PRIME CHAINS AND PRATT TREES
KEVIN FORD, SERGEI V. KONYAGIN AND FLORIAN LUCA

ABSTRACT. We study the distribution of prime chains, which are sequences p, ..., py of
primes for whichp; 11 =1 (mod p;) for each j. We first give conditional upper bounds on
the length of Cunningham chains, chains with p; 1 = 2p; +1 for each j. We give estimates
for P(x), the number of chains with p, < x (k variable), and P(z; p), the number of chains
with p; = p and p;, < pz. The majority of the paper concerns the distribution of H(p),
the length of the longest chain with p; = p, which is also the height of the Pratt tree for
p. We show H (p) > cloglogp and H(p) < (log p)l’cl for almost all p, with ¢, ¢’ explicit
positive constants. We can take, for any € > 0, ¢ = e — ¢ assuming the Elliott-Halberstam
conjecture. A stochastic model of the Pratt tree is introduced and analyzed. The model
suggests that for most p < x, H(p) stays very close to e log log z.

1. INTRODUCTION

Impose on the set of positive integers a relation as follows: a < b if there is a positive
integer m with b = am + 1. We are interested in properties of the chains with respect to
this partial ordering, especially the chains consisting only of primes, the prime chains. A
simple example is 3, 7,29, 59. In achainn; < ny < - -- < ny of length £, there are positive
integers my, ..., my_1 withn;. ;1 = m;n; +1 (which we refer to as links) for 1 < < k—1.

1.1. Cunningham Chains. When k£ > 2 is fixed, the links mq, ..., m;_; are fixed and
there are no obvious congruential obstructions, it is unknown whether there are infin-
itely many such prime chains, an affirmative answer being implied by Dickson’s prime
k-tuples conjecture. In the special case where m; = --- = my_; = 2 there are no
congruential obstructions and the chains in question are known as Cunningham Chains
(these are sometimes called Cunningham Chains of the first kind, whereas a sequence
p1,P2 = 2p1 — 1,....pr = 2pr_1 — 1 is called a Cunningham Chain of the second
kind). A basic example is 2, 5,11, 23,47, while the longest one known is the chain with
p1 = 810433818265726529159 and k = 16, discovered by Carmody and Jobling in 2002
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(see [4]). In such a chain py, ..., p; we have
(1.1) p=2""p +2 -1 =2 p +1) - 1.

Let k(p) be the length of the longest Cunningham Chain starting from p. By a standard
upper bound for Sophie Germain primes coming from sieve theory ([30], Theorem 2.4),
k(p) = 1 for all primes p < x except for O(z/ log” ) of them. How large can k(p) be in
terms of p? By the first equality in (1.1) and Fermat’s little theorem, we have k(p) < ord,2
and in particular k(p) < p — 1 for all p. The distribution of ord,2 is largely unknown, and
it is conjectured (Artin’s Conjecture) that ord,2 = p — 1 for infinitely many p; that is, 2 is
a primitive root of infinitely many primes. We quote a well-known result of Hooley [33].

Theorem H. (Hooley) Assume the Riemann Hypothesis for the Dedekind zeta functions
Ck, (s) attached to the number fields K, = Q(2'/7,e*™/"), where r runs over the primes.
Then A(x), the number of primes p < x for which 2 is a primitive root, satisfies

A@x) ~Cr(x), C=]] (1 - 7"(7“;—1)) =0.3739...

where 7(x) is the number of primes < x.

Using the second equality in (1.1) together with Hooley’s result, we greatly improve
(conditionally) the bound on k(p).

Theorem 1. Assume the conclusion of Theorem H, that is, A(x) ~ Cn(z). Then
k(p) _ 1

limsup —= < —.
p—oo 10gP C
We next show, unconditionally, that substantially larger values of k(p) are very rare. To
state the results, let #* be the supremum of real numbers @ so that there are > 2!to()
primes p < z such that p — 1 has a prime factor > z°. The best known result is due to
Baker and Harman, who showed in [6] that §* > 0.677. It is conjectured that 6+ = 1.

Theorem 2. For each fixed A > 1/07, there are O(xl_%Jrﬁ*"(l)) primes p < x with
k(p) > (logp)*.

1.2. General prime chains. We now turn to problems about counting prime chains with
variable links, which will be the main focus of this paper. Dirichlet’s theorem on primes
in arithmetic progressions implies that there are infinitely long prime chains. We consider
problems where the links are allowed to vary, but additional constraints are put on the
chains, e.g. given beginning p;, given end py, pr/p1 < z, etc. The study of such restricted
types of prime chains has arisen, for example, in investigations of iterates of Euler’s totient
function ¢(n) and Carmichael’s function A(n) (e.g. [7], [8], [9], [22], [38], [39], [40]), the
value distribution of \(n) [25], common values of ¢(n) and the sum-of-divisors function
o(n) [26], and the complexity of the Pratt primality certificate ([10], [44]).
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Some basic counting functions of general prime chains are Py (x), the number of prime
chains with fixed length k£ and pr < x, and P(z), the total number of prime chains with
pr <z, so that P(z) = >, -, Pi(x). For fixed k we have
k—1

z(log, @)
(1.2) Pilx) ~ (k—1D)!logx
When £k = 1, this is a restatement of the Prime Number Theorem. The asymptotic (1.2) for
k = 2 is implicit in the work of Erds [21], for £ = 3 it follows from Erdés and Pomerance
[24], and the general case was shown by Bassily, Katai and Wijsmuller [9], where (1.2)
is proved uniformly for k& < logzm Here and throughout, log, x is the k-th iterate of the
natural logarithm. The idea behind (1.2) is that for most primes p, p — 1 has about log, p
prime factors, uniformly distributed on a log log-scale. A related result is proved in [16]. It
is straightforward to prove by induction the uniform upper bound

k—1
Pk(g7c)<<M (x 23,k>1)
log x
using the methods of [22] (Theorem 3.5 therein, for example), but this is only non-trivial
for k < IOgQ ~ in light of Theorem 3 below.

If the asymptotlc (1.2) is true uniformly for £ < clog, x with ¢ > 1, this suggests that
most prime chains with py < z have length about log, x, and that P(z) ~ z. An upper
bound of this order is easy to prove, but lower bounds are more difficult. The asymptotic
(1.2) provides a lower bound for P(z), but we can do better by considering all k at once.

Theorem 3. We have x(log ) %3 < P(z) < (10 5 +o(1))z as r — oo.

Note that p < ¢ means ¢ = 1 (mod p). Thus, our study of prime chains is intimately
connected with the distribution of primes in arithmetic progressions, fundamental results
about which can be found in the monograph of Davenport [18]. Let 7(z; q, a) be the number
of primes p < x with p = a (mod ¢), and let li(z f2 dt/ logt For the lower bound

in Theorem 3, we require that 7(x;p, 1) ~ h(x) for most p < 27, where 5 > 0 is fixed.
Consider the statement

. li(y) x

m(y;m, 1) o(m) < 7

The Bombieri-Vinogradov Theorem ([18], Ch. 28) implies that for every A > 0 there
isa B > 0 so that (1.3) holds with Q = 2'/?(logz)~® and R = (logz)". If (1.3) holds
with Q = 2% for some 6 > % and suitable 1, then we can prove a stronger lower bound for
P(z). Assuming the Elliott-Halberstam Conjecture, for any fixed £ > 0, (1.3) holds with
Q = z'~¢ and R = (logz)?, and we can deduce P(z) > z/(logz)°!) (see the proof of
Theorem 3 in Section 3). With a little stronger hypothesis (but still one which is widely
believed), we can prove an asymptotic for P(z). Moreover, we deduce the normal order

(1.3) Z r??g;(

m<Q
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of the function f(p), the number of prime chains with a given end p, = p (again, with k
variable).

)—1—5

Theorem 4. Assume that (1.3) holds with Q = x'~1°%22)"""" R = (log x)? for some fixed
d > 0. Then P(x) ~ cx for some constant ¢ > 0. Moreover, f(p) has normal order clog p.

We do not, however, have any guess as to the size of ¢, other than the upper bound
provided by Theorem 3. Theorems 3 and 4 will be proved in section 3.

1.3. Chains with a given starting prime. Our next objective is to count prime chains
with a given starting prime p;. As the number of such chains is infinite, we consider
P(z;p), the number of prime chains with p; = p and p/p < z. When p is very small
compared with x, almost all primes ¢ < z “lie above” p in some chain. The proof of
Theorem 4.5 of [22] implies that if p < (log )¢ for some small absolute constant ¢ > 0,
then P(x;p) > w(pzx) ~ pz/logx. Also, by the argument leading to Theorem 4, if p is
fixed, then we expect P(z;p) =< x. For substantially larger p we expect that fewer primes
q < px will lie above p, especially if p is a fixed power of z.

Theorem 5. For 2 < p < x, we have the effective estimate

log z(logs  + O(1))
log,

b o

P(z;p) < wexp {

In particular, for every € > 0 there is an effective constant C(¢) so that
P(x;p) < O(e)z' e,

Theorem 5 will be proved in Section 4 using a novel sieve method based on matrices of
Dirichlet series. It is an important tool in the recent proof by Ford, Luca and Pomerance
[26] that the equation ¢(a) = o(b) has infinitely many solutions, settling a well-known
50-year old problem of Erd6s. In [25], Theorem 5 is applied to the problem of determining
if for every positive integer n, there is another positive integer m with A(n) = A(m).

Remarks. Theorem 5 is only nontrivial for large p, namely for

log x(log, = + O(1
> o { L8R+ 00D,
2

On the other hand, considering only chains of length 2 gives the lower bound P(z;p) >
7(xp, p, 1) and we therefore expect that P(x;p) > z/logx if x > p° for fixed § > 0. We
conjecture an even stronger upper bound.

Conjecture 1. We have P(z;p) < .
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FIGURE 1. Pratt tree for p = 105277

1.4. Pratt trees. The Pratt tree for a prime p is the tree with root node p, and below p are
links to the Pratt trees for primes ¢ which divide p — 1. This tree was introduced by V. Pratt
in 1975 [44], who showed how to use it in conjunction with Lucas’ primality test ([17],
84.1) to create an efficient certificate of primality for a given odd prime p. The certificate
consists of a primitive root g of p, which is proved to be such by verifying ¢?~1/7 # 1
(mod p) for each prime ¢|(p — 1). To prove each of these ¢ is prime, one iterates this
procedure. Pratt showed that this primality certificate provides a proof that p is prime in
polynomial time (the number of “bit operations” is O((log p)®) for some constant C). For
a general number n, this method is not a practical for determining if n is prime, since
it requires factoring all the shifted primes in the tree. Today, there are polynomial time
algorithms for determining whether or not a given integer is prime [2]. Pomerance [43]
gave another method for producing primality certificates with a smaller upper bound on the
complexity. It is likely that the Pratt certificate is more complex for some primes, but it is
an open problem whether the Pratt certificate has longer complexity for most primes (see
§1 of [43]).

All the leafs of the Pratt tree will be labeled with the prime 2. Figure 1 shows one
example.

One measure of the complexity of the Pratt tree is the total number of nodes, which is
the quantity f(p) introduced in §1.2. Another important statistic is the height of the tree,
denoted H(p). We can also interpret H(p) as the length of the longest prime chain with
pr = p. For example, H(105277) = 7. In the next graphs, we show histograms of H(p)
for (i) all primes p < 10° and (ii) for 1000 randomly chosen primes near 10%°.
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Understanding the extreme values of H (p) is notoriously difficult. At one extreme, a
prime with H(p) = 2 is a Fermat prime, that is, p = 22" + 1 for some integer m. Only 5
such primes are known, corresponding to m € {0, 1,2, 3,4}, and it is widely believed that
there are only finitely many (see [17], §1.3.2). On the other hand, the following conjecture
seems plausible.

Conjecture 2. For every k > 3, there are infinitely many primes with H(p) = k.

If, for example, there are infinitely many primes of the form 235" 175257'65537* + 1,
then Conjecture 2 holds for £ = 3.

At the other extreme, we have the trivial bound H (p) < [%j + 1, and pose the follow-
ing question.

Problem 1. Is it true that H(p) > log p for infinitely many p?

