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ABSTRACT 
 
  Galois Theory is the connection between groups and fields, known as 
extension fields. This is what the project is about. 
 
  This project is divided into three chapters. In chapter 1 the theory of 
extension fields is introduced along with examples and related theorems. 
Special field extensions such as algebraic extensions which lay a major role in 
the subsequent work are introduced along with the splitting field of 
polynomials: these extension fields of the field of coefficients of a polynomial 
that contain all its roots. The existence and uniqueness of such fields was dealt 
with. 
The problem of separability of polynomials was also treated in this chapter, 
that is when does a polynomial have distinct roots in some splitting field. 
 
  Chapter 2 is devoted to the fundamental theorem of Galois Theory. Talking 
first about the fixed field of a group of automorphisms of fields, defining 
Galois groups and normal extensions throughout, we reached to the famous 
theorem of Galois: the one to one corresponding between the intermediate 
fields of an extension field and the subgroups of its Galois group. Examples 
were presented to illustrate the results. 
 
  The applications of the fundamental theorem of Galois Theory are diverse 
the major one is the study of solvability of polynomial equation of any degree 
using formulas, like the well known formula, solving any quadratic 
polynomial equation. Unfortunately, and due to the lack of time, this 
application is not included in my project as I planned earlier but I shall look 
into it during my summer vacation. In chapter 3 two application are treated, 
the first is about cyclotomic extensions: the splitting fields of cyclotomic 
polynomials and the second is on the Galois group of a cubic polynomial over 
Q. 
 
  The application of Galois Theory is not just in pure mathematics, it goes 
beyond that. We can use the galois fields (finite fields) in many areas of 
computer science especially in cryptography or more specific in DES (Data 
Encryption Standard) and AES (Advanced Encryption Standard). The use of 
these algorithms is widespread in many military and commercial agencies. 
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       In this chapter we will study special types of fields (recall that a field is an 
integral domain with unity where every element has a multiplicative inverse), 
we will study the relation of a field with its subfield called an extension field 
and examine some of its properties and theorems related to it. Then we will 
study fields associated with a polynomial called splitting fields and we will 
end this chapter by studying an interesting field extension called separable 
extension. 

1 

CHAPTER 1 

Field Theory 



§ 1.1 Extension Fields 
 
Definition 
 
If E is a field containing the field F, then E is said to be an extension field of F. 
 
 
Notation 
 Let E|F denote that E is an extension field of F where E|F is shorthand for “E 
over F”. 
 
Examples 
 
(1) since Q⊆R⊆C, then R|Q , C|R and C|Q are all extensions fields, we  
referred this as a tower of fields. 
 
(2) Every field E is an extension field of its prime subfield (this is the 
intersection of all subfield of E), in this case E is called the base field of the 
extension. 
 
(3) if p is a prime integer and q= mp  for some positive integer m,then we 
know that  Zp ⊆Zq, hence  pq|ZZ  is also a field extension.   ◄ 
 
Now let E|F be any field extension, then under the field operation of E we can 
consider E as a vector space over F, where the elements of E are the “vectors” 
and the elements of F are the “scalars” and this lead us to the following 
definition. 
 
Definition 
 
Let E|F be a field extension, the dimension of the vector space E over F is 
called the degree of the extension E|F and it’s denoted by [E: F], if the degree 
of E|F is finite i.e. [E:F]<∞ , then E|F is called a finite field extension. 
 
 
Examples 
 
(1) Since {1, i} is a basis for the field C over R, then [C: R] =2 and then C|R is a 
finite field extension. 
 
 (2) Consider the polynomial ring F[x] over a field F where F[x] is an integral 
domain, let E be the quotient field of F[x], then the set {1, x , 2x , ... , nx ,... } are 
linearly independent over F ( because if 0...10 =+++ n

n xaxaa  , 
niFai ,...,2,1, =∀∈  ,then iai ∀= ,0  ) and also it spans E, hence [E: F]= ∞ and 

E|F is infinite field extension.   ◄ 
2 



Definition 
   
Let E|F be an extension field, a subfield L of E is called an intermediate field 
of E|F if F⊆L⊆E, L is called a proper intermediate field if F⊂L⊂E. 
 
 
We turn now to very important theorem in studying field theory which is the 
degree theorem. 
 
Theorem (The Degree Equation) 
  
If E|F is a finite field extension and K|E is a finite field extension, then K|F is 
also a finite field extension and [K: F]=[K: E][E: F]. 
 
 
Proof: 
  Suppose that [K:E]=n and the set { K,n,...,,i: ii ∈α=α 21 } be a basis for K|E 
and [E:F]=m and the set { E,m,...,,i: ii ∈β=β 21 } be a basis for E|F, 
Now let b∈k, b= nna...aa α++α+α 2211 , where Eai ∈ , for all i=1,2,...,n 

and since Eai ∈ , then mimiii c...cca β++β+β= 2211  i.e.  ∑
=

β=
m

j
jiji ca

1

, so  

∑∑ ∑ αβ=αβ=
= =

j,i ijij

n

i

m

j
ijij )(c)c(b

1 1

, and so the mn vectors jiβα  span K over F, 

now to show that jiβα are linearly independent and then it will be a basis for 
K|F, 

Let  ∑ ∑
= =

αβ
n

i

m

j
ijij )c(

1 1

=0 , since iα ’s are linearly independent , them ∑
=

β
m

j
jijc

1

=0 and 

also since jβ ’s are linearly independent 0=ijc  , for all i=1,2,...n, and 
j=1,2,...,m. 
hence { m,..,j,n,..,i:ji 2121 ==βα } is the basis for K|F and that 
[K:F]=mn=[K:E][E:F].   ■ 
  
Definition 
 
Let E|F be a field extension, let nc,...,c,c 21  be elements in E, then E is said to 
be finitely generated if E=F( nc,...,c,c 21 ), where F( nc,...,c,c 21 ) is the smallest 
subfield of E containing F and nc,...,c,c 21 . 
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Example 
  
 Q( 3  ) is finitely generated subfield of R, where Q( 3  ) is the smallest 
subfield of R containing Q and 3 .   ◄ 
 
Definition 
 
Let E|F be a field extension, an element c∈E is said to be algebraic over F if 
f(c)=0 for some nonzero polynomial f(x) ∈F[x],if c is not algebraic, then c is 
said to be transcendental element over F. 
 
 
Remark 
Every element c∈F is algebraic over F since c will be a zero for f(x)=x-c ∈F[x]. 
 
Examples 
 
(1) The element 3  in R is algebraic over Q because 3  is a root for 
 x 2 - 3∈Q[x]. 
 
(2) The element i in C is algebraic over Q because i is a zero for x 2 +1∈Q[x]. 
 
(3) The real number e is algebraic over R because e is a zero for (x- e) ∈R[x], 
however e can be shown to be a transcendental element over Q. 
(Look at the end of this chapter for the existence of transcendental elements in 
R over Q) 
 
(4) 52 +  is algebraic element over Q because 52 +  is a zero for  
x 4 - 4x 2 -1=0.   ◄ 
 
Theorem 
 
Let E|F be a field extension and c∈E, if c is algebraic over F, then c is a root 
for some nonzero unique irreducible monic polynomial p(x) over F, 
furthermore if f(x) ∈F[x] such that f(c)=0,then p(x)|f(x). 
 
 
Proof: 
  Let E|F be a field extension and c∈E. suppose c is algebraic element over F, 
consider the evaluation homomorphism cφ :F[x]→E, where cφ (x)=c and 

cφ (a)=a for all a ∈F, the kernel of cφ  is ker cφ ={h(x)∈F[x] : cφ (h(x))=0}, 
ker cφ ={h(x)∈F[x] : h(c)=0}, since F[x] is principle ideal domain, then the kenel 
of cφ  is generated by a nonzero polynomial in F[x], therefore  
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ker cφ  =(p(x)), where p(c)=0 and deg p(x)≥1,now let f(x) be a nonzero 
polynomial in F[x], such that f(c) =0, then f(x)∈  ker cφ , then f(x)∈(p(x)). 
Hence p(x)|f(x) and thus p(x) is a polynomial with  minimal degree ≥  1 
having c as a zero and any other nonzero polynomial h(x) having c as a zero  
in F[x] of the same degree as p(x) will be of the form h(x)=a p(x), where a∈F. 
so by multiplying by a suitable constant in F, we can assume p(x) is monic 
polynomial, then p(x) is a unique monic polynomial having c as a zero. 
 
Now for the irreducibility, suppose p(x)=u(x)v(x), where u(x),v(x) has a lower 
degree than p(x) and non-constant in F[x], then p(c)=u(c)v(c)=0,which implies 
that u(c)=0 or v(c)=0, since F[x] is an integral domain, which contradict the 
fact that p(x) is the polynomial with minimal degree having c as a zero, 
therefore p(x) is irreducible monic polynomial.   ■ 
 
Definition 
 
Let E|F be a field extension and c∈E is an algebraic element over F, then the 
unique monic polynomial p(x) having the property in the previous theorem is 
called the irreducible polynomial for c over F and will be denoted by irr(c,F) 
and the degree of irr(c,F) is the degree of c over F denoted by deg(c,F). 
 
 
Example 
 
(1) In R|Q we have : 
     i) irr( 3 ,Q)= x 2 - 3 of degree 2 i.e. deg( 3 ,Q)=2. 
     ii) irr(i,Q)= x 2 +1 of degree 2 i.e. deg(i,Q)=2. 
     iii)irr( 3 ,R)=x- 3 of degree 1 i.e. deg( 3 ,R)=1. 

     iv) irr( 52 + ,Q)= x 4 - 4x 2 -1  of degree 4 i.e. deg( 52 + ,Q)=4. 
  ◄ 
 
 
 
Theorem 
 
Let E|F be a field extension, let c∈E be algebraic element over F, then 

)),((
][]][[ Fcirr

xFxFc ≅φ , where cφ :F[x]→E is the evaluation homomorphism. 

   
 
We shall denote this subfield of E by F(c), where F(c) is the intersection of all 
subfields of E containing both F and c, hence F(c) is the smallest subfield 
containing F and c. 
 
Definition  
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Given E|F and c∈E, then the image of cφ  is called the simple field extension 
of F with a primitive element c, moreover this extension is the smallest 
subfield of E containing both c and F. 
 
 
Theorem 
 
Let E|F be a field extension and c∈E, then F[c]=F(c) if and only if c is 
algebraic over F. 
 
 
Proof: 
  Let E|F be a field extension, c∈E is algebraic over F, then by the first 

isomorphism theorem, )()),((
][][ cFFcirr

xFcF ≅≅ , since )),((
][

Fcirr
xF  is a 

field because (irr(c,F)) is maximal ideal and because F[c]⊆  F(c) ,then F[c]=f(c).  
 
Conversely, suppose F[c]=F(c), then if c=0 it will be a root for x∈F[x], so 
suppose c 0≠ ,then c 1− ∈F(c), then 01

1
1

1 ... acacacac n
n

n
n ++++= −

−
− , where 

niFai ,...,2,1,0, =∈ ,then cacacaca n
n

n
n 0

2
11

1 ...1 ++++= −
+  and so 

01... 0
2

11
1 =−++++ −
+ cacacaca n

n
n

n  , hence c is algebraic over F.   ■ 
 
Theorem 
 
Let E|F be a field extension and let c∈E be an algebraic element over F of 
degree n, then {1,c,c 2 ,...,c 1−n  } is a basis for F(c), equivalently every a in F(c) 
can be expressed uniquely in the form Faacacacaa i

n
n

n
n ∈++++= −

−
− ,... 12

2
1

1 . 
 
 
Proof: 
  Let E|F be a field extension and c∈E be an algebraic element over F of 
degree n, now let p(x)=irr(c,F),then ][...)( 01

1
1 xFaxaxaxxp n

n
n ∈++++= −

−  
So p(c)=0, then 
 01

2
1

1
1 ... acacacac n

n
n

n
n +−−−−= −

−
−

−  
 cacacacac n

n
n

n
n

0
2

1
1

11
1 ... +−−−−= −

−−
+  

                            
 

cacacaacacacaac n
n

n
n

n
nn

n
0

2
1

1
101

2
1

1
11

1 ...]...[ +−−−+−−−−−= −
−

−
−

−
−−

+  
. 
. 
. 
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. 
0

'
1
'2

1
'1

1
' ... acacacac n

n
n

n
kn +−−−−= −

−
−

−
+  

 
So {1,c,c 2 ,...,c 1−n } span F(c)|F. 
 
for uniqueness, suppose a∈F(c), then  

1
1

'
1
'

0
'1

110 ...... −
−

−
− +++=+++= n

n
n

n cacaacacaaa , then 
0)(...)()( 1

1
'

11
'

10
'

0 =−++−+− −
−−

n
nn caacaaaa , let  

g(x)= ][)(...)()( 1
1

'
11

'
10

'
0 xFxaaxaaaa n

nn ∈−++−+− −
−− , then g(c)=0 

and since deg g(x) <deg p(x) , then g(x)≡0 . 
so ii aa '=    1,..2,1,0 −=∀ ni  and hence {1,c,c 2 ,...,c 1−n  }  is a basis for F(c).   ■ 
 
Corollary 
 
Let E|F be a field extension, if c∈E is algebraic over F and of degree n, then 
[F(c): F]=n.    
 
 
Examples 
 
(1) In R|Q, since deg( 3 ,Q)=2, then {1, 3 }is a basis for Q( 3 )|Q 
and Q( 3 )={ Q∈+ 1010 q,q:3qq } and [Q( 3 ):Q]=2. 
 
(2) In R(i)|R, since deg(i,R)=2, then {1,i} is a basis for R(i), and 
R(i)={a+bi:a,b∈R} and also [R(i): R]=2. 
 
(3) In R|Q, since 2 3  is a root of ]x[3x3 Q∈− , then deg( 2 3 ,Q)=3 and  
{1, 2 3 ,( 2 3 ) 2 } is a basis for Q( 2 3 ), and also [Q( 2 3 ): Q]=3.   ◄ 
  
Now let us back to the degree equation and use it for the next examples. 
 
Example 
 
  To find [Q( 6 2 ):Q( 2 )], we apply the degree equation so  
[Q( 6 2 ):Q]=[Q( 6 2 ):Q( 2 )][Q( 2 ):Q], then 6=2[Q( 6 2 ):Q( 2 )] and hence 
[Q( 6 2 ):Q( 2 )]=3. 

and since { },,,,, 6
5

6
4

6
3

6
2

6
1

222221  is a basis for Q( 6 2 ) over Q and { }, 2
1

21  is a basis 
for Q( 2 ) over Q, then by the same way in the proof of the degree equation, 

the set { },, 6
2

6
1

221  is a basis for Q( 6 2 )|Q( 2 ).   ◄ 
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Theorem 
 
If E|F be a field extension, a,b E∈  are algebraic elements over F, let b∈F(a), 
then deg(b,F)|deg(a,F).  
 
 
Proof: 
  since deg(a,F)=[F(a):F], deg(b,F)=[F(b):F] and )a(F)b(FF ⊆⊆  because 
b∈F(a), then  
[F(a):F]=[F(a):F(b)][F(b):F], hence [F(b):F]|[F(a):F], hence deg(b,F)|deg(a,F).   ■ 
 
Example 
  
 There is no element of Q( 3 ) that is a zero of 23 −x , because if there is such 
an element b∈Q( 3 ) such that 023 =−b  , then deg(b,Q)|deg( 3 ,Q) and 
that means 3|2 which impossible.   ◄ 
 
Recall from the field generated over F by a finite number of elements in E, 
(where E|F is a field extension) is the smallest subfield of E containing F and 
these elements, the following lemma show that this finitely generated field 
can be obtained recursively by a series of simple extensions. 
 
Lemma 
 
Let E|F be a field extension, a and b ∈E are algebraic elements over F, then 
F(a,b)=[F(a)](b). 
 
