Let deg f(x)=1, then f(x)=ax+b, a= 0,b f(x) € F, then F is the splitting field for
f(x)=ax+b over F, hence the theorem true when n=1.
- Induction step:
assume the result hold for all polynomials with a degree less than k-1,
assume f(x) e F[x], deg f(x)=k, then by kronecker theorem’s, there exist an
extension field E, of F and c, € E,, such that f(c,)=0, then
f(x)=(x-c,;)q(x) in E,[x], degree of g(x) =k-1, hence by the induction
hypothesis q(x) split over E,, let us say q(x)=a(x—c,)(x—-c3)...(x —¢,) in
E, [x], hence
f(x)= a(x—c;)(x—c,)...(x —c,) in E, [x], therefore by the previous theorem
F(c,,c,,...,c,) is the splitting field for f(x) over F. [

Definition

Let E | F be algebraic field extension, two elements a and b €E are said to be
conjugate over F if irr(a,F)=irr(b,F).

Examples
(1) In C|R, i, are conjugate over R because irr(i,R)= x* +1=irr(-i,R).

(2) In Q(+/3) | Q, +/3,-+/3 are conjugate over Q since
irr(+/3,Q) = x* =3 =irr(-/3,Q)..

(3) the concept of conjugate elements in the complex number is the same here
for the case of C|R, if a,b €R, b# 0 then the conjugate of a+bi is a-bi because

irr(a+bi,R)=x* — 2abx +a’ + b’ =irr(a-bi,R). <

Theorem (The Conjugation Theorem)

Let F be a field and let a and b be algebraic element over F with deg(a,F)=n,the
map vy :F(a) > F(b) defined by :

y(c, @a" +..+ca+c))=c, b +c, ,b" " +..+c,b+c,

for ay,a,,...,a,,; €F is an isomorphism of F(a) onto F(b) if and only if a and b
are conjugate.
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Proof:
Let F be a field and a,b are algebraic over F.
assume  be an isomorphism of F(a) onto F(b), then let

irr(a,F)=c, +¢;x+...+ ¢, x", then ¢, +ca+...+c,a" =0 and so
v(c,+c,a+...+ca")=c,b"+c b" +...+c,b+c,=0.
So irr(b,F) | irr(a,F), by the same way for ™ to get that irr(a,F) | irr(b,F) and

hence
irr(a,F)=irr(b,F) and therefore a and b are conjugate over F.

conversely, suppose p(x)=irr(a,F)=irr(b,F), then ker ¢, =ker ¢, =(p(x))
where ¢, :F[x] - F(a)
now since a and b are algebraic over F ,then we have

v, :F[X](p(x)) — F(a) and vy, :F[%(X)) — F(b) are isomorphism maps, let

y =y,y, ", then vy is isomorphism map.
Now let
c,,a"t+c, ,a"?+..+ca+c, eF(a),then
-1 n-1 n-2 n-1 n-2
vy, (c,qa" Hc, at  Hrgatcy) =y, ((c, X, X L+ x+¢y) + (p(X)))

=c b +c ,b"?+..+cb+c, n

Corollary

Let f(x) e R[x], if f(a+bi)=0 for a+bie C, then f(a-bi)=0
i.e. complex zeros of polynomials with real coefficients occur in conjugate
pairs.

Proof:

Since irr(i,R)=irr(-i,R)= x% +1, then i,-i are conjugate over R, so by the
conjugation theorem v : R(i) - R(-i) whichis y :C — C, and y (a+bi)=a-bi
which is isomorphism, thus
f(a+bi)=c, (a+bi)" +c, ,(a+bi)"* +..+c,(a+bi)+c,=0 where
C,/ChqssCo€R
y(f(a+bi))=0->c, (a—bi)" +c, ,(a=bi)"" +..+¢,(a=bi)+c, =0
So f(a-bi)=0. [

Example

The polynomial f(x)=(x —1)(x* +1) has one real root 1 and two complex
conjugate roots i,-i. <
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Note:
Let E | F be an algebraic field extension, then the relation = on E define by for
alla,be E, a=bif and only if a and b are conjugate.
is an equivalence relation:
1- Reflexive : a~a
since irr(a,F)=irr(a,F), then a and a are conjugate over F.
2- Symmetric: for alla,be E, arb—>b=a.
assume a~b, then irr(a,F)=irr(b,F), therefore irr(b,F)=irr(a,F), hence b~a.
3- Transitive: for all a,band ¢ € E,axband brc —a=c.
assume a~b and bxc, then irr(a,F)=irr(b,F)=irr(c,F) and thus a=c.

Theorem

Let o be an isomorphism from the field F onto the field F, let

f(x)=a, +a,x+..+a,x" eF[x] and g(y)=0o(a,)+o(a,)y+..+o(a,)y" € F .
If E is the splitting field for f(x) over F and E is the splitting field for g(y)
over F ,then E= E'.

Proof:
The proof will be by the induction on n=deg f(x),

-Basis step: n=1, then E=F and E =F and therefore E= E .
- Induction step: suppose the result hold for all polynomials of degree less
than n, let ¢ be a root for f(x) over F, then f(x)=(x-c)q(x) in F(c)[x].

let ¢’ be a root for g(x) over F’, then g(x)=(x-c")q’(x) in F'(c")[x].
where deg f(x) and deg g(x) =n-1 and by ¢ we have:
F[x]=F[x] And that imply F[%(X)) = Flx] (p, () where p(x) and p, (x) are
irreducible factor for f(x) ,g(x), p(c)=0 and p, (c)=0,
then we have F(c)=F'(c). (by conjugation theorem)
Now since E is the splitting field for f(x) over F, it is also the splitting field for
q(x) over F(c) i.e. all roots of q(x) are in E and if E wasn’t a splitting field for
q(x) over F(c) and L is such a field, then because L will contain F(c), then all
the roots will be in L which is contradict the minmality of E as a splitting field
for f(x) over F(c).( similarly E’ is splitting field for q, (x) over F'(¢")).
and now by the induction hypothesis we have F(c)=F(c) and thenE=E. =

Now all our work to show the uniqueness of a splitting field for a polynomial
over a field is come in the next corollary.

Corollary (Uniqueness of the Splitting Field)

Any two splitting fields for a polynomial f(x) € F[x] over a field F are
isomorphic.
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Proof:
In the previous theorem, Take to be o the identity mapping from F to itself
and E and E’ to be the splitting fields for f(x) over F where g(x)=£(x). [

Now after this corollary we can write:
“E is the splitting field for f(x) over F”

In fact to show the uniqueness it took from too much work to collect all the
material in this section which i tool it from many sources and I collected
together and present it here in this way, I hope you like the work for this
result.
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§1.3 Separable Extensions

Consider f(x)=(x-1)* € Q[x], then f(x) has one root in the splitting filed Q
for f(x) over Q, and we notice that this root is repeated root twice, this will
lead us for the following Definition

Definition

If £(x) is a polynomial over F and c is a root for f(x) in some field extension
E|F, then the multiplicity of c is the greatest positive integer m such that

(x—c)™ | f(x) over E, we said that f(x) has a multiplicity root of ¢ if m > 1.
i.e. if cis a root for f(x) € f[x] of multiplicity m, then f(x) = (x—c)™ g(x) in E[x]
andg(c)#0.

Examples
(1) let C|R, f(x) =x"+1, then the root i, -i are of multiplicity one.
(2) InR|R, f(x)=x>+3x> +3x+1=(x+1)?, the multiplicity of -1 is 3. <

Now we will give a definition to the derivation of polynomial in any given
tield, this concept is similar to what we already know in calculus and the
properties is also similar and we will just list them without proof.

Definition

If f(x)=a,x"+a, ,x" ' +...+a,x+a, € f[x], then the derivative of f(x) written

as f'(x)=na, x"" +(n-1)a, ,x" 7 +...+a, ef[x].

Properties: for any f(x),g(x) € f[x], and any ceF,

- (f()+8(x)) = (x)+g'(x)
2- (cf(x))" =ct'(x)

3- (f(x)g(x))" = F'(x)g(x) +£(x)g'(x)
Examples

(1) f(x)=x>-2eQ[x], then f'(x)=2x e Q[x] and f(x) has no multiple root in
Q(v2)[x].
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(2) f(x)=x>-6x>+12x-8eQ[x], f'(x) =3x*> -12x+12 € Q[x]. Also note f(x)
has multiple root ¢ = 2 over Q, and f'(2)=0.

(3) let F be a field with Char(F)=p, then if f(x)=x" € F[x], then

f'(x)=px*"' =0 over F.

Thus the result from the calculus that a polynomial whose derivative is 0
must be constant is not longer needed to be true. <

Definition

An irreducible polynomial over F is separable if it has no multiple roots (i.e.
all root are distinct [of multiplicity one]). A polynomial which is not separable
is inseparable and any polynomial f(x) in F[x] is separable if all its irreducible
polynomial factors in F[x] are separable, otherwise f(x) is inseparable.

Note:
Here we are talking about f(x) being separable in its splitting field over F.

Example

f(x) = x* —3 is separable over Q, since ++/3 are distinct root over Q(~/3)
which is the splitting field for f(x) over F, however f(x)=(x>-3)",n>2 is

inseparable since it has multiple roots ++/3 each with multiplicity n. <

Theorem

Let F be a field and 0 # f(x) € F[x], let c be a root of f(x) is some extension field
E|F, then c is a multiple root if and any if f'(a)=0.

Proof:
Let F be a field, 0+ f(x) e F[x], ceE is aroot of f(x) in E | F.

Suppose c is a multiple root, let ¢ be of multiplicity m>1, then
f(x)=(x-c)"g(x) in E[x] and g(c)#0. f'(x) =m(x—c)" " g(x)+(x—c)"g'(x) in
E[x] f'(c)=0.