The answer is yes if (2.2) holds, but (2.2) seems very difficult to settle. It is plausible
that there is some C' > 0 so that for every prime p, the least prime ¢ = 1 (mod p) satisfies
q < p(log p)©. If so, then the special chains p; = 2 < 3 < --- < p;, where for each 7, Pj+1
is the least prime = 1 (mod p;), have the property that H (p;) > g?ﬁ-

Primes with H(p) very small or very large should be rare. One main goal in this paper
is to understand the behavior of H(p) for a typical prime p. A seemingly natural candidate
for the longest chain in the Pratt tree is the special chain p = py > p; > - -+ > pr = 2, with
p; the largest prime factor of p;,_; — 1 for each j. Let L(p) denote the length of this chain.
Recently, Banks and Shparlinski [8] proved that for almost all p,

log, p
. > (1-— —= —
(1.4) L(p) = (1 0(1))log3p (p — 0)
We can do better, at least heuristically. For a randomly chosen integer n, the largest prime
factor of n is < n'/* with probability p(u), where p is the Dickman function, the unique
continuous solution of the differential-delay equations (see Section 1 of [32])

pw)=1 (O0<u<l), wlw)=—plu—1) (u>1)
It is natural to conjecture that the largest prime factor of the shifted primes p — 1 has the
same distribution. We can thus model the special chain by assuming that log, p; —log, pj41
are independent random variables with distribution function 1 — p(e”) for > 0. These
random variables have mean

,u:/ooox%(l—p(ex)) dx:/lw@du.

u

By the law of large numbers, if k is large then we expect log, p — log, pr ~ ku most of
the time. Hence, we should have L(p) ~ (1/u)log, p for most p. Numerically, 1/u =
1.916045.. . ..

Better unconditional lower bounds can be obtained for H (p) than that provided by (1.4).
In [35], Kdtai showed that for some small unspecified positive constant ¢, H(p) > clog, p
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for almost all primes p. In fact, his bound holds for a more general type of Pratt-like tree
(see the end of this introduction for more). We show a quantitatively stronger bound, using
(1.3). First, however, we show that, over primes p < x, the distribution of H(p) is tight
on the left of its median. That is, the “width” of the distribution, at least to the left of the
median, remains bounded as x — oo, in contrast to what might be expected. We conjecture
that the distribution is also tight to the right of the mean (see Conjecture 4 below).

Theorem 6. Suppose g and h are increasing functions, satisfying 0 < g(x) < h(x),
h(z?)—h(z) < K and g(2*)—g(z) < K forx > 1. Suppose, for large z, that H(p) > h(p)
for at least cr(x) primes < x. Then

(1.5) H(p) = h(p) — g(p)

or all primes p < x with at most O(m(x) exp{—=222¢(x)}) exceptions. Consequently, i
K

g(x) — oo as © — oo, then (1.5) holds for almost all p.

Theorem 7. Suppose that (1.3) holds with Q = 2% and R = (logx)% For any ¢ <
#g(l/@)’ there is an € > 0 so that H(p) > clog, p for all but O(x/(log x)'*¢) primes
p < .

Corollary 1. Assume the Elliott-Halberstam Conjecture. Then, for every c < e, almost all
primes satisfy H(p) > clog, p.

In light of the heuristic for L(p), we see that L(p) should be much smaller than H (p) for
most p.

We believe that the conclusion of Corollary 1 is best possible; see Conjecture 3 below.
If py < -+ < pr =pwith k = H(p), we have

k—1 ol
log pii1 . logpj
logp =1 e ]
ogp = log p1 ]1;[1 log p; > 1521?—1 log p;
hence
lo
(1.6) H(p) < o + o).

logpjt1
logpj

~X
log min;<j<k—1

It is not known that there is an infinite set of primes p with H(p)/log,p — oo. If this
is the case, then (1.6) implies that for all € > 0, there are an infinite number of primes p
such that p — 1 has a prime factor > p'~¢ (cf. section 1.1). In the opposite direction, we
can show, for infinitely many p, a lower bound for H (p) which is quantitatively better than
the bound in Theorem 7. In particular, if the Elliott-Halberstam conjecture is true, then
limsup H(p)/log, p = oc.

Theorem 8. Assume that 0 < 0 < 1 and for every A > 0, (1.3) holds with Q = x° and
R = (log x)*. Then, for every c < m, there is a constant K so that for large x, there
are > x/(log z)X primes p < x satisfying H(p) > clog, p.
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Theorems 6, 7 and 8 will be proven in Section 5.

What can be said about upper bounds on H (p), valid for almost all p? Before our work
it was not known that H(p) = o(logp) for infinitely many primes p. A seemingly easy
method for finding p with small H(p) is to take p with p — 1 having only small prime
factors, and use

log q
) log 2

(1.7) H(p) < 1+ max

al(p—1
However, the best we know is that there are infinitely many p such that all the prime factors
of p — 1 are < p®2%3! [6]. In order to show H(p) = o(log p) using (1.7), we would need a
prime p so that all prime factors of p — 1 are < p°Y). Using a different method, we prove
that H (p) is substantially smaller than log p for most primes p.

Theorem 9. For ¢ = 0.0378 and some § > 0, we have H(p) < (logp)'~¢ for all but
O(x exp{—(log x)°}) primes p < .

The proof of Theorem 9 is given in Section 6. Later, in Section 7, we apply a differ-
ent method to deduce weaker upper estimates, but ones which hold with a much smaller
exceptional set of primes (Theorem 11 there).

As § — 07, the probability that the largest prime factor of n is between n° and n'~?
tends to 1. The same is expected for the largest prime factor of shifted primes p — 1. It
is reasonable to conjecture that H(p) ~ clog, p for some constant c. In section 8 we give
a heuristic argument, based on a stochastic model of the Pratt trees, for the assertion that
this is true with ¢ = e. More crudely, by the argument leading to (1.2), we expect that the
number of primes at level k of a Pratt tree for p < z has normal order (log, x)*/k!. By
Stirling’s formula, this quantity drops below 1 when k ~ e log, z.

Conjecture 3. H(p) has normal order elog, p. That is, for every ¢ > 0, we have

|H(p) — elog, p| < elog, p

for almost all primes p.

Recall Corollary 1, which says that the Elliott-Halberstam conjecture implies the lower
bound implicit in Conjecture 3.

For the primes considered in Figure 1, we have elog, 10° ~ 8.2 and elog, 10%° ~ 12.3.
The peak of the distribution in these two cases is a bit smaller than e log, p, and the argu-
ment in Section 8 explains this phenomenon. Moreover, our model predicts the tightness
of the distribution of H (p) (cf Theorem 6) and also a large asymmetry in the distribution
with respect to its median. The following conjecture makes this more precise.

Conjecture 4. H(p) = elog,p — 3logsp + E(p), where E(p) is an exponentially tight
sequence. More precisely, for some fixed ¢ > 0 we have, for any z > 0, E(p) < z for
all but O(e~%*7t(x)) primes < x, and E(p) > —z for all but O(exp{—e“}n(z)) primes
p < T
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The asymmetry in the distribution is already evident in the graphs in Figure 1. Numeri-
cally, elog, 107 — 2 log; 10° &~ 6.57 and e log, 10" — 2 logs 10*° ~ 10.03.

Due to the fact that H(p) is integer valued, it is unlikely that F/(p) behaves like a par-
ticular random variable. In particular, depending on the size of z, the second most popular
value of H(p) for p < x may be one less or one greater than the most popular value (al-
ready evident in Figure 2). It is possible that £'(p) behaves like a discrete approximation to
a random variable.

The model in Section 8 can also be used to guess the distribution of other statistics of
Pratt trees. For example, the quantity f(p) defined earlier is the total number of primes
in the tree, and our model predicts that f(p) < logp for most primes p (see Theorem 4).
Other interesting statistics are the width (maximum number of primes at some level of the
tree) and mass (product of all primes in the tree; see [10]). We leave these topics to the
interested reader.

1.5. Further problems. One can define a more general type of prime chain, by fixing a
non-zero integer a and putting p < ¢ if p|(¢ + a). Everything we have shown in the case
a = —1 holds in the general case as well, with one small caveat. One must avoid the special
prime ¢ = —a, if —a is a prime, and avoid primes occurring in chain cycles when a > 0.
For example, when a = 6 we have the cycle 5 <19 <13 <7 <29 <23 <17 <11 < 5.
Problems concerning the structure of the cycles for various a are interesting in their own
right, and are investigated in [35], [36] and [42].

We conclude this section with a conjecture about prime chains, which follows from the
prime k-tuples conjecture but should be “easier”. It can be considered a multiplicative
analog of the statement that the primes contain arbitrarily long arithmetic progressions,
recently proved by Green and Tao [29].

Conjecture 5. For each k > 3, there are infinitely many prime k-tuples (p1, . . ., pr) where,
for some m, pji1 =mp; +1forl1 <j<k—1

Even the case £ = 3 is not known.

1.6. Notation. Some notational conventions have already been mentioned, e.g. m(z) for
the number of primes < x and log, = for the k-the iterate of the logarithm of x. Other
number theoretic functions we need are the Mébius function u(n), Euler’s totient function
¢(n), the number of distint prime divisors w(n) of n, and {2(n), the number of prime power
divisors of n. The letter p, with or without subscripts, always denotes a prime. Constants
implied by the O— and < — symbols do not depend on any parameter unless indicated. In
Section 8, we use P for probability and E for probabilistic expectation.

2. CUNNINGHAM CHAINS

Proof of Theorem 1. Let ¢ < p be a prime such that ord,2 = ¢ — 1 and ¢ { (p + 1). The
powers of 2 generate all reduced residues modulo ¢, so there is some j < ¢ — 1 for which
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E | p k/logp; | discoverer

16 | 810433818265726529159 | 0.3323 Carmody and Jobling (2002)
15 | <113220800675069784839 | > 0.3248 | Carmody (2003)

14 | 95405042230542329 0.3580 Jobling (1999)

13 | 4090932431513069 0.3616 Brennen (1998)

12 | 554688278429 0.4437 Loh (1989)

11 | 665043081119 0.4040 Loh (1989)

10 | 26089808579 0.4169 Loh (1989)

9 |85864769 0.4926 Nelson (1980); Sumiyama (1983)
8 |19099919 0.4771 Nelson (1980)

7 | 1122659 0.5024 Lehmer (1965)

6 |89 1.3367 Cunningham (1907)

TABLE 1. Smallest prime p with k(p) = k

277 (p+1) =1 (mod q). Hence, k(p) < g — 1. More generally, let I', be the orbit of 2
modulo ¢, i.e., Ty = {2/ (mod q) : j € Z}. Then

(2.1) k(p) < min{ford,2: g <p,p+1eT,}.

Let0) <e < % and put z = (%) log p. By Lemma 1.1 and partial summation, if p is large
enough then

> logq>C<1—%>w>log(p—l—l).

q<z
ordg2=g—1

Thus, there is some ¢ < z withord,2 =g —1landg{ (p+1). By (2.1), k(p) < g—1 <
T. O

In light of Theorem 1, it is natural to ask if

k
2.2) lim sup (p) > 0.
p—oo  lOgD

Table 1 gives values of k(p)/ log p for the smallest p for which k(p) = k (the smallest p
for £ = 15 apparently isn’t known). These were taken from a web site maintained by Dirk
Augustin (third column values truncated).

The proof of Theorem 2 uses Montgomery’s large sieve estimate ([15], Théoreme 6):



12 KEVIN FORD, SERGEI V. KONYAGIN AND FLORIAN LUCA

Lemma 2.1. Suppose a set of positive integers < x avoids &(p) residue classes modulo p
for each prime p. Then the cardinality of the set is

<o 0 2 el

ngxl/Q

Proof of Theorem 2. Let ¢ > 0 be very small. Suppose that x < p < 2z and k(p) >
(logz)? =: Q. If z is large enough, there are > Q' /2 prirnes q < Q with ¢ — 1 having
a prime factor > Q% <. Let Q be the set of primes q (@ such that |I';| > Q% <. For
any prime ¢ with ¢ — 1 having a prime factor > Q" ¢, we have either Ty > Q9+*5 or
T, < Q0"+ = Q,. Any prime in the latter category divides M = [, (2’ — 1).

As M < 290 and 0% > 5, the number of such ¢ is < Q% < Q'~¢ if € is small enough.
Therefore, |Q| > Q!¢ for all sufficiently large z. Let w := |(logz)/(2log Q)] and let
N be the set of squarefree positive integers n having precisely w prime factors all from Q.
Clearly, n < x'/? for all n € N. Further,

w1z (1) 5 (B2) > atas

Finally, if n € N, then taking ¢(q) = |I'y|, we have
H f <Qe+—a—1)“’ — Q0T LU
qln
Thus,
and the lemma follows. U

Remarks. The link 2 is special. If we consider generalized Cunningham Chains p;, ps =
mps + 1,...,pr = mpr_1 + 1, where m is an even integer, it is trivial that & is bounded in
terms of m for m > 2. Indeed, if ¢ is a prime factor of m — 1, then p; = p;_; +1 (mod g),
andthus k <g—1ifp; >qgand k < qif p; < q.