 
Proof: 
  Since the field F(a,b) contain F and a, then it contains F(a) and because it 
contains also b it contains F(b), so it contains F(a)(b) and so F(a)(b)⊆F(a,b) 
by minimality of the field F(a)(b),  
and because F(a)(b) contains F,a and b, then by the definition of F(a,b), we 
have F(a,b) is the smallest subfield of E contain F,a and b, therefore F(a,b) 
⊆F(a)(b), hence F(a,b)=F(a)(b). 
Now in general, 
if E=F( nc,...,c,c 21 ), where n,...,,i,Eci 21=∀∈ ,then E=F( )c)(c,...,c,c nn 121 −  
so let 1F  be the field generated over F by 1c  
          2F  be the field generated over F( 1c ) by 2c  
          3F  be the field generated over 2F  by 3c  
          . 
          . 
          iF  be the field generated over 1−iF  by ic  
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i.e. )c(FF iii 11 ++ =   ,     1210 −= n,..,,i    and that FF =0  
so we will get the following chain :   EF...FFF n =⊆⊆⊆= 10  
and by the degree equation we will get: 
[E:F]=[ nF:E ][ 1−nn F:F ]...[ 01 F:F ]   ■ 
 
Example 
   
To find a basis for Q( 2 , 3 ) over Q, we have {1, 2 } is a basis for Q( 2 ) 
over Q and {1, 3 } is a basis for Q( 3 ) over Q, then by the degree equation ( 
in fact the result of its proof),we have the set {1, 2 , 3 , 6 } is a basis of 
Q( 2 , 3 )|Q. 
by the previous lemma, let E=Q( 2 ),then Q( 2 , 3 )=E( 3 ), by the the 
degree equation [E( 3 ):Q]=[E( 3 ),Q( 2 )][Q( 2 ):Q],hence 
[Q( 2 , 3 ):Q( 2 )]=2.   ◄ 
 
Definition 
 
A field extension E|F is called algebraic if every element of E is algebraic over 
F, otherwise E|F is called transcendental. 
 
 
Examples 
 
(1) C|R is algebraic because every nonzero polynomial in R has a root in C  
 
(2) A|Q, where A is the set of all algebraic numbers in R over Q, the field A is 
called the field of algebraic numbers.   ◄ 
 
Theorem 
 
Every finite field extension E|F is an algebraic extension. 
 
 
Proof: 
  Assume E|F is a finite field extension, let [E:F]=n, let c∈E. 
if c=0,1 , then  c is algebraic over F because c∈F. 
so assume c≠ 0,c≠ 1, then consider { nc,...,c,c, 21 }, if they are not all distinct, 
then there exist 0≤ i≠ j≤n such that ji cc = , hence 1=− jic , then c is a root for 

]x[Fx ji ∈−− 1  and therefore c is algebraic. 
If { nc,...,c,c, 21 } are all of distinct elements, then they are linearly dependent 
because [E:F]=n, so there is nb,...,b,b 10 are not all zero, such that :  

010 =+++ n
n cb...cbb , 

hence c is a root for nonzero polynomial f(x)= ]x[Fxb...xbb n
n ∈+++ 10  
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therefore c is algebraic over F.   ■ 
 
Examples 
 
(1) Q( 3 )|Q is algebraic extension because [Q( 3 ):Q]=2< ∞  
 
(2) Q( 3 , 2 )|Q is algebraic extension because [Q( 3 , 2 ):Q]=4<∞  
 
(3) R|Q is transcendental extension because there exist an element e such that 
e is not algebraic over Q.   ◄ 
 
Corollary 
 
Let E|F be a field extension, let c∈E, then c is algebraic over F if and only if 
[F(c):F]=n, where n=deg(c,F).   
  
 
The next theorem is a summary of the results obtained about the simple 
extension F(c). 
 
Theorem 
 
Let E|F be a field extension, let c∈E be an algebraic element over F, then the 
following are equivalent: 
(1) F(c)=F[c]. 
(2) [F(c):F]=deg( irr(c,F)). 
(3) { 121 −nc,...,c,c, } is a basis of F(c), where n is the degree of c over F. 
(4) Every nonzero polynomial in F[c] has an inverse in F[c] and )c(q))c(f( =−1 , 
where f(x)q(x)+p(x)r(x)=1, where p(x)=irr(c,F). 
 
 
Proof (4): 
  Let E|F be a field extension, c∈E be an algebraic element over F,  
let 0≠ f(x)∈F[x], such that f(c) ≠ 0, then p(x)=irr(c,F) doesn’t divide f(x),hence 
there is no common divisor between them, so gcd(f(x),p(x))=1 (unit in F), so 
there exist q(x),r(x) such that  f(x)q(x)+p(x)r(x)=1 and so f(c)q(c)+p(c)r(c)=1, 
then f(c)q(c)=1 ,hence )c(q))c(f( =−1 . 
the converse it straight forward that is if every polynomial f(c) has an inverse 
in F[c], then F[c] is a field and thus F[c]=f(c) and then c is algebraic.   ■ 
 
Examples 
 
In C|R, i∈C is an algebraic over R, then  
 
(1) R(i)={a+bi: a,b∈R}=R[i]. 

10 



 
(2) [R(i):R]=deg irr(i,R)=deg ( 12 +x )=2. 
 
(3) {1,i} is a basis for R[i]|R. 
 
(4) for 0≠ f(i)∈F[i], f(i)=a+bi has an inverse 

]i[Fi
ba
ba

ba
ba

))i(f( ∈
+

−
−

+

−
=−

22

22

22

22
1 .   ◄ 

 
Remark 
This theorem can be used to get similar results about finitely generated 
extensions as we will see in the following example. 
 
Example 
 
Q( 3 , 2 )|Q, [Q( 3 , 2 ):Q]=4<∞ ,then 3 , 2  are algebraic over Q (since 

3  is algebraic over Q( 2 ), then It will algebraic over Q).   ◄ 
 
Theorem 
 
Let E|F be a field extension, if L is the set of all algebraic elements of E over F, 
then L is an intermediate field of E|F. 
 
 
Proof: 
  Suppose E|F be a field extension, let  
L= :Ec{ ∈ c is algebraic over F}, since 0,1∈L , then L φ≠ , now let c∈F, then c is 
algebraic over F, hence LF ⊆ , now let a,b∈L, since a,b∈E are algebraic 
elements over F, then let deg irr(a,F)=n and deg irr(b,F)=m , so we have  
[F(a):F]=n and [F(b):F=m, by the degree equation: 
[F(a,b):F]=[F(a,b):F(a)][F(a):F], since [F(a,b):F(a)] m≤ , thus [F(a,b):F] is finite, 
therefore F(a,b)|F is finite field extension, hence every element of F(a,b) is 
algebraic over F, since a,b ∈F(a,b), then a-b ∈F(a,b) and 1−ab ∈F(a,b),therefore  
a-b and 1−ab  are algebraic elements over F, hence a-b, 1−ab  ∈L,hence L is a 
subfield of E, so we have ELF ⊆⊆  which shows that L is an intermediate 
field of E|F.   ■ 
 
Examples 
 
(1) The field of algebraic numbers A (A is the set of all real numbers which are 
zeros for nonzero polynomial over Q). 
 
(2) In the extension field C over R, the set of all algebraic elements in C over R 
is C itself, we can prove that by using some knowledge from complex analysis 

11 



or specifically Liouville’s theorem or we can use the degree equation again, 
where  
[C:R]=[C:L][L:R], since i∈L ,therefore L≠ R, hence [L:R] ≠ 1, therefore 
2=[C:L][L:R] , then [C:L]=1 and thus C=L.   ◄ 
 
Now one can ask if L|F and E|L are algebraic field extensions, then is E|F 
also algebraic field extension where L is an intermediate field of E|F? 
the answer will be in the following theorem. 
 
Theorem 
 
Let L be an intermediate field of the field extension E|F, then E|F is algebraic 
extension if and only if E|L and L|F are algebraic extensions. 
 
 
Proof:   
  Let E|F be a field extension, let L be an intermediate field of E|F, assume 
E|F is algebraic extension, let c ∈E, then c is a root for irr(c,F)=p(x), since 
F⊆L,then p(x) ∈L[x], thus c is algebraic element over L also, and hence E|L is 
algebraic extension. now let c∈L, then c∈E and hence is algebraic over F, thus 
L|F is algebraic extension. 
therefore we proved that E|F is algebraic extension only if E|L and L|F are 
algebraic extensions. 
 
Conversely, suppose E|L and L|F are algebraic extensions, let c∈E, then c is 
a root for irr(c,L)= ]x[Lxa...xaa)x(p n

nL ∈+++= 10 , so c is algebraic over 
F( )a,...,a,a n10 , now F( )a,...,a,a n10 (c)| F( )a,...,a,a n10  is finite by (corollary in 
page 10). 
Now 
 [F( )a,...,a,a n10 (c):F]=[ F( )a,...,a,a n10 (c):F( )a,...,a,a n10 ][F( )a,...,a,a n10 :F] 
since F( )a,...,a,a n10  are algebraic elements over F, therefore 
F( )a,...,a,a n10 (c)|F is a finite extension, therefore c is algebraic over F, and 
this prove that E|F is algebraic.   ■ 
 
We know now that every finite extension is algebraic, but is the converse 
true? the answer is given in the following result about the field of algebraic 
numbers A. 
 
Lemma 
 
If p, np,...,p,p 21  are distinct prime integers, then )p,...,p,p(p n21Q∉  
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Proof: 
  proof by induction on n. 
 
- Base case : n=0, then it is clear that Q∉p  
- Induction step :  
assume  )p,...,p,p(p k21Q∉  and suppose )p,p,...p,p(p 1kk21 +∈Q , then  

),p)(p,...,p,p(p 1kk21 +∈Q  hence 1++= kpbap  ,  
where a,b )p,...,p,p( k21Q∈   
now if a=0 , then 1

2
1 ++ =→= kk pbppbp , which is contradiction since p 

and 1+kp  are distinct prime integers. 
if b=0, then 2apap =→=  also a contradiction since p is prime integer. 

so assume 00 ≠≠ b,a , then 1
2

1
2 2 ++ ++= kk pbpabap  i.e. 

ab
pbapp k

k 2
1

22

1
+

+

−−
= )p,...,p,p( k21Q∈ , hence )p,...,p,p(p k21Q∈  which a 

contradiction with the induction hypothesis. 
hence the result is true.   ■ 
 
Theorem 
 
[A:Q]= ∞  and A|Q is algebraic extension. 
 
 
Proof: 
  let F=Q( { p :p is prime integer})⊂R, so by the previous lemma  

Q⊂Q( 2 )⊂Q( 2 , 3 )⊂Q( 2 , 3 , 5 )⊂ ... 
is a infinite strictly chain of intermediate field of F|Q, hence F|Q must be 
infinite dimensional and hence [F:Q]=∞  
now since the field of algebraic numbers A contain F, therefore [A:Q]= ∞  and 
A|Q is algebraic extension and as a result, we have  
[R:Q]=[R:A][A:Q]= ∞ .   ■ 
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§ 1.2 Splitting Fields 
 
This section is about answering the question of the existence of a field 
extension of the field of coefficients of a polynomial that contains all the roots 
of the polynomial. 
 
We will start this section with a very important theorem which it due to 
kronecker. 
 
Theorem (Kronecker Theorem) 
  
Let F be a field, let f(x) be a nonzero polynomial over F, then there exist an 
extension field E of the field F and c∈E such that f (c)=0. 
 
 
Proof: 
  Let F be a field, f(x) be a non-constant polynomial in F[x], since F[x] is unique 
factorization domain, then f(x)=p(x) )x(f)...x(f)x(f n21 , where p(x), )x(fi  are 
irreducible polynomial over F, for all i=1,2,...n 
Now finding an extension field E for F for which p(x) has a root in E will be 
sufficient to prove the theorem. 
 
since p(x) is irreducible polynomial in F[x], then (p(x)) is a maximal ideal of 

F[x] and hence  ))x(p(
]x[F

  is a field. Now consider the natural homomorphism 

s:F→ ))x(p(
]x[F

 by s(a)=a+(p(x)), for a∈F. 
the kernel of s is kerS={a∈F:s(a)=(p(x))}, now s(a)=(p(x)) implies 
a+(p(x))=(p(x)), then a-0=a∈(p(x)) hence p(x)|a, but deg p(x)>0,then a must 
be zero, hence ker s={0} and so s is monomorphism map ( of course we can 
show this directly because any nontrivial homomorphism between any two 
fields are monomorphism)  

Now E))x(p(
]x[F}Fa:))x(p(a{)F(sF =⊆∈+=≅  

so we find a field extension E|F by the means of this map S and now we have 
to show that E will contains a zero for p(x). 
 

so consider the evaluation homomorphism ))x(p(
]x[F]x[F:c →φ   by letting  

c = x+(p(x)), where a)a(c =φ   for a∈F and ))x(p(xc)x(c +==φ . 
 
now if p(x)= Fa,axa...xaxa i

n
n

n
n ∈++++ −

− 01
1

1 , for all i=0,1,2,...n 
)axa...xaxa())x(p( n

n
n

ncc 01
1

1 ++++φ=φ −
−  

               = 01
1

1 aca...caca n
n

n
n ++++ −

−  
               = 01

1
1 a)))x(p(x(a...)))x(p(x(a)))x(p(x(a n

n
n

n +++++++ −
−  
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               = ))x(p()axa...xaxa( n
n

n
n +++++ −

− 01
1

1   

               =p(x)+(p(x))=(p(x))=0 in ))x(p(
]x[F

 
hence we found an element c in E such that p(c)=0,therefore f(c)=0.   ■ 
 
Example 
   
  Let F=R,let p(x)= 12 +x , which irreducible polynomial over R and has no root 

in R,let c= x+(p(x))= x+(x 12+ ), E= )x(
]x[R

12 +
  so p(c)= 12 +c =(x+( )x 12 + ) 2 +1 

= 0111 222 =+=+++ )x()x(x  in E.   ◄ 
 
Corollary 
 
If p(x) is an irreducible polynomial over a field F, then there exist an extension 
field E|F where p(x) has a root in E and [E:F]=deg p(x). 
 
 
Proof: 
  Let p(x) ∈F[x] with deg p(x)>0, by kronecker theorem there is an extension 
field E|F and c∈E such that p(c)=0. 
Now consider F[c] will be same as F(c) because c is algebraic and that E=F(c) 
because of the effect of the evaluation homomorphism. Hence [F(c):F]=deg 
p(x) and therefore [E:F]=deg p(x).  
 
Example 
   
  Back to the previous example, C=R(c)={a+bc:a,b∈R}, hence we may think of 
c as i and that will give algebraic construction to the complex numbers.   ◄ 
 
Theorem 
 
Let F be a field, let f(x)∈F[x] be a non-constant polynomial, then f(x) has at 
most n roots in any extension field E|F. 
 
 
Proof: 
  Let F be field and f(x) ∈F[x],deg f(x)=n≥  1, the proof will be by induction on 
n. 
So let P(n) be the proposition that  f(x)∈F[x] be a non-constant polynomial, 
then f(x) have at most n roots in any extension field E|F. 
-Basis step: P(1) 
let deg f(x)=1, then f(x)=ax+b, a≠ 0,b ∈F, so in any extension field E|F, if c ∈E 
such that f(c)=0, then c=- ba 1− , hence f(x) has only one root c ∈F and thus P(1) 
is true. 
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-Induction step : P(1)∧P(2)∧ ... ∧P(k-1)→  P(k) 
assume P(i)is true for all i=1,2,3,..,k-1 i.e. the result in any field for all 
polynomial of degree less than k, let deg f(x)=k and E|F is an extension field, 
so we have two cases : 
case 1 : if E has no root for f(x) , then we are done. 
case 2 : if E contains a root for f(x) i.e. there exist c∈E such that f(c)=0, so 
suppose f(x)= )x(q)cx( m− , q(c)≠ 0 and nm ≤ . 
Now q(x) ∈E[x] and deg q(x)=n-m, 
assume b c≠ ∈E such that f(b)=0, then 0=− )b(q)cb( m , hence 0=)b(q i.e. b is 
a root for q(x) over E and by induction hypothesis q(x) has at most n-m roots 
in E, which together with m roots for c shows that f(x) has at most n roots in 
E.   ■ 
 
Examples 
 
(1) Consider f(x)= 12 +x ∈R[x] has two roots in C|R ( ± i∈C). 
 