Conversely, suppose f'(c) =0, then deg(f(x))>2, by division algorithm in F[x]
(Euclidean domain), then f(x) = (x—c)’q(x) +1(x), 1(x)=0 or deg(r(x)) <2
£'(x) =2(x = )q(x) + (x = )*q'(x) +1'(x)
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t'(c)=0 implies r'(c) =0, but deg(r(x)) <2, if deg r(x)=0, then f(c)=r(c)=0
implies r(x) =0 if deg r(x)=1, then r(x)=a,x+b,, a, #0,b, €E. r'(x)=a, 20,
but 1'(c) =0 contradiction.

Therefore, f(x)=(x—c)*q(x), hence c is multiple root of f(x). ]
Example

In C|R, f(x)=(x*+1i)?, then i is multiple root of multiplicity = 2,
F1(x) = 2(x% +1)(2x) = £'(i) =0. <

Theorem

let F be a field, an irreducible polynomial p(x) over F is separable if and only if
p(x) and p'(x) are relatively prime i.e. ged(p(x),p'(x)) € F-{0}.

Proof:
Let F be a field, let p(x) € F[x] be irreducible polynomial suppose f(x) is

separable, let c be a root for f(x) in some extension field E | F, then
p(x) = (x=c)q(x) in F(c)[x], q(c) # 0.

p'(x) =(x=¢)q'(x)+q(x).

p'(c)=q(c)#0.

Let d(x) =gcd(p(x),p(x)), then d(c) =0, because if c is a root for p(x) and
p'(x), then it will be a root for d(x) and by the same thing for all the roots
C,,Cy,...,C, of f(x) none of them will be root for p’(x), hence none of them is
root for d(x), hence d(x) is unit, d(x)=1.

and so p(x) and p'(x) relatively prime.

Conversely, suppose d(x) = a, a€F ={0}, let c be a root for p(x) over F with a
multiplicity of m, then p(x) = (x—c)™q(x) in F(c)[x], q(c) #0= (x—c)™ | p(x)

p'(x) =m(x-c)"" q(x)+ (x— )" q'(x) = (x— )" {mq(x) + (x—)q ()} = (x =)™ | p'(x)
and hence (x—c)™" | gcd(p(x),p'(x)) = (x—c)™" | a, therefore m = 1, hence

every root for p(x) is of multiplicity =1, hence p(x) is separable. ]

Theorem

Let F be a field, p(x) € F[x], and let p(x) be an irreducible polynomial in F[x],
then p(x) is separable if and only if p'(x)#0.
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Proof:

Let F be a field, p(x) is irreducible polynomial in F[x] suppose p(x) is
separable and p'(x) =0, then gcd(p(x),p'(x)) = p(x)
Hence p(x)=d(x) # 1, contradiction of the previous theorem where p(x) is
separable, so d(x)=1, therefore p'(x) =0

Conversely, assume p'(x) # 0, since p(x) is irreducible polynomial the only

divisors of p(x) are p(x) and 1 in F[x], so the only common divisors of p(x) and
p'(x) are 1 and p(x), since 1<deg p'(x) < deg p(x), 1 is the only common

divisor of p'(x) and p(x), hence d(x)=1, therefore p(x) is separable. [

Examples

(1) To show that f(x) = (x> —3)(x* —2) is separable, let p,(x)=x" -2 and
p,(x)=x> =3, then p!(x) =p,(x)=2x=0, hence p/(x) and p)(x) are
separable hence f(x) = (x> —3)(x* —2) is separable.

(2) f(x)=x"" —x over Z,, f'(x) :p“po —[1]=[-1]#[0], therefore is

separable.

(3) Consider f(x)=x" -1, f(x) e F[x]

Case I: if char(F) = 0 or char(F) does not divide n, then f'(x)=nx"" =0 if and
only if x = 0 which is not root for f(x), hence gcd(f(x),f'(x)) =1, therefore f(x) is
separable.

Case II: char(F)=p | n, then f'(x)=nx"" =n(px™")=0 and so f(x) is
inseparable (every root of f(x) is multiple). <

Corollary

i) if char(F)=0, p(x) has no multiple root (p(x) is separable)
ii) if char(F (p is prime), then f(x) has a multiple root only if it is of the

form p(x)=q(x"), q(x") e F[x"].

If p(x) €F[x] is irreducible, then
)=p

Proof:
Let p(x) € F[x] is irreducible polynomial.
i) Suppose F is a field and char(F)=0, let
p(x)=a,x"+a, ,x"' +...+a,x+a,
p'(x)=na, x"" +...+ia,x"" +...+a,, since char(F)=0 then there exist i > 0, such
that a, # 0, therefore ia, #0 p'(x)# 0, hence p(x) is separable.
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ii) Suppose F is a field, char(F)=p >0, let p(x)=a,x" +a, ,x"" +...+a,x+a,,

and suppose f(x) has a multiple root, then p’(x)=na x"" +...+a, =0, then

(m-1)

p(x)=al x™ +a/ x4+, +a)xP +aj (transform it)

P (x)=ap,x™ +aj ;x"™"

P(x) = q(x) € F[x"]. .

+...+a;x+a; € F[x"], hence

Definition

1) Let E | F be an extension field and c € E be an algebraic element over F, then
c is called separable over F if irr(c, F)is separable. Otherwise c is called

inseparable.

2) If E| F is an algebraic extension field, then F | E is called separable if every
element of E is separable over F otherwise E | F is called inseparable.

Examples

(1) In Q(+/3)|Q, the element /3 € Q(~/3) is separable because
p(x)=irr(v/3,Q) =x* +3, p'(x) =2x =0, hence p(x) is separable.

2)In Z, | Z,, the element [2] € Z, is separable because

p(x) =irr([2],Z,) =x* =1, p'(x) = 2x — p'([2]) =[4] =[1] %[0], hence p(x) is
separable.

(3) Any field F with char(F) = 0 and algebraic extension E | F is separable since
by the previous corollary, every irreducible polynomial is separable. <

Before we go further, we will give some theorems that will help us in our
work.

Theorem

Let F be a field of characteristic p >0, let 6:F — F defined by F(a)=a?, for all

a €F then o is an monomorphism map.

Proof:
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Let a,beF, then

(a+b)=(a+b)P = i@aﬂbk

k=0

—ar+| P lar o Plarpr oo P labrtype
1 2 p-1

Since p‘ (p], vi=1,2,...,p—1, then
i

(a+b)? =af +bP?, since char(F) = p.

So o(a+b)=0(a)+o(b)

Let o(ab)=(ab)’ =a’b® =o(a)o(b)

Therefore, ¢ is a homomorphism map form F onto F, thus ¢ is
monomorphism map.

Now o[F]={c(a):acF}={a? :aeF}, hence 6:F - o[F]<F isan

isomorphism map. [ |

Definition

1) The image of the monomorphism in the previous theorem is denoted by
FP ={a? :aeF}<F.

2) The isomorphism o :F — F? is called Frobenius isomorphism.

Definition

A field F with char(F) = p > 0 is called perfect if F=F?, any field of char(F) =0
is also called perfect.

Examples

(1) Every finite field F is perfect.
indeed Consider the Frobenius isomorphism c:F — F?, then
|F | :| o(F) | :‘Fp , hence ‘Fp ‘:|F| and since F? c F, therefore F =FP, hence

F is perfect.

(2) Z, is perfect. <
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CHAPTER 2
The Fundamental

Theorem
of
Galois Theory

In this chapter we will study the major theorem in this project which is
the theorem hold the project title “The fundamental theorem of Galois” which
is due to the young french mathematician Galois who proved this theorem
with a help of what he found from the work done by Abel, so we will start
this chapter by defining the fixed field and Galois group and Galois extension
and then we will present the fundamental theorem of Galois with a lot of
examples to show its beauty.
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§ 2.1 Automorphisms and Fixed Fields

In this section we will study the relationship between an automorphism map
of a field E and the elements of E by observing the effect of such
automorphism ¢ on a subfield F of E.

Definition

An automorphism ¢ € Aut(E) is said to fix an element ceE if 6 (c)=c, given F
is a subfield(or a subset) of E, then an automorphism o is said to fix F if it
fixes all the elements of Fi.e. 6 (a)=a, for all aeF.

Notation
Given E | F a field extension, the set of all automorphism of E that is fix F is
denoted by G(E | F) i.e. 6 e G(E|F), then o (a)=afor allacF.

Examples

(1) Given any field E, let 1 be the identity automorphism of E then 1 fixes F for
any subfield F of E.

(2) Let E=Q(+/3), then the map & :E— E defined by

o (a+b+/3)=(a-b+/3), for a,be Q, then G is an automorphism because

i) o (a+b~/3 +c+d+/3)=0 (a+c+(b+d) +/3)=(a+c)-(b+d) +/3 =a-b/3 +c-d+/3

=6 (a+b+/3)+c (c+d+/3)

ii) 5 ((a+b+/3)(c+d+/3))=0 (ac+(ad+cb)+/3 +3bd))=ac+3bd-(ad+cb) /3
=a(c-d v/3)-b+/3 (c-d+/3)=(a-b+/3)(c-d~/3)
=c (a+b+/3) o (c+d+/3).

hence ¢ is homomorphism.

iii) ker o ={a+b+/3: 6 (a+b~/3)=0}, o (a+b~/3)=0, then a-b~/3 =0 and hence

a=b=0

and so ker ¢ ={0}, therefore ¢ is monomorphism.

iv) o (E)={ o (a+b~/3):a+b~/3 e E}={a-b+/3:a,be Q}=E=Q(~/3)

hence o is an automorphism, also note that 6 =y :Q(+/3) = Q(-+/3) (the
conjugation map ).