Problem 2. In light of the fact that k(p) = 1 for most p, can it be proved unconditionally
that ), k(p) ~ m(x)?
3. ESTIMATES OF P(z)
Throughout this section, variables ¢, ¢g; and ¢, denote primes.

Proof of Theorem 3. Since f (2) =1and
(3.1) =1+ ) f(q

ql(p—1)
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an easy induction shows that

(3.2) fp) <

and hence

PO =100 < oy Ytown < (g o)) (o= )

P<T pLx
by the Prime Number Theorem.
We next show that if & < 1, (1.3) holds with Q = 2 and R = (log z)?, and if « satisfies
0<a<landf'~ >1— q,then
(3.3) P(z) > x(logz)™“.
The lower bound in Theorem 3 follows by taking = 0.499 (admissible by the Bombieri-
Vinogradov theorem) and o = 0.36. Define the numbers a; by
o= mr PWlogy)”
2y <exp{(1/6)7} Yy

We have a; > 0 and a;4; < a; for all j. To show that lima; > 0, suppose that j is large
and exp{(1/0)’} < z < exp{(1/6)’*'}. By (1.3) and (3.1),

P =Y (1+ X f@)

Pz al(p—1)

> fla)w(zg,1)

q<z?
: f9) z
=1 O .
1(Z)Z:q—l—i_ log z
q<z?
Since f(q) > 1forallgand ), q+1 diverges, for some gy we have
: f(g)
P(z) 21 —
Gziue Y 1

q

go<q<z?

By partial summation and the definition of a;,

P(2) = 1i(2) / Pg) dt

0

< z /z dt
=z Qj
‘logz J,, t(logt)«
ol—o 2 z
=q;|— O .
% [1 — a (log 2)> * (logz>}
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Since 01~ > 1 — q, the right side is > a;z(log z)~* for large j. Hence, the sequence {a;}
is eventually constant. U

Proof of Theorem 4. By the proof of Theorem 2.1 in [22] (more precisely, combine Lemma
2.4, Corollary 2.5, (2.8) and Theorem 2.1), we obtain

(3.4) P(x) = cz + O(z/(logy )°)

for some ¢ > 0. Section 2 of [22] is devoted to the study of the normal behavior of the
function ¢(n), the number of times one must iterate the Euler function, starting from 7, in
order to reach 1. For example, ¢(9) = 4 since ¢(9) = 8, ¢(8) =4, ¢p(4) = 2 and ¢(2) =

It turns out that F'(n) = £(n) — {} ™ %4 is completely additive, and for odd primes p,

0 n even
F(p)=F@p—-1)= Y aF(q).
q*[lp—1
This is very similar to relation (3.1), the only difference being the behavior at proper prime
powers, which play an insignificant role in the arguments in [22].
In [22], F'(p) > log p, however we do not have f(p) > log p from (3.1), exactly because
of the influence of prime powers; from (3.2), f(p) < log(]] al(r—1) q). Hence, we cannot

immediately deduce that ¢ > 0 in (3.4). To show this, we use the method of the proof of
Theorem 3. For j > 1 let

Pyl
o — inf TWI8sY
2gy<e’ )

. . -1-5
For ¢/ < z < e/t!, let zo — p1-(loga )™ For large enough z, zg < z/e. For such z, we

obtain for some ﬁxed qo = 100
f(q) ( z )
qg q log 2z

f(q)

> li(2) =
q0<g<z0 q
)

20
>L/ P(t gt
logz /,, t*

S 4% / 0 dt
“logz J,, tloggt
By integration by parts,

/ dt  logt +/ dt _
tlogst  logyt tlog, t(logs t)?’

o dt 1 1 1
/ 5, Jogz (1+—>—O(1) 0g 2
o tloggt ~ logs 2o log, 2o logs 2o log, 2

hence,
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for large z. Hence, P(2) > a;z/logs z and thus the sequence {a;} is eventually constant.
Thus, P(z) > z/logs z and therefore ¢ > 0 by (3.4).
For the second part of the theorem, start with

S (f(p) - clogz)’ =3 f(p)? - 2cloga (cx +0 (L» + r(a) log?x

<z <z (logy x)°
1
= E:f(p)2 — c*zlogx + O (Lgxé) :
<z (log, z)

The sum on the right side is
Y F@Pw(ig ) +2 Y fla)fle)m (@, 1).
gz q1<q2<T

Put 7y = 1~ (1222 7""° We use (1.3) to handle the terms with ¢ < zy and ¢;¢2 < z¢. The
terms with ¢ > x are dealt with using f(¢) < log ¢ and sieve methods. By Theorem 2.4
of [30], we have

Z m(x;q,1) < Z #{q < z/k : q,qk + 1 both prime}

T0<q<zT k<z/zo

< E < -
Ny log z  (logz)(log, x)'+o’
T xo

and

Z (2 1Ga, 1 Z Z #{q < z/(kq1) : g2, kq1g2 + 1 both prime}

20<q192<T q1 <\/> k<$/.’1¢0

q1<q2
< Z 2

<V k<Lz/xo
X

< (log z)(logy )%

kql log x

Hence,

2 T 2 x 2f(q1)f(q2 zlogx
S ) :logxqgof(;z) f T (q1) (Q)+O<( g 6)'

log, x
p<e n<p<e D g 7)
q1q2<T0

By the proof of Proposition 2.6 of [22], the two sums above are each
1
502 log?z + O ((log 7)*(log, x)"s) ,

and we conclude that

> (f(p) - clogz)® < (:h)—gﬂ> .

o log, x)
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The second statement in the theorem follows. [l

4. SIFTED CHAINS

The proof of Theorem 5 uses a novel method based on matrices of Dirichlet series. The
underlying idea is a simple sieve; relax the condition that the numbers in the chain are
prime, and instead only require that they do not have small prime factors. Let y > 2 and
let ¢ be the product of the primes < y. For (a,q) = 1, let N,(z;y) be the number of chains
with ny = a, with ni/n; < x and consisting of numbers coprime to ¢. Also let

N(z,y) = max Na(z,y).

5

If p > y, we have
P(x;p) < Np(z,y) < N(z,y).
For example, when y = ¢ = 2, the links in the chains counted by N (z; 2) are even and have
product < z. A variant of Kalmar’s argument from [34] shows that N (z;2) < z” , where
' is the unique positive solution of 27°((s) = 1. For y > 3, however, the restrictions on
the links m,; are more complex to deal with.
For positive integers a, b, ¢ and real s > 1, let

S(a,b) = S(a,b;q,s) = Z m=°.
m2>1
am-~+1=b(mod q)
This Dirichlet series encodes the possible links m from a number n; = a (mod ¢) to a
number n;,1 = b (mod q).

Let U, = (Z/qZ)* be the multiplicative group of integers coprime to ¢q. Let Ay (a1, ay)
be the sum of (my - - -my_1)~* over all (k—1)-tuples (my, ..., my_1) which could serve as
links in a chain starting from a number n; = a; (mod g), ending with a number n; = ay
(mod ¢) and with all numbers in the chain coprime to g (we suppress the dependence on ¢
and s in this and future definitions). Then As(aq,as) = S(aq, as) and for k > 3,

Ak‘(alaa’k’) - Z S(al,ag)S(ag,ag)“'S(ak_l,(lk).
az,,ar—1€Uy

Let Vi(a1) be the column vector (Ag(ay,ax) : ar € U,). For consistency, let V;(a;) be a
vector with all zero entries except for an entry of 1 in the a; position. Since

Apia(ar, aper) = Z Ap(ar, ar)S(ag, ari1),
ar€Uq

we obtain
Vir(a1) = MVi(ay),

where M = M(q, s) is the transition matrix

M = (S(a, b))

b,acUy’
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The rows of M are indexed by b and the columns are indexed by a. Finally, let Fi(a;) =
> a, Ak(a1, ag), so that

4.1 Fi(ar) = (1,..., 1)Vi(ar) = (1,..., 1) M* Vi (a);
i.e., Fy(ay) is the sum of the entries of column a; in M’“*l.

Lemma 4.1. We have

Ny(z;y) < inf | 2° Z Fi(a)

s>1
1<k e +1

Proof. If ny/ny < x, then my - - -my_y < x and hence (x/my - -my_1)° > 1. O

Observe that the sum on £ in Lemma 4.1, if extended to £k = oo, is convergent if and
only if M is a contracting matrix, i.e., all the eigenvalues of M have modulus < 1. Since
M has positive real entries, the Perron-Frobenius Theorem implies that the eigenvalue with
largest modulus is positive, real and simple. Call this eigenvalue \(s;y).

Problem 3. Obtain good estimates for \(s;y). In particular, determine the smallest s, as
a function of y, for which \(s;y) < 1.

We show below that if y is large and s > 1+ log2 Y. then A\(s;y) < 1. Accurate estimation

of A(s;y) is difficult for large y, but the largest row sum of M serves as an upper bound.
For a generic matrix A, let R,(A) be the sum of the entries in the row indexed by b, and let
R(A) be the maximum row sum of A.

Lemma 4.2. With M defined above, we have Ry(M) = a(q)5((b — 1,q)), where
e p—1
alg)=Ja-p)" B = :
P>y pld

. b—
Proof. Write d = (b — 1,¢) and b’ = %%, Then

=> > mr=d* > k#{acU;:ak=1 (modg/d)}.

a€lUq am=b—1(mod q) (k,q/d)=1

The congruence ak = V' (mod ¢/d) has a unique solution modulo ¢/d, and hence has ¢(d)
solutions a € U,. Thus,

Ry(M

Z k=22 H (1=p~")"" = a(e)B(d).

(k,q/d)= pt(q/d)
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By Lemma 4.2,
(42) R(M) = a()8(2) = —— [J(1 - »~) "

25 —1
P>y

Since R(AB) < R(A)R(B), R(M*1) < R(M)*L. To bound N(z,y), however, we
require a bound on the largest column sum of M*~1. Lacking a better method, we’ll just
use the trivial bound ¢(q) R(M)*~1. We then have

(4.3) Fr(a) < ) Fi(a) < p(@)RIM*Y) < g(q)R(M)*,

aclUy

and, applying Lemma 4.1,

s

) x
(44) N(ZE, y) < (ZU: Na(ﬂf7 y) < QS(Q) s:Rg\l}‘)<1 Tm

By standard prime number estimates, if 1 < s < 2, then

= log(1—p=)=0(1/y* ) +> p*

p>y P>y
At e—(s—1)logy
< < .
/y t*logt — (s—1)logy

Also, 2° — 1 =1+ (2log2)(s — 1) + O((s — 1)?) for 1 < s < 2. By (4.2), fory — oo,
s—1>log,y/logyand s =1+ o(1), we have

4.5) 1 — R(M) ~ (2log2)(s — 1).

Take y = (logz)/log,x and s = 1 + lfogTny. Using (4.4) and the Prime Number Theorem
bound

we obtain the following.

Theorem 10. Ify = lﬁg%, then

N(z;y) < ) No(w,y) < zwexp

aclUy

{log z(logg x + O(1)) } .

log,

5. PRATT TREE HEIGHT: LOWER BOUNDS

Proof of Theorem 6. The conclusion is trivial if g(z'/?) < 3K, so we will assume that

g(x/?) > 3K. Let
g(fl?l/2)
m = L
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so that m > 3. Put Q = 2> " and let T be the set of primes 2/ < p < x such that there
is a prime ¢|(p — 1) with Q < ¢ < 2'/* and H(q) > h(q). Forp € T,
H(p) = 1+ h(q) = MQ) = h(z) — mK > h(p) — g(p).
By sieve methods (Theorem 4.2 of [30]), for large x
1
12 < <z T v 1— -
@ <pseperi< i I (1-1

Q<q<al/4
H(q)=h(q)

x
<< 2—mc
log

and the theorem follows. ]

In the proof of Theorem 7, we need some further estimates from sieve theory. The first
is the Brun-Titchmarsh inequality

(5.1) w(z,q,1) < ’

d(q)log(z/q)’

and the second is a way to handle primes in progressions to large moduli.

