
Math 423 Differential Geometry

Assignment 7, Due Tuesday Dec 8

————————————————————————————————–
Throughout these exercises Σ is a surface, and for p ∈ Σ and some some ε > 0
the map expp : Bε ⊂ TpΣ→ Σ is a regular surface element.

1. In class we defined geodesic polar coordinates. In this question we will
consider geodesic normal coordinates.

Choose two orthogonal unit vectors e1 and e2 in TpΣ. Every element
v ∈ Bε can be expressed uniquely in the form v = u1e1 + u2e2. We say
that u1 and u2 are geodesic normal coordinates centered at p.

(a) Show that in geodesic normal coordinates centered at p we have
E(p) = 1 = G(p) and F (p) = 0.

(b) Show that in geodesic normal coordinates centered at p all of the
Christoffel symbols (of the second kind) vanish at p.

2. Show that in geodesic polar coordinates the Gaussian curvature is
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.

3. Recall that a geodesic circle on Σ is the image of a circle

{v ∈ TpΣ | ‖v‖ = δ}

in Bε under the map expp. Prove that on a surface of constant curvature
the geodesic circles have constant geodesic curvature.

4. Show that in geodesic polar coordinates the geodesic equations are given
by

ρ′′ − 1

2
(θ′)2Gρ = 0

θ′′ +
Gρ

G
ρ′θ′ +

1

2
(θ′)2Gθ

G
= 0.

1