(2) let f(x)= 32 −x  ∈Q[x] has two roots in Q( 3 ).   ◄ 
 
Remark 
Even when we are proving this theorem we didn’t realize the importance of 
the commutative axiom of the field e.g. in any division ring which fails to be a 
field only because of the commutative axiom doesn’t hold it doesn’t follow 
the result of the theorem for instance take f(x)= 12 +x  in the ring of 
quaternion, then f(x) has three roots i,j,k. 
even with a commutative non-integral domain (ab=0 while a 00 ≠≠ b, ) the 
theorem will not follow, for instance take f(x)=ax ,then f(x)=0 either x=0 or 
x=b. 
 
Corollary 
 
If f(x) ∈F[x], deg f(x)=n ≥  1, then there exist a finite extension field E|F, 
where f(x) has a root and [E:F] n≤ . 
 
 
Proof: 
  Let p(x) be an irreducible polynomial factor of f(x), any root of p(x) will be a 
root for f(x), hence [E:F]=deg p(x) n≤ , where E is a simple extension field of F 
generated by the root of p(x).   ■ 
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Definition 
 
Let F be a field, A polynomial f(x)∈F[x] is said to split over a field E⊇F, if f(x) 
can be factored as a product of linear factor in E[x]. 
 
 
Examples 
 
(1) Let f(x)= 12 +x  ∈R[x], then )ix)(ix()x(f +−=  in C[x], hence f(x) splits over 
C, but note that f(x)= 12 +x  ∈Q[x] splits over Q(i) and C, by the previous 
corollary [Q(i):Q]=2≤2=deg f(x).    
 
(2) consider f(x)= ]x[Q)x)(x( ∈−− 23 22  which is split over Q( 3 , 2 ) and it 

doesn’t split over Q( 2 ) because 3 ∉Q( 2 ) and by the previous corollary 
[Q( 2 ):Q]=2≤4=deg(f(x)).   ◄ 
 
Theorem 
 
Let F be a field, f(x) ∈F[x] with deg f(x)=n≥1, then there is an extension E|F 
of degree at most !n  in which f(x) has n roots. 
 
 
Proof: 
  Let F be field, with deg f(x)=n≥1, the proof will be by the induction on n. 
-Basis step: if n=1, then E=F and [E:F]=1 ≤1!. 
- Induction step : 
suppose the result is true for all polynomial of degree less than n, 
suppose f(x) has a root c in extension field 0E |f, then by the previous 
corollary, 
[ 0E :F] ≤n, also f(x)=(x-c)q(x), where q(x)∈ 0E [x] , q(x) has degree n-1 so by the 
induction hypothesis there is an extension field E| 0E  with [E: 0E ]≤ (n-1)! 
which q(x) has all n-1 roots there, so now f(x) has n roots in E and by the 
degree equation : [E:F]=[E: 0E ][ 0E :F] ≤n(n-1)! ≤n!.   ■ 
 
This theorem leads us to believe that given any polynomial f(x)∈F[x], where F 
is a field, then there exist an extension field E|F where f(x) has n=deg f(x) 
roots or there exist an extension field E of F such that f(x) factors completely 
into linear factors and this lead us to define a new type of field extensions E|F 
where a polynomial f(x) splits up completely over E as a product of linear 
factors. 
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Definition 
 
Let F be a field, f(x)∈F[x] and E|F is a field extension, the E is said to be the 
splitting field for f(x) over F if : 
1- f(x) splits over E. 
2- there is no proper intermediate field L of E|F where f(x) splits over L. 
 
 
Examples 
 
(1) the field C is the splitting field for f(x)= 12 +x  over R because 
f(x)= )ix)(ix( +−  over C[x], and if L is an intermediate field between C and R 
which 12 += x)x(f  split over L, then by the degree equation 
2=[C:R]=[C:L][L:R], which implies that either L=R or L=C, hence there is no 
proper intermediate field. 
 
(2) The field C is not the splitting field for 12 +x  over Q, because 12 +x  split 
over Q(i) and Q⊂Q(i) ⊂C.    
  
in part (1) and (2) we notice that [C:R]=2=2! and [Q(i):Q]=2!=deg f(x). 
 
(3) the splitting field for )x)(x()x(f 32 22 −−=  is the field Q( 2 , 3 ) over Q, 

since ± 2 ,± 3 ∈Q( 2 , 3 ), and [Q( 3 , 2 ):Q]=4≤4!=deg f(x). 
 
(4) Consider f(x)= ]x[Qx ∈− 23 , then the splitting field for this polynomial is 

not just Q( )3 2  , because f(x)= ))i(x))(i(x)(x(
2

312
2

3122 333 −−
+

+−
−−  and 

the other complex root are not in Q( )3 2 . 
Now to find the splitting field E, one can suggest adjoining the complex roots 
to Q( )3 2 , and then f(x) will split over E but we may notice that any field 
containing i 3   and ( )3 2  will contain the three roots of  f(x), hence we can 

take E=Q(i 3 , 3 2 ) to be the splitting field for f(x)= over Q. 
[E:Q]=[E: Q( )3 2 ][Q( )3 2 :Q]=6=(deg f(x))! 
 
(5) now we apply the same technique we just apply it for part (4) for the 
polynomial f(x)= 44 +x  ∈Q[x] , then 
f(x)= )xx)(xx(x)x(xxxx 2222424441 22222244 ++−+=−+=−++=+  
f(x)= )ix)(ix)(ix)(ix( −−+−+++− 1111  
so the roots of this polynomial are in Q(i),hence Q(i) is the splitting field for 
f(x) over Q and [Q(i):Q] ≤4!=deg f(x). 
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(6) Consider f(x)= 1−nx  ∈Q[x], n ≥1, then to find the roots for f(x) we use 
some theorems from complex analysis which states that 01 =−nx  has a zero 
of the form θire , then 1=θniner  , then r=1 and niθ=2πk, k=0,1,2,...n-1, and 

hence θ =
n

kπ2 , k=0,1,...n-1. 

So the splitting field for f(x) is the field generated by these numbers which we 
will study them in details in section 3.1 cyclotomic field. 
 
(7) Let f(x)= 2x +[1] ∈ 2Z [x], f(x)=0,then 2x +[1]=0 , then x=[1],[3] ∈ 4Z  
hence the splitting field for f(x) is 4Z  over 2Z .   ◄ 
 
Theorem 
 
Let F be a field and f(x) be a polynomial in F[x] of degree n, let E|F be a field 
extension , then if f(x)= )cx)...(cx)(cx(a n−−− 21  in E[x], then F( nc,...,c,c 21 ) is 
a splitting field for f(x) over F. 
 
 
Proof: 
    Let F be a field and f(x) be a polynomial in F[x] of degree n, let E|F be a 
field extension. 
Suppose f(x)= )cx)...(cx)(cx(a n−−− 21  in E[x],then f(x) has n roots in E and so 
f(x) split over F( nc,...,c,c 21 ). 
Now suppose L be an intermediate field of F( nc,...,c,c 21 )|F such that f(x) 
splits also over L,  
since F[x] is a UFD, then f(x)= )cx)...(cx)(cx(a n−−− 21  in L[x] and that 
implies nc,...,c,c 21 in L, then F( nc,...,c,c 21 ) L⊆  and so F( nc,...,c,c 21 ) is the 
smallest intermediate field over which f(x) splits.   ■ 
 
Now we move to a very important question: 
Given f(x)∈  F[x], n=deg f(x) 1≥ , is there an extension field E of F for which 
f(x) spilt? 
And if there is such an extension field is it unique ? 
The answer for this question will be in the next few theorems. 
 
 
Theorem 
 
Let F be a field, f(x)∈F[x],n=deg f(x) 1≥ , then there exist a splitting field for 
f(x) over F. 
 
 
 
 

20 



Proof: 
  Let F be a field, f(x)∈F[x], n=deg f(x) 1≥ , the proof will be by the induction 
on n. 
-Basis step: n=1 
 Let deg f(x)=1, then f(x)=ax+b, a≠ 0,b f(x)∈F, then F is the splitting field for 
f(x)=ax+b over F, hence the theorem true when n=1. 
- Induction step: 
assume the result hold for all polynomials with a degree less than k-1, 
assume f(x)∈F[x], deg f(x)=k, then by kronecker theorem’s, there exist an 
extension field 1E  of F and 1c ∈ 1E , such that f( 1c )=0, then 
f(x)=(x- 1c )q(x)  in 1E [x], degree of g(x) =k-1, hence by the induction 
hypothesis q(x) split over 1E , let us say  q(x)= )cx)...(cx)(cx(a k−−− 32  in 

1E [x], hence  
f(x)= )cx)...(cx)(cx(a n−−− 21  in 1E [x], therefore by the previous theorem 
F( nc,...,c,c 21 ) is the splitting field for f(x) over F.   ■ 
 
 
Definition 
 
Let E|F be algebraic field extension, two elements a and b ∈E are said to be 
conjugate over F if irr(a,F)=irr(b,F). 
 
 
Examples 
 
(1) In C|R, i,-i are conjugate over R because irr(i,R)= 12 +x =irr(-i,R). 
 
(2) In Q( 3 )|Q, 33 −,  are conjugate over Q since 
irr( ),3(irr3x),3 2 QQ −=−= . 
 
(3) the concept of conjugate elements in the complex number is the same here 
for the case of C|R, if a,b ∈R, b≠ 0 then the conjugate of a+bi is a-bi because 
irr(a+bi,R)= 222 2 baabxx ++− =irr(a-bi,R).   ◄ 
 
Theorem (The Conjugation Theorem) 
 
Let F be a field and let a and b be algebraic element over F with deg(a,F)=n,the 
map ψ :F(a)→F(b) defined by : 

01
2

2
1

101
1

1 cbc...bcbc)cac...ac( n
n

n
n

n
n ++++=+++ψ −

−
−

−
−

−  
for Fa,...,a,a n ∈−110  is an isomorphism of F(a) onto F(b) if and only if a and b 
are conjugate. 
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Proof: 
  Let F be a field and a,b are algebraic over F. 
assume ψ be an isomorphism of F(a) onto F(b), then let 
irr(a,F)= n

n xc...xcc +++ 10 , then 010 =+++ n
nac...acc  and so  

ψ ( n
nac...acc +++ 10 )= 01 cbc...bcbc n

n
n

n ++++ =0. 
So irr(b,F)|irr(a,F), by the same way for 1−ψ  to get that irr(a,F)|irr(b,F) and 
hence  
irr(a,F)=irr(b,F) and therefore a and b are conjugate over F. 
 
conversely, suppose p(x)=irr(a,F)=irr(b,F), then ker aφ =ker bφ =(p(x)) 
where aφ :F[x] →F(a) 
now since a and b are algebraic over F ,then we have 

)a(F))x(p(
]x[F:a →ψ  and )b(F))x(p(

]x[F:b →ψ  are isomorphism maps, let  
1−ψψ=ψ ab , then ψ  is isomorphism map. 

Now let 
01

2
2

1
1 cac...acac n

n
n

n ++++ −
−

−
− ∈F(a),then

)))x(p()cxc...xcxc(()cac...acac( n
n

n
nb

n
n

n
nab +++++ψ=++++ψψ −

−
−

−
−

−
−

−
−

01
2

2
1

101
2

2
1

1
1

                                                                     = 01
2

2
1

1 cbc...bcbc n
n

n
n ++++ −

−
−

−    ■ 
 
Corollary 
 
Let f(x)∈R[x], if f(a+bi)=0 for a+bi∈C, then f(a-bi)=0  
i.e. complex zeros of polynomials with real coefficients occur in conjugate 
pairs. 
 
 
Proof: 
  Since irr(i,R)=irr(-i,R)= 12 +x , then i,-i are conjugate over R, so by the 
conjugation theorem )i(R)i(R: −→ψ  which is CC: →ψ , and ψ (a+bi)=a-bi 
which is isomorphism, thus  
f(a+bi)= 01

1
1 c)bia(c...)bia(c)bia(c n

n
n

n +++++++ −
− =0 where 

Rc,...,c,c nn ∈− 01  
00 01

1
1 =+−++−+−→=+ψ −
− c)bia(c...)bia(c)bia(c))bia(f( n

n
n

n  
So f(a-bi)=0.   ■ 
 
Example 
 
The polynomial f(x)= )x)(x( 11 2 +−  has one real root 1 and two complex 
conjugate roots i,-i.   ◄ 
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Note: 
  Let E|F be an algebraic field extension, then the relation ≈  on E define by for 
all a,b E∈ ,  a≈b if and only if a and b are conjugate. 
is an equivalence relation: 
1- Reflexive : a≈a 
since irr(a,F)=irr(a,F), then a and a are conjugate over F. 
2- Symmetric: for all a,b E∈ , a≈b→b≈a. 
assume a≈b, then irr(a,F)=irr(b,F), therefore irr(b,F)=irr(a,F), hence b≈a. 
3- Transitive: for all a,b and c E∈ ,a≈b and b≈c →a≈c. 
assume a≈b and b≈c, then irr(a,F)=irr(b,F)=irr(c,F) and thus a≈c. 
 
Theorem 
 
Let σ  be an isomorphism from the field F onto the field 'F , let 
f(x)= n

n xa...xaa +++ 10  ∈F[x] and n
n10 y)a(...y)a()a()y(g σ++σ+σ= ∈ 'F . 

If E is the splitting field for f(x) over F and 'E is the splitting field for )y(g  
over 'F ,then E≅ 'E . 
 
 
Proof: 
  The proof will be by the induction on n=deg f(x), 
-Basis step: n=1, then E=F and 'E = 'F  and therefore E≅ 'E . 
- Induction step: suppose the result hold for all polynomials of degree less 
than n, let c be a root for f(x) over F, then f(x)=(x-c)q(x) in F(c)[x]. 
    let c’ be a root for g(x) over F’, then g(x)=(x-c’)q’(x) in F’(c’)[x].  
where deg f(x) and deg g(x) =n-1 and by σ  we have : 

F[x]≅ F’[x] And that imply ))x(p(
]x[F

))x(p(
]x[F

1
≅  where p(x) and 1p (x) are 

irreducible factor for f(x) ,g(x), p(c)=0 and 1p (c)=0, 
then we have F(c)≅ F’(c’). (by conjugation theorem) 
Now since E is the splitting field for f(x) over F, it is also the splitting field for 
q(x) over F(c) i.e. all roots of q(x) are in E and if E wasn’t a splitting field for 
q(x) over F(c) and L is such a field, then because L will contain F(c), then all 
the roots will be in L which is contradict the minmality of E as a splitting field 
for f(x) over F(c).( similarly E’ is splitting field for 1q (x) over F’(c’) ). 
and now by the induction hypothesis we have  F(c)≅ F’(c’) and then E≅ 'E .   ■ 
 
Now all our work to show the uniqueness of a splitting field for a polynomial 
over a field is come in the next corollary. 
 
Corollary (Uniqueness of the Splitting Field) 
 
Any two splitting fields for a polynomial f(x)∈F[x] over a field F are 
isomorphic. 
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Proof: 
  In the previous theorem, Take to be σ  the identity mapping from F to itself 
and E and E’ to be the splitting fields for f(x) over F where g(x)=f(x).   ■ 
 
Now after this corollary we can write: 
“E is the splitting field for f(x) over F” 
 
In fact to show the uniqueness it took from too much work to collect all the 
material in this section which i tool it from many sources and I collected 
together and present it here in this way, I hope you like the work for this 
result. 
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§1.3 Separable Extensions 
 
  Consider ]x[)1x()x(f 2 Q∈−= , then f(x) has one root in the splitting filed Q 
for f(x) over Q, and we notice that this root is repeated root twice, this will 
lead us for the following Definition 
 
Definition 
 
If f(x) is a polynomial over F and c is a root for f(x) in some field extension 
E|F, then the multiplicity of c is the greatest positive integer m such that 

)x(f|)cx( m− over E, we said that f(x) has a multiplicity root of c if  m > 1. 
i.e. if c is a root for ]x[f)x(f ∈ of multiplicity m, then )x(g)cx()x(f m−=  in E[x] 
and 0g(c) ≠ . 
 
 
Examples 
 
(1) let C|R, 1x)x(f 2 += , then the root i, -i are of multiplicity one. 
 
(2) In R|R, 323 )1x(1x3x3x)x(f +=+++= , the multiplicity of -1 is 3.   ◄ 
 
Now we will give a definition to the derivation of polynomial in any given 
field, this concept is similar to what we already know in calculus and the 
properties is also similar and we will just list them without proof. 
 