Lemma 5.1. Uniformly for z > 2 and 4 < A < 22, we have

z(log? z) log A
E W(xaplp%l) < ( ? 4> & .
P1,p2 2% 0g <
pip2>z/A

Proof. Without loss of generality, assume that z < /4. If p < z and p = 1 (mod pypy)
with p1py > x/A, then p = 1 + kpypy, with 1 < k < A. For each p, there are O((%)Z)
choices for the pair py, po. Hence, by sieve methods (e.g. Theorem 2.2 of [30]),

1 2
Z m(x, p1p2, 1) <€ (ng) Z Hn<z:n=1 (mod k),

P1,p2 22 1<k<A
p1p2<z/A

all prime factors of n(%1)) are > z}|

log x 2 x
<< —
<1og2) 2 ¢(k) log® 2

1<k<A

» z(log” z)log A
log4 z '

Proof of Theorem 7. Suppose that
1
e~ +1log(1/6)

c<h<d<
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For some constant ¢”, described below, let
P={p:H(p) > logyp—"}.
We will show, for some § > 0, that

(5.2) P(z)=|{p<z:peP}>d—

logx”

Consequently, a positive proportion of primes p satisfy H(p) > hlog, p, and Theorem 7
follows from Theorem 6.

Since limy_.o +(k!)'/¥ = €71, there is an integer k > 2 such that

1 !l/kz
1
c

+log(1/6).

Let a, 3 satisfy
e Y < B < 0Fexp (—(k:!)l/k)
and
B exp ((k!)l/k) <a< 6k

Suppose that ¢ is sufficiently small, depending only on the choice of ¢, 8, k, o, 3. Let x
be sufficiently large, depending on ¢, 0, k., a, 3,0, and put ¢ = ' log,(xg). Observe that
(5.2) holds trivially for 2 < z < xg, provided 0 is small enough. Throughout this proof,
constants implied by the O— and < —symbols may depend on ¢, 0, k, a, 3, but not on 6.

Next, suppose that Y > x, and that inequality (5.2) holds for 2 < x < Y. Let Sbe a
subset of the primes in P N [Y?,Y?"]. Let N(S) be the number of primes p, € (Y, 2Y] so
that there is a prime chain

(5.3) Pk < Dk—1 <+ =< Do
with p, € S. For such pg, we have

H(py) >k + H(pp)
>k + logy pr —

1
= 'log,(2Y) — "+ logB+k+ O <logY>

> ¢ logy po — ¢’

if zq is large enough. We will show, for appropriate .5, that

Y
. > ,
(5.4) N(S) 2 b

which implies
2Y
) :
log Y log2Y
Therefore, by induction over dyadic intervals, (5.4) implies (5.2), and hence the theorem.

P2Y) = P(Y)+6
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To prove (5.4), we will consider chains (5.3) satisfying not only p; € .S, but also
(5.5) Pjt1 < pf- 0<j<k—1), p <Y’
With (5.5), we can use (1.3) to accurately count such chains. We have
N(S) = Ni(S) — Na(5),

where Ni(9S) is the number of chains (5.3) satisfying p;, € S and (5.5), and No(S) is the
number of pairs of distinct chains satisfying these conditions with the same py. For brevity,
write

li(z)

E = 1) — .
(.T,p) ﬂ-('r7p7 ) p_]_

We first have

-y Y- Z( @)~ 7 (V1) ),

PrES Pk—1

where we assume (5.3) and (5.5) in the summations. By induction on 1 < j < k, we shall
now prove

i—1
<10g2 Yo — — log, pj>] Y
6 N -y DY 0 ()

Pk Pk—1

First,

m(2Y,p1, 1) —w(Y,p1, 1) = M M) '

p1 P
For a given p;, there are O(1) chains py < --- < p; with p;, > Y?. Also, 3" 1/p; = O(1).
By (1.3), the totality of the error terms is O(Y/log®Y), and we obtain (5.6) for j = 1.

Now suppose (5.6) is true for some particular j > k — 1. By partial summation, for
YO < pja <YV,

+ EQ2Y,p1) — E(Y,p1)+ O (

7—1

Z (log2 V¥ —log, pj> /ng (log2 Y% —log, t)
p

j—1

dt
(4 — 1)! R — 1)1
pj=1 (mod pj-!—l) p](j ]‘) 1191 (p]+1 1)(] 1)t 1Ogt
p]li@l <pj gyej

j 1/6 ol
L0 BV, pj) n |E(pi pit)] N B, pi)| &
y0i p;/e 1/0 12 '

J+1 Pjt1

The first integral is

j+1 J
<10g2 Yo — log, pj+1) 1
o (o).

I+ p?ﬂ
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To estimate the aggregate of the error terms, note that for each p; 4, there are at most 0(1)
chains p, < - -+ < pj1 with p, > YP. For fixed t € [Y7,Y?], (1.3) gives

S 1Bl =0 (1)

0 log?t
pi+1<t

By another application of (1.3),

1/6
By pjan)|

|E(p31‘4917pj+1)|
2 e < (ogY) max 37 s
YBpj 1<yt Pjt1 YOSPY? ™ pp i <2P Pjt1
logY 1
< ax «— max |E(y,p)| € ——.
YBLPLY ! pe p<2Py<(2P)1/9| (v:p) logy

This completes the proof of (5.6) with j replaced by j + 1. By (5.6) with ;7 = k and partial
summation,

§Y [V (log, Y —log, )k Y
N YY) > — ¢ : dt
(POY?Ye]) 1Ogy/yﬁ (k— Dltlogt +O<log2Y>

5Y ¥ (log, Y —log, t)* Y
>_/ (log, gy ) dt+0(—_
logY Jys (k—1)!tlogt log”Y
Y k
_ Y (og(a/B)* (VY
logY k! log” Y

By hypothesis, log(a/3) > (k!)'/*. Also, note that the summands in (5.6) (with j = k) are
= 1/py, for YP < p, < Y. Hence, if § is small enough, there is a set S C P N [Y7 Y]
such that

Y
i N > (64 6%?%) ——
(5.7) 1(5) ( + ) log Y
and
1
(5.8) d — <.
PrES Pk
We have

-1
Ny = E Ny j,
j=0

where N, ; counts pairs of connected chains

Pk =" = Pjt1
>Pj<“'<po

/

Pl = <P
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with each of the two chains satisfying (5.5), pj+1 # pj,, and pg, p;, € S. We further write
Noj = Ny + Né’J, where N, ; counts pairs of such chains with p; < pj+1p;»+1Y52. As

before, for each pair (pj,1, p; ), there are O(1) choices for py,pj, ..., pjy2, P By
Lemma 5.1,
Y
Njp< > w2Y,piph, 1) < 6 gV
p1 P1>Yﬁ
pip, >y1-9

When 5 > 1, an argument similar to that leadmg to (5.6) ylelds

Ny € iy 2 Z >
pg+1 phLl Dpj
Using (5.1) and Lemma 5.1, we get (writing ¢ = p; 1)

Y& g1 a—
m(qY" ,q, )Y52+/ n(t,q, )dt
2q t

q

Y
Né,j < logY Z

Pi+1:P5 41

<t Y p X
logY  §21ogY logY

provided that log zy > 6. Hence,

Y
59 N, < 6% ——.
( ) ; 2,9 < IOgY

For chains counted by Ny ;, the Brun-Titchmarsh inequality suffices for the estimations.

When j > 1 and p; is given, as before we have

Y
Pj—1 P1 P; 08

By partial summation and (5.1), given p;; and p;. 1>

Z 1 < 1 N log(1/9) < log(1/0)

K
P PPt logY  piap) Pitil1

Forj+1<r<k-1,

(5.10) Zi<< L Zi<< !
j8

Pr Dr DPr+1 Py Dry1 '

Finally, by (5.8), we arrive at

(5.11) Ny . < 6%1og(1/0)

logY"
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In a similar way, when j = 0 we have by (5.1) and partial summation,

log(1/6
S (@Y 1) < 220

/
2P
i <2Y1-92 2

A second application of (5.10) then gives (5.11) in this case.
Finally, combining (5.9) and (5.11), we obtain

Ny(S) < 6%log(1/6) gy

Together with (5.7), if 0 is small enough then (5.4) holds, and this completes the proof. []

Proof of Theorem 8. We proceed by induction as in the proof of Theorem 7. However, the
proof is much simpler. Let ¢ and ¢’ satisfy ¢’ > 1/3 and

1 1

©T S log(1/0) ~ log(1/6)’

and define K by

Let z, be large, depending on K, ¢, ¢/, 6, 6" and put ¢’ = ¢ log,(x3). Let
P={p:H(p) = logyp—"}.

In particular, P contains all primes < 3. We shall prove that

x

5.12 =|PnN(x/2 > —
(5.12) Q@)= PN /2,2 > o
for x > xy, which implies the lemma (since ¢’ > ¢). By the Prime Number Theorem and
the fact that K > 1, if z, is large enough then (5.12) holds for o < = < x3. Suppose
y > x3 and (5.12) holds for 7y < z < y. Assume y < x < 2y and put I = P N (27, 27).
Suppose that /2 < p < z, and that ¢|p — 1, where ¢ € I. Then

H(p) 21+ H(q) 21+ c'logyq— "

>1
> 1+ dlogyx +c'logl — " > logyp — ¢,
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sothat p € P. Forx/2 < p < x, p— 1 is divisible by at most two primes from /, and hence
by our hypothesis (1.3),

1

Q) =3, (7?(93; q,1) — (z/2 q, 1))

qel

li(z) — li(x/2) 1 T
> S 0 ()

qel

x 1 x
> -4+ 0| +——= ).
4log x Z N <(10g x)K“)

qel q

Since (5.12) holds for 2% < y < z?, we have

1 27 ¥
Sle oy @)
qel q j=1

2j<19_9,

(0 —0)]ogx 1
2\ —V—— 1) 7%
( log 2 (log 2%)K

0—¢
~ 0K (log z)K-1
8
(logz)®—1"

Therefore,

0> g3 0 (o) > o

if x 1s large enough. By induction on dyadic intervals, (5.12) holds for all z > x. U

Remark. If (1.3) holds with Q = '~ for a function £(x) — 0 as x — oo, and where
R(x) = (logx)?@®), where f(x) — oo as x — oo (sufficiently fast depending on the decay
of e(x)), we can deduce that H(p) > g(p) log, p for infinitely many p, where g(p) — oo
as p — oo (depending on the decay of £(x)).

6. PRATT TREE HEIGHT: UPPER BOUNDS, I

The proof of Theorem 9 is more complex than the proofs of the lower bounds in The-
orems 7 and 8. Rather than trying to construct friable shifted primes, we utilize sieve
methods, which tell us that the largest prime factor of p — 1 cannot be too large too of-
ten. At the core is a sieve upper bound for k-tuples of primes which is uniform in £. These
bounds involve a factor, the singular series, for which average estimates are required. There
is another factor, (c;k)*, in the sieve estimate, which has the potential to derail any attempt
to bound H (p) non-trivially. We get around this problem by observing that if H(p) is
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large, then there must be a prime chain in the Pratt tree for p which is very condensed in a
multiplicative sense.

Lemma 6.1. There is a 0 > 0 so that the following holds. Let ay,...,a; be positive
integers, let by, . .. by be integers and let £(p) be the number of incongruent solutions of
[T (am +b;) =0 (mod p). Ifx >10,1 <k <6 logg”" and

k—
B = Z%logpg dlog x,

p

then the number of integers n < x for which a1n + by, ..., apn + by are all prime and > k
is

2] kB + k?log, © B ¢(p) 1\ "
< ow (0 () 6‘?(“7)(1‘5)‘

Remarks. When a; = 1 for all j and k is of order log z, better upper bounds are possible
using methods of Elsholtz [20].