Now let ae Q, then o (a)=a, hence ¢ fixes Q and so H={1, ¢} subgroup of
Aut(E) which fixes Q and as we will see later H=G(Q(~/3) | Q). <
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Theorem

Let E | F be a field extension, then G(E | F) is a subgroup of Aut(E) and is called
the group of automorphism of E relative to F.

Proof:
Since 1 fixes F, then 1e G(E | F), hence G(E |F) # ¢, now let o,7n € G(E | F), let

acF, then on™'(a) = c(a) =a, hence on™" fixes F, therefore on™ e G(E | F),
therefore G(E | F) < Aut(E). [

Definition

Let G be a group of automorphisms of the field E, we denote E as the set of

all a€E such that a is fixed by every element in G.
E.={aeE:o(a)=a,VoeG}.

Theorem

Let G be a group of automorphisms of the field E, then E is a subfield of E,

called the fixed field of E for G. furthermore if E | F is a field extension, then
Eqgr 18 anintermediate field of E|F.

Proof:
since 0,1€ E_ ,then E; # ¢,

leta,b € E; and o €G, then

i) o (a-b)= o (a)-o (b)=a-b, hence a-be E.

ii) 6 (ab™)=c(a) o(b')=ab™, ab™* € E, therefore E is a subfield of E

Now if E|F is a field extension, then it clear that F c E ;) c E. [

Example

Consider E=Q( \/§) , G={1, y}, then we have:
y(a+b/3)=a-b3=a+b+3, thenb=0, hence E.=Q. <

The next theorem is very useful in determining the automorphisms of an
algebraic field extension.
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Theorem

Let E | F be a field extension and let ce E be an algebraic element over F, then
for any o e G(E | F) we have o (c) is a root for irr(a,F) i.e. G(E | F) permutes the
roots of the irreducible polynomial of c.

Proof:
Let E | F be a field extension, let ¢ € E be algebraic over F and

p(x)=irr(a,F)=x" +a, x"" +..+a,x+a, , a, €F,i=012,.n-1, then
p(c)=0ie. c" +a, ,c" ' +..+a,c +a,=0,s0

n n-1 —
o(c"+a, " +...+a,c +a,)=0(0), then

(o(c))" +a, ,(c(c))"* +...+a,0(c) +a, =0, and so o(a)is a root for p(x).

now we will take advantage of this theorem to show the beautiful duality
between the field extension and a subgroup of the group of automorphism.

Examples

(1) Consider Q(~/3) | Q,let E=Q(~/3)
a) we want to find G(E | Q)

solet 6 e G(E| Q) i.e. o fixes Q, now because V3 is algebraic over Q then

o (+/3) will be zero for irr(+/3,Q)=x* -3, so the two possibilities for o (+/3)
are the two roots of x* =3 , so either & (+/3)=+/3 or o (+/3)=-/3

if o (+/3)=+/3 ,then for a+b~/3 €E, we have

o (a+b+/3)=a+bo (+/3)=a+b+/3, hence 5 =1

if o (+/3)=-4/3, then for a+b~/3 €E, we have

o (a+b+/3)=a-bc (+/3)=a-b+/3

hence G(Q(~/3) | Q)={1, 5} which is cyclic group of order 2 and we can notice
that |G(Q(v3) Q)| =[Q(+3):Q]=2.

b) now assume that we have G(Q(~/3)| Q)={1, } as described above and
we want to find Q(\/g)c(g(fa)@) =K.

let c=a+b+/3 €K, then & (c)= & (a+b+/3)=a+b+/3, then a-b+/3 =a+b+/3, hence
b=0 and that means c=a e Q which show Q(\/E)G(Q(@‘Q) =Q(\/§){1,c} =Q.

(2) Consider Q(3/2)|Q, as before let 6 e G(Q(3/2)|Q), then & is completely
determined by the action on 32, let c=a+b3/2 +c(3/2)? € Q(¥/2), then

o (a+b¥/2 +c(3/2)?)=a+b o (¥/2)+c(o (3/2))?, since o ( ¥/2) is a root for

x® —2=0 and the only real root for irr(3/2 ,Q) is /2, then o ( /2 )= /2 and
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hence we will get & (c)=c for all c e Q(%/2), therefore ¢ =1 and
G(Q(¥2)|Q)={1} and |G(Q(¥2)|Q)|=1<[Q(¥2):Q]=3.

Now assume we find Q(i/i){l} ,s0letc e Q(i@)m ,then 1(c)=6 (c)=c and so
every element of Q(%/2) is fixed by o, therefore Q(3/2) . =Q(¥/2).

in example (1) and (2), we can notice that if E is generated over F by some
collection of elements, then any automorphism ¢ € G(E | F) is completely
determined by what it does to the generators.

(3) Consider E=Q(+/2, +/3), F=Q,
a) we want to find G(E | F), so let o € G(E | F) and we are going to study it’s
action in the generators V342 , so we have 4 possibilities:

since E is the splitting field for (x* —2)(x* —3) over F.
Now o, is the trivial automorphism 1.
let ¢ represent o, .
and © represent G,.
and we want to find a 6, such that {1, c,n,c,} is a group,
let w=a+b~/2 +c/3+d/6 €E
s0 6 (a+b~/2 +c+/3+d+/6)=a-b~/2 +c/3-d/6

n(a+b~/2 +c+[3+d /6 )=1+b+/2 -c/3-d /6
note that 6%(v/2) =+/2 and n?(+/3) =+/3, hence ¢?,n% =1
compute on, then on(v2) = o(n(+/2)) = 6(+2) = —/2

on(43) = o(x(¥3)) = o(~3) =3

So 6,=omn,so we have {1, 6, n,on} and this is isomorphic to the klein 4 group
or we can verify that this is indeed group by checking the group axioms.

b) Now for E=Q(~/2,~/3) we want to find the following fixed fields :

Ey oy Eion Ein B mon

so for {1, on}, let w=a+b~/2 +c+/3+d /6 cE

om (w)=a-b~/2 -c+/3+d /6 =a+b+/2 +c+/3 +d /6 , then b=c=0 and therefore
Ejon = Q(+/6) and so on.

we will find :

l,om
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Subgroup of G(E | F) Fixed field
{1} Q(+/2,43)
{1, 0} Q(+/3)
(1, on} Q(6)
L =} Q(+/2)
{1, c nomn} Q

(4) Determine the automorphism of the extension E=Q(4/2 ) | Q(~/2) explicitly.
[Q(¥2):Q]_4

since we have QCQ(\/E) QQ(\/E), then [Q(\E)3Q(\/§)]= [Q(\/E):Q] "9

and since {1,2¢,24,2* } is a basis for Q(4/2 )| Q and {1, +/2 } is a basis for
Q(+2)|Q, then {1,23} is a basis for Q(4/2)|Q(+/2).

Now let p(x)=irr(4/2,Q(+/2))=x* + Ax+ B € Q(~+/2), then

(4/2)? +(a+b+/2) 42 +c+dV/2=0, a,b,cand d €Q, then

(1+d) V2 +a¥/2 +b4/8 +c=0, then d=-1 and a=b=c=0

therefore irr(4/2,Q(+/2))=x*-+/2

now if 6 e G(Q(4/2)|Q(~/2)), then either =1 or & (4/2)=-4/2, hence

G(Q(¥2)1Q(+2))={1, o). <

Theorem

Let E be a field and ©,,0,,...,,6,, are distinct automorphisms of E, then
VaeE,Va,,a,,..,a, €E,if a,c,(a)+a,0,(a)+...+a,c,(a) =0 then

a, =a, =..=a,=0.

Proof:
proof by the induction on n.
-basis step : n=1, then a,c,(a) =0, for allacE, then a, =0 since c,(a)#0,a#0
-Induction step : assume the theorem is valid for all 1<k<n.
Suppose
a,0,(a)+a,o0,(a)+..+a,0,(a)=0 forall aeE (*)
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and suppose some a,,a,,...,a, are not zero say a; # 0, 1<i<n, since
6,,0,,...,0,are distinct automorphism, then there exist b € E such that

c;(a) # o(a), since (*) is valid for abe E also, then
a,0,(ab)+a,o,(ab)+...+a,0,(ab)=0

a,0,(a)o,(b)+a,o0,(a)o,(b)+...+a,0,(a)o, (b) =0, multiplying (*) by o, (b)

and subtracting yield :

a,(c,(b) —o,(b))o,(a) +a,(c,(b) —o,(b))o,(a) +...+a,4(c,(b) -0,4(b))o,4(a) =0

for all acE and since a; (o, (b) — o, (b)) # 0, which is contradiction with the
induction hypothesis, hence the theorem is true for all positive integers. n

Theorem

Let H be a finite set of automorphism of the field E, then:
i) |H| <[E:E,,]
ii) |H|=[E: E, ] if His a group.