Definition 
 
If ]x[faxaxaxa)x(f 01

1n
1n

n
n ∈++++= −

− K , then the derivative of f(x) written 
as ]x[faxa)1n(xna)x(f 1

2n
1n

1n
n ∈++−+=′ −

−
− K . 

 
 
Properties: for any ]x[f)x(g),x(f ∈ , and any Fc∈ , 
1- )x(g)x(f))x(g)x(f( ′+′=′+  
2- )x(fc))x(cf( ′=′  
3- )x(g)x(f)x(g)x(f))x(g)x(f( ′+′=′  
 
Examples 
 
(1) ]x[2x)x(f 2 Q∈−= , then ]x[x2)x(f Q∈=′  and f(x) has no multiple root in 

]x)[2(Q . 
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(2) ]x[8x12x6x)x(f 23 Q∈−+−= , ]x[12x12x3)x(f 2 Q∈+−=′ . Also note f(x) 
has multiple root c = 2 over Q, and 0)2(f =′ . 
 
(3) let F be a field with Char(F)=p, then if ]x[Fx)x(f p ∈= , then 

0px)x(f 1p ==′ −  over F. 
Thus the result from the calculus that a polynomial whose derivative is 0 
must be constant is not longer needed to be true.   ◄ 
 
Definition 
 
An irreducible polynomial over F is separable if it has no multiple roots (i.e. 
all root are distinct [of multiplicity one]). A polynomial which is not separable 
is inseparable and any polynomial f(x) in F[x] is separable if all its irreducible 
polynomial factors in F[x] are separable, otherwise f(x) is inseparable. 
 
 
Note:  
  Here we are talking about f(x) being separable in its splitting field over F. 
 
Example 
 

3x)x(f 2 −=  is separable over Q, since 3±  are distinct root over )3(Q  
which is the splitting field for f(x) over F, however 2n,)3x()x(f n2 ≥−=  is 
inseparable since it has multiple roots 3±  each with multiplicity n.   ◄ 
 
 
Theorem 
 
Let F be a field and ]x[F)x(f0 ∈≠ , let c be a root of f(x) is some extension field 
E|F, then c is a multiple root if and any if 0)a(f =′ . 
 
 
Proof: 
  Let F be a field, ]x[F)x(f0 ∈≠ , Ec∈  is a root of f(x) in E|F. 
Suppose c is a multiple root, let c be of multiplicity m>1, then 

)x(g)cx()x(f m−=  in E[x] and 0)c(g ≠ . )x(g)cx()x(g)cx(m)x(f m1m ′−+−=′ −  in 
E[x] 0)c(f =′ . 
 
Conversely, suppose 0=′ )c(f , then 2))x(fdeg( ≥ , by division algorithm in F[x] 
(Euclidean domain), then )x(r)x(q)cx()x(f 2 +−= , r(x)=0 or 2))x(rdeg( <  

)x(r)x(q)cx()x(q)cx(2)x(f 2 ′+′−+−=′  
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0)c(f =′  implies 0)c(r =′ , but 2))x(rdeg( < , if deg r(x)=0, then f(c)=r(c)=0 
implies 0r(x) ≡  if deg r(x)=1, then 11 bxa)x(r += , Eb,0a 11 ∈≠ . 0a)x(r 1 ≠=′ , 
but 0)c(r =′  contradiction. 
Therefore, )x(q)cx()x(f 2−= , hence c is multiple root of f(x).   ■ 
 
Example 
 
In C|R, 22 )ix()x(f += , then i is multiple root of multiplicity = 2, 

0)i(f)x2)(ix(2)x(f 2 =′→+=′ .   ◄ 
 
Theorem 
 
let F be a field, an irreducible polynomial p(x) over F is separable if and only if 
p(x) and )x(p′  are relatively prime i.e. }0{F))x(p),x(pgcd( −∈′ . 
 
 
Proof: 
Let F be a field, let ]x[F)x(p ∈  be irreducible polynomial suppose f(x) is 
separable, let c be a root for f(x) in some extension field E|F, then 

)x(q)cx()x(p −=  in F(c)[x], 0)c(q ≠ . 
)x(q)x(q)cx()x(p +′−=′ . 

0)c(q)c(p ≠=′ . 
 
Let ))x(p),x(pgcd()x(d ′= , then 0)c(d ≠ , because if c is a root for p(x) and 

)x(p′ , then it will be a root for d(x) and by the same thing for all the roots 

k21 c,,c,c K  of f(x) none of them will be root for )x(p′ , hence none of them is 
root for d(x), hence d(x) is unit, d(x)=1. 
and so p(x) and )x(p′  relatively prime. 
 
Conversely, suppose d(x) = a, }0{Fa =∈ , let c be a root for p(x) over F with a 
multiplicity of m, then )x(q)cx()x(p m−=  in F(c)[x], )x(p|)cx(0)c(q m−⇒≠  

)x(p|)cx()}x(q)cx()x(mq{)cx()x(q)cx()x(q)cx(m)x(p 1m1mm1m ′−⇒′−+−=′−+−=′ −−−

and hence a|)cx())x(p),x(pgcd(|)cx( 1m1m −− −→′− , therefore m = 1, hence 
every root for p(x) is of multiplicity = 1, hence p(x) is separable.   ■ 
 
Theorem 
 
Let F be a field, F[x]p(x)∈ , and let p(x) be an irreducible polynomial in F[x], 
then p(x) is separable if and only if 0)x(p ≠′ . 
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Proof: 
  Let F be a field, p(x) is irreducible polynomial in F[x] suppose p(x) is 
separable and 0)x(p =′ , then )x(p))x(p),x(pgcd( =′  
Hence 1)x(d)x(p ≠= , contradiction of the previous theorem where p(x) is 
separable, so d(x)=1, therefore 0)x(p ≠′ . 
 
Conversely, assume 0)x(p ≠′ , since p(x) is irreducible polynomial the only 
divisors of p(x) are p(x) and 1 in F[x], so the only common divisors of p(x) and 

)x(p′  are 1 and p(x), since )x(pdeg)x(pdeg1 <′≤ , 1 is the only common 
divisor of )x(p′  and p(x), hence d(x)=1, therefore p(x) is separable.   ■ 
 
Examples 
 
(1) To show that )2x)(3x()x(f 22 −−=  is separable, let 2x)x(p 2

1 −=  and 
3x)x(p 2

2 −= , then 0x2)x(p)x(p 21 ≠=′=′ , hence )x(p1′  and )x(p2′  are 
separable hence )2x)(3x()x(f 22 −−=  is separable. 
 
(2) xx)x(f

np −=  over pZ , ]0[]1[]1[xp)x(f 1pn n

≠−=−=′ − , therefore is 
separable. 
 
(3) Consider 1x)x(f n −= , ]x[F)x(f ∈  
Case I: if char(F) = 0 or char(F) does not divide n, then 0nx)x(f 1n ==′ −  if and 
only if x = 0 which is not root for f(x), hence 1))x(f),x(fgcd( =′ , therefore f(x) is 
separable. 
 
Case II: char(F)=p|n, then 0)px(nnx)x(f 1np1n ≡==′ −−  and so f(x) is 
inseparable (every root of f(x) is multiple).   ◄ 
 
Corollary 
 
If p(x) ∈F[x] is irreducible, then 
i) if char(F)=0, p(x) has no multiple root (p(x) is separable) 
ii) if char(F)=p (p is prime), then f(x) has a multiple root only if it is of the 
form p(x)=q( px ), ]x[F)x(q pp ∈ . 
 
 
Proof: 
Let ]x[F)x(p ∈  is irreducible polynomial. 
i) Suppose F is a field and char(F)=0, let 

01
1n

1n
n

n axaxaxa)x(p ++++= −
− K  

1
1i

i
1n

n axiaxna)x(p ++++=′ −− KK , since char(F)=0 then there exist i > 0, such 
that 0ai ≠ , therefore 0iai ≠  0)x(p ≠′ , hence p(x) is separable. 
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ii) Suppose F is a field, char(F) 0p >= , let 01
1n

1n
n

n axaxaxa)x(p ++++= −
− K , 

and suppose f(x) has a multiple root, then 0axna)x(p 1
1n

n =++=′ − K , then 

0
p

1
p)1m(

1m
mp

m axaxaxa)x(p ′+′++′+′= −
− K  (transform it) 

]x[Faxaxaxa)x(p p
01

)1m(
1m

m
m1 ∈′+′++′+′= −

− K , hence 
]x[F)x(q)x(p pp ∈= .   ■ 

 
Definition 
 
1) Let E|F be an extension field and Ec∈ be an algebraic element over F, then 
c is called separable over F if )F,c(irr is separable. Otherwise c is called 
inseparable. 
 
2) If E|F is an algebraic extension field, then F|E is called separable if every 
element of E is separable over F otherwise E|F is called inseparable. 
 
 
Examples 
 
(1) In QQ |)3( , the element )3(3 Q∈  is separable because 

3x),3(irr 2 +== Qp(x) , 0x2)x(p ≠=′ , hence p(x) is separable. 
(2) In 23 Z|Z , the element 3Z]2[ ∈  is separable because 

1x)Z],2([irr)x(p 2
2 −== , ]0[]1[]4[])2([px2)x(p ≠==′→=′ , hence p(x) is 

separable. 
 
(3) Any field F with char(F) = 0 and algebraic extension E|F is separable since 
by the previous corollary, every irreducible polynomial is separable.   ◄ 
 
Before we go further, we will give some theorems that will help us in our 
work. 
 
Theorem 
 
Let F be a field of characteristic p > 0, let FF: →σ  defined by pa)a(F = , for all 

Fa∈  then σ  is an monomorphism map. 
 
 
 
 
 
 
 
 
Proof: 
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Let Fb,a ∈ , then 

p1p22p1pp

kkp
p

0k

p

bab
1p

p
ba

2
p

ba
1
p

a

ba
k
p

)ba()ba(

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+=+σ

−−−

−

=
∑

K

 

Since ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
i
p

p , 1p,,2,1i −=∀ K , then 

ppp ba)ba( +=+ , since char(F) = p. 
So )b()a()ba( σ+σ=+σ  
Let  )b()a(ba)ab()ab( ppp σσ===σ  
Therefore, σ  is a homomorphism map form F onto F, thus σ  is 
monomorphism map. 
 
Now }Fa:a{}Fa:)a({]F[ p ∈=∈σ=σ , hence F]F[F: ≤σ→σ  is an 
isomorphism map.   ■ 
 
Definition 
 
1) The image of the monomorphism in the previous theorem is denoted by 

F}Fa:a{F pp ≤∈= . 
2) The isomorphism pFF: →σ  is called Frobenius isomorphism. 
 
 
Definition 
 
A field F with char(F) = p > 0 is called perfect if pFF = , any field of char(F) = 0 
is also called perfect. 
 
 
Examples 
 
(1) Every finite field F is perfect. 
indeed Consider the Frobenius isomorphism pFF: →σ , then 

pF)F(F =σ= , hence FFp =  and since FF p ⊆ , therefore pFF = , hence 
F is perfect. 
 
(2) 2Z  is perfect.   ◄ 
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       In this chapter we will study the major theorem in this project which is 
the theorem hold the project title “The fundamental theorem of Galois” which 
is due to the young french mathematician Galois who proved this theorem 
with a help of what he found from the work done by Abel, so we will start 
this chapter by defining the fixed field and Galois group and Galois extension 
and then we will present the fundamental theorem of Galois with a lot of 
examples to show its beauty. 
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CHAPTER 2 

The Fundamental 
Theorem 

of 
Galois Theory 



§ 2.1 Automorphisms and Fixed Fields 
 
In this section we will study the relationship between an automorphism map 
of a field E and  the elements of E by observing the effect of such 
automorphism σ  on a subfield F of E. 
 
Definition 
 
An automorphism σ ∈Aut(E) is said to fix an element c∈E if σ (c)=c , given F 
is a subfield(or a subset) of E, then an automorphism σ  is said to fix F if it 
fixes all the elements of F i.e. σ (a)=a, for all a∈F. 
 
   
Notation 
  Given E|F a field extension, the set of all automorphism of E that is fix F is 
denoted by G(E|F) i.e. σ ∈G(E|F), then σ (a)=a for all a∈F. 
 
Examples 
 
(1) Given any field E, let 1 be the identity automorphism of E then 1 fixes F for 
any subfield F of E. 
 
(2) Let E=Q( 3 ), then the map σ :E→E defined by  
σ (a+b 3 )=(a-b 3 ), for a,b∈Q, then σ is an automorphism because  
 i) σ (a+b 3 +c+d 3 )=σ (a+c+(b+d) 3 )=(a+c)-(b+d) 3 =a-b 3 +c-d 3  
                                      =σ (a+b 3 )+σ (c+d 3 ) 
 ii) σ ((a+b 3 )(c+d 3 ))=σ (ac+(ad+cb) 3 +3bd))=ac+3bd-(ad+cb) 3  
                                          =a(c-d 3 )-b 3 (c-d 3 )=(a-b 3 )(c-d 3 ) 
                                          =σ (a+b 3 )σ (c+d 3 ). 
hence σ  is homomorphism. 
 iii) ker σ={a+b 3 : σ (a+b 3 )=0}, σ (a+b 3 )=0, then a-b 3 =0 and hence 
a=b=0 
and so kerσ={0}, therefore σ  is monomorphism. 
iv) σ (E)={ σ (a+b 3 ):a+b 3 ∈E}={a-b 3 :a,b∈Q}=E=Q( 3 ) 
 
hence σ is an automorphism, also note that σ= )3()3(: −→ψ QQ  (the 
conjugation map ). 
 
Now let a∈Q, then σ (a)=a, hence σ  fixes Q and so H={1, σ } subgroup of 
Aut(E) which fixes Q and as we will see later H=G(Q( 3 )|Q).   ◄ 
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Theorem 
 
Let E|F be a field extension, then G(E|F) is a subgroup of Aut(E) and is called 
the group of automorphism of E relative to F. 
 
 
Proof: 
  Since 1 fixes F, then 1∈G(E|F), hence G(E|F) φ≠ , now let ∈πσ, G(E|F), let 
a∈F, then a)a()a( =σ=σπ−1 , hence 1−σπ  fixes F, therefore 1−σπ ∈G(E|F), 
therefore G(E|F)≤Aut(E).   ■ 
 
Definition 
 
Let G be a group of automorphisms of the field E, we denote GE  as the set of 
all a∈E such that a is fixed by every element in G. 

}G,a)a(:Ea{EG ∈σ∀=σ∈= . 
 
 
Theorem 
 
Let G be a group of automorphisms of the field E, then GE  is a subfield of E, 
called the fixed field of E for G. furthermore if E|F is a field extension, then 

)F|E(GE   is an intermediate field of E|F. 
 
 
Proof: 
  since 0,1∈ GE ,then GE φ≠ , 
let a,b ∈ GE  and σ ∈G, then 
i) σ (a-b)= σ (a)-σ (b)=a-b, hence a-b∈ GE . 
ii) σ (a 1−b )=σ (a) σ (b )1− = 1−ab , 1−ab ∈ GE , therefore GE  is a subfield of E 
Now if E|F is a field extension, then it clear that EEF )F|E(G ⊆⊆ .   ■ 
 
Example 
 
Consider E=Q( )3 , G={1, }ψ , then we have: 

333 baba)ba( +=−=+ψ , then b=0 , hence GE =Q.   ◄ 
 
The next theorem is very useful in determining the automorphisms of an 
algebraic field extension. 
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Theorem 
 
Let E|F be a field extension and let c∈E be an algebraic element over F, then 
for any σ ∈G(E|F) we have σ (c) is a root for irr(a,F) i.e. G(E|F) permutes the 
roots of the irreducible polynomial of c. 
 
 
Proof: 
  Let E|F be a field extension, let c ∈E be algebraic over F and 
p(x)=irr(a,F)= 01

1
1 axa...xax n

n
n ++++ −

−  , 1210 −=∈ n,..,,,i,Fai , then  
p(c)=0 i.e. 001

1
1 =++++ −
− aca...cac n

n
n , so  

σ ( 01
1

1 aca...cac n
n

n ++++ −
− )=σ (0), then 

 001
1

1 =+σ++σ+σ −
− a)c(a...))c((a))c(( n

n
n , and so )a(σ is a root for p(x).   ■ 

now we will take advantage of this theorem to show the beautiful duality 
between the field extension and a subgroup of the group of automorphism.    
 