Proof. Since £(p) = k for large p, © converges to a nonzero number if and only if £(p) < p
for all p. Also, {(p) < k for all p. Hence, if & = 0, the number of n in question is zero and
there is nothing to prove. Now assume G > (. By Lemma 2.1, the number of n in question
is < x/G(y/x), where

=Y g(n), g H
n<z pln

When k is fixed, the argument in §5.3 of [30] implies that G(z) ~ (log2)*/(k!G). We
modify the argument to make the estimate uniform in £ in the stated range.
By the argument on p. 147-148 of [30], we have

> g(d)logd =" " g(d) Zg logp Zg D) 10g > 9

d<z d<z p<z/d Pz z/p?<d<z/p
ptd
B &(p)logp logp &(p)logp logp
=D 9@} == =m 4 9 )
d<z p<z/d h<z plh
p>z/h

On the right side, we have

Yo SRR §(p)logp logp = FOSP L o(B) = klog(/d) + O(B + k)

p<z/d pgz/d p
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and
- £p)logp k’gp kZlng kZlng 1°g2221<<mo .
log z 82
plh plh p<log 2z
p>z/h
Thus,

Zg(d) logd = ng(d) logs + O (G(2)(B + klog, 2)) .

d<z d<z

Adding the sum on the right side to both sides yields

G(z)logz = (k+1) Zg(d) log 2 +7(2)G(2)log =

d<z

©.1) :
= (k+ 1)/1 @dt—l—r(z)G(z) log z,

where r(2) < %. By assumption, if ¢ is small enough and z > /x, then |r(2)| < %

As on p. 150 of [30], if we define

k+1 [YG(t) )
E(y) =1 dt |,
(y> og (lngJrl Y /1 +

then we obtain from (6.1) the estimate
E+1  r(y) < k(B + klog,y)
ylogy 1—7(y) ylog’y

/; E'(y) dy

is absolutely convergent. Hence, for some constant D and for z > /z,

(1 -zl o k] [ G(t) 4

loghz  logh*!z t

1
= P = Dexp {—/ E'(y) dy}

B+ k21
:Dexp{g (w)}
log z

By the argument on p. 151-152 of [30], D~! = k!G. Therefore,

log kB + k?log, x
G(Ve) = k'é/_ep{O( log x 2 >}’

and the proof is complete. 0

E'(y) =

It follows that the integral
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For given positive integers my, . .., my;_1, we will apply Lemma 6.1 with the forms

fin)=n, fin(n)=mfin) +1 (1<j<k-1).
Write f;(n) = a;n + b;, so that

(62) Qj =M71--"Mj (]21), b1:0, bjzl—i—Zmi---mj_l (]22)

Let S(m) = & be the associated singular series and let {(p, m) = £(p). We first give a
global upper bound on &(m), and then show that G(m) is bounded in a suitable average
sense. Our result can be compared to the result of Gallagher [28], where an average of the
singular series for prime k-tuples with fixed £ is estimated.

Lemma 6.2. There is a constant co > 0 so that

(a) G(m) < (cplogy(dmy - - -my_y))F .
Furthermore,
(b) ZTlogp < k (logy(4my - - -my_1) + O(1)).

p

Proof. Letx = my - - my,_,. Assume that G(m) # 0, so that all m; are even and 281 < z.
Then {(p,m) = k if p{ N, where

N = my---Mrg_1 H \aibj — ajbi\.
i<j
By (6.2), a; < zand b; < 1+ 25;12 x/27 < x for each j. Thus, N < gFk—D+1 L
exp{O(log® z)}. Then, since 1 — k/p < (1 — 1/p)* for p > k,

s <II(5) - () -

Part (a) follows from the elementary bound N/¢(N) < log,(N + 2). For part (b), the
Mertens’ estimates give

Zk é(p, lgp kZIng <k Y logp kllsgg?vN R

P p|N p<log N p|N,p>log N

<k (log, N +O(1)).

Lemma 6.3. If n and k are positive integers, then there exists d|n with d < n*/* and
w(n) < k(w(d) + 1).
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Proof. If w(n) < k, then take d = 1. Otherwise, write the prime factorization of n as n =

pit - pér, where r > k and p7* < p¢r. Define j by pi* - - -pjj <tk < pit. pjff
and put d = pf' - - - p;’. Then r < k( Jj+ 1) for otherwise
k(j+1) k—1 (+1)(j+1)
k
v= =11 11 P )
=0 i=Il(j+1)+

Lemma 6.4. Let k > 2 and I C {1,...,k — 1}. If the variables m; are fixed (1 < i <
k —1,i & I), then for any prime p,

> e, (ma, . ) = P = (p— DI
0<m;<p (i€l)
Proof. Putm; = (my,...,my) for0 <1< k —1and let
(6.3) Ny(p) = > &pmy).
0<m,; <p (1€1,i<1)

We have Ny(p) = 1. If a+1 & I, then{(p, m,1) = £(p, m,) and hence N, 1(p) = N,(p).
Ifa+ 1€ I, wehave

Nat1(p) = > [{n mod p: p|fi(n)--- fa(n)(mafa(n) + 1)}|

0<m;<p (i€l,i<a+1)

= X | Hnmodppiain) )

0<m;<p (i€li<a)

+{nmodp:pft fi(n)--- fa(n)}]

="+ (p — 1)Na(p),
where g(a) = |{i € I : i < a}|. If follows, by induction, that
No(p) 2 p@ — (p =)@ (0<a<k—1),
and the lemma follows from the case a = k — 1. U

Lemma 6.5. Let k£ > 4, and suppose that M;, N; are integers satisfying M; > 2 and
2<N; < 2ka0r1 1 < k—1. We have

S S(m) < My My (3¢ logh + O(1))" exp {0 (“OgQ ’“) } |

log k
N;<m; <N;+M;
(1<i<k—1)

where b is the number of variables M; which are < ok,
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Proof. Let L = |logk| + 1 and r = k3L + 1. We will perform a precise averaging of the
factors in & (m) for primes p < r, and we will use crude estimates for larger p.

If p > r and p|my - - - my_1, we’ll use the trivial bound £(p, m) > 1. For other primes
p, each congruence f;(n) = 0 (mod p) has exactly one solution. For h > j, f;(n) = 0
(mod p) and f;(n) = 0 (mod n) have a common solution if and only if p|(a;b, — apb;).
Write

a;jbp, — apbj = my -+ -m;_1g;,(m),

where
gjj+1(m) =1, gin(m) =1+ Z mi---mp_1 (h =7 +2).

It follows that

f(pa m) z k- w(p7 m)7

where
w(p,m) = {3 < h<k:3j5<h—2withp|g;,(m)}|.

Hence,

1 —k 1 &(p,m)—k 1 —w(p,m)
(6.4) (1—M>(1——> <(1——> <(1——> .

p b p b
Let
. p
ve(n)= ] —r
p|n,p>r

and

p>r
plg;,n(m)
Ptgi,n(m) (j+1<i<h—2)
ptma-my_1

We then have

(65) 11 (1—1)1@@): [T ¢ (Gin(m)).

1<j<h<k—1
p>r h>j+2
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The number of pairs (j, k) in the product on the right is J = &2(1‘3_3) By (6.4), (6.5) and
Holder’s inequality,

(6.6)
§G(m) < %g <1 _ f(p;)m)) (1 _ %) —k ]ﬁw(mi)k_lg%((;j,h(m))
< (zmle;[ (1 _ w> (1 _%)—kr_l)l_i
’ h (%: w"(m")wkw) . i (% ¢T<Gj,h<m>>2‘”> "
If we write 7

po(m) = 3 B(d),
dlm

then (3, is multiplicative and supported on square-free integers composed of primes > 7.
Furthermore, if p > r > s + 1, then

Bs(p) = (—p ) S1gelon _ g 2
p—1 p
We then have for each ¢
_ N; + M;
Z 77Z)T(T',Li)QL(k 1)2 < Z 62L(k:—1)2 (d)T
N;<m; <N;+M; d<N;+M;
< @2k + )M [] (1 + —6%(’“‘”2@))
p>r p
L 2
<@2k+ 1M ] <1+ : f ) < kM.
p
p>r

Hence,

k-1

IO )
(6 7) H (Z wT (mi)ZL(kI)Q) < (le e Mk*l) r
: 1 m

1
< (M1 s Mk—l) 2L
For fixed (j, h), let M; = max(Mj;1, ..., M,_1) and write

(6.8) gjin(m) = my(mygy - - - mp_1)gj(m) + gy (m).
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We'll use

Gin(m)|G ), (m) = I1 P,

p>r
plg;,n(m)
pima--mg_19;,p(m)

and note that crudely G’; , (m) < g;»(m) < k(M; + N;)* < (6kM;)*. Fix all m; satisfying
j+1<i<h—1landi1l If M, > 2", then we have, by (6.8),

S e m)P = ST Basn( N < my < Ni+ M - d|Gy, (m)}]

Ny<m<Ni+M, d<(6kM;)*

(drni;ﬁl m;)=1
M,
< Z (7 + 1) By (d)
d<(6kM))*

an(e)e 1 (3

p>r r<p<(6kM,;)*
< M, + exp [8J L(logy (6kM;) + log k — log, r + O(1))]
< M,.

If M, < 2¥°, then Lemma 6.3 gives

R CACILES exp(zfﬁw )

T
Ny<m<Ni+M,; my<(2k+1) M,

< T ¥ e (5wt + 1))

<8kM; d|G, , (m)
d<6le

<e Y @ |{m <3kM,;:d|G),(m)}|

d<6kM,

<kM Y ©

d<6kM,

<mn 11 ( p—l)

p<6kM;
< /{Ml(log(Gk‘MZ))e < Mlk3e+1.

w(d)
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We conclude that

5T
6o 1l (M%m»“) < (B0, M)
: J,h m
< (M1 s Mk_l)i.
Note that trivially
-5 () )
PKT p p p<r p

klog, k
~en{o ()}
Put 7/ = 1k®. We have similarly

I (-2 (-2) oo (22}

r’'<p<r

Therefore, by (6.6), (6.7) and (6.9),

I 1 klog, k

eI ()

m p<r!

where

Let ] ={i: M; > > ok }and M’ = Hpgr/ p. By an elementary estimate, M/’ < e*”. Thus,
fori € I, M; > kM'. Hence, the number of N; < m; < N; + M; in a given residue class
modulo M"is < M;/M'+1 < (1+0O(1/k))M;/M’. Thus, by Lemma 6.4 and the Chinese

Remainder Theorem,
M, 1 1\ "
w (o) X (=) (i)

s« Y 11

N;<m; <N;+M; €1 m; mod M’ p<r!
(igh) (ieD)

U ENEE )

el N; <m; <N;+M; p<r! O<m <p
(i) (iel)
D k—1—|I|
L M- My — .
ot T =

Noting that b = k — 1 — |I|, the lemma follows from Mertens’ estimate. O
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Proof of Theorem 9. Suppose that x is large, and let » > 1, [ > 2 be integers to be chosen
later, and depending on z. Put

6.10) k=gl (0<j<r)
and, for 0 < 1 < 3 fixed, let

(6.11) x; =20 (0<i<r).
Ifp<zand H(p) > % + k,, then there are even integers hy, ..., hy, so that
(6.12) p=po=hipr+1,p1 =hopo+1,...,pk,—1 = by, pr, + 1,
with pg, . .., pi, prime and py,. > x,.. We further suppose that
log x,
6.13 rS T
e (105, 1)?
The vector (hy, ..., hg,) may not be unique, but we associate to each such p a single such
vector. For 1 < j < r, let (); be the set of primes p so that
(6.14) b <@ (<), py >
Then,
log x, .

6.15 <xz:H(p) 2 kol < |-
(6.15) Hp v Hip) > 100+ H ;\QJI

Fix 1 < j < r and even integers hy, ..., hy, satisfying hy - -- hy, < x/x;. By Lemma

6.2 (b) and (6.13),

ki —&(p; (he,,..., h
Z 7 — &(p; (M 1)) logp < k;logy = < < _
D log,xz ~ log, @

logz, _logx;

p
Fix ¢; > 2e~!. By Lemma 6.1, (6.13) and Stirling’s formula, the number of p = py < =
satisfying (6.12) is

T (Clkj)kj+16(hkj7"'vhl)

(6.16) < :

hy -+ by, (log xj)kﬁl
if z is large enough. Now we estimate \Qj|. Let 1 < b; < kj, a parameter to be chosen
later. Let (Q;; be the set of p € (); for which at least b; of the variables hy, ..., hy; are

< 2%, and Q2 = Q\ Q- \
To estimate |Q; ], fix aset & C {1,...,k;} of size b; so that h; < 2°%7 fori € A. Let
I={1<i<kj:i¢g A} andput
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By (6.14),
6.17) [T h<hoohy, <5 (0<i<j—1)
gGIZ-U-~~UIj_1 x‘]
Since h; > 2 for all i,
1
(6.18) 11 = < (2K3)b.
geA 2<h9<22k? 9

Let a = . By (6.17) and the elementary estimate ), h~'~° < 1/s,

log Tj

j—1 «
T 1
Y s X ()
h (QEI) ng] g hg22( EI ng[ hg HgEIiU”'UIJ'_1 hg

i T; 1
<:v_) Z I hl—l—(i—{—l)a
17 hg>2 (gely) Llger; g

Jj— 2\ 1 kiv1—ki—a;
< = —
Pl (%) ((Z+1)a>
1 kj—b; 190201 . .. jaj-1 J j+
== )
<a> G eXp{ Z K +

=1

Il
= o

1

).