Proof:
(i) suppose noti.e. |H|>[E: E ], then let [E: E; |=n< « let b,,b,,...,b be a
basis for E | E,;, there exist n+1 distinct automorphism
6,,0,,..0,,, € G(E|E};), then the system :
61(by)x; +0,(by )X, +... 40,4 (by)x,,, =0

c,(b,)x, +o,(b,)x, +...+ 0, ,(b,)x,., =0

n+l

cYl(bn )Xl + CYZ(bn )XZ Tt Cerl(bn)xrwl = 0
will has a nontrivial solution x, =a,, x, =a,, .., X, =a,,, inE.
thus
o,(b;)a, +o,(b,)a, +...+c_,,(b,)a,., =0 ,foralli=1,2,..n
and for every acE, a= Z:kibi , k; €eEy and so o(a) = cj(Zkibi) = Zkicj (b,)
i=1 i=1 i=1

since ¢, e E,; and so
a,0,(a)+a,o,(@)+...+a,,,0,.,()=0

alzkicl(bi ) +a22ki62(bi)+ "'an+1zki0n+1(bi) =0
i1

i=1 it
Zki (a,o;(b,)+...+a,.,0,,(b,)) =0, for all ae E, however this contradict the
i=1

previous theorem, therefore| H|<[E:E,].
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ii) By (ii), |H|<[E:E, ], we have to show the equality hold for H being a
group, assume n = | H| <[E:Ey], then there exist n+1 linearly independent

elements of E over E,, say b,,b,,...,b_,,, so the system of n homogeneous

n+1/

linear equations in the n+1 unknowns x,,x,,...,X,,,, then

cFn(bl) Gn (bZ) Gn(anrl) Xn+1 0

x,0,(b;)+x,0,(b,))+...+x,,,0,(b,.,)=0,i=12,...,n

Has nontrivial solution X =(x,,x,,...,x,)=(a;,a,,...,a,) and Ja; such that
a, #0 and a; ¢ E;;, otherwise contradict with ??7?.

Now we will choose X to be the solution of the smallest numbers of nonzero
members say m.

m =1, then a, a,(b,)=0, then a, is zero

So assume m > 1, reordering X we have

0
=|. |, a,#0, Vj=12,...,n

x,0;(b;)+x,0,(by)+...+x,_,0,(b,,)=0,i=12,...,n (%)

Let o, =1, the identity map, then

a,b,+...+a_ b, =0 — multiply by a ' to make the coefficientof b =1,
thenifall a,,a,,...,a,, €Ey, thensay a, ¢ E,; (one from the above), and hence
for some 6;,0,(a;)#a,

So apply o; to (*), then

o,(a, o;(by))+...+0;(a, o;(b,))=0,i=12,...,n
Gj(al)GH(b1)+...+csj(am)cﬂ(bm)=0,i:1,2,...,n (%)

Where 6; =0, o5, now since H={o,;,0,;,...,0,,4} ={0,,0,,...,0,} in some

arrangement.
So subtract (**) from (*)

(a; —o;(a,))(o;(by))+...+(anq —0;(anq))(0i(by4))=0,i=12,...,n

And since a, —o.(a,) # 0, then this a solution for the previous matrix system

]
having fewer than m nonzero this contradiction, hence [E:E; |>H is false,

hence [E:EH]:|H| [
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Examples

(1) In the previous example about Q(+/3)|Q, H=G(Q(+/3)|Q) ={1,5}, which
is a cyclic group of order 2, hence H=[Q(~/3):Q(+/3),]1=[Q(~/3):Q].

2 In Q¥/2)|Q, H=G(Q(¥/2)|Q) ={1} which is the trivial group, hence
[QR/2):QR2),1=1=[H].

(3) In Q(+/2,+/3)|Q, to find [Q(V2,43):Q(/6)]=

{1,om} | =2, the following

diagram can be useful: <
QW2,43)
QW2) < + QW6) > QW)
2 \i/ 2
Q
{1

{1,n,0,0om}

Theorem

Let H be finite group of automorphisms of the field E, then H=G(E|E};).




Proof:
It is clear that Hc G(E|E,; ), now G(E|E,) is finite group, by the previous

theorem |G(E : EH)| = [E : EG(ElEH)] now we need to show that E=E_ ;; ,, so let
aeEy, thenforall ceG(E|Ey), o(a)=a,so aeEq g , hence Ey cE i
and by the same way pick a€E g ), thenall ce G(E|Ey), o(a)=a, since
HcG(E|Ey), then o(a)=a forall c € H, hence acE;, therefore

Eq e, € En and that implies Eyy =E ;) now
|G(E:Ey)|=[E:Eqgp,,]1=[E:Ey]=|H| and since H= G(E|E,) and G(E|E,;)
is a finite, then H=G(E|Ey). [

Example

In Q(v2,43)|Q, H={1,0n}, then F,, =Q(~/6)
G(F|F,)=H.

As we see the example about Q(/2)|Q, we get that if E=Q(3/2), then we

have Q#E <

G(ElQ)
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§ 2.2: The Fundamental Theorem of Galois Theory

In this section we desire to have E | F such that F=E g,

i.e. the fixed field by the group of automorphisms that fix F is just F itself
(nothing less, nothing more) so we need some sort of condition on E | F to
force F =E g, and we wish to generalize this to any intermediate field of

E|Fsothat L=Ey,,, where FEcLcE.

Definition

Let E | F be a finite field extension, if F=E g then G(E|F) is called the

Galois group of E | F and E | F is called a Galois extension.

Remark
1- if 0 € G(E|F), the Galois group of E | F, then ¢ must move all elements of E

except the elements of F.
2- from the definition and the previous theorems
| G(E|F) | =[E: EG(E|F)] =[E:F] (¥

Example

Let us go back to our 3 Examples

(1) Q(+/3)|Q is Galois extension because G =G(Q(+/3)|Q) ={1,0},

Q(+/3); =Q, hence G(Q(~/3)|Q) is the Galois group of Q(+/3)|Q.
We already know that Q(+/3)|Q is separable (char(Q(~/3))=0) and Q(+/3) is
the splitting field of irr(~/3,Q)=x> -3 over Q.

(2) Q(¥/2)|Q is not a Galois extension because G(Q(3/2)|Q)={1}, hence
Q(2),, =Q(¥/2) #Q notice Q(¥2) is not the splitting field of
irr(¥/2,Q)=x* -2 over Q.

(3) E=Q(+/2,+/3), F = Q, then E | F is Galois extension and G(E | F) is the

Galois group of E | F, because Eq gy =E; ;5 0n =F-
We already know that Q(+/2,+/3) is separable (char(E) = 0) and E is the
splitting field of (x* —2)(x* —3) over Q. <

Now we will present a very important theorem in determining whether E | F
is a Galois extension or not.
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Theorem

Let E | F be a finite field extension, then the following conditions are
equivalent:

i) E|F is a Galois extension.

ii) E | F is separable and E is the splitting field for a separable polynomial in
F[x].

Proof:

Suppose [E:F]=n, let H<G(E | F), then |H|=[E:E,; ] <[E:F]=n.
(i) (i)
Suppose G(E | F) be the Galois group of E | F, then |G(E | F) | =[E:F]=n, since
E|F is a finite field extension, then E | F is an algebraic field extension and
hence it is generated by some element in E over F i.e. E=F(c,,c,,...,c,) for

some c; €E,i=12,...,n.

Let G(E|F)={l1=0,,0,,..,0,} and let a€E, consider the set

{o,(a):1=12,..,n} which is nonempty set because c,(a) =a is there.

Now let a=a,,a,,...,a,, be m distinct elements of this set and
a,=o0,(a),i=L2,.,n

o(a;)=0j(c,(a))=oj0,(a)=0,(a)=a,, l<r<m.

Now for all 1<k <n, the set 5, (a;), 0, (a,),....0,(a,,) are distinct elements.

let f, (x) =(x—a,)(x—a,)...(x—a,, ), then all the roots of f, (x)are distinct and

lies in F, Now for any n € G(E | F) will permute the roots a,,a,,...,a,,, hence

f, (x) has coefficients which are fixed by all the elements of G(E | F), hence

f, (x) e F[x].

since F=E y;, , then a=a, is a root for a separable polynomial f, (x) € F[x] and

f,(x) splits over E, so in general for any ¢; ,1<i<n,c; isaroot of a

separable polynomial f_ (x) €F[x] and f_(x) splits over E, thus all roots of

f(x)= f. (%) £, (x)....f. (x) eF[x] are in E.

Since E=F(c,,c,,...,c, ) and c, is a root for f(x), then E is the splitting field for

f(x) over F and that f(x) is separable which we will get E | F is separable.

(if) — (1)

Suppose E is the splitting field of a separable polynomial f(x) over F, let m be
the number of distinct roots of f(x) in E but not in F

the proof of the result will be by induction on m.

- Basis step: m=0.
assume m=o, then the splitting field for f(x) over F is F itself and hence
G(F|F)={1}, hence F=E g, and also [F:F]=1=|G(F|F) |, hence the result is

true when m=0.
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-Induction step:

Let the result hold for all field extension S| T such that Sis the splitting field
for a separable polynomial g(x) € T[x] with g(x) having fewer than m>1 roots
outside T. ( this the induction hypothesis)

Now let f(x)=p,(X)p,(X)...p, (X), where each p,(x) is irreducible and separable
in F[x], since m>1, deg p,(x)>1 for some i.

without loss of generality let us assume i=1i.e. degp,(x)=t>1 and letacE
such a root, then [F(a):F]=t and p,(x) has t distinct root a=a,,a,,...,a, because
it is separable, so by the conjugation theorem, there exist y,,y,,...,y, such

that
v, :F(a) > F(a;) and this can be extended to an automorphism o; of E

because E is the splitting field for f(x) over both F(a) and F(a,) and we have
o, fixes F.
Now suppose c € Ey, , since f(x) has fewer than m roots outside F(a), then

by the induction hypothesis F(a)=E g, and G(E|F(a))<G(E|F) and
Ecr) S Ecrey =F(@), now ¢ € B¢, gy =F(a), then c=cy +cja+...+ ¢ ja'™,

c, €F,i=0,1,2,..t-1

o,(c)=c=c, +c,a, +..+c,,a, ", construct the following polynomial :
g(x)=(c, —c )+c;x+...+¢,,x"" and this will have a=a,, a,,..,a, asa roots,

therefore it has t distinct roots and its degree less than t, hence g(x)=0 and so
¢o —c=0and soc=c, €F, hence F =E g and therefore G(E[F) is the Galois

group of E | F. |

Examples

(1) Consider f(x)=x* -2 over Q.
To find its splitting field over Q, then we will factor f(x) as

f9=(x-42) e V2D AR

and so the roots of f(x) are

i/E, pi/i, p2 3/2 , Where p = _l+—2_3, hence we can take the splitting field for

f(x) over Q is E=Q(3/2,p ¥/2 ) which is isomporphic to Q(¥/2,p%/2,p?%/2).
So |G(E|F)| =[E:Q]=[E:Q(¥/2)][Q(¥2):Q]=2 3=6

And G(E | F) is the Galois group of E=Q(3/2,p ¥/2).