Examples 
 
(1) Consider Q( 3 )|Q,let E=Q( 3 ) 
     a) we want to find G(E|Q) 
so let σ ∈G(E|Q) i.e. σ  fixes Q, now because 3  is algebraic over Q then 
σ ( 3 ) will be zero for irr( 3 ,Q)= 32 −x , so the two possibilities for σ ( 3 ) 
are the two roots of 32 −x  , so either  σ ( 3 )= 3  or  σ ( 3 )=- 3  
if  σ ( 3 )= 3  ,then for a+b 3 ∈E, we have 
σ (a+b 3 )=a+bσ ( 3 )=a+b 3 , hence σ=1  
if  σ ( 3 )=- 3 , then for a+b 3 ∈E, we have  
σ (a+b 3 )=a-bσ ( 3 )=a-b 3  
hence G(Q( 3 )|Q)={1, σ } which is cyclic group of order 2 and we can notice 
that |G(Q( 3 )|Q)|=[Q( 3 ):Q]=2. 
 
   b) now assume that we have G(Q( 3 )|Q)={1, σ } as described above and 
we want to find )|)3((G)3( QQQ =K. 

let c=a+b 3 ∈K, then σ (c)= σ (a+b 3 )=a+b 3 , then a-b 3 =a+b 3 , hence 
b=0 and that means c=a∈Q which show )|)3((G)3( QQQ = },{)3( σ1Q  =Q. 

 
(2) Consider  Q( 3 2 )|Q, as before let σ ∈G(Q( 3 2 )|Q), then σ  is completely 
determined by the action on 3 2 , let c=a+b 3 2 +c( 3 2 ) 2 ∈Q( 3 2 ), then  
σ ( a+b 3 2 +c( 3 2 ) 2 )=a+b σ ( 3 2 )+c(σ ( 3 2 )) 2 , since σ ( 3 2 ) is a root for 

23 −x =0 and the only real root for irr( 3 2 ,Q) is 3 2 , then σ ( 3 2 )= 3 2  and 
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hence we will get σ (c)=c  for all c ∈Q( 3 2 ), therefore σ=1 and 
G(Q( 3 2 )|Q)={1} and |G(Q( 3 2 )|Q)|=1<[Q( 3 2 ):Q]=3. 
 
Now assume we find }{

3 )2( 1Q , so let c ∈ }{
3 )2( 1Q  ,then 1(c)=σ (c)=c and so 

every element of Q( 3 2 ) is fixed by σ , therefore }{
3 )2( 1Q =Q( 3 2 ). 

 
in example (1) and (2), we can notice that if E is generated over F by some 
collection of elements, then any automorphism σ ∈G(E|F) is completely 
determined by what it does to the generators. 
 
(3) Consider E=Q( ,2 3 ), F=Q, 
a) we want to find G(E|F), so let σ ∈G(E|F) and we are going to study it’s 
action in the generators 3 ,2  so we have 4 possibilities: 
 

1σ ( 2 )= 2  

1σ ( 3 )= 3  
2σ ( 2 )=- 2  

2σ ( 3 )= 3  

3σ ( 2 )= 2  

3σ ( 3 )=- 3  
4σ ( 2 )=- 2  

4σ ( 3 )=- 3  
 
since E is the splitting field for )x)(x( 32 32 −−  over F. 
Now 1σ  is the trivial automorphism 1. 
let σ  represent 2σ . 
and π  represent 3σ . 
and we want to find a 4σ  such that {1, σ ,π , 4σ } is a group,  
let w=a+b 2 +c 3 +d 6 ∈E 
so σ ( a+b 2 +c 3 +d 6 )=a-b 2 +c 3 -d 6  
     π ( a+b 2 +c 3 +d 6 )=1+b 2 -c 3 -d 6  
note that 222 =σ )(  and 332 =π )( , hence 1=πσ 22 ,   
compute σπ , then 2222 −=σ=πσ=σπ )())(()(  
                                  3333 −=−σ=πσ=σπ )())(()(  
So 4σ =σπ , so we have {1, σ ,π ,σπ } and this is isomorphic to the klein 4 group 
or we can verify that this is indeed group by checking the group axioms. 
 
b) Now for E=Q( 2 , 3 ) we want to find the following fixed fields : 

},,,{},{},{},{}{ E,E,E,E,E σππσπσπσ 11111  

so for {1, σπ }, let w=a+b 2 +c 3 +d 6 ∈E 
σπ (w)=a-b 2 -c 3 +d 6 =a+b 2 +c 3 +d 6 , then b=c=0 and therefore 

)6(E },{ Q1 =σπ  and so on. 
we will find : 
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Subgroup of G(E|F) Fixed field 

{1} Q( 2 , 3 ) 
{1, σ } Q( 3 ) 
{1, σπ } Q( 6 ) 
{1, π } Q( 2 ) 

{1, σ π σπ } Q 
 
(4) Determine the automorphism of the extension E=Q( 4 2 )|Q( )2  explicitly. 

since we have Q⊂Q( )2 ⊆Q( 4 2 ), then [Q( 4 2 ):Q( 2 )]=
]:)2([
]:)2([ 4

QQ
QQ = 2

2
4
=  

and since {1, 4
3

4
2

4
1

222 ,,  } is a basis for Q( 4 2 )|Q and {1, 2 } is a basis for 

Q( 2 )|Q, then {1, }4
1

2  is a basis for Q( 4 2 )|Q( 2 ). 

Now let p(x)=irr( 4 2 ,Q( 2 ))= ∈++ BAxx2 Q( 2 ), then 

( 4 2 ) 2 +(a+b 2 ) 4 2 +c+d 2 =0, a,b,c and d Q∈ , then 

(1+d) 2 +a 4 2 +b 4 8 +c=0, then d=-1 and a=b=c=0 

therefore irr( 4 2 ,Q( 2 ))= 2x - 2  

now if σ ∈G(Q( 4 2 )|Q( 2 )), then either σ=1 or σ ( 4 2 )=- 4 2 , hence 

G(Q( 4 2 )|Q( 2 ))={1, σ }.   ◄ 

Theorem 
 
Let E be a field and n,...,, σσσ 21  are distinct automorphisms of E, then 

Ea,...,a,a,Ea n ∈∀∈∀ 21 , if 02211 =σ++σ+σ )a(a...)a(a)a(a nn  then 

na...aa === 21 =0. 
 
 
Proof: 
  proof by the induction on n. 
-basis step : n=1, then 011 =σ )a(a , for all a∈E, then 01 =a  since 001 ≠≠σ a,)a(  
-Induction step : assume the theorem is valid for all 1≤k≤n. 
Suppose  

02211 =σ++σ+σ )a(a...)a(a)a(a nn  for all Ea∈                               (∗ ) 
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 and suppose some na,...,a,a 21  are not zero say 0≠ia , 1≤ i≤n, since 
n,...,, σσσ 21 are distinct automorphism, then there exist Eb∈  such that 
)a()a(i σ≠σ , since (*) is valid for ab E∈  also, then  

02211 =σ++σ+σ )ab(a...)ab(a)ab(a nn  
0222111 =σσ++σσ+σσ )b()a(a...)b()a(a)b()a(a nnn , multiplying (∗ ) by )b(nσ  

and subtracting yield : 
0111222111 =σσ−σ++σσ−σ+σσ−σ −−− )a())b()b((a...)a())b()b((a)a())b()b((a nnnnnn

 
for all a∈E and since ,))b()b((a ini 0≠σ−σ  which is contradiction with the 
induction hypothesis, hence the theorem is true for all positive integers.   ■ 
 
Theorem 
 
Let H be a finite set of automorphism of the field E, then: 
i) |H|≤ [E: HE ] 
ii) |H|= [E: HE ] if H is a group. 
 
 
Proof: 
  (i) suppose not i.e. |H|>[E: HE ], then let [E: HE ]=n< ∞  let nb,...,b,b 21 be a 
basis for E| HE , there exist n+1 distinct automorphism 

)E|E(G,..,, Hn ∈σσσ +121 , then the system : 
0111212111 =σ++σ+σ ++ nn x)b(...x)b(x)b(  
0121222121 =σ++σ+σ ++ nn x)b(...x)b(x)b(  

 . 
 . 
 . 
 0112211 =σ++σ+σ ++ nnnnn x)b(...x)b(x)b(  
will has a nontrivial solution 11 ax = , 22 ax = , ..., 11 ++ = nn ax  in E. 
thus  

0112211 =σ++σ+σ ++ ninii a)b(...a)b(a)b(  ,for all i=1,2,...n 

and for every a∈E, a=∑
=

n

i
ii bk

1
, Hi Ek ∈  and so ∑∑

==

σ=σ=σ
n

i
iji

n

i
iijj )b(k)bk()a(

11
 

since Hi Ec ∈  and so  
0112211 =σ++σ+σ ++ )a(a...)a(a)a(a nn  

∑ ∑∑
= =

++
=

=σ+σ+σ
n

i

n

i
ininii

n

i
ii )b(ka...)b(ka)b(ka

1 1
1122

1
11 0  

011
1

=σ++σ ++
=
∑ ))b(a...)b(a(k inn

n

i
iiii , for all a E∈ , however this contradict the 

previous theorem, therefore ]E:E[|H| H≤ . 
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ii) By (ii), ]E:E[H H≤ , we have to show the equality hold for H being a 
group, assume ]E:E[Hn H<= , then there exist 1n +  linearly independent 
elements of E over HE  say 1n21 b,,b,b +K , so the system of n homogeneous 
linear equations in the 1n +  unknowns 1n21 x,,x,x +K , then 
 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

σσσ

σσσ
σσσ

++

+

+

0

0
0

x

x
x

)b()b()b(

)b()b()b(
)b()b()b(

1n

2

1

1nn2n1n

1n22212

1n12111

MM

L

MLMM

L

L

 

 
0)b(x)b(x)b(x 1ni1n2i21i1 =σ++σ+σ ++K , n,,2,1i K=  

Has nontrivial solution )a,,a,a()x,,x,x(X n21n21 KK ==  and ia∃  such that 
0ai ≠  and Hi Ea ∉ , otherwise contradict with ???. 

Now we will choose X to be the solution of the smallest numbers of nonzero 
members say m. 
m = 1, then 0)b(a 111 =α , then 1a  is zero 
So assume m > 1,  reordering X we have 
 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

σσσ

σσσ
σσσ

0

0
0

a

a
a

)b()b()b(

)b()b()b(
)b()b()b(

m

2

1

mn2n1n

m22212

m12111

MM

L

MLMM

L

L

, 0a j ≠ , n,,2,1j K=∀  

 
0)b(x)b(x)b(x mim2i21i1 =σ++σ+σ K , )(n,,2,1i ∗= K  

 
Let 11 =σ , the identity map, then 

→=++ 0baba mm11 K  multiply by m
1a −  to make the coefficient of 1bm = , 

then if all Hm Ea,,a,a ∈K21 , then say HEa ∉1  (one from the above), and hence 
for some 11jj a)a( , ≠σσ  
 
So apply jσ  to )(∗ , then 

n,,2,1i,0))b(a())b(a( mimj1i1j KK ==σσ++σσ  
)(n,,2,1i,0)b()a()b()a( miJmj1iJ1j ∗∗==σσ++σσ KK  

Where jiij σσ=σ o , now since },,,{},,,{H n21nj1jj2jj1 σσσ=σσσ= KK  in some 
arrangement. 
So subtract )(∗∗  from )(∗  

n,,2,1i,0))b())(a(a())b())(a(a( 1mi1mj1m1i1j1 KK ==σσ−++σσ− −−−  
And since 0)a(a 1j1 ≠σ− , then this a solution for the previous matrix system 
having fewer than m nonzero this contradiction, hence H]E:E[ H >  is false, 
hence H]E:E[ H =    ■ 
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Examples 
 
(1) In the previous example about  QQ |)3( , },1{)|)3((GH σ== QQ , which 
is a cyclic group of order 2, hence ]:)3([])3(:)3([H H QQQQ == . 
(2) In QQ |)2(3 , }1{)|)2((GH 3 == QQ  which is the trivial group, hence 

H1])2(:)2([ H
33 ==QQ . 

 
(3) In QQ |)3,2( , to find 2},1{)]6(:)3,2([ =σπ=QQ , the following 
diagram can be useful:   ◄ 

 

 
 
Theorem 
 
Let H be finite group of automorphisms of the field E, then )E|E(GH H= . 
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Proof: 
  It is clear that )E|E(GH H⊆ , now )E|E(G H  is finite group, by the previous 
theorem [ ])E|E(GH H

E:E)E:E(G =  now we need to show that )E|E(G H
EE = , so let 

HEa∈ , then for all )E|E(G H∈σ , a)a( =σ , so )E|E(G H
Ea∈  hence )E|E(GH H

EE ⊆  
and by the same way pick )E|E(G H

Ea∈ , then all )E|E(G H∈σ , a)a( =σ , since 
)E|E(GH H⊆ , then a)a( =σ  for all H∈σ , hence HEa∈ , therefore 

H)E|E(G EE
H
⊆  and that implies )E|E(GH H

EE =  now 
H]E:E[]E:E[)E:E(G H)E|E(GH H

===  and since )E|E(GH H⊆  and )E|E(G H  
is a finite, then )E|E(GH H= .   ■ 
 
Example 
 
In QQ |)3,2( , },1{H σπ= , then )6(FH Q=  

H)F|F(G H = . 
 
As we see the example about QQ |)2(3 , we get that if )2(E 3Q= , then we 
have )|E(GE QQ ≠    ◄ 
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§ 2.2: The Fundamental Theorem of Galois Theory 
 
In this section we desire to have E|F such that )F|E(GEF =  
i.e. the fixed field by the group of automorphisms that fix F is just F itself 
(nothing less, nothing more) so we need some sort of condition on E|F to 
force )F|E(GEF =  and we wish to generalize this to any intermediate field of 
E|F so that )L|E(GEL = , where F⊆L⊆E. 
 
Definition 
 
Let E|F be a finite field extension, if )F|E(GEF =  then )F|E(G  is called the 
Galois group of E|F and E|F is called a Galois extension. 
 
 
Remark 
1- if )F|E(G∈σ , the Galois group of E|F, then σ  must move all elements of E 
except the elements of F. 
2- from the definition and the previous theorems 

)(]F:E[]E:E[)F|E(G )F|E(G ∗==  
 
Example 
 
Let us go  back to our 3 Examples 
 
(1) QQ |)3(  is Galois extension because },1{)|)3((GG σ== QQ , 

QQ =G)3( , hence )|)3((G QQ  is the Galois group of QQ |)3( . 
We already know that QQ |)3(  is separable )0))3((char( =Q  and )3(Q  is 
the splitting field of 3x)Q,3(irr 2 −=  over Q. 
 
(2) QQ |)2(3  is not a Galois extension because }1{)|)2((G 3 =QQ , hence 

QQQ ≠= )2()2( 3
}1{

3  notice )2(3Q  is not the splitting field of 

2x),2(irr 33 −=Q  over Q. 
 
(3) )3,2(QE = , F = Q, then E|F is Galois extension and G(E|F) is the 
Galois group of E|F, because FEE },,,1{)F|E(G == σπσπ . 

We already know that )3,2(Q  is separable (char(E) = 0) and E is the 
splitting field of )3x)(2x( 32 −−  over Q.   ◄ 
 
Now we will present a very important theorem in determining whether E|F 
is a Galois extension or not. 
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Theorem 
 
Let E|F be a finite field extension, then the following conditions are 
equivalent: 
i) E|F is a Galois extension. 
ii) E|F is separable and E is the splitting field for a separable polynomial in 
F[x]. 
 
 
Proof: 
  Suppose [E:F]=n, let H≤G(E|F), then |H|=[E: HE ] ≤ [E:F]=n. 
(i)→ (ii) 
Suppose G(E|F) be the Galois group of E|F, then |G(E|F)|=[E:F]=n, since  
E|F is a finite field extension, then E|F is an algebraic field  extension and 
hence it is generated by some element in E over F i.e. E=F( nc,...,c,c 21 ) for 
some n,...,,i,Eci 21=∈ . 
 