Since
J G41 . 1-n
Z(¢+1)"7<1+/ t‘”dtéﬁ,
i=0 1 1=mn
we have
J
J+ 1) ] o
—1|<—0U+1)<(G+1) <25
> (5
Also, 190291 ... j%-1 < 5% and j! > (j/e)?. Hence,
1 (logz; \" Y
(6.19) < ek <—J) .
Z ngl h_‘] h k;]

hg (g€I)

The number of choices for % is
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By (6.16), (6.18), (6.19), and Lemma 6.2, we obtain
x (crcak; logy )™ <2ek§1 ) b o (10g T > kj—b;

Q)] <

(10g$j)kj+1 bj I{?j
1 [ 2ekA (ki /b)) (G 4+ 1)\
(6.20) __ 7T ks (Clcge?’long)kJH e j( 3/0;)(j )
log x; log x

k.
< xexp{O(kj logs ) + b; [(4 + ) log k; + log (eb_]> — log, x} }
J

We next estimate |(); »|. Place each variable h; into an interval .J;. If h; < 92k} , then take
J; = (241, 2] for an integer I; > 1, and if h; > 22]“?, then take

Ji= (129 (4 1/k)8 7 (225 (4 1k

for some integer /; > 1. For brevity, write J; = (H;, K;] for each i. Since K; — H; >
H;/(2k), there are at most b; values of i with K; — H; < 2. Lemma 6.5 then gives

s Z ...kl) Z C Y S(hyy, . )

hi€Jy hk GJk J J hi€Jy hk EJk
;1 ks
. 08Z9
3e" log k; + O(1))% 0,
< (3¢ log k; + O(1) exp{ (o) I

By our definition of the intervals J;,

k,

-+ K; — H; 1 ( (1)) 1
< 2 — 1+0(— —

"< I L1 o) g

i=1 1<i<k;  Hi<hi<K; 1<i<k; i<hi<K;
K3 B3
K;—H;<2" K;—H;>2"
1
I P
hieJy hk EJk
Thus, after summing over all possibilities for Jy, ..., Ji;, we obtain by (6.16)
z(crkj)kitt kjlogy k; 1
— O| =——— +bjlogy k; —_—
Qual < Togyt PO Tiogr, 0o ) § 2 s
h’l,...hjej J
where, by (6.14), hi, ..., Iy satisty
(6.21) e by <29 Ry Ly <2908 (0< i< - 1),
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To handle the sum on A/, ..., hﬁcj, let av, . . ., aj_1 be positive real numbers. By (6.21),
1 j_l T (e oo 1
ke Ti
Z h - R S H l(Q JZL’_> Z (h/ R )1+a0+-~~+o¢i:|
hll ..... h;gj 1 k’j =0 J h;ci-&-l 77777 h’;fi_'_l*z ki+1 kit1

—

j—1 oy !
) (i)
\i:O X Ofo"‘"““Ofi

If we ignore the factors 2% the optimal choice of parameters is
l { (i +2)7(+ 1)" (24 1)m"
( .

(G+1)loga; | (i +2)1— (i + 1)1 (i+ 1)7—n

(%)

Since (i +2)" — (i + 1)7 > n(i + 2)""!, we have

l (i 4 2)7(i + 1)" 1(i+2)(i+1)"
Qo+ -+ o = ; ; < — .
(J +1)rloga; (i+2)7—(i+1)" = n(j+1)"logz;

In the opposite direction, we have

1 1 1 1\ n
: - = = — 1+ - —1] < : .
e+ (i+2)n  (i+2) i+1 (i+1)(c+2)m
Thus,
1 o n(j+ 1)"log x;
a4 tay I+ 1) +2)
We therefore obtain (recall that k; = j1)

By the definition of «y, ..., «;_1, we have

7j—1 . n
Jj+1 ‘
Zai[(i+1) —1] logx; =15 =k;.

i=

Again, j! > (j/e)? and also

(j + 1) ent(i+1)

< < e > 2).
AN TSV

—~
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Hence,

2+ A K
Z , 1 — < 92k3/(nlog z;) <ne ”logm]> ].
Wy b ki

J

By (6.13), log z; > log x, > k;(log k;)?, and thus

k;x ki k;logy k;
22 0. J 2+n\ i O J 2 g N ) ‘
(6.22) | ]’2| < log z; (cme ) exp{ ( log k; bjlog, kj)}

Take 7 so that c;ne®t” < 1. If we take c, arbitrarily close to 2e*

0.15718. Put also

, we may take n =

= |(logz)*],  r=|(logz)’],
where € and (3 are fixed positive real numbers satisfying

1
O<e4+pf<——.
g 4+n

Then log z, < (log z)~"%. Also put

[
7 L(logy ky)?
and 3 + ¢ < 1, (6.13) holds. By (6.20) and (6.22), we conclude that

Since n < %

r—1
3 10| < wexp{—(logz)’},
j=1

where 6 > 0 depends on 7, ¢, and /3. Take ¢ very close to 0 and 3 very close to ﬁ — €.
Then, for p not in some Q);,

log
H < r kr 1 1—0.0378.
(1) < Gy + b < (10g)

7. PRATT TREE HEIGHT: UPPER BOUNDS, II

Here, we take a different approach to the problem of bounding the height of Pratt trees,
focusing on counting prime chains via the method from Section 4. Recall from Section 4,
the definition of the matrices M (q) and dominant eigenvalue A(s;y). Define

1— A(s;
Be suyp LY
s>1,y>2 s—1

Theorem 11. For every c > %, there is a positive constant § = §(c) so that the number of
primes p < x with H(p) > clog z is O.(x179).
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Proof. The number of primes p < x with H(p) > K is at most the number of prime chains
with p; = 2, pp < x,and £k > K — 1. To deal with prime entries which are < y, we’ll
allow any even link m; for 1 <7 <[ := LMJ Let ¢ be the product of the primes < y. In

log 2
the same manner that Lemma 4.1 was proved, we deduce

Pe(x) < qint a* (27°¢(s))" R(M(q)* ).

Let0 < e < B—1%, and fix s and y such that %(sly) > B—e¢. Then, Py(7) <. 2°\(s,y)*?
for £ > [. Summing over k > clog x yields a total of

<. I_l—&—(s—l)(l—c(B—s))

chains. Clearly this is also an upper bound for the number of primes p < x with H(p) >
clog . 0

Remark. Inequality (4.2) implies that B > 2 log 2.

Conjecture 6. B = oc.

In some sense, the entries of M (q) are “randomly” distributed. From the theory of
random matrices with i.i.d. entries (e.g. [27]), one expects the Perron eigenvalue to be
close to the average row sum of the matrix. A simple calculation reveals that the average
row sum of M (q) is

(7.1) a(q)ﬁ(?)H(l— <pi1‘psl_1>>'

pld

If \(s;y) is close to this value, standard prime number estimates then imply Conjecture 6.

Here, we give an argument giving a better bound for A(s, y) than that given by A(s,y) <
R(M). There is another approach, using A(s;y) < R(M*)'/* and obtaining estimates for
R(M*), which, together with some computer calculation, has yielded B > 3.2.

Lemma 7.1. B > 2log2 + 2log3 =2.045. ...

Proof. Write ¢ = Hpgy pand M = M(q,s). We begin with the familiar fact that M/ and
P~'M P have the same eigenvalues for an invertible matrix P. In particular, this holds if
z = (2 : 1 € U,) and P is the diagonal matrix with diagonal entries z;. In particular,
A(s;y) < R(PT'MP) = max; z; '(Mz);. If z is an eigenvector corresponding to A(s; y),
then \(s;y) = R(P~'MP). Thus, our goal is to use a vector z which is “close” to an
eigenvector, while at the same time simple enough that we can estimate R(P~'M P).

One method of specializing z is as follows. Let Q|¢, and let {z; : j € Ug} be positive
real numbers. Put z, = z;if (b,¢) = land b = f (mod (). For any b, write d = (b—1, q)
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and ' = =1, We have

425(1()

a€lUy

—zbld_ Z k™*° Z Zq

(k,q/d)= acUq
b'=ak (mod q/d)

= 2t Z E Y a{acUyia=g (mod Q),V =ak (mod gq/d)}|.

(k,q/d)= 9€Uq

The system of congruences a = g (mod @), = ak (mod ¢/d) has a solution if and only
if b = gk (mod ¢'), where ¢’ = (¢/d, Q) = Q/(d, Q). In the case where solutions exists,
there are precisely ¢(q/[Q,q/d]) = ¢(d/(d,Q)) such solutions a € U,. Writing b = f
(mod @), we have

(Mz), ¢(d)d"* E -
7.2 = o
12) PRI P IR O

g=b' (mod ¢’)

We specialize to the case () = 3, 1 = z, 9 = 1. Suppose b € U, and b = f (mod Q).
Write d = (b—1,¢) and ¢ = Q/(Q,d). If f = 1, then 3|d and ¢’ = 1. By (7.2),

(Mz), _ old)d” JPOREEE @i <alope) (Y5 00))

2p 2x 2x
(k q/d)=

If f =2,then31{dand ¢ = 3. We also have )’ = d (mod 3). Hence, by (7.2),

—(]\i?":qs(d)d—s P D R k‘s]

(k,q/d)=1 (k,q/d)=1
k=d (mod 3) k=2d (mod 3)
= ¢(d)d*5 Z - (l—x) ) k} .
~(k.q/d)= (k,q/d)=1
k=d (mod 3)

In the second sum, let k = 2'k;, where (kq,2q/d) = 1. Given kp, we sum 2% over ¢ such
that 2 = dk;' (mod 3), i.e., either over odd ¢ or over even ¢. The sum over odd  of 2%
is smaller than the corresponding sum over even ¢, hence

-5 -5 277 s
Z k > Z kl 1— 2725 1 + 2—s Z k-

(kq/d)=1 (k1,2q/d)=1 (k,q/d)=
k=d (mod 3)

Moreover, we have not lost much in general with this seemingly crude inequality, since it
is nearly equality when d = 2p, where p is a large prime such that p = 1 (mod 3). In this
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special case, either k; = 1 and we sum over all odd ¢, or k; > p. We obtain

(Mz)y s s (1—x)27°
L So@dr| >k (“W)

(k,q/d)=1

—al@i@ (1- 557 ) <a@oe) (1- 555

241 241

Again, we lose little in the last inequality by considering the case when d = 2p and p is a
large prime.
Considering both cases, f = 1 and f = 2, we conclude that

1+2x 1—x}

3),1—
5n PBL— 5y

A(s,y) < a()3(2) max {

If s = 1+ n for small > 0, then the optimal value of x satisfies

r=1- (glog?)) n+ O(n?).

Note that «(q)3(2) = R(M). Hence

A(s,y) < R(M) — (glog 3) n+O(r).

Combined with (4.2), this concludes the proof. L]

8. STOCHASTIC MODEL OF PRATT TREES

In this section, we develop a model of the Pratt trees which explains Conjectures 3 and 4.
Our heuristic argument is based on the distribution of the large prime factors of a random
integer n < x. Factor n as n = H]Q:(q) p;(n), with py(n) > pa(n) = ---. Putpj(n) =1 for

J > §2(n) and consider the infinite dimensional vector

0y — ((5220) Togpato)
logn = logn )"

Note that the sum of the components of S(n) is 1. The distribution of the first component of
S(n) has been greatly studied, the results having wide application in the theory of numbers;
see for instance the comprehensive survey article [32]. We have

1
p (logpl(n) < —log n) = p(u),
u

where p is the Dickman function, the unique continuous solution of the differential-delay
equations (see Section 1 of [32])

(8.1) plu)=1 (0<u<l), up(u)=-plu—-1) (u>1).
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More precisely, if A is a set of positive integers, by P(n € A) we mean lim, .o 2[{n <
x:n € A}l It follows that

(8.2) p(u) =1—logu (1<u<2).
and, with a little bit more work (see [32], Cor. 2.3), that
(83) p(u) — e—(1+0(1))u10gu (U N OO)

The complete distribution of S(n), found by Billingsly in 1972 [14], corresponds to the
Poisson-Dirichlet distribution with parameter 1, P D(1) for short (more precisely, for each
k, the first k& components of S(n) are distributed as the first £ components of the PD(1)
distribution). Thanks to Tenenbaum [45], we now know strong uniform versions, where
k — oo as m — oo. The distribution of all the components in the PD(1) distribution can

easily be expressed in terms of p; namely, the first £ components (y1, . .., yx) of S(n) have
joint density function
1 l—yy — e —
(8.4) p < hn yk)
Y- Yk Yk

There is a simpler, and very useful, characterization of the distribution, found by Don-
nelly and Grimmett [19]. Let Uy, Us, ... be independent random variables with uniform
distribution on [0, 1]. Let x = (x1, Z2, .. .) be the infinite dimensional vector formed from
the decreasing rearrangement of the numbers

(8.5) Y1 =Un,ya= (1 =U1)Usy3 = (1 = U1)(1 = U2)Us, . ...
Then x has the PD(1) distribution. The paper [19] gives a simple, transparent proof that
(21, ...,zx) and the first kK components of S(n) have the same distribution. For a discussion

of other realizations of the PD(1) distribution, see Section 1 of [45].

