Math 542, HW # 6
(due Wed, Oct 29)

1) Suppose that f is an entire function and that there are positive constants A and m
with | f(z)| < Alz|" if |z| = Ry. Show that f is a polynomial of degree at most m.

2) Find the Laurent expansions of the following rational functions in powers of z and %
in the indicated regions.
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5) Evaluate by contour integration
I, = f v _dx (neN)
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6) Use the argument principle to determine the number of zeros of f in the first quad-
rant.
(@ f(z)=2"+52z2+3.
(b) f(z2)=z"+623+7.

7) Prove that if 0 < |a| < 1 and n € N, then the equation (z — 1)"e* = a has precisely n
roots, each with multiplicity one, in the half-plane Re z > 0.

8) Without using the Fundamental Theorem of Algebra, prove for any polynomial P of
degree = 1 that
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Deduce the Fundamental Theorem of Algebra from this equality.



9) Let f:D — {z : Rez > 0} be an analytic function. Show that

1-|z| 1+]z|
TIZIUC(O)' < |f(2)] < 1_—|Z||f(0)|, z€D,
and

If'(O)] < 2|Re f(0)].

10) Suppose f : D — D is continuous and analytic on D. Assume that f has zeros at
z1,...,2, of orders ky,..., k, respectively. Show that
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Suppose equality holds for some z € D with z # zj, j = 1,..., n. Find a formula for

f(2).