Let G(E|F)={ n,...,, σσσ= 211 } and let a∈E, consider the set  
{ n,...,,i:)a(i 21=σ } which is nonempty set because a)a( =σ1  is there. 
Now let a= ma,...,a,a 21  be m distinct elements of this set and 

n,...,,i),a(a ii 21=σ=  

rrijijij a)a()a())a(()a( =σ=σσ=σσ=σ  ,     mr ≤≤1 . 
Now for all nk ≤≤1 , the set )a(),...,a(),a( mkkk σσσ 21  are distinct elements. 
let )ax)...(ax)(ax()x(f ma −−−= 21 , then all the roots of )x(fa are distinct and 
lies in F, Now for any π∈G(E|F) will permute the roots ma,...,a,a 21 , hence 

)x(fa  has coefficients which are fixed by all the elements of G(E|F), hence 
)x(fa ∈F[x]. 

since F= )F|E(GE  , then a= 1a  is a root for a separable polynomial )x(fa ∈F[x] and 
)x(fa  splits over E, so in general for any ic   , ni ≤≤1 , ic  is a root of a 

separable polynomial )x(f
ic ∈F[x] and )x(f

ic  splits over E, thus all roots of 
 f(x)= )x(fc1

)x(fc2
.... )x(f

nc ∈F[x] are in E. 
Since E=F( nc,...,c,c 21 ) and ic  is a root for f(x), then E is the splitting field for 
f(x) over F and that f(x) is separable which we will get E|F is separable. 
 
(ii)→ (i) 
Suppose E is the splitting field of a separable polynomial f(x) over F, let m be 
the number of distinct roots of f(x) in E but not in F 
the proof of the result will be by induction on m. 
 
- Basis step: m=0. 
assume m=o, then the splitting field for f(x) over F is F itself and hence 
G(F|F)={1}, hence F= )F|E(GE  and also [F:F]=1=|G(F|F)|, hence the result is 
true when m=0. 
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-Induction step: 
Let the result hold for all field extension S|T such that S is  the splitting field 
for a separable polynomial g(x)∈T[x] with g(x) having fewer than m≥ 1 roots 
outside T. ( this the induction hypothesis) 
 
Now let f(x)= )x(p)...x(p)x(p k21 , where each )x(pi  is irreducible and separable 
in F[x], since m≥1, deg )x(pi >1 for some i. 
without loss of generality let us assume i=1 i.e. deg )x(p1 =t>1 and let a∈E 
such a root, then [F(a):F]=t and )x(p1  has t distinct root a= ta,...,a,a 21 because 
it is separable, so by the conjugation theorem, there exist t,...,, ψψψ 21  such 
that  

)a(F)a(F: ii →ψ  and this can be extended to an automorphism iσ  of E 
because E is the splitting field for f(x) over both F(a) and F( ia ) and we have 

iσ  fixes F. 
Now suppose )F|E(GEc∈ , since f(x) has fewer than m roots outside F(a), then 
by the induction hypothesis F(a)= ))a(F|E(GE  and G(E|F(a))≤G(E|F) and 

))a(F|E(G)F|E(G EE ⊆ =F(a), now )F|E(GEc∈ =F(a), then c= 1
110

−
−+++ t

t ac...acc  , 
Fci ∈ ,i=0,1,2,...t-1  

c)c(i =σ = 1
110

−
−+++ t

iti ac...acc , construct the following polynomial : 
g(x)=( 1

110
−

−+++− t
t xc...xc)cc  and this will have a= ta,...,a,a 21  as a roots , 

therefore it has t distinct roots and its degree less than t, hence g(x)≡0 and so 
00 =− cc  and so c= 0c F∈ , hence )F|E(GEF =  and therefore G(E|F) is the Galois 

group of E|F.   ■ 
 
 
Examples 
 
(1) Consider f(x)= 23 −x  over Q. 
To find its splitting field over Q, then we will factor f(x) as  

f(x)= ))(x))((x)(x(
2

312
2

3122 333 −−−
−

−+−
−−   and so the roots of f(x) are  

3233 222 ρρ ,, , where 
2

31 −+−
=ρ , hence we can take the splitting field for 

f(x) over Q is E=Q( 3 2 ,ρ 3 2 ) which is isomporphic to Q( 3233 222 ρρ ,, ). 
So |G(E|F)|=[E:Q]=[E:Q( 3 2 )][Q( 3 2 ):Q]=2 3=6 
And G(E|F) is the Galois group of E=Q( 3 2 ,ρ 3 2 ). 
To find the element of G(E|F) let σ ∈G(E|F), then it will map 3 2 ,ρ 3 2  to 

3233 222 ρρ ,, , so we will have 6 possibilities and that we have 6 
automorphisms.  
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1σ ( 3 2 )=ρ 3 2  
1σ (ρ )=ρ  

 

2σ ( 3 2 )= 3 2  

2σ (ρ )= 2ρ =-ρ -1 
 

3σ ( 3 2 )= 3 2  

3σ (ρ )=ρ  
4σ ( 3 2 )= 2ρ 3 2  

4σ (ρ )=ρ  
 

5σ ( 3 2 )= 2ρ 3 2  

5σ (ρ )= 2ρ  
 

6σ ( 3 2 )=ρ 3 2  

6σ (ρ )= 2ρ  
 

 
So as we did before let σ= 1σ , π= 2σ  
Since the basis of E=Q( 3 2 ,ρ ) is {1, 3 2 ,( 3 2 ) 2 ,ρ ,ρ 3 2 ,(ρ 3 2 ) 2 } 
So  
σ (a+b 3 2 +c( 3 2 ) 2 +dρ+eρ 3 2 +fρ ( 3 2 ) 2 ) 
=a+b 3 2 +c( 3 2 ) 2 +dρ+eρ 3 2 +fρ ( 3 2 ) 2  
 
and so on ...... 
 
now : 
1- 2σ ( 3 2 )=σ (ρ 3 2 )=ρ ρ 3 2 = 2ρ 3 2 . 
    ρ=ρσ=ρσσ=ρσ )())(()(2 . 
hence 2σ  represent 4σ  
 
2- π 2σ ( 3 2 )=π ( 2ρ 3 2 )= 2ρ 3 2  
    π 2σ (ρ )=π (ρ )= 2ρ  
hence 2πσ  represent 5σ  
 
3- π σ ( 3 2 )=π (ρ 3 2 )= 2ρ 3 2  
    π σ (ρ )=π (ρ )= 2ρ  
hence πσ  represent 6σ  and we can notice that 123 =π=σ  
hence { },,,,, πσσπσπσ 221  is a group of automorphism and that  
G(Q( 3 2 ,ρ )|Q)=< σ ,π> 3S≅  
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Subgroup of G(E|F) Fixed field 
<1> Q( 3 2 ρ ,) 

< σ> Q(ρ ) 
<π  > Q( 3 2 ) 

<σ π> Q(ρ 3 2 ) 
< 2πσ > Q( 2ρ 3 2 ) 
< >πσ,  Q 

 
 (2) Q( 4 2 ) is not a Galois extension over Q since every automorpthism is 
send 4 2  to four possiple values which they are ± 4 2 ,± i 4 2  and only two of 
them are real and we can notice that Q⊆Q( 2 )⊆Q( 4 2 ) , 
where Q( 2 )|Q is Galois extension.    [Q( 2 ):Q]=2 
           Q( 4 2 )|Q( 2 ) is Galois extension.   [Q( 4 2 ):Q( 2 )]=2 
          Q( 4 2 )|Q is not Galois extension.     [Q( 4 2 ):Q]=4 
 
Hence this example shows that Galois extension of Galois extension is not 
necessarily Galois extension.   ◄ 
   
Theorem: The Fundamental Theorem of Galois Theory 
 
  Let E|F be a finite normal and separable field extension, let G=G(E|F), 
let T be the set of all intermediate fields of E|F. 
      S(G) be the set of all subgroup of G. 
 
then the following properties hold: 
 
(1) GEF =   
(2) the mapping ψ :T→S(G) defined by ψ (L)=G(E|L), for all L∈T is bijective 
map and the map φ :S(G) →T defined by φ (H)= HE  is the inverse of ψ . 
Moreover, for all L∈T, [E:L]=|G(E|L)| and [L:F]=[G:G(E|L)]. 
(3) Let L,L’∈T, then L’⊆L if and only if G(E|L) ⊆G(E|L’) 
 in this case [L:L’]=[G(E|L’):G(E|L)]. 
(4) Let L,L’∈T, ψ (L)=H, ψ (L’)=H’, then there exist σ ∈G such that  
σ (L)=L’ if and only if σH 1−σ =H’. 
(5) Let L∈T, then L|F is normal extension if and only if G(E|L) is a normal 

subgroup of G. also G(L|F)≅  )L|E(G
)F|E(G . 

 
 
Proof: 
 
  Assume E|F be a finite normal and separable extension. 
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(1)  Since E|F is a finite normal extension (i.e. every irreducible polynomial 
f(x) ∈F[x] such that f(x) has a root in E splits completely into linear factor in 
E[x]) , then E is the splitting field for a separable polynomial over F, hence 
G(E|L) is the Galois group of E|F and therefore F= )F|E(GE   i.e. GEF = . 
 
(2)  Let L,L’∈T, if L=L’, then ψ (L)=G(E|L)=G(E|L’)= ψ (L’) and hence ψ  is 
well defined, suppose ψ (L)= ψ (L’), then G(E|L)=G(E|L’) and that 

)'L|E(G)L|E(G EE =  
since E|F is finite, normal and separable extension so by (1), 
L= )'L|E(G)L|E(G EE = =L’, hence ψ  is one to one mapping. 
Now let L∈T, H∈S(G): 
ψ o φ (H)= ψ ( HE )=G(E| HE )=H. 
φ o ψ (L)= φ (G(E|L))= )L|E(GE =L because E|L is Galois extension. 
hence φ  is one-to-one mapping and it’s the inverse of ψ . 
and since E|L is Galois extension, then [E:L]=|G(E|L)|, 
now [E:F]=[E:L][L:F]   ( degree equation ) 

|G|=|G(E|L)|[L:F], then [L:F]=
|)L|E(G|

|G|  and by lagrange’s theorem, 

[L:F]=[G:G(E|L)]. 
 
(3) Let L,L’∈T, assume L’⊆L and let σ ∈G(E|L), then σ (a)=a for all a∈L, 
hence σ (a)=a for all a∈L’, then σ ∈G(E|L’) and so G(E|L) ⊆G(E|L’) 
now assume G(E|L) ⊆G(E|L’), let a ∈L’, σ  ∈G(E|L), then σ  ∈G(E|L’) 
σ (a)=a, where E|L is Galois extension, hence a ∈L (because G(E|L) fixes 
only L) 
(G(E|L) ⊆G(E|L’) , then )'L|E(G)L|E(G EE = ) 
and therefore L’ ⊆L. 
Now  [L:L’]=[G(E|L’):G(E|L)] (by (2) let E=L,F=L’) 
 
(4) let L,L’ ∈T, ψ (L)=H, ψ (L’)=H’, let σ  ∈G 
assume σ (L)=L’, for any a’ ∈L’, there exist a∈L , such that σ (a)=a’, because 
σ is an isomorphism from L→L’  , now for all π∈H, π (a)=a, therefore 
σ π 1−σ (a’)= σ π (a)= σ (a)=a’, thus σ π 1−σ  fixes L’, hence σ π 1−σ ∈H’ and so 
σH 1−σ ⊆H’, 
Now |H’|=[E:L’]=[E:L]=|H|=|σH 1−σ | and since H is finite , then 
σH 1−σ =H. 
 
conversely, suppose σH 1−σ =H, then for all a∈L, for all π∈  H, 
σ π 1−σ (σ (a))= σ π (a)= σ  (a), thus σ (a) ∈ 'HE , hence σ (L) ⊆ 'HE =L’, but 
|H|=|H’|, then [E:L]=[E:L’], then [σ (L):F]=[L:F]=[L’:F], therefore σ (L)=L’ 
( or we can say |σ (L)|=|L’|). 
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(5) Since E|F is a separable extension, L|F is also a separable extension, then 
L|F is normal if and only if L|F is a Galois extension equivalently 
[L:F]=|G(L|E)|. 
 
now we will prove that |G(L|F)|=[L:F] if and only if every isomorphism of L 
fixing F is an automorphism of L fixing F. 
 
1- we will find the number of such isomorphisms. 
so let H=G(E|L), [G:H]=m and by (2) [L:F]=[G:H]=m, let H,...,H,H mσσσ 21  
 be the m distinct cosets of G with HH =σ1  
 
Now our goal is to show that the element of G in the same coset determines 
the same isomorphism of L fixing F and vice versa. 
 
for that let a∈L, π∈H, then 
( )a())a(()a)( iii σ=πσ=πσ o  for each i=1,2,...,m and hence the element in the 
same coset determines the same isomorphism. 
 
conversely, if σ (a)= σ ’(a), then a= ))a('(σσ−1  and that H'∈σσ−1 , hence 
σH=σ ’H and so σ ,σ ’ determines the same coset. 
 
Therefore the number of distinct isomorphism of L fixing F is m=[G:H]. 
 
Now since |G(L|F)|=m, any isomorphism of L fixing F is an automorphism 
of L fixing F. 
So |G(L|F)|=[L:F] if and only if every isomorphism of L fixing F is an 
automorphism of L fixing F if and only if L|F is normal extension. 
 
Now for σ ∈G, σ  is an isomorphism of L fixing F, hence σ  is an 
automorphism of L fixing F, hence σ (L)=L and by (4) σ (L)=L for all σ ∈G if 
and only if σH 1−σ =H i.e. equivalently H is a normal subgroup.  
 
 
Now let ϕ :G(L|F)→G(E|F) defined by E)( σ=σϕ  (where  Eσ is σ  when 
restricted to E)  
now )()()()( EEE πϕσϕ=πσ=σπ=σπϕ  , hence ϕ  is a homomorphism, now for 

)F|E(G)F|L(G( =ϕ , hence is onto and therefore it is an epimorphism and by 

the first isomorphism theorem ϕ≅ ker
)F|E(G)F|L(G  

 
kerϕ ={σ ∈G(L|F): ϕ (σ )=1}=G(E|L) 

hence G(L|F)≅  )L|E(G
)F|E(G .   ■ 
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Examples 
 
(1) Consider f(x)= 24 −x  over Q, then 

020 4 =−= x,)x(f  , then 02222 4444 =+−+− )ix)(ix)(x)(x( , hence the roots 
of f(x) are ± 4 2 ,± i 4 2 , let c= 4 2 . 
now by Eisentein’s criterion f(x) is irreducible over Q with p=2. 
also f(x) has all it root with multiplicity of one, let E be the splitting field for 
f(x) over Q , then E=Q( 4 2 ,i) and then E|Q is normal extension. 
 
now to find a basis for Q(c,i), by the degree equation: 
[E:Q]=[E:Q(c)][Q(c):Q] 
since irr(c,Q)=f(x) and then deg(c,Q)=4 
          irr(i,Q(c))= 12 +x  and then deg(i,Q)=2. 
[E:Q]=[Q(c)(i):Q(c)][Q(c):Q]=2 4 =8. 
the basis for Q(c,i)|Q(c) is {1,i} and the basis for Q(c)|Q is {1,c,c 2 , 3c } ,then 
the basis for Q(c,i)|Q is {1,c, }i,ic,ic,ic,c,c 3232 . 
 
Now by the fundamental theorem of Galois: 
|G(Q(c,i)|Q|=[Q(c,i):Q]=8 
to determine the element of the Galois group we do like before. 
so assume σ ∈G(E|Q), then  
σ (c) will be one of the root of 24 −x ∈Q[x]. 
σ (i) will be one of the root of 12 +x ∈Q(c)[x]. 
 
hence we have 8 possibilities: 
 

1σ ( 4 2 )= 4 2  
1σ (i)=i 

2σ ( 4 2 )=- 4 2  
2σ (i)=i 

3σ ( 4 2 )=i 4 2  

3σ (i)=i 
4σ ( 4 2 )=-i 4 2  

4σ (i)=i 

5σ ( 4 2 )= 4 2  

5σ (i)=-i 
6σ ( 4 2 )=- 4 2  

6σ (i)=-i 

7σ ( 4 2 )=i 4 2  

7σ (i)=-i 
8σ ( 4 2 )=-i 4 2  

8σ (i)=-i 
 
So G(Q(c,i)|Q)={ 821 σσσ ,...,,  } which is non-abelian group of order 8 because 

c)c()i()ic()c( −=σσ=σ=σσ 33373   
c)c()i()ic()c( =σσ=σ=σσ 77737 , hence 3773 σσ≠σσ . 