Notice that ) | x; = 1 with probability 1. Thus, we can interpret the P D(1) distribution
geometrically as a random partition of the unit interval [0, 1] into an infinite number of
parts achieved by cutting [0, 1] at a random place (with uniform distribution), then cutting
the right sub-interval at a random place, and so on.

Conjecture 7. As p runs over the set of primes, S(p — 1) has PD(1) distribution.

Conjecture 7 is widely believed, and is a simple consequence of the Elliott-Halberstam
conjecture. Unconditionally, we know little about primes in progressions to very large mod-
uli; the distribution of small prime factors of p — 1 is handled by the Bombieri-Vinogradov
theorem. Assuming Conjecture 7, we can construct a reasonable model of the distribu-
tion of the primes appearing at a given level of the Pratt tree for p. That is, assume that
S(p—1) has PD(1) distribution, for each prime ¢|(p—1), S(¢—1) has PD(1) distribution,
the vectors S(q — 1) for ¢|(p — 1) are independent, and so forth. In simple language, the
primes in the first level of the tree, on a logarithmic scale, correspond to a random parti-
tion of [0, 1]. The primes in the second level correspond to randomly partitioning each of
the parts of the original partition, and so on. The entire procedure corresponds to what is
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known as a discrete-time random fragmentation process, where one may also think of a
process whereby objects are repeatedly broken up. Random fragmentation processes are a
type of branching process in probability theory, and have been used to model a variety of
physical phenomena (e.g., genetic mutations, planet formation) and the growth of certain
data structures in computer science. The monograph [11] details the theory of continuous-
time fragmentation processes. Discrete time fragmentation processes may be recast in the
language of branching random walks, which we describe below.

Let M, be the size of the largest object at time n. Then M,, is a model of ), := %,

where ¢, is the largest prime at level & of the tree. The event {M,, < %} is a model of
the statement “all the primes at level n of the Pratt tree for p are < 27, that is, H(p) < n.

Thus, H (p) is modeled by the random variable 7'( igg;), where

(8.6) T(e) =min{n : M,, < e}.

Under the assumption of the Elliott-Halberstam conjecture, Lamzouri [38] showed that
@, has the same distribution as M,, (Lamzouri studies the distribution of of P (¢, (m)),
where ¢, is the n-th iterate of ¢; the same proofs give the distribution of P* (¢, (p — 1))).
Further, he gives explicit expressions for the distribution of M,, in terms of differential-
delay equations: Let p;(u) = p(u) from (8.1), and forn > 2 let p,(u) = 1 (0 < u < 1)
and

(8.7) upn(u) = / pr(w—t)pp_1(t)dt (u>1).
0

On the Elliott-Halberstam conjecture, Lamzouri shows that

(8.8) P{Q., < 1/u} = P{M, < 1/u} = p,(u).

Using (8.7), he also established the right-tail estimate

(8.9) pulu) = ( L+ o) (u))u (u — oo),

1Ognfl (U) logn
valid for each fixed n > 1 (here log,(u) = w). Our goal in this paper is to understand the
distribution of M,, as n — oo. Our methods do not use (8.7); it is interesting to see if (8.7)
can be used to obtain similar (or stronger) results to those below.

Create a tree structure from the random fragmentation process as follows: label the root
node with zero, beneath the root node put an infinite number of child nodes, each corre-
sponding to one of the fragments of the initial segment [0, 1]. Each of these nodes has an
infinite number of child nodes, corresponding to the fragments in the second step of the
process, and so on. Each node is labeled with the number — log x, where x is the frag-
ment size. This randomly labeled tree corresponds to a branching random walk (BRW);
alternatively, if we labeled each node with x instead, the resulting tree is known as a mul-
tiplicative cascade. More generally, an initial ancestor is at the origin, and who forms the
zeroth generation. This parent then produces children, the first generation, which are ran-
domly displaced from the parent according to some law. Each of these children behaves
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like an independent copy of the parent, their children randomly displaced from their parent
according to the same law, and forming the second generation, and so on. In our case, each
parent produces an infinite number of offspring, the displacements from their parent given
by V ={—logy:y € Z}, where Z is a point set with PD(1) distribution. We’ll say that
V has LPD (logarithmic Poisson-Dirichlet) distribution from now on.

Let B, be the minimum label (position) of an individual at time n, so that B, =
—log M,,. The distribution of the analog of B, for a general BRW has received much
attention during the last 35 years. The first order behavior of B,, (law of large numbers)
was determined in the 1970s by Biggins, Hammersley and Kingman ([12], [31], [37]). Un-
der very general conditions on the law governing the walk, B,, ~ «yn almost surely (i.e.,
with probability 1), for some real number 7. Let z denote the random set of displacements
of children from their parent. In the notation of Biggins [12], if

m(0) =EY e pu(a) =inf{e"m(0): 6 > 0},
zZ€Z
then v = inf{a : u(a) > 1}. In our case, we have m(0) = 1/6 (see (8.13) below) and
hence p(a) = ae and y = 1/e. Hence, almost surely
(8.10) B, ~ 2.
e
This implies immediately that almost surely 7'(¢) ~ —eloge as € — 0. In particular,

log 2
r(222) s
log p

which justifies Conjecture 3.

Let b, = median(B,). The study of B, naturally breaks into two parts: (i) global
behavior: asymptotics for b,,, and (ii) local behavior: the distribution of B,, — b,,.

We first address the global behavior of B,, and discuss more precise asymptotics for b,,.
The sharpest known estimates which apply to our situation are due to McDiarmid [41];
there is a mistake in the proof of the lower bound for b,, in ([41], Theorem 2(a)), pointed
out to us by Louigi Addario-Berry, but we need only the upper bound (Theorem 2(b)).

Theorem 12. We have n
b, = — + O(logn).
e

Applying Theorem 12 and the definition (8.6), we arrive at

Corollary 2. We have
median (T (c)) = elog(1/e) + O(log,(1/¢)).

The distribution of 7'(¢) for computer simulations of the random fragmentation process

are given in Figure 2. The first is for ¢ = 0.0075 ~ lolg"%, which corresponds to the

distribution of H(p) for primes around 10%°. The second graph shows histograms with
e=10""form = 1,2,3,4,5.
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FIGURE 3. T'(¢) for random fragmentation simulations. (i) ¢ = 0.0075
(ii)e=10""1<m <5

Let Z,(t) be the number of generation n individuals with position < ¢, and let 7z be
the set of positions of generation n individuals. For every n, with probability 1

(8.11) Z e F =
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Lemma 8.1. Forreal s > 0andn > 1,

EZ@ :—,

z€z(n)
Also,
tn
(8.12) EZ,()=— (n>1,t>0).
n:

Proof. If v .= (vy, v, ...) has PD( ) distribution, then, by (8.5),

EZU _EZ (1=T1) (1= Upt)U)’

(813) = / / 1 — Ul (1 — uk,l)uk)sdul . dUk

By the branching property,

E Z e 5 — R Z e~ S7n—1 Z 5%

zn€z(") Zn_1€z(n—1) 2€z
= 1E E e *Fn-t
S
zn—1€z(n—1)

The first claim follows by induction on n. We have

Identity (8.12) follows from the uniqueness of the Laplace transform and the fact that
EZ,(t) is increasing as a function of ¢. Incidentally, when s is fixed, the sequence of

random variables
X, =s" E e
n

zn€z(M)
forms a martingale which is fundamentally important in the study of branching random
walks. U

Lemma 8.2. For realt > 1 and integer k > 1, we have

et

PLZ(1) > K} < (z)
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Proof. The conclusion is trivial if k£ < et, so we suppose k > et. By (8.5), Z1(t) > k
implies (1 — Uy) -+ (1 — Uy_1) = e~ *. Thus, for s > 0,

P{Zi(t) 2k} <P{(1—=Uy) - (1 = Upq) 2 e}

1 1
< est/ / [(1—up) - (1 —up_q)]’duy - - - dug_4
0 0
est

Taking s = % — 1 completes the proof. U
Proof of Theorem 12. By (8.12) and Stirling’s formula,
P{B, <)} =P{Z,(\) > 1} <EZ,(\) = N e (@)n

n! n

Taking a large constant C5 and A = 2 + 1023';" — C3, we find that P(B,, < \) < e °%5. This
gives

@

1
(8.14) by > =+
e 2e

~0(1).

We next apply Theorem 2 (b) of [41]. In the notation of that paper, we have m = oo,
Ft)=t,a=0,¢(s) =1/s,y=1/eand T = e. If t < 1, the Z;(t) < 2. By Lemma 8.2,
if £ > 1 then

E{Z(t)*} <9* + i(b + 1)%*P{bt < Z,(t) < (b+ 1)t} < 12,

so that condition (i) in Theorem 2 (b) of [41] is satisfied. For some constants C; > 0 and
6 > 0, we conclude that

P {Bn > n + Cy logn} <n®
e
and it follows that b,, < = + Cj log n for large n. O

Sharper estimates for the analog of b,, exist in the literature for special types of branching
random walks. Our walk is sufficiently “nice” that we conjecture that similar behavior
holds in our case. This leads to the

Conjecture 8. We have

bn—g—l—%logn—l—C—i-o(l) (n — 00)

for some constant C.
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The nature of the second term in the conjectured asymptotic needs some explanation.
Recall (8.12). The quantity t"/n! is near 1 when ¢t = 2 + —-logn + O(1), and a naive
guess would be b, = 2 + i logn + O(1). However, for reasons clearly explained in
[1], the leftmost point in the n-th generation of a branching random walk usually has an

atypical ancestry. If the locations of points in the ancestral line of this leftmost point are

0,wy,ws, ..., w, = B, with B,, close to b,, then we expect that
(8.15) w; > Lw, —0(1)  (1<j<n/2).
n

We’ll see later in Theorem 13 that the sequence B,, — b, is tight (a sequence of random
variables X7, X, ... is tight if for every ¢ > 0 there is an K with P{|.X;| > K} < ¢ for
every 7). Thus, if w; is much smaller than %wn ~ %bn, then with high probability there
is an (n — j)-st generation descendant of w; which has position < w; + b,—; + O(1).
Assuming that b, — b,_; = %bn + O(1), we have

wj+by—j +O(1) =b, + O(1) — (%bn — wj> :

That is, failure of (8.15) implies that w,, is very likely much less than b,,.

Finally, we address how likely (8.15) is. Fix numbers g; (1 < j < n/2) and suppose
wy is the g;-st child (measured from left to right) of wq, ws is the gs-st child of w,, and
so forth. We note that the sequence of displacements wy,w;11 — w; (1 < j < n/2)
are independent random variables. They have different distributions (depending on the
numbers g;), but for the sake of simplicity consider a sequence of independent, identically
distributed continuous random variables X7, ... X} with given sum S. By considering all
cyclic permutations of X, ..., X}, and using the cycle lemma from combinatorial theory,
we see that the probability that X; + --- + X; > %S for every j is 1/k. So, we expect
that (8.15) occurs with probability of order 1/n. If we denote by Z(¢) the number of
individuals w,, in generation n satisfying (8.15), we anticipate that

B2 (1) ~ EZ,(t) _ ¢ .
n n-n!
and the right side is > 1 whent > 2 + 2 logn + O(1).
It is possible that by adapting the methods in [1], one can prove the weaker bound

(8.16) by ="+ S logn +0(1).
e 2e

We next discuss the local behavior of B,,. Under very general conditions on the BRW,
it is known that B,, — b, is a tight sequence. The basic idea is that a single individual
will, with high probability, produce many offspring a few generations later which are close
by. Previously, we have seen (Theorem 6) that H(p) does have a tight distribution with
respect to its median, at least on one side. It is also known that under certain conditions
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on the displacement law of z (e.g., [5]), the analog of B, — b, converges in probability
to a random variable as n — oo, and this random variable is a mixture of extreme value
(Gumbel) distributions. In particular, the random variable has exponential decay on one
side and double-exponential decay on the other. The existence of a limiting distribution is
not known in our case, but we conjecture that it exists.