To find the element of G(E | F) let ¢ € G(E | F), then it will map /2,p 3/2 to

32, pi/i, p?3/2, so we will have 6 possibilities and that we have 6
automorphisms.
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oi(p)=p c,(p)=p’=-p-1
Ga(i/i)=i/§ (54(%)=p2?{/§

o5(p)=p o.(p)=p
C’ts(e{/i):pzi/E GG(W)=P 32

os(p)=p’ e(p)=p’

So as we did before let 6=0,, n=0,

Since the basis of E=Q(%/2,p)is {1, ¥/2 ,(3/2)%,p,p ¥2 (p ¥/2)?}

So

o (a+b 2 +c(¥2) 2 +dp+e P2 +fp (¥/2)?)

=a+b3/2 +c(/2) 2 +dp+ep V2 +fp (¥2)?
and soon ......

now :

1- o*(¥2)=0 (P¥2)=p p ¥2=p*¥2.
o’ (p) = o(o(p)) = o(p) = p.

hence c? represent o,

2 7 o*(X7)=r(p? Y2 )=p? X2
o’ (p)=mn(p)=p’
hence 16’ represent o,

3-n6 (¥2)=r(p¥2)=p’¥2
no (p)=n(p)=p°

hence nc represent 5, and we can notice that ¢° = > =1

hence {1,0,n, ne?,o?, no} is a group of automorphism and that

GQ(X2,p)|Q=< 0 ,n>=S5,
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Subgroup of G(E | F) Fixed field
<1> Q2 p))
<oc> Q(p)
<m > Q(i/i)
<or> Q0 12)
<no’> Q(p* 2)
<o,m> Q

(2) Q(4/2) is not a Galois extension over Q since every automorpthism is
send 4/2 to four possiple values which they are + 4/2,+14/2 and only two of
them are real and we can notice that Q c Q(+/2 ) c Q(¥2),
where Q(+/2 ) | Q is Galois extension. [Q(+/2 ):Q]=2

Q(4/2) | Q(+/2) is Galois extension. [Q(4/2):Q(~/2)]=2
Q(%/2) | Q is not Galois extension. [Q(%/2):Q]=4

Hence this example shows that Galois extension of Galois extension is not
necessarily Galois extension. <

Theorem: The Fundamental Theorem of Galois Theory

Let E | F be a finite normal and separable field extension, let G=G(E | F),
let T be the set of all intermediate fields of E | F.
S(G) be the set of all subgroup of G.

then the following properties hold:

(1) F=E;

(2) the mapping v :T—S(G) defined by y (L)=G(E | L), for all LeT is bijective
map and the map ¢:5(G) — T defined by ¢ (H)=E, is the inverse of .
Moreover, for all LeT, [E:L]=|G(E|L) | and [L:F]=[G:G(E | L)].

(3) Let L,L’eT, then L' cL if and only if G(E|L) cG(E|L")

in this case [L:L’]=[G(E | L"):G(E | L)].

(4) LetLLL'eT, v (L)=H, y (L")=H’, then there exist c €G such that

o (L)=L’ if and only if cHo ' =H’.

(5) Let Le T, then L | F is normal extension if and only if G(E | L) is a normal

subgroup of G. also G(L | F) = E'%EIL

Proof:

Assume E | F be a finite normal and separable extension.
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(1) Since E | F is a finite normal extension (i.e. every irreducible polynomial
f(x) eF[x] such that f(x) has a root in E splits completely into linear factor in
E[x]) , then E is the splitting field for a separable polynomial over F, hence
G(E|L) is the Galois group of E | F and therefore F=E ;, ie. F=E;.

(2) LetLL"eT, if L=L’, then y (L)=G(E |L)=G(E | L")=
well defined, suppose v (L)= vy (L"), then G(E | L)=G(E
EG(E|L) = EG(E|L’)

since E | F is finite, normal and separable extension so by (1),
L=Eq g, = Eq@ry =L, hence y is one to one mapping.

Now let Le T, He S(G):

v e ¢ (H)= v (E,)=G(E| E,y)=H.

¢ oy (L)= ¢ (G(E|L))=Egy, =L because E| L is Galois extension.
hence ¢ is one-to-one mapping and it’s the inverse of .

and since E | L is Galois extension, then [E:L]=|G(E|L) ]|,

now [E:F]=[E:L][L:F] ( degree equation)

|G| ,
|G |=|G(E|L)|[L:F], then [L:F]=———— and by lagrange’s theorem,
|G(EIL)]

v (L") and hence v is
|L") and that

[L:F]=[G:G(E | L)].

(3) Let L,LL’eT, assume L’cL and let 6 e G(E | L), then & (a)=a for allaeL,
hence o (a)=aforallael’, then 6 e G(E|L") and so G(E|L) cG(E|L")
now assume G(E |L) cG(E|L"), leta €L, 6 eG(E|L), then o eG(E|L")
o (a)=a, where E | L is Galois extension, hence a € L (because G(E | L) fixes
only L)

(G(E|L) =G(E|L"), then Ecen) = EG(E|L‘))

and therefore L' < L.

Now [L:L']=[G(E|L"):G(E|L)] (by (2) let E=L,F=L")

@)letLL" €T, y(L)=H, v (L')=H',let 6 €G

assume o (L)=L’, for any a” eL’, there existac L, such that c (a)=a’, because
6 is an isomorphism from L—L" , now for all = e H, m(a)=a, therefore

c no'(a’)= o n(a)= o (a)=a’, thus c nc* fixes L', hence 6 n o™ eH’ and so
cHo'cH,

Now |H’|=[E:Ll’]=[E:L]=|H|=| cHo™" | and since H is finite , then
cHo™'=H.

conversely, suppose c Ho ' =H, then for allacL, forall te H,

c to ' (o(a)= o n(a)= o (a), thus o (a) € Ey, hence ¢ (L) < E;; =L, but
|H|=|H"|, then [E:L]=[E:L’], then [ o (L):F]=[L:F]=[L":F], therefore o (L)=L’
(orwecansay | o(L)|=|L"]).
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(5) Since E | F is a separable extension, L | F is also a separable extension, then
L | F is normal if and only if L | F is a Galois extension equivalently
[L:F]=|G(L|E)|.

now we will prove that | G(L | F) | =[L:F] if and only if every isomorphism of L
tixing F is an automorphism of L fixing F.

1- we will find the number of such isomorphismes.
so let H=G(E | L), [G:H]=m and by (2) [L:F]=[G:H]=m, let 6,H,c,H,...,.c H
be the m distinct cosets of G with o, H=H

Now our goal is to show that the element of G in the same coset determines
the same isomorphism of L fixing F and vice versa.

for thatletaeL, n €H, then
(o,om)(a)=0,(n(a)) =0,(a) for each i=1,2,...,m and hence the element in the
same coset determines the same isomorphism.

conversely, if o (a)= 6’(a), then a=c"'(c'(a)) and that ¢ 'c'e H, hence
o H=0'H and so 6,5’ determines the same coset.

Therefore the number of distinct isomorphism of L fixing F is m=[G:H].

Now since |G(L|F) | =m, any isomorphism of L fixing F is an automorphism
of L fixing F.

So |G(L|F)|=[L:F] if and only if every isomorphism of L fixing F is an
automorphism of L fixing F if and only if L | F is normal extension.

Now for ¢ €G, o is an isomorphism of L fixing F, hence o is an
automorphism of L fixing F, hence ¢ (L)=L and by (4) o (L)=L for all c G if
and only if c Ho ' =H i.e. equivalently H is a normal subgroup.

Now let ¢ :G(L|F) > G(E|F) defined by ¢(c) = o (Where cyis ¢ when
restricted to E)

now ¢(on) = (on) = oy = @(c)p(n) , hence ¢ is a homomorphism, now for
¢(G(L |F) =G(E|F), hence is onto and therefore it is an epimorphism and by

the first isomorphism theorem G(L | F) = G(E] F)k er
kero={c eG(L|F) =1}=G(E|L)
hence G(L |F)= ElF/GE|L [
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Examples

(1) Consider f(x)=x* —2 over Q, then
f(x)=0,x* —=2=0, then (x—4/2)(x+#/2)(x —i4/2)(x +i4/2) = 0, hence the roots
of f(x are+x/_,i1x/_ let c=4/2.

now by Eisentein’s criterion f(x) is irreducible over Q with p=2.
also f(x) has all it root with multiplicity of one, let E be the splitting field for

f(x) over Q, then E=Q(%/2 ,i) and then E | Q is normal extension.

now to find a basis for Q(c,i), by the degree equation:
[E:QI=[E:Q(c)][Q(c):Q]
since irr(c,Q)=f(x) and then deg(c,Q)=4

irr(i,Q(c))=x* +1 and then deg(i,Q)=2
[E:Q]=[Q(c)(1):Q(c)][Q(c):Q]=2 4 =8.
the basis for Q(c,i) | Q(c) is {1,i} and the basis for Q(c) | Q is {1,c,c?,c’} ,then
the basis for Q(c,i) | Q is {1,c,c*,c’,ic,ic?,ic®,i}.