Now let L=Q(c),E=Q(c,i),F=Q, by the fundamental theorem of Galois, 
ψ (L)=G(E|L)=H 
|G(E|L)|=[E:L]=[Q(c,i):Q(c)]=2 
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so H={1, σ }, and by checking all the possibilities of σ  that is fixes Q(c) it will 
be 5σ  and so that ψ (L)={1, 5σ } and φ ({1, 5σ })=L=Q(c), and then we will have 
the following : 
 

Subgroup of G(E|F) Fixed field 
{1} E=Q(c,i) 

{1, 5σ } Q(c) 
{1, 7σ } Q(ic) 
{1, 3σ } Q( i,c2 ) 
{1, 6σ } Q(c+ci) 
{1, 8σ } Q(c-ci) 

{1, 3σ , 5σ  , 7σ  } Q( 2c ) 
{1, 1σ  , 2σ , 3σ } Q(i) 
{1, 3σ , 6σ  , 8σ } Q(i 2c ) 

G(Q(c,i)|Q) Q 
 
(2) Consider f(x)= 14 +x  over Q, then the root of f(x) is 014 =+x , then the root 

are 
2

1 i± , 
2

1 i±−  , and f(x) is irreducible over Q since it is irreducible over Z, 

let c=
2

1 i+ , one may suggest the splitting field E for f(x) over Q is 

 E=Q(
2

1 i+  , 
2

1 i− ,
2

1 i+− ,
2

1 i−− ) but let us take a closer look for E and c.c=
2

1 i+  

, then 

ii)i)(i(
c =

−+
=

++
=

2
121

22
112 .                    

2
123 iccc +−

== .                                      

1
2

11
22
114 −=

−−
=

++−
=

)i)(i(
c .                   

2
145 iccc −−

== .                                     

ii)i)(i(
c −=

−−
=

+−+−
=

2
121

22
116 .             

2
167 iccc −

== . 

 
hence we can take E=Q(c) and irr(c,Q)=f(x) with deg(c,Q)=4 and so [E:Q]=4 
and the basis for E|Q will be { }cc,c, 321 . 
By the fundamental theorem of Galois, 
[E:Q]=|G(E|F)|=4, now let )Q|E(G∈σ , then there are only four possibilities 
for σ  which are 1σ (c)=c , 3σ (c)=c 3 , 5σ (c)=c 5 , 7σ (c)=c 7  
 
by the same way as we did before we will have the following: 
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Subgroup of G(E|F) Fixed field 
{1} E=Q(c) 

{1, 3σ } Q(i 2 ) 
{1, 5σ } Q(i) 
{1, 7σ } Q( 2 ) 

{1, 3σ , 5σ , 7σ  } Q 
   ◄ 
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      In this chapter we apply the result achieved in the previous chapters to 
cyclotomic extensions: the splitting field of polynomials 1xn − , n>0. We also 
consider in this chapter an application of the fundamental theorem of Galois 
Theory to the case of cubic polynomials.
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§ 3.1 Cyclotomic Extensions 
 
  In this section we will study the splitting field E for the polynomial 1−nx  
over a field F, where n≥ 1 and we will study some properties of E. 
 
Definition 
 
Let E be any field and n is a positive integer, let w∈E, then w is called the nth 
root of unity if 1=nw , w is called a primitive nth root of unity if 1=nw  and n 
is the smallest such positive integer i.e. 1=nw  and 1≠mw  for all nm ≤≤1 . 
 
 
Examples 
 
(1) Consider f(x)= 13 −x  over Q, then the root of f(x) will be of the form θire  

So as we know from complex analysis, r=1 and π=θ k
3
2  ,k=0,1,2 and that  

π
=

ki

k ec 3
2

   and more specifically 10 =c , 
π

=
i

ec 3
2

1 =w, 
π

=
i

ec 3
4

2 = 2w , hence 

210 c,c,c  are 3rd root of unity and also they are primitive 3rd root of unity. 
 
(2) Let char(E)=p>0, let w be an nth root of unity and assume p|n, then 
n= mpk , for some positive integers m,k with gcd(p,m)=1, then 

∑ =
− =−=−=−=−

k kkk p

i
nmpiipm

i
kpm ww)()w(Cp)w(

0
01111  

hence 01 =−mw , so w also a mth root of unity and thus w is not a primitive 
nth root of unity. 
e.g. let E=Z5 ,p=char(E)=5, let n=10 and w=[4], then p|n (5|10) and also 

)(mod)(mod)(mod][w 515161154444 2441010 ≡⋅⋅≡≡=  but 10=5 2⋅  and so [4] is 
also 2nd root of unity because [4] 2 ≡1(mod5).   ◄ 
 
Definition 
 
The splitting field E of 1−nx  over a field F is called the nth cyclotomic 
extension of F. 
 
 
Theorem 
 
Let E be a field, n is positive integer, suppose char(E)=p which doesn’t divide 
n,let Rn be the set of all nth roots of unity in E, then 
(1) Rn is a cyclic group under field multiplication. 
(2)|Rn| divides n, where | Rn | is the order of Rn. 
(3) if 1−nx  spilts into linear factors in E[x], then |Rn|=n. 
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Proof: 
  Let E be a field with p=char(E) doesn’t divide n, 
Rn={w∈E: 1=nw } 
 
(1) Since 11 =n , then 1∈Rn, hence Rn φ≠ . 
let nRw,w ∈21 , then 11

21 =− n)ww(  and hence nRww ∈−1
21 , therefore Rn is a 

subgroup of E/{0}. 
 
Now since f(x)= 1−nx  has at most n roots, then there are at most n (nth root 
of unity), therefore Rn is finite, then by some theorem of the direct product of 
group theory we can conclude that Rn is cyclic group. 
 
(2) Now let E’ be the splitting field of f(x)= 1−nx  over E,since p doesn’t 
divide n, then f’(x)=n 01 ≠−nx , therefore f(x) is separable and has n distinct 
roots in E’, let T be the set of all these roots in E’, so by (1) T is also a group. 
now Rn⊆T⊆E’/{0}, but |T|=n, hence |Rn|||T|, therefore |Rn| divides n. 
 
(3) Now if f(x) splits completely into linear factor in E[x], then E=E’ in (2) and 
that T=Rn, then |Rn|=n.   ■ 
 
Example 
  
 Back to the example of f(x)= 13 −x ∈Q[x], then R3={1} and this is a group of 
order 1, 
let E be the splitting field of f(x) over Q, then E=Q(w), then 
R3=T={1,w, 2w }=<w>=< 2w >   ◄ 
 
Note: 
  In the previous theorem, we conclude that Rn=<w>,|Rn|=n, then o(w)=n, 
hence w is a primitive nth root of unity, also the converse is true i.e. w is a 
primitive nth root of unity, then w∈Rn and 1=nw , where n is the smallest 
such positive integer hence o(w)=n and so Rn=<w>. 
So the generators of Rn are exactly the primitive nth root of unity and there is  
ϕ (n) (euler-phi function) of them. 
 
Theorem 
 
Let F be a field, n is a positive integer,then 
(1) there exist a finite field extension E|F such that E contains a primitive nth 
root of unity if and only if char(F) doesn’t divide n. 
(2) if char(E) doesn’t divide n, let w be a primitive nth root of unity, then F(w) 
is the splitting field of f(x)= 1−nx ∈F[x], and f(x) is separable in F(w)[x] and its 
roots form a multiplicative cyclic group H such that H is generated by any of 
primitive nth root of unity in F(w). 
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Proof: 
  Let F be a field, n is positive integer. 
(1) Assume p=char(F) doen’t divide n, f(x)= 1−nx ∈F[x], now f’(x)=n 1−nx ≠ 0, 
hence f(x) is separable, thus f(x) has n distinct roots in its splitting field E, then 
E|F is finite field extension, let T be the set of all nth root of unity in E, then 
T=<w>,o(w)=n, w∈E, therefore w is a primitive root of unity. 
conversely, suppose E|F is finite field extension, let w∈E be a primitive nth 
root of unity, then 1,w, 2w ,..., 1−nw  ∈E and are all distinct root for f(x), hence 
f(x) is separable in E thus f’(x)=n 1−nx ≠ 0, therefore char(E) doesn’t divide n. 
 
(2) Assume p=char(F) doesn’t divide n, then by (1) there exist a finite field 
extension E|F such that E contains a primitive root nth root of unity w, then 
1,w, 2w ,..., 1−nw  ∈E are all distinct root for f(x), hence f(x) has n distinct root in 
F(w), therefore f(w) is the splitting field for f(x) over F, the remaining part of 
the theorem is clear from the previous theorems.   ■ 
 
Example 
 
Let F=Q, n is positive integer,char(F)=0 doesn’t divide n, consider f(x)= 

1−nx ∈Q[x] , let z= θire  be a root for f(x), then we will have the following 
roots: 

n
i)n(

n
i

n
i

e,...,e,e,
π−ππ 132

1  and E=Q( n
i

e
π2

). 
Now let us show that G(E|F) is commutative, so let ∈πσ, G(E|F), then 
σ (w),π (w) are also roots for f(x), then σ (w)= kw , π (w)= lw , 

11 −≤≤ nl,k ,now 
)w)(( πσ o = )w)((w)w())w(( lkl σπ==σ=πσ o , let y∈E, then y∈Q(w), then 

Q∈++++= −
− i

1n
1n

2
210 a,wa...wawaay , then  

)y)(( πσ o = ))wa...wawaa(())y(( n
n

1
1

2
210

−
−++++πσ=πσ  

                 = lk)n(
n

lklk wa...wawaa 1
1

2
210

−
−++++  

and so )y)(( σπ o = lk)n(
n

lklk wa...wawaa 1
1

2
210

−
−++++ = )y)(( πσ o  

hence G(E|F) is commutative Galois group.   ◄ 
 
Definition 
 
Let F be a field, such that char(F) doesn’t divide n, where n is positive integer. 
Let {w1,w2,...,wm} be the set of all primitive nth roots of unity in the splitting 
field E for 1−nx  over F, then the polynomial 

]x[E)wx)...(wx)(wx()x( mn ∈−−−=φ 21  is called the nth cyclotomic 
polynomial over F. 
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Examples 

(1) In the previous example where f(x)= 13 −x , then w= 3
2 i

e
π

, since w, 2w  are 
the only primitive nth root of unity, then it will be the only generators of T, 
then 

∈++=++−=+−−=−−=φ 123223222
3 xxwx)ww(xwxwwxx)wx)(wx()x(

 
Z[x] and also we can notice that is irreducible over Q and 
[Q(w):Q]=2=deg )x(2φ   
 
(2) the 8th cyclotomic polynomial will be  

)wx)...(wx)(wx()x( m−−−=φ 218 , since the only primitive 8th root of unity 
are  

8
2

1

i

eww
π

== , 8
6

2

i

ew
π

= , 8
10

3

i

ew
π

= , 8
14

4

i

ew
π

= , hence  
14

43218 +=−−−−=φ x)wx)(wx)(wx)(wx()x( .   ◄ 
 
Theorem 
 
Let F be a field, n is positive integer and char(F) doesn’t divide n, let )x(nφ  be 
the nth cyclotomic polynomial over F, then 
 
(1) ∏

>

φ=−
0

1
d,n|d

d
n )n(x  

(2) If P is the prime subfield of F ,then ]x[P)x(n ∈φ  
(3) deg )x(nφ =ϕ (n). 
 
 
Proof: 
(1) Let w be a primitive nth root of unity over F, then F(w) is the splitting field 
of 1−nx  over F, let d|n, let Rd={a∈T: o(a)=d}, where o(a) is the order of a, 
now X={Rd:d>0 and d|n} is a partition of T because: 
1) since T∈X, then X φ≠ . 
2)U

0>

=

d
n|d

d TR  

3) let a∈Rd∩Rc, then o(a)=d and o(a)=c, then c=d and Rd=Rc. 
 
Now )wx)...(wx)(wx(x n

n −−−=− 211   in F(w)[x]. 

∏
∈

−=−
Tw

n )wx(x 1  

           = ∏∏∏
>>

∈

φ=−

00 d
n|d

d

d
n|d Rw

)x()wx(
d
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(2) Now )x(nφ = ∏
∈

−
n'Rw

)wx( , R’n={w∈T: o(w)=n}, we will prove the result by 

the induction on n. 
 
-Basis step: n=1, then ]x[P)x()x( ∈−=φ 11  
- Induction step: assume the result hold for all nk ≤≤1 , then for all d|n, 

]x[P)x(d ∈φ  
f(x)= ∏

<≤

∈φ

nd
n|d

d ]x[P)x(
1

 

now )x()x(fx n
n φ=−1  in F[x],by the division algorithm in the Eculidean 

domain F[x], there exist q(x),r(x) ∈P[x]⊆F[x] such that: 
)x(r)x(f)x(qxn +=−1  with 0≡)x(r  or deg r(x)<deg f(x) 

         =f(x) 0+φ )x(n  and since this representation is unique , then 0≡)x(r , 
there fore ]x[P)x(q)x(n ∈=φ . 
 
(3) deg )x(nφ = number of distinct primitive nth root of unity 
                        = number of distinct elements of Rn of order n 
                        = number of generators of Rn 
                        = )n(ϕ .   ■ 
 
Note: If f(x)= ]x[Qxn ∈−1 , then the nth root of unity are 121 −nw,...,w,w, , 

where n
i

ew
π

=
2

, ∏
=

<≤

−=φ

1
1

)n,agcd(
na

n )wx()x(  

 
Example 

To find )x(6φ  over Q , w= 3
i

e
π

 

123
5

3

1
1

6 +−=−−=−=φ
ππ

=
<≤
∏ xx)ex)(ex()wx()x(

ii

)n,agcd(
na

a    ◄ 

Note: from now on , we will work in the case when F=Q and E=F(w), n
i

ew
π

=
2

 
and let })n,agcd(:]a{[U n 1==  ( is a multiplicative group under n× ) 
 
Theorem 
 
Let w∈C be a primitive nth root of unity over Q, let )x(nφ  be the nth 
cyclotomic polynomial over Q, then 
(1) ]x[Z)x(n ∈φ . 
(2) )x(nφ  is irreducible polynomial over Q. 
(3) [Q(w):Q]= )n(ϕ .  
(4) G(E|F) nU≅ . 
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Proof: 
(1) the proof will be by induction on n. 
- Basis step: n=1, then ]x[Z)x()x( ∈−=φ 11  
- Induction step: assume the result hold for k, nk <≤1 , then 
for 1≤d<n, d|n, we have ].x[Z)x(d ∈φ  
hence f(x)= ∏

<≤

∈φ

nd
n|d

d ]x[Z)x(
1

 and so )x()x(fx n
n φ=−1 ]x[Q∈  

So by the division algorithm (the same way we did in proving the previous 
theorem) we will get ].x[Z)x(q)x(n ∈=φ  
 
(3) Since E|F is a finite normal and separable field extension, then by the 
fundamental theorem of Galois, 
|G(E|F)|=[E:F]= )n(ϕ , hence [Q(w):Q]= )n(ϕ . 
 
(4) since )wx)...(wx)(wx()x( )n(n ϕ−−−=φ 21 , then for any σ ∈G(Q(w)|Q), σ  
permutes the roots of )x(nφ  i.e. if w is primitive nth root of unity, then σ (w) 
is also primitive nth root of unity and so σ (w) ∈{ dw :1≤d<n,gcd(n,d)=1}, 
hence for every σ ∈G(Q(w)|Q) , dσ (w)= dw , 1≤d<n:gcd(n,d)=1, now let 

cσ , dσ )|)w((G QQ∈  where 1≤ c,d<n,gcd(n,c)=1 and gcd(n,d)=1, now  
)w(w)w()w( cd

cdd
cdc σ==σ=σσ o  and so dccd σσ=σ o . 