Conjecture 9. B,, — b, — X for a random variable X with continuous distribution.
That is, there is a continuous distribution function I' such that for each real number x,
P{B, —b, <z} — F(z)asn — oc.

If X exists, and the medians satisfy b,.; — b, — e~ (plausible in light of (8.10)), it is
easy to see that X satisfies

(8.17) x4

1
——+min (2 + X;),

e 4
where (21, 2, ...) has LPD distribution, X, X», ... are independent copies of X, and 4
means “has the same distribution as”. The relation (8.17) follows by conditioning on the
positions of the first generation individuals (the points z;); that is, using

B, < min <zl + BSL) ;

where Bfle are independent copies of B,,_;. For a survey of results about equations like
(8.17), we refer the reader to [3], especially Section 5 therein.

Problem 4. Solve “explicitly” the equation (8.17). Find asymptotics for the tails of the
distribution.

We next prove tail probabilities of B,, — b,. Unconditionally (whether X exists or not)
we prove that the tails are exponentially decreasing. Consequently, if Conjecture 9 holds,
then all moments of X exist.

Theorem 13. (a) For any ¢; < 1, we have

P{B, —b, < —z} < e “” (n>1,2 > 0).
(b) For any cy < é, we have

P{B, —b, > 1} <e™®" (n>1,22>0).

An immediate consequence of Theorem 13 is that the collection of variables (7'(¢) —
median 7'(¢)), for 0 < ¢ < 1, is also exponentially tight.

The proof of Theorem 13 is based on the following lemmas. The first two lemmas hold
for very general branching random walks. A notable feature is that they are local results,
and tightness of B,, — b,, can be proved without knowing anything about the growth of b,,.
We will use some growth information for b,, to prove the stronger “exponential tightness”
in Theorem 13.
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Lemma 8.3. For positive integers m, n and positive real numbers M, N,
P{Byin > M + N} <E[(P{B, > N})"].

Proof. Suppose By, 1, = M + N and Z,,(M) = k. For each of these k individuals, all
of their descendants in generation m + n are offset from their generation m ancestor by at
least V. U

Lemma 8.4. Let m, n be positive integers and let M > 0 be real. IfE{(1 —¢&)%m(M)1 < %
where ¢ > (), then

P{B, < byim — M} <.
In particular, if P{Z,,(M) < 1/e} < 3, then
P{Bn < bn+m - M} < E.

Proof. Let q be the e-quantile of B,, thatis, P{B,, < ¢} = ¢. By Lemma 8.3,
1
P{Buin > M +q} <E |[(P{B, > ¢})""| <

5.
Therefore, M + q = byy1n, and thus P{B,, < b1, — M} < P{B, < q} = . To prove
the second part, observe that
E{(1-¢)%MM} < P{Z,(m)
1 4

<-4+ =—<
5+5e

<D+ 1-P{Z. (M) <iPHa-e)F
1
>

O

The next lemma concerns the growth of our branching random walk to the right of the
minimal position, and is due to Biggins [13, Theorem 2]. It is complementary to (8.12).

Lemma 8.5. For any a > 1/e and n > 0, we have
P{Z,(an) < (ae —n)"} — 0 (n — 00).

Proof of Theorem 13. Leta > 1/e and 7 > 0. By Lemma 8.5, if k is large enough,
1
P{Zy(ak) < (ae —m)"} < ¢

Apply Lemma 8.4 with M = ak, m = k, ¢ = (ae — n)~*. We have, for large integers k,
P{B, < b, —ak} < P{B, < by — ak} < (ae —n)7".

The first estimate follows with ¢; =

ciently small.

For the second part, we prove a version of a special case of Lemma 8.5, but with an
explicit probability estimate. We claim

(8.18) P{Z,,(4m) < e™*} < em M/,

w. We optimize by taking a = 1 and 7 suffi-
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From (8.18), we take m = |z/4| + 1. By Lemma 8.3,
P{B > b, + x} P{Z ( ) em/Ze} + 9~ exp{m/2e} < e—c1m/2e < o—c1z/8e

To prove (8.18), suppose that Z,,,(4m) < e™/%. Since ¢; < 1, the probability that Bm <
2+ 1is O(e~®™/?) by (8.14) and part (a) of Theorem 13. Now suppose B, > 2 + 1.

By (8.11),
1 = Z e~ ? gem/Qee—m/%—l_{_ Z e

z€z(m) 2ez(m)

z>24m

hence the sum on the right side is > % For some k > 4m, there are at least 10( )dmok

points of z™ lying in [k, k + 1), since otherwise

1 am—k ]
>t (3) <w
k>4m

zez(m)
z>24m

e
2

By (8.12) and Stirling’s formula, for each £,

1 se\im _, EZ,.(k+1)
P{Z (k+1)> 10 (2) 2}< 11_0(%)4m2k

10(k+1)™ EN™ .
B e S A i R S R
mi(e/2)imar < (m) <

Summing on k gives P{B,, > m/2e + 1, Z,,(4m) < ™2} < 272™ and completes the
proof of (8.18). ]

The local behavior of the sequence by, bo, . . . is also very important.
Lemma 8.6. We have b, — b, < log3 foralln > 1. Further,
bintn < by + 0, + O(1),
uniformlyinm > 1, n > 1.

Proof. By (8.1) and (8.4), P{Z,(M) = 0} = p(e M) and

P{Z(M) =1} = / AGHCS))

Taking M = log 3 and using numerical integration, we have P{Z;(M) = 0} = p(3) <
0.0487 and P{Z, (M) = 1} < 0.8042. Thus,

E{27Z1(M)} < p(eM) 4 P{Zl(‘;w) = 1} + 1 - p(eM) - ]Z{ZI(M) = 1} < 1

By Lemma 8.3 with N = b,,, P(B,,1 > b, + M) < %, hence b,,,1 — b, < log 3.

O |
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Now suppose m > 1 and n > 1. By Theorem 13, there is a constant C' so that for all &,

P{B, <b,—C} < i and P{Bk by +C} > 3 . Applying Lemma 8.3,
P{an > by, +b, +C} <P{Z, (bm +C) =0} +P{B, > b,}
1 3

:P{Bm>bm+0}+§ < 1
Thus, b, — C < by, + b, + C. ]
Remark. Likely b,,,; — b, — e~ as n — oo (this follows from Conjecture 8).

We are unable to prove that b, 1 — b,, is bounded away from zero. Such an estimate has
profound implications for the tails of B,, — b,,. Actually, a weaker estimate suffices.

Conjecture 10. For somer > 1and d > 0, b,y — b, = 0 foralln > 1.

1+log ag
ao—90/r"’
satisfies aglog ag > —0d/r, the conclusion of Theorem 13 (a) holds; (b) for ¢}, = % log 26—T
we have

Theorem 14. Assume Conjecture 10. Then, (a) for any c¢; < where ay > 1/e

2r
and (c) for any c3 < 1 there is a constant c,, depending on r, 6 and cs, so that

P{B, > b, +z} <exp (—663(1_54)) (n>1,2 >0).

For part (c), we need an additional estimate about the growth of Z,,(¢).

/ )
P{B, <b, —x}>e 9" (n>10<x<_n)-

Lemma 8.7. Forallr > 1,0 > 1 and € > 0, if x is large enough, then

P{Z,(z) 2 0"} < exp{—(0 —¢)"}.
Proof. When r = 1, this follows from Lemma 8.2. Assume true for some r > 1, let 6, € be
given, and assume without loss of generality that # — ¢ > 1. The probability that Z,.(x) >
(0 —¢/3)" is < exp{—(0 — ¢/2)"} for large x. Now suppose Z.(z) = j < (0 —¢/3)"
and Z,1(z) = 0*. Let m; be the number of children of the i-th largest point in z(") which
are offset at most = from their parent. Let Z be the set of indices with m; > 100z. Since
my + -+ +m; = 0%, we have

With j,my, ..., m; fixed, by Lemma 8.2, the probability that Z, ., (x) > 6% is at most

J
HP{Zl(m) > m;} < He_zmi < exp{—07}.
i=1 €T
Since each m; < e”, the number of choices for j, m4, ..., m; is at most

> e <exp{(f—c/4)"}.

j<(0—e/3)®
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Therefore,
P{Z.(x) 2 0"} <exp{—(0 —¢/2)"} + exp{(0 —/4)" — 0"} < exp{—(0 — )"}
for large enough z. O

Proof of Theorem 14. Recall from the proof of Theorem 13 (a), that for any a > 1/e and
any ) > 0, if £ is large enough, then

P(B, < by — ak) < (ae — )"

By assumption, b, > b, + (k/r — 1)d, so the conclusion of Theorem 13 (a) holds with
%. By Theorem 12, we have §/r < 1/e. Take ay > 1/e so that aglogag is
close to —d/r and 7 sufficiently small to conclude part (a).

By (8.2), for 0 < ¢ < log 2,
P(Zi(e) 21)=1—p(e°) =e.

Considering the “leftmost child of the leftmost child of the . .. of the initial ancestor” in the
branching random walk (corresponding to the special prime chain with length L(p) in the
Pratt tree for p), we have

P (B, < 0k/2) > P(Z,(6/2r) > 1)k = (5/2r)"

Cc1 =

for every k > 1. Hence,

1 kr
P{B, < byis +0/2) > P{B, iy < by (B, < /2 > | (i) .

2r
By assumption, b,,_, + 6k /2 < b, — 6k/2. Hence, for 0 < k < n/r we have
P8, <t k2> (2
on

This implies the lower bound in part (b) when 0 < z <
To show part (c), we use induction on n to show that

(8.19) P(Bn > b, + ZE) < 9~ exp{es(z—cs)}

b 2o 2r
oe, with ¢ = 5 log 5

forn > 1 and x > 0, where c; is sufficiently large. Theorem 13 (c) then follows with

C4 = C5 — logcl—ogz. Since (8.19) is trivial for 0 < x < cs5, it suffices to consider the case
x > c5. Let A be a large integer, so that if R = Ar and A = AJ, then

1—
(8.20) A < =

Also, without loss of generality, suppose c3 > % To get things started, observe that by
(8.9),whenl <n<R,

P{B, > b, + 1} <P{B, >z} = pu(e") < exp{—e"}
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if c5 is large enough. Suppose now that (8.19) has been proved for 1 < n < m — 1, where

m — 1 > R. Define

logg —1

A=A+ (7 =1).

C3

Let jo be the largest index 7 with \; < o + A. Let z; < 2, < -+ be the points in 71,

For 1 < j < jo, let P; be the event {z; > \; (i < j),2; < A;}, and the () be the event
{zi > N (1 <@ < jo)}. If P;, then the generation m points descending from each of the
J points z1, ..., z; are offset from their generation R ancestor by at least b,,, + * — ;. By
the induction hypothesis,

P{B,, > b, + ZP IP{Bm_g = bm + 2 — N} + P[Q)]
ZP P{Bp_p = bpr+ 2+ A — N} 4+ PQ)]
Z P 2 jexp{cs(z—cs+A—-X;)} + P[Q]

ZP 2 exp{c3(z—cs5)+1} +P[Q]

< 2—1 exp{c3(z—cs)} + P[Q]
Now suppose () holds. Then, by (8.20),

Ze AR Ze i< e*AH/C?’Z]*l/CS < -

As N, >z +A— ()\joﬂ — )‘jo) > x, (8.11) implies

1

E e f=1-— g e_Z>§.
zcz(B) zez(R)
zZ2x z<x

Lete = 3(e —e®)and § = ¢ — ¢, so that e* < § — ¢ < § < e. For some integer k > =
there are > 6" points of z/) in [k — 1, k), for otherwise

E e’ < E e Q k<1
= e 2

ZGZ(R) k2$

z2x

By Lemma 8.7, P{Zx(k) > 6%} < exp{—(6 — £)*}. Summing over k gives
PIQ] < 2exp{ (0 — 27} < 27100l
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This completes the proof of (c). U

Remarks. 1. Assuming Conjecture 10, the distribution of B,, — b,, is highly asymmetric,
resembling a Gumbel-type extreme value distribution. Further, Theorem 14 (c) is best
possible in the sense that the conclusion is false if c3 > 1. This follows from (8.9):

P{B, > by + 2} = pa(e" ") = exp{—(1 + o(1))e" " log,_ (x + by)}.

2. If (8.16) holds, then Conjecture 10 holds for all r sufficiently large and with § =
r/e—0(1). Consequently, we may take any ¢; < e, and any ¢} > 2elog(2e). We conjecture
that any ¢} > e is admissible.
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