Now by the fundamental theorem of Galois:

1G(Q(c1) | Q[ =[Q(c,1):Q]=8
to determine the element of the Galois group we do like before.
so assume ¢ € G(E | Q), then

o (c) will be one of the root of x* —2 e Q[x].
o (i) will be one of the root of x* +1 e Q(c)[x].

hence we have 8 possibilities:

c,(V2)=42 c,(¥2)=-42
o, (i)=i o, (i)=i
o, (Y2)=i42 o, (V2)=i42
o (1)=i o, (i)=i
CYS(A{/§)=L{/E GG(W)_
o5 (1)=-i o (1)=-1
07(4\/§)=i4\/§ (4\/§)= \/—
o, (i)=-i O (i)=-i

So G(Q(c,i) | Q)={o,,0,,...,.04 } which is non-abelian group of order 8 because
630;(C) = 05(ic) = 05(i)o5(c) = —

6,0,(c) = o,(ic) = 0, (i)o,(c) = ¢, hence 6,0, # 5,0;.

Now let L=Q(c),E=Q(c,i),F=Q, by the fundamental theorem of Galois,

v (L)=G(E|L)=H

| G(E|L) [ =[E:L]=[Q(c/1):Q(c)]=2
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so H={1, o}, and by checking all the possibilities of ¢ that is fixes Q(c) it will

be o, and so that y (L)={1,0.} and ¢ ({1,0.})=L=

Q(c), and then we will have

the following :
Subgroup of G(E | F) Fixed field
fa E=Q(c,)
{1,05} Q(c)
{1, 0.} Q(ic)
{1/ 03} Q(Czli)
{1, o6} Q(c+ci)
{1, o4} Q(c-ci)
{1, 65,05, 0, } Q(Cz)
{1,0,,0,, o5} Q(i)
{1, 05,04, 04} Q(ic?)
G(Q(ci) Q) Q

(2) Consider f(x)=x" +1 over Q, then the root of f(x) is x* +1=0, then the root

1+1 -1+i

, and f(x) is irreducible over Q since it is irreducible over Z,
e Ty and £

let c= 1\;% one may suggest the splitting field E for f(x) over Q is

1+1i 1-1 -1+1i -

E=Q but let us take a closer look for E and c.c=
SRR R TR

1+1

2

, then
1+i)1+1) 1+2i-1 -1+i
sz( = =i. c®=cc’ =
V242 2 V2
-1+i)1+i) -1-1 -1-i
C4=( = =-1. c®=cct = )
V242 2 V2
“14i)(-1+i) 1-2i-1 1-i
CGZ( = =—. ¢ =cct="—.
V242 2 2

hence we can take E=Q(c) and irr(c,Q)=

f(x) with deg(c,Q)=4 and so [E:Q]=4

and the basis for E | Q will be {1,c,c*c’}.
By the fundamental theorem of Galois,
[E:Q]=|G(E|F) | =4, now let 6 € G(E|Q), then there are only four possibilities

for ¢ which are o, (c)=c, 6,(c)=c®, 6;(c)=c’, o,(c)=c’

by the same way as we did before we will have the following;:
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Subgroup of G(E | F) Fixed field
{1} E=Q(c)
{L, o5} Q(i+2)
{1, o5} Q(i)
{1, o;} Q(+/2)
{1/ 03 4 05 4 G7 } Q
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CHAPTER 3

Applications

In this chapter we apply the result achieved in the previous chapters to
cyclotomic extensions: the splitting field of polynomials x" -1, n>0. We also
consider in this chapter an application of the fundamental theorem of Galois
Theory to the case of cubic polynomials.
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§ 3.1 Cyclotomic Extensions

In this section we will study the splitting field E for the polynomial x" -1
over a field F, where n>1 and we will study some properties of E.

Definition

Let E be any field and n is a positive integer, let w € E, then w is called the nth
root of unity if w" =1, w is called a primitive nth root of unity if w" =1 and n
is the smallest such positive integer i.e. w" =1and w™ #1 forall 1<m<n.

Examples

(1) Consider f(x)=x* -1 over Q, then the root of f(x) will be of the form re”

So as we know from complex analysis, r=1 and 6 = %kn ,k=0,1,2 and that

2

in . —in
c, =e3  and more specifically c, =1, c;, =e® =w, c, =e

—in

3" =w?, hence
Cy,Cy,C, are 3t root of unity and also they are primitive 3td root of unity.

(2) Let char(E)=p>0, let w be an nth root of unity and assume p | n, then
n=p“m, for some positive integers m k with gcd(p,m)=1, then

(w™=-1DF = fzokai(wm)P () =w™ -1=w"-1=0

hence w™ —1=0, so w also a mth root of unity and thus w is not a primitive
nth root of unity.

e.g. let E=Z5 ,p=char(E)=5, let n=10 and w=[4], then p |n (5|10) and also

w'® =[4]" =4%4*4*(mod5) =1-1-16(mod 5) = 1(mod5) but 10=5-2 and so [4] is

also 2nd root of unity because [4]? =1(mod5). <

Definition

The splitting field E of x" —1 over a field F is called the nth cyclotomic
extension of F.

Theorem

Let E be a field, n is positive integer, suppose char(E)=p which doesn’t divide
n,let Ry, be the set of all nth roots of unity in E, then

(1) Rnis a cyclic group under field multiplication.

(2) | Rn| divides n, where | Ry | is the order of Rn.

(3) if x" —1 spilts into linear factors in E[x], then |Rn|=n.
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Proof:
Let E be a field with p=char(E) doesn’t divide n,

Rn={weE: w" =1}

(1) Since 1" =1, then 1€ Ry, hence Rn# ¢ .
let w,,w, eR_, then (w,w, )" =1 and hence w,w, " €R, therefore Ry is a
subgroup of E/{0}.

Now since f(x)= x" —1 has at most n roots, then there are at most n (nth root
of unity), therefore Ry is finite, then by some theorem of the direct product of
group theory we can conclude that Ry, is cyclic group.

(2) Now let E’ be the splitting field of f(x)= x™ —1 over E,since p doesn’t
divide n, then f'(x)=nx"" # 0, therefore f(x) is separable and has n distinct
roots in E’, let T be the set of all these roots in E’, so by (1) T is also a group.
now RncTcE'/{0}, but | T|=n, hence |Rn| | | T|, therefore |Rn| divides n.

(3) Now if f(x) splits completely into linear factor in E[x], then E=E’ in (2) and
that T=R,, then |R,|=n. [

Example

Back to the example of f(x)=x* -1 € Q[x], then Rs={1} and this is a group of
order 1,

let E be the splitting field of f(x) over Q, then E=Q(w), then

R3=T={1,w, w? }=<w>=<w?’> <

Note:

In the previous theorem, we conclude that Rn=<w>, | Rn | =n, then o(w)=n,
hence w is a primitive nth root of unity, also the converse is truei.e. w is a
primitive nth root of unity, then we R, and w" =1, where n is the smallest
such positive integer hence o(w)=n and so Ry=<w>.

So the generators of Ry are exactly the primitive nth root of unity and there is
¢ (n) (euler-phi function) of them.

Theorem

Let F be a field, n is a positive integer,then

(1) there exist a finite field extension E | F such that E contains a primitive nth
root of unity if and only if char(F) doesn’t divide n.

(2) if char(E) doesn’t divide n, let w be a primitive nth root of unity, then F(w)
is the splitting field of f(x)=x" —1 € F[x], and f(x) is separable in F(w)[x] and its
roots form a multiplicative cyclic group H such that H is generated by any of
primitive nth root of unity in F(w).
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Proof:

Let F be a field, n is positive integer.
(1) Assume p=char(F) doen’t divide n, f(x)= x" —1 € F[x], now f'(x)=nx"" =0,
hence f(x) is separable, thus f(x) has n distinct roots in its splitting field E, then
E | F is finite field extension, let T be the set of all nth root of unity in E, then
T=<w>,0(w)=n, w € E, therefore w is a primitive root of unity.
conversely, suppose E | F is finite field extension, let w € E be a primitive nth

n-1

root of unity, then 1,w, w?,...,w"? €E and are all distinct root for f(x), hence

f(x) is separable in E thus f'(x)=nx"" # 0, therefore char(E) doesn’t divide n.

(2) Assume p=char(F) doesn’t divide n, then by (1) there exist a finite field
extension E | F such that E contains a primitive root nth root of unity w, then
1,w,w?,..,w"* €E are all distinct root for f(x), hence f(x) has n distinct root in
F(w), therefore f(w) is the splitting field for f(x) over F, the remaining part of

the theorem is clear from the previous theorems. [
Example

Let F=Q, n is positive integer,char(F)=0 doesn’t divide n, consider f(x)=
x" —1eQ[x], let z=re” be a root for f(x), then we will have the following
roots:

2mi 3 (n-1)mi 2ni
l,er,en,.,e ™ andE=Q(e™).