Define the map ψ :Un→G(Q(w)|Q) by  
d])d([ σ=ψ  

now let [c]=[d], then c=d+kn, some k integer 
d])d([ σ=ψ  

)w(www)w( c
ckncd

d σ====σ − , hence dc σ=σ  therefore ψ  is well defined 
map. 
Let ])c([])d([ ψ=ψ , then dc σ=σ  
now let [c],[d]∈  Un , then by the Euclidean algorithm 
cd=qn+r , 0≤ r<n 
[cd]=[r] and rcd σ=σ  , now 

])d([])c([])r([])cd([])d][c([ dccdr ψψ=σσ=σ=σ=ψ=ψ=ψ o  
hence ψ  is a homomorphism. 
now ker ψ={[d]∈Un : 1=ψ ])d([  } 

1=ψ ])d([ , then 1=σd , therefore ww)w( d
d ==σ ,w 11=−d  and  

since o(w)=n, then d-1=0 and therefore d=1,then kerψ={[1]}, hence ψ  is one 
to one homomorphism, since Un is finite and G(Q(w)|Q) is finite, ψ  is onto 
homomorphism, then ψ  is isomorphism map and G(E|F) nU≅ . 
 
(2) Let )x(h)x(f)x(n =φ , where f(x) is an irreducible factor of )x(nφ  over Z 
( now I have to show h(x) is unit over Z) 
Since )x(nφ  is monic polynomial over Z, so f(x) and h(x). 
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Let w be a root for f(x), then w is a root for )x(nφ , hence w is a primitive nth 
root of unity. 
Let p be a prime such that p doesn’t divide n i.e. gcd(p,n)=1, hence pw  is also 
a primitive nth root of unity and also generator for Rn . 
we claim that pw  is a root for f(x). 
suppose this is not the case i.e. pw  is not a root for f(x), then 0=φ )w( p

n  
implies 0=)w(h)w(f pp , hence pw  is a root for h(x), therefore w is a root for 
h( px ), because f(x) is irreducible polynomial over Q and f(w)=0 and h( pw )=0, 
hence f(x)| h( px ), therefore h( px )=f(x)g(x) some g(x)∈Q[x]. 
by division algorithm over Z[x], there exist q(x),r(x) ∈Z[x], 
h( px )=f(x)q(x)+r(x) , r(x)≡0 or deg r(x)<deg f(x), by the uniqueness of this 
expression we have r(x)≡0 and therefore g(x)=q(x) ∈Z[x]. 
 
Now for any t(x) ∈Z[x], let )x(t  ∈Zp[x] be the corresponding polynomial by 
taking modulo n to the coefficients of t(x). 
Now )x(h p = ps

s
p xa...xaa +++ 10 , since char(Zp)=p, then  

)x(h p = ps
s )xa...xaa( +++ 10 = p))x(h( , hence p))x(h( = )x(h p = )x(g)x(f , hence w  

is common root for both )x(h  and )x(h , now 

)x(g)x(f)x(n =φ  and 1−φ n
n x|)x( , then ]x[Z][x)x( p

nn ∈−=− 11  
have a multiple root (one from )x(f and one from )x(h ) say a is a root of 
t(x)= ][xn 1− , then t’(x)=[n] 1−nx =[0] so either [n]=[0] (impossible since 
gcd(p,n)=1) or ][an 01 =− , hence )p(modan 11 ≡−  which is by fermat’s theorem 
implies )p(moda 0≡ , so a=[0] but t(a)=[0] n -[1]≠ [0], A contradiction , hence 

pw is a root for f(x) and by the induction we can show 
rpw  is also a root of f(x) 

for any r positive integer and also 
rs

s
rr p...ppw 2

2
1

1   is also a root for f(x) for distinct 
primes ip ’s don’t divide n. 
So now any primitive root of unity dw , 1≤d<, gcd(d,n)=1 is a root for f(x) 
since d can be factored into its canonical form as product of primes hence it is 
clear that  

)x(nφ =f(x)1 and so )x(nφ is irreducible over Z and hence it is irreducible over 
Q.   ■ 
 
Corollary: 

Let n be positive integer, then for every m|n ]x[Z
x
x

m

n

∈
−
−

1
1 , moreover if 

1<m<n, then 
1
1

−
−

φ m

n

n x
x|)x( . 
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Proof: 
  since ∏

>

φ=−

0

1
d

n|d
n

n )x(x , since m|n, then 

∏ ∏∏
≠
> >

≠
>

φφ−=φφ=−

md
d

n|d
s

m|s
sd

md
d

n|d

m
md

n )x()x()x()x()x(x
0 00

11 , then 

=
−
−

1
1

m

n

x
x ∏ ∏

≠
> >

φφ

md
d

n|d
s

m|s
sd )x()x(

0 0

]x[Z∈ . 

Now assume 1<m<n, then =
−
−

1
1

m

n

x
x ∏ ∏

≠
≠
> >

φφφ

nd
md

d
n|d

s
m|s

sdn )x()x()x(
0 0

 

Hence )x(nφ  divides 
1
1

−
−

m

n

x
x .   ■ 

 
 
Examples 
 

(1) Since 4|20 , then ]x[
1x
1x

4

20

Z∈
−
− . 

 
(2)  
a)find the Galois group of f(x)= 12 +− xx  over Q. 

As we did before, f(x)= 12
6 +−=φ xx)x( , now w= 6

2 i

e
π

= 3
πi

e , then the primitive 

6th root of unity are { }),dgcd(,nd:wd 161 =<≤ ={ }w,w 5 ={ 3
πi

e , 3
5 πi

e }, the 
splitting field E of )x(6φ  over Q is E=Q(w, 5w )=Q(w), but G(E|Q)≅ U6 so 
|G(E|Q)|=2, so if σ ∈G(E|Q), then σ either the identity automorphism or 
σ (w)= 5w , so G(E|F)={1, 5σ } where 5σ (q0+q1w)= q0+q1

5w . 

 

b) Show that the Galois group of 14 −x  and 12 +− xx  are isomorphic. 

Since the splitting field of 14 −x  over Q is E’=Q(w’), w’= 2
πi

e  
[E’:Q]=deg(w’,Q)=2, since E’|Q is finite separable and normal extension, 
therefore |G(E’|Q)|=2, hence |G(E’|Q)|≅ U2 and therefore G(E|Q) 
≅ G(E’|Q). 
 
(3) Let p a prime integer, then 

∏
>

φ=−

0

1
d

p|d
d

p )x(x , then ( 1−px )=(x-1) )x(pφ  

So 121 −++++=φ p
p x...xx)x( ]x[Z∈    ◄ 
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§ 3.2 The Galois Group of a Cubic Polynomial 
 
Definition 
 
Given f(x)∈F[x], the Galois group of f(x) is the  Galois group of its splitting 
field over F. 
 
 
We will start this section by (1) showing Galois group of the polynomial 
f(x)= 53 −x  over Q is isomorphic to 3S and (2) Finding the Galois group of 

Q( 3 5 ,
2

31 i+− )|Q and Finding T and S(G) as described in the fundamental 

theorem of Galois theory. 
 
Example 
 
(1) Since f(x)= 53 −x  is irreducible over Q because of the irreducibility over Z 
(by Eisenstein’s criterion with p=5). 
Let E be the splitting field for f(x) over Q, then f(x) over E will be 

f(x)= 53 −x =(x- 3 5 )(x- 3 5
2

31 i+− )(x- 3 5
2

31 i−− ), 

now let c= 3 5 , w=
2

31 i+− , then E=Q(c,cw,c w )=E(c,w). 

Since the Galois group of f(x) is the Galois group of E|Q , hence E|Q is a 
finite normal and separable extension. 
Now irr(w,Q(c))= 2x +x+1 ( because 2w +w+1=0 ), deg(w,Q(c))=2. 
         irr(c,Q)= 53 −x , deg(c,Q)=3. 
 
[Q(c,w):Q]=[Q(c,w):Q(c)][Q(c):Q]=2 (3)=6=3!. 
 
hence |G(E|Q)|=[E:Q]=6. 
 
Now G=G(E|Q) is a group of automorphisms of order 6, so either G≅ ( 66 +,Z ) 
or G≅ ( o,S3 ). 
 
Now if G≅ ( 66 +,Z ): 
Since [Q(c):Q]=[Q(cw):Q]=3, then by the fundamental theorem of Galois  
we have  

[Q(c):Q]=[G(E|Q):G(E|Q(c))]=
|))c(|E(G|

|)|E(G|
Q

Q , then 
|))c(|E(G|
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=  

therefore, |))c(|E(G| Q =2 
and by the same way |))cw(|E(G| Q = |))cw(|E(G| 2Q =2 
but 6Z  has only one subgroup {[0],[3]} of order 2 
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So G is not isomorphic to ( 66 +,Z ), and therefore G≅ ( o,S3 ). 
  
(2) To find the Galois group of E=Q(c,w), let σ ∈G(E|Q), then σ (c) will have 
three possibilities c,cw,c 2w  and σ (w) will have only two possibilities w, 2w , 
so we have : 
 

1σ (c)=c 
1σ (w)=w 

2σ (c)=cw 
2σ (w)=w 

3σ (c)=c 2w  

3σ (w)=w 
4σ (c)=c 

4σ (w)= 2w  

5σ (c)=cw 

5σ (w)= 2w  
6σ (c)=c 2w  

6σ (w)= 2w  
 
and these are the elements of G(E|Q). 
To find ψ (Q(w))=G(E|Q(w)), let for instance L=Q(w) ,F=Q, then 

|G(L|F)|= 3
2
6
==

]L:E[
|)F|E(G| , thus G(L|F) has three automophisms, 

let a∈Q(w), σ ∈G(L|F) such that σ (a)=a , then 
σ (c+dw)=c+dw, then c+dσ (w)=c+dw, thereforeσ  is either  
1= 1σ , 2σ  or 3σ . Hence G(L|F)={1, 2σ , 3σ }=ψ (Q(w)) 
and by the same way for the other subfields of E we will reach the following 
diagram : 
 

Subgroup of G(E|F) Fixed field 
{1} E=Q(c,w) 

{1, 5σ } Q(cw) 
{1, 4σ } Q(c) 
{1, 6σ } Q(c 2w ) 

{1, 2σ , 3σ } Q(w) 
{1, 2σ , 3σ ,..., 6σ  } Q 

   
In this example we can take advantage of having G(E|F)≅ ( o,S3 ) 
by noting that 3S  has 3 nontrivial subgroups: 

1H ={(1),(1 2)}, 2H ={(1),(1 3)}, 3H ={(1),(2 3)} and 4H ={(1),(1 2 3),(1 3 2)} 
and note that [ 3S : 4H ]=2, then the corresponding subfield L of 4H  must be 
[E:L]=2=[ 3S : 4H ]=[G(E|F):G(E|L)], hence L=Q(w). 
 
Also [Q(cw):Q]=[Q(c 2w ):Q]=3 and  
         [ 3S : 1H ]=[ 3S : 2H ]=[ 3S : 3H ]=3. 
let 1a =c, 2a =cw and 3a =c 2w , then  
 (1 2) : 1a → 2a  
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           2a → 1a   ⇒ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

321

321
aaa

  , hence 

           3a → 3a  
 
 

1H  corresponds to Q(c 2w ), because 3a = c 2w  is left fixed 

2H  corresponds to Q(cw), because 2a = cw is left fixed 
3H  corresponds to Q(c), because 1a = c is left fixed.   ◄ 

 
 
Now the immediate question that arise from this example is it always the 
Galois group of any separable irreducible cubic polynomial isomorphic with 

3S  or not? 
 
The answer is no as we will see in the subsequent work. 
 
So let F be a field with char(F)≠ 3, consider the cubic polynomial 
f(x)= cbxaxx +++ 23 ∈F[x], 

Let x=u-
3
a , then 

g(u)=f(u-
3
a )= c)au(b)au(a)au( +−+−+−

333
23  

                     = cabbuauaauauaauu +−++−+−+−
393

2
273

32
2

33
23  

                     = )cabaa(u)baa(u)a(u +−+−++−++−+
39273

2
3

9
3322

23  

                     = )abac(u)ab(u
327

2
3

32
3 −++−+  

 

Hence if r is a root for g(u), then r-
3
a  is a root of f(x). 

So for any cubic polynomial, we can eliminate the quadratic term to have a 
polynomial f(x)= cbxx ++3  ∈F[x], then f(x) is irreducible if and only if f(x) 
has no zero in F. 
Let E be the splitting field for f(x) over F, then  
f(x)=(x- 1a )(x- 2a )(x- 3a ) in E[x]. 
f(x)= ( )ax)(aax)aa(x 32121

2 −++−   
      = 3213231

2
321

2
21

3 aaax)aaaa(xa)xaax)aa(x −++−++− = cbxx ++3  
and by comparing the coefficients of f(x), we will have  

0321 =++ aaa ,                baaaaaa =++ 323121 ,           caaa =− 321  
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Definition 
 
Given f(x)∈F[x] a cubic separable polynomial with 21 a,a  and 3a  as its roots in 
it splitting field E, the discriminate D of f(x) by 

D= 2
323121 )]aa)(aa)(aa[( −−− = 2d ,  d= )aa)(aa)(aa( 323121 −−− . 

 
 
Now let σ ∈G(E|F) , then σ  fixes F, consider  
σ (d)= σ ( )aa)(aa)(aa( 323121 −−− )= ))a()a())(a()a())(a()a(( 323121 σ−σσ−σσ−σ  
since σ  is just a permutation on the root of f(x), then 
either σ (d)=d or σ (d)=-d, hence σ (D)= σ ( 2d )=[σ (d)] 2 =D. 
hence σ  leaves D fixed, now to find D in term of b and c we will have to work 
a lot in just simplification and the result will be  
D= 23 274 cb −− . 
 
Theorem 
 
Let f(x)= cbxx ++3  be an irreducible and separable polynomial in F[x], let E 
be the splitting field for f(x) over F and G=G(E|F) be the Galois group of f(x), 
then  
G≅ 3S  if and only if D is not a square in F. 
Moreover if D is a square in F, then [E:F]=3 and G≅ 3A . 
 
 
Proof: 
  ( our goal in the proof to show G≅ 3A  if and only if d∈F.) 
Let f(x)= cbxx ++3  be an irreducible and separable polynomial over F, since 
D= 23 274 cb −− , then D∈F. 
let σ ∈G, then assume D is a square in F i.e. d∈F, then σ (d)=d, thus σ  can’t 
be an odd permutation (because there are only 3 roots and σ (d)=d mean 
either no change for them or only 2 have been changed) 
then σ ∈ 3A , G⊆ 3A . 
Now let σ ∈ 3A , then σ (d)=d, since f(x) is separable and irreducible the three 
roots of f(x) are distinct and therefore G≠  {1} thus G= 3A . 
 
By the same way if G= 3A , then d∈F, 
hence G≅ 3S  if and only if d∉F. 
 
Now if d∈F, then G= 3A , |G|=3, by the fundamental theorem of Galois, 
[E:F]=|G|=3.   ■ 
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Theorem 
 
Let f(x)= cbxx ++3  be an irreducible and separable polynomial over the field 
F, let E be the splitting field for f(x) over F, then E=F( D ,r) for any root r to 
f(x). 
 
 
Proof: 
  Let r be a root for f(x) over F, then deg(r,F)=3 and hence [F(r):F]=3, if E=F(r), then 
E=F( D ,r) 
suppose F(r)⊂E, then [E:F]=6 because [E:F]=[E:F(r)][F(r):F], where 
irr(d,F(r))= 12 −x  and therefore deg(d,F(r))=2 
so [E:F]=2(3)=6, hence G(E|F)≅ 3S , then d∉F so E=F( D ,r) .  ■ 
 
Example 
   
  Consider 233 +− xx ∈Q[x], then 233 +− xx  is an irreducible over Q by 
Eisenstein’s criterion, now D= 23 274 cb −− =148, thus D is not square in Q, 
hence 
G(E|Q) ≅ 3S  and E=Q( 148 ,r), r is a root for f(x).   ◄ 
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