HW 7 SOLUTIONS, MA518

PROBLEM 1

(a): The Lie derivative of w is the differential form given by
. dfw—w
Lxw = }g% %

For vector fields Y7, - - ,Y) this means

D¢y(Y1), - ,Doy(Yy)) —w(Yq, -+ ,Y;
Lxw(Yi,---,Y;) = }in% w(Do(11), -, qﬁti k) —w¥, -, Vi)
Now we have the following computation: First,

w(D(Y1),- -+, Doe(Yy)) —w(Y1,- -, Vi) = w(Dgy(Y1), -+, DP(Yy)) —w(Y10 ¢y, -+, Y0 ¢y)
+w(Yi0¢p -, Yeodt) —w(Yy, -, Y)
Note, from the definition of flow

1. Ld(YlO(;St,"',YkOQSt)—W(Yl,"',Yk)
tl—rf% t

=Xw(Yy, -, V%)

So, we are reduced to computing the quantity
S = %11'1(1) W(D¢t(Y1), T 7D¢t(Yk‘))t_ W(Yi © ¢t7 e ;Yk o Qst)
Notice that by the definition of pull-back of vector fields under diffeomorphisms D¢, (Y;) = ¢*,Y;.

So
. W(Cb*_tyl,“‘ 7¢*—tYk) —UJ(Yloqbtf“ 7Yko¢t)
S = lim
t—0 t
Now using a telescoping sum

S = %I_I)I(l) ;[w(d)—t}/lv Tt 7¢—tYk) - W(Yl o (z)ta (z)ft}/Q? Tt 7¢7tYk)

+ w(}/l o ¢t7 ¢itY27 e 7¢itYk‘) - w(Yl o ¢t7 Y2 o th, Qb*_th, e >¢*—tYl€)
J’_ . e
+ w(}/l © ¢t7 Y10 ¢t’ qb*—tyk) - w(Yl © th, Yo ¢t)]

In other words, we have

k
S=lim— | > w0, Yj10¢,¢L Y 0L Yi) —w(Yiodn Y50 ¢ 65, Y, o, 05 Vi)

t—0

j=1
By definition of Lie derivative for vector fields, each term
%E}%; (W(Yl o ¢t7 T 7}/]'—1 o ¢t7 qsftyju T 7¢*—tYk) - w(}/l o ¢t> T 7}/]' © ¢t) ¢it}/j+17 T 7¢—tYk)>
w(}/ia e ,Y}',l, [_X7Y7]a Y}+1a o aYk)
= _1)jw([Xa }/j]vyla e 7}%73 e ’Yk)



Putting the computation together
ﬁ)((,d:)(w(yvl,“-7 —|—Z ]w XY]th}}g,,Yk)

(b): The exterior derivative is given by

dW(Y(),"' 7Yk) - Z(_1>ZKW(Y07 7Yi7"' 7Yk)
+Z 11+Jw }/:L’Yj] YD:'”)E:”')}/jf"vyk)

i<j
So
dixw(Yy, - ,Yy) = Z(_l)i—lyiw(X Yy, Y, Y3)
_|_Z H‘]w X, [Y;,Y5],- }A/i,...’}}j’...’yk)
i<j
Similarly

ixdw(Yy, -, V) = Xw(Yy, -, V%)
+ 3 () Wiw(X, Ve, Y )
+ 3 (~1w([X, Y], Y1, Yy, )
+Z 2+Jw (Iv;, Y51, X,Y1,~--,Yi,~--,Yj,---,Yk)

Finally, notice that the two sums in the expression for dixw cancel with the first and third sums
in 1 xdw. Hence

(dZX +ZXd)(«d(Yi, aYk) :XW(YL 7Yk) +Z(_1)]w([X71/}]7H7 >YA}'>"' 7Yk)

Comparing parts (a) and (b), we have shown Lxw = (dix + 1xd)w.

PROBLEM 2

Consider the 1-form a = fdx + gdy. By the generalized Stokes

La:/wda

da = of dy A dz + 99 de Ndy = @—ﬂ dx N dy
Ay Ox dr Oy

which indicates how the classical Green’s formula is a special case of the Stokes.

Computing

PROBLEM 3

Since N has dimension m — 1, we have dw = 0. Since the exterior derivative commutes with
pull-back d(F*w) = F*(dw) = 0 i.e & = F*w is a closed form. By the generalized Stokes theorem

/ a:/da:O
oM M
2



PROBLEM 4

For t € I = [0,1], let F; be the homotopy between F and Fj. In other words, there is a map
G : M x I — N such that G(t,z) = F;(z). Applying Problem 3 to the map G,

/ G'w=0
(M xI)

The boundary O(M x I) = M x OI which is two disjoint copies of M with opposite orientations.

/ G*w:/ (Ffw—Fyw)=0
(M xI) M

proving whats required.

PROBLEM 5

Consider S? as 0B3. By generalized Stokes Theorem

/a:/ do
S2 B3
47

/a:/ dx Ady A dz = vol(B?) = —
52 B3 3

Check that da = dx Ady A dz. So