Now let us show that G(E | F) is commutative, so let o, e G(E | F), then
k

o (w), n(w) are also roots for f(x), then o (w)=w", ©(w)=w',
1<k, <n-1,now
(com)(W)=o(n(w))=c(w')=w'" =(noc)(w), let yeE, then ye Q(w), then
y=a,+a,w+a,w’ +..+a, ,w"",a, €Q, then
(com)(y)=o(n(y)) = o(n(a, +a,w+a,w’ +..+a, ,w"™))

=a, +a,w" +a,w’ +..+a _w"I«
and so (noc)(y)=a, +a,w"™ +a,w”™ +...+a _,w" M =(con)(y)

hence G(E | F) is commutative Galois group. <

Definition

Let F be a field, such that char(F) doesn’t divide n, where n is positive integer.
Let {w1,w2,...,wm} be the set of all primitive nth roots of unity in the splitting
tield E for x" —1 over F, then the polynomial

¢, (x)=(x—w;)(x=w,)..(x —w ) € E[x] is called the nth cyclotomic
polynomial over F.
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Examples

2mi
(1) In the previous example where f(x)=x* -1, then w=e 3 , since w, w’ are
the only primitive nth root of unity, then it will be the only generators of T,
then

O (x) = (x—W)(x—W?)=x" —wx-w’x+ W’ =x* —(W+w)x+w’ =x*+x+1e

Z[x] and also we can notice that is irreducible over Q and

[Q(W):Q]=2=deg ¢, (x)

(2) the 8t cyclotomic polynomial will be
dg(x) = (x—wW;)(x—W,)...(x —w ), since the only primitive 8t root of unity

are
2 67i 107 147

w=w,=e?® w,=e? ,w,=e®,w,=e 8, hence

(I)s(x):(X_Wl)(x_wz)(x_ws)(X_WA)=X4 +1. <

Theorem

Let F be a field, n is positive integer and char(F) doesn’t divide n, let ¢, (x) be
the nth cyclotomic polynomial over F, then

(1) x" -1= [Jo4(n)

dn,d>0

(2) If P is the prime subfield of F ,then ¢, (x) € P[x]
(3) deg ¢, (x)=¢ (n).

Proof:

(1) Let w be a primitive nth root of unity over F, then F(w) is the splitting field
of x" —1 over F, let d | n, let Ry={ae T: o(a)=d}, where o(a) is the order of a,
now X={Rq:d>0 and d | n} is a partition of T because:

1) since Te X, then X# ¢.

) JR, =T

din
d>0

3) letaeRan R, then o(a)=d and o(a)=c, then c=d and Rq=R..

Now x" —1=(x—-w,)(x—w,)...(x—w ) in F(w)[x].

x" -1= H(x—w)
1'_[ ]_R[(X—W) =ll_[<l>d(><)
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(2) Now ¢, (x)= H(x -w), R'n={weT: o(w)=n}, we will prove the result by

|
weR',

the induction on n.

-Basis step: n=1, then ¢,(x) = (x —-1) € P[x]
- Induction step: assume the result hold for all 1<k <n, then forall d |n,

¢04(x) € P[x]
f(x)= [ ¢a(x) € PIx]

din
1<d<n

now x" —1=£(x)¢,(x) in F[x],by the division algorithm in the Eculidean
domain F[x], there exist q(x),r(x) € P[x] cF[x] such that:
x" =1=q(x)f(x) +r(x) withr(x) =0 or deg r(x)<deg f(x)

=f(x) ¢, (x) + 0 and since this representation is unique, then r(x)=0,
there fore ¢, (x) = q(x) € P[x].

(3) deg ¢, (x) = number of distinct primitive nth root of unity

= number of distinct elements of Ry of order n
= number of generators of Ry

= ¢(n). [ ]

Note: If f(x)=x" —1 e Q[x], then the nth root of unity are 1, w,w?,..., w"™,
27
where w=e " , ¢ (x)= H(x—w)

1<a<n
ged(a,n)=1

Example
To find ¢4(x) over Q, w=e?3
i 5mi
ds(x)= JJ(x-w)=(x-e®)(x—e?)=x*-x+1 <

1<a<n
ged(a,n)=1

2mi
Note: from now on , we will work in the case when F=Q and E=F(w), w =e »
and let U, ={[a]:gcd(a,n) =1} (is a multiplicative group under x_ )

Theorem

Let we C be a primitive nth root of unity over Q, let ¢, (x) be the nth
cyclotomic polynomial over Q, then

(1) ¢,(x) € Z[x].

(2) ¢, (x) is irreducible polynomial over Q.

(3) [Q(w):Ql=0(n).

4 GE|F)=U,.
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Proof:

(1) the proof will be by induction on n.

- Basis step: n=1, then ¢,(x) = (x-1) € Z[x]

- Induction step: assume the result hold for k, 1<k <n, then
for 1<d<n, d |n, we have ¢,(x) € Z[x].

hence f(x)= Hq)d(x) € Z[x] and so x" —1=£f(x)d,, (x) € Q[x]

din
1<d<n

So by the division algorithm (the same way we did in proving the previous
theorem) we will get ¢, (x) = q(x) € Z[x].

(3) Since E | F is a finite normal and separable field extension, then by the
fundamental theorem of Galois,

| G(E|F) | =[E:F]=g(n), hence [Q(w):Q]= o(n).

(4) since ¢, (x) = (x=w;)(x=W,)...(x =W ), then for any 6 eG(Q(w) |Q), ©
permutes the roots of ¢, (x) i.e. if w is primitive nth root of unity, then o (w
is also primitive nth root of unity and so ¢ (w) e {w*®:1<d<n,gcd(n,d)=1},
hence for every 6 e G(Q(wW)|Q), o, (w)=w*, 1<d<n:gcd(n,d)=1, now let
6.,04 €G(Q(W)|Q) where 1<c,d<n,gcd(n,c)=1 and gcd(n,d)=1, now
c.oo,(w)=c (w')=w“ =c_(w) andso 6, =G, °G,.

Define the map vy :Un—G(Q(W) | Q) by

C

y([d]) =04
now let [c]=[d], then c=d+kn, some k integer
y([d]) =04

C

o,(wW)=w?!=w =w* =5_(w), hence 6, = o, therefore y is well defined
map.

Let w([d]) = w([c]), then o, = o,

now let [c],[d] € Un, then by the Euclidean algorithm

cd=qn+r, 0<r<n

[cd]=[r] and 6 4, =05, , now

v([clld]) = w([ed]) =w([r]) =0, =64 =554 = w([c]) o w([d])

hence y is a homomorphism.

now ker y={[d]eUn: y([d])=1}

y([d]) =1, then o, =1, therefore o, (w)=w" =w ,w‘'=1 and

since o(w)=n, then d-1=0 and therefore d=1,then kery ={[1]}, hence y is one
to one homomorphism, since Uy is finite and G(Q(w) | Q) is finite, y is onto
homomorphism, then v is isomorphism map and G(E |F)=U ..
(2) Let ¢, (x) =f(x)h(x), where f(x) is an irreducible factor of ¢ (x) over Z

(now I have to show h(x) is unit over Z)
Since ¢, (x) is monic polynomial over Z, so f(x) and h(x).
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Let w be a root for f(x), then w is a root for ¢, (x), hence w is a primitive nth
root of unity.

Let p be a prime such that p doesn’t divide n i.e. gcd(p,n)=1, hence w?’ is also
a primitive nth root of unity and also generator for Ry .

we claim that w? is a root for f(x).

suppose this is not the case i.e. w” is not a root for f(x), then ¢, (w?)=0
implies f(w?)h(w?) =0, hence w” is a root for h(x), therefore w is a root for
h(x?), because f(x) is irreducible polynomial over Q and f(w)=0 and h(w?")=0,
hence f(x) | h(x"), therefore h(x")=f(x)g(x) some g(x) € Q[x].

by division algorithm over Z[x], there exist q(x),r(x) € Z[x],
h(x?)=f(x)q(x)+r(x) , r(x)=0 or deg r(x)<deg f(x), by the uniqueness of this
expression we have r(x) =0 and therefore g(x)=q(x) € Z[x].

Now for any t(x) € Z[x], let t(x) €Zp[x] be the corresponding polynomial by
taking modulo n to the coefficients of t(x).

Now h(x?)=a, +a,x? +...+a,x", since char(Z,)=p, then
h(xP)=(a, +a,x +...+a,x*)?=(h(x))?, hence (h(x))"? =h(x?)=f(x)g(x), hence w
is common root for both h(x ) and h(x ), now

0, (x)=£(x)g(x) and ¢, (x)|x" -1, then (x" -1)=x" —-[1]e Z [X]

have a multiple root (one from f(x) and one from h(x)) say a is a root of
t(x)=x" —[1], then ' (x)=[n] x"*=[0] so either [n]=[0] (impossible since
ged(p,n)=1) or a"* =[0], hence a"* =1(mod p) which is by fermat’s theorem
implies a = 0(mod p), so a=[0] but t(a)=[0] "-[1]#[0], A contradiction , hence
wP1is a root for f(x) and by the induction we can show w? is also a root of f(x)

for any r positive integer and also w"?*"~?" is also a root for f(x) for distinct
primes p,’s don’t divide n.

So now any primitive root of unity w*, 1<d<, ged(d,n)=1 is a root for f(x)
since d can be factored into its canonical form as product of primes hence it is
clear that

¢, (x)=f(x)1 and so ¢, (x)is irreducible over Z and hence it is irreducible over

Q. L

Corollary:

n

_1 € Z[x], moreover if

e X
Let n be positive integer, then for every m |n

m
x" -1

1<m<n, then ¢ (x)| ——.
x" -1
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Proof:

since x" =1= H(I)n(x), since m | n, then

dn
d>0

x" =1= 6400, () = (x" D] [oa ()] [ ¢ (x), then

din din slm

d>0 d>0 s>0
d#m d#m
x" -1
= [ 10400 [0, (x) € Z[x].
x" =1 dn sjm
d>0 s>0
d#m
Now assume 1<m<n, then ~— _11 =, ()] o[ T0.(%)
X = n sjm
3|>0 s|>0
d#m
d#n
x" -

Hence ¢, (x) divides

m

x™ -1

Examples

x* -1
(1) Since 4|20, then —; eZ[x].

X p—
2)
a)find the Galois group of f(x)=x* —x +1 over Q.

