Math 481 Introduction to Differential
Geometry

Test 2, Tuesday April 28, 2009

NAME: Ke}/

Please read all the questions carefully. You must show all of your work to earn
full credit.




1. (15 points) Let (U, ¢) and (V, 9) be charts on a two-dimensional manifold
M such that U NV # . Denote the coordinates on the copy of R?
containing ¢(U) by (z1,z2), and the coordinates on ¥ (V) by (y1, y2).

(a) Let W be a (0,2)-tensor field on M whose coordinate representative
in ¢(U) is
WY (21, 25) = (21 + 5) dz; ® da;y.

If y1 = 21 + 325 and y = —x; compute WV (y1,9).
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(b) Define what is means for a (0,2)-tensor field w on M to be a 2-form
on M. Is the tensor field W above a 2-form?
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2. (25 points) Consider R® with coordinates (z, y, 2).
(a) Let w be the 1-form on R® defined by
w(z,y,2) = (22° +y2?) dy + (22® + y2?) dz.

Compute dw.
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(b) Let v: [0,1]? — R3 be the singular 2-cube defined by
’7(331; x2) = (331 + Zo, T2, 2)

Compute the singular 1-chain d7y.
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(c) Compute f7 dw.
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(d) Compute f% w.

ga THQS'WM .0 wa k«w,

Sw: Yszgf
¥

L]

|
Y«,(a £ 5y + A Dy,

—

hg G

i

|
[ 2%+ Bxt+ 3
0




3. (15 points) Let X and Y be vector fields on a manifold M. Recall that
we have two notations for the Lie derivative of Y with respect to X,
LxY and [X,Y].

(a) If p is a point in M, define the quantity LxY (p).
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(b) Compute [X,Y] for the following two vector fields on R*:

0
and
Y = x Sin(mg)%-l- + Zo sin(a:l)-a—x—z-.
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4. (20 points) Consider the two dimensional sphere
S ={(z,y,2) ER*|2* +¢* + 2" = 1}.

Let w be the 2-form on S? defined by restricting to S? the following form

on R?
zdy ANdz+ydz ANdx + z2dz A dy.

The form w is nonvanishing and hence determines an orientation on S2.

(a) Consider the singular 2-cube : [0, 1]2 — 52 defined by
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Determine whether or not -y is orientation preserving.
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(b) Compute [, w where V' is the image of the singular 2-cube 7 from
part (a). You can leave your answer in the form of a definite double
integral.
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5. (15 points) Consider w € A"(M) and n € A*(M) for r,s > 1.

(a) Prove that if dw = 0 and dn = 0 then d(w A7) = 0.
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(b) Prove that if w = da and dn = 0 then w A n = d§ for some £ €
ATHHM).
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(c) Find a 2-form w on R* such that w Aw # 0.
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