2mi in

As we did before, f(x)=¢,(x) =x° —x+1, now w=e & =e?, then the primitive

in 5in
6t root of unity are {w® :1<d <n,gcd(d,6) =1} ={w, w"°} ={e? e ? }, the
splitting field E of ¢4(x) over Q is E=Q(w, w®)=Q(w), but G(E | Q)= Us so
|G(E|Q)|=2,s0if 6 e G(E|Q), then o either the identity automorphism or
o (w)=w”, so G(E|F)={1,5,} where o, (qo+qiw)= qo+q1 w".

b) Show that the Galois group of x* —1 and x* —x +1 are isomorphic.
Since the splitting field of x* —1 over Q is E'=Q(w’), w'=e 2
[E:Q]=deg(w’,Q)=2, since E" | Q is finite separable and normal extension,
therefore |G(E"| Q)| =2, hence |G(E"| Q)| = Uz and therefore G(E | Q)

~G(E'| Q).

(3) Let p a prime integer, then

xP -1= Hd)d(x) , then (x? —1)=(x-1) ¢, (x)
dip
d>0

So ¢,(x) =1+x+x*+..+x" e Z[x] <
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§ 3.2 The Galois Group of a Cubic Polynomial

Definition

Given f(x) e F[x], the Galois group of f(x) is the Galois group of its splitting
tield over F.

We will start this section by (1) showing Galois group of the polynomial
f(x)=x°> -5 over Q is isomorphic to S;and (2) Finding the Galois group of

\/— 1+1\/_

)| Q and Finding T and S(G) as described in the fundamental

theorem of Galois theory.
Example

(1) Since f(x)= x° -5 is irreducible over Q because of the irreducibility over Z
(by Eisenstein’s criterion with p=5).
Let E be the splitting field for f(x) over Q, then f(x) over E will be

f(x)= x* -5 =(x-3/5 ) (x-3/5 —1+21J§)(X_% ~1-i43 ),

2
1+1\/_
2

now let c= \/_

, then E=Q(c,cw,cw )=E(c,w).

Since the Galois group of f(x) is the Galois group of E|Q , hence E|Q is a
finite normal and separable extension.

Now irr(w,Q(c))=x’ +x+1 ( because w’+w+1=0), deg(w,Q(c))=2
irr(c,Q)= x°* -5, deg(c,Q)=3

[Q(c,wW):QI=[Q(cW):QO[Q():Q]=2 (3)=6=31.
hence |G(E| Q) | =[E:Q]=6.

Now G=G(E | Q) is a group of automorphisms of order 6, so either G=(Z,+;)
or G=(S;,0).

Now if G= (Z, ,+;):
Since [Q(c):Q]=[Q(cw):Q]=3, then by the fundamental theorem of Galois
we have

[Q(c):QI=[G(E | Q):G(E | Q(c))]

therefore, | G(E|Q(c))|=2
and by the same way |G(E|Q(cw))|=|G(E| Q(cw?))|=2
but Z, has only one subgroup {[0],[3]} of order 2

_IGEIQI o5 6
IGEEI Q) IG(EIQ())]
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So G is not isomorphic to (Z4,+4), and therefore G=(S;,°).

(2) To find the Galois group of E=Q(c,w), let c e G(E | Q), then & (c) will have
three possibilities c,cw,cw’ and o (w) will have only two possibilities w, w?,
so we have:

G, (c)=c G,(c)=cw
o, (W)=w c,(W)=w
o, (c)=cw? c,(c)=c
o, (W)=w o, (w)= w?
o, (O)=cw o5 ()=cw?
o, (W)= w’ o, (W)= w?

and these are the elements of G(E | Q).

To find vy (Q(w))=G(E | Q(w)), let for instance L=Q(w) ,F=Q, then
|G(L|F)|= % = g =3, thus G(L | F) has three automophisms,

letaec Q(w), o e G(L |F) such that o (a)=a, then

o (c+dw)=c+dw, then c+d c (w)=c+dw, thereforec is either

1=0,, o, or c,. Hence G(L|F)={1, 5,,0,}=y (Q(W))

and by the same way for the other subfields of E we will reach the following
diagram :

Subgroup of G(E | F) Fixed field
{1} E=Q(c,w)
{1, o5} Q(cw)
{1, o4} Q(c)
{1, o4} Q(cw?)
{1, 5,,04} Q(w)
{1, c,,0,,...,04 } Q

In this example we can take advantage of having G(E | F)=(S;,0)

by noting that S, has 3 nontrivial subgroups:

H, ={(1),(1 2)}, H,={(1),(1 3)}, H,={(1),23)} and H,={(1),(123),(132)}
and note that [S;:H, |=2, then the corresponding subfield L of H, must be
[E:L]=2=[S,:H,]=[G(E | F):G(E | L)], hence L=Q(w).

Also [Q(cw):Q]=[Q(c w?):Q]=3 and
[S;:H, ]=[S;:H,]=[S;: H, ]=3.

let a,=c, a,=cw and a,=cw?’, then
(12):a, > a,
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1 2 3

a, a, a;

a, > a, :>{ j , hence

a; — a,

H, corresponds to Q(cw?), because a,=cw? is left fixed
H, corresponds to Q(cw), because a,= cw is left fixed
H,; corresponds to Q(c), because a, = c is left fixed. <

Now the immediate question that arise from this example is it always the
Galois group of any separable irreducible cubic polynomial isomorphic with
S, or not?

The answer is no as we will see in the subsequent work.

So let F be a field with char(F) # 3, consider the cubic polynomial
f(x)=x> +ax’ + bx+c e F[x],

Let x=u-% , then

g(u)=f(u-%)= (u—%)s +a(u-2) +bu-2)+c
=us—au2+a—3u—a—3+au2—2a2u+a—3+bu—@+c
T
=u3+(—9+z:)u2 (a——S— bjut (- + =5 +0)
2
= u®+(b—)u+( +2L‘7—%)

Hence if r is a root for g(u), then r-% is a root of f(x).

So for any cubic polynomial, we can eliminate the quadratic term to have a
polynomial f(x)=x* +bx+c eF[x], then f(x) is irreducible if and only if f(x)
has no zero in F.
Let E be the splitting field for f(x) over F, then
£(x)=(x-a,)(x-a,)(x-a, ) in E[x].
f(x)= (x* = (a, +a,)x+a,a,)(x-a,)
=x*—(a, +a,)x* +a,a,x) —a,x* +(a,a; +a,a,)x—a,a,a, =X + bx +c
and by comparing the coefficients of f(x), we will have
a;+a,+a, =0, aa, +a,a; +a,a, =b, —a,a,a; =cC
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Definition

Given f(x) e F[x] a cubic separable polynomial with a,,a, and a, as its roots in
it splitting field E, the discriminate D of f(x) by
D=[(a; ~a,)(a; ~a;)(a, —a;)]’=d*, d=(a; ~a,)(a,; ~a;)(a, ~a,).

Now let o e G(E|F), then o fixes F, consider

6 (d)= o ((a,-a,)(a; ~a3)(a, —a3) )=(5(a;) -~ o(a,))(o(a;) ~ 5(a3))(o(a,) ~ o(as))
since ¢ is just a permutation on the root of f(x), then

either  (d)=d or o (d)=-d, hence & (D)= c(d*)=[c (d)]*=D.

hence o leaves D fixed, now to find D in term of b and ¢ we will have to work
a lot in just simplification and the result will be

D=-4b® -27¢*.

Theorem

Let f(x)= x® + bx+c be an irreducible and separable polynomial in F[x], let E
be the splitting field for f(x) over F and G=G(E | F) be the Galois group of f(x),
then

G= S, if and only if D is not a square in F.

Moreover if D is a square in F, then [E:F]=3 and G= A,.

Proof:
(our goal in the proof to show G= A, if and only if deF.)

Let f(x)= x° + bx+c be an irreducible and separable polynomial over F, since
D=-4b%®-27c?, then DeF.

let 6 €G, then assume D is a square in Fi.e. deF, then o (d)=d, thus ¢ can’t
be an odd permutation (because there are only 3 roots and o (d)=d mean
either no change for them or only 2 have been changed)

then c € A,, GC A,.

Now let ¢ € A,, then o (d)=d, since f(x) is separable and irreducible the three
roots of f(x) are distinct and therefore G= {1} thus G=A,.

By the same way if G=A,, then d€F,
hence G= S, if and only if de F.

Now if deF, then G=A,, |G| =3, by the fundamental theorem of Galois,
[E:F]=|G|=3. [
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Theorem

Let f(x)= x° + bx+c be an irreducible and separable polynomial over the field
F, let E be the splitting field for f(x) over F, then E=F(+/D r) for any root r to
f(x).

Proof:

Let r be a root for f(x) over F, then deg(r,F)=3 and hence [F(r):F]=3, if E=F(r), then
E=F(</D 1)
suppose F(r) cE, then [E:F]=6 because [E:F]=[E:F(r)][F(r):F], where
irr(d,F(r))=x" —1 and therefore deg(d,F(r))=2
so [E:F]=2(3)=6, hence G(E |F)= S,, then d ¢ F so E=F(+/D ) . [

Example
Consider x° —3x+2 € Q[x], then x* —=3x+2 is an irreducible over Q by

Eisenstein’s criterion, now D=—4b* — 27¢?=148, thus D is not square in Q,
hence

G(E|Q) = S, and E=Q(~/148 1), r is a root for f(x). <

64




REFERENCES

1-D.S.Malik,John N.Mordeson and M.K.Sen.
Fundamentals of Abstract algebra. McGraw-Hill, 1997.

2-David S.Dummit and Richard Foote.
Abstract Algebra, 2nd Ed. Upper Saddle River, New Jersey: Prentice Hall,
1999.

3-John B.Fraleigh.
A First Course in Abstract Algebra. Addison Wesley, 2003.

4-1.N.Herstein.
Topics in Algebra, 2nd Ed. John Wiley & sons, 1975.

5-Surjeet Singh and Qazi Zameeruddin.
Modern Algebra, 6t Ed. Vikas Publishing House, 1988.

65



