ZERO-FREE REGIONS FOR THE RIEMANN ZETA
FUNCTION

KEVIN FORD

1. INTRODUCTION

The methods of Korobov [11] and Vinogradov [25] produce a zero-free
region for the Riemann zeta function ((s) of the following strength: for
some constant ¢ > 0, there are no zeros of {(s) for s = § + it with |¢| large
and

(1.1) 1-6< °

(log [t[)>/3 (loglog [¢])*/3”

The principal tool is an upper bound for |{(s)| near the line ¢ = 1. One
form of this upper bound was given by Richert [17] as

(12) o +it)| < AR 10g? (28,5 <o <)

with B = 100 and A and unspecified absolute constant. Subsequently,
(1.2) was proved with smaller values of B, the best published value being
18.497 [12] (the author has a new result [7] that (1.2) holds with B = 4.45,
A=176.2).

Table 1 shows the historical progression of zero-free regions for {(s) prior
to the work of Vinogradov and Korobov.

Zero-free region Reference
1-5< _° de la Vallée Poussin [24], 1899
log [t]
cloglog |t] .
1-pg< =200 Littlewood [13], 1922
log [t]
c
1-— B S W Chudakov [5], 1938

TABLE 1
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Recently, versions of (1.1) with explicit constants ¢ have been given,
valid for |¢| sufficiently large. Popov [15] showed that (1.1) holds with
¢ = 0.00006888. Heath-Brown [8] proved (1.1) with ¢ ~ 0.0269B~2/3, and
he noted (but did not give details) that the methods of [9] could be used to
improve 0.0269 to about 0.0467. The main object of this note is to improve
the constant ¢ as a function of B.

Theorem 1. If (1.2) holds with a certain constant B, then for large |t|,
C(B +it) #0 for

0.05507B~2/3
(log [t])*/3 (log log [¢])*/3”

Taking B = 4.45 (from [7]) in Theorem 1 gives the zero-free region (1.1)
with ¢ = 49173. In addition, we prove a totally explicit zero-free region of
type (1.1), with an explicit ¢ and valid for all |¢| > 3. This depends on both
A and B in (1.2)), and may be used to give completely explicit bounds for
prime counting functions (see e.g. [19], [20], [16]). Cheng [1] proved (1.2)
with A = 175 and B = 46 and used this to deduce that (1.1) holds for all
[t| > 3 with the constant ¢ = 1/990. In turn, this result was used to show

[2] that for all z > 10,
|7r(x) - 1i(.7:)| < 11.88z(log z)*/® exp{—51—7(10g$)3/5(10g logz)~'/5},
and that for z > e¢""", there is a prime between 3 and (z + 1)3 [3].

Theorem 2. Suppose (1.2) holds, Ty > €3%000 gnd _18To_ > 1740 = g,

1-p<

loglogTy — B -~
pose the zeros B + it of ((s) with To — 1 <t < Ty all satisfy
M1372/3

1.3 1-8> :

(1.3) bz (log t)2/3(loglog t)1/3

where

0.1652
My = min { 0.05507
1= ( ’2.9997 + max;>T, X(t)/loglogt) ’

and

X (t)=1.1585 log A +0.859+0.2327 log (mgﬁg t) + (L33 _ 2188 (101%01;5 t) °

Then (1.3) is satisfied for all zeros with t > Ty.

Since 34852 > (.05507, M; = 0.05507 when Ty is sufficiently large. By
classical zero density bounds (see e.g. Chapter 9 of [23]), for some positive
8, the number of zeros of ((s) is the rectangle 3 < Rs < 1,0 < Ss < T
is O(T"~°%). Thus for most Ty, {(s) is zero free in the region 3 < Rs <
1,To—1 < $s < Tp. Taking such Ty which is sufficiently large, we see that

Theorem 1 follows from Theorem 2.
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To prove a totally explicit zero-free region of type (1.1) for [¢t| > 3, we
make use of classical type (de la Valée Poussin type) zero-free regions for
smaller [t|. These take the form

C

(L4) 1-8< (It > 3).

log [t]
Stechkin [21] proved (1.4) with ¢ = 1/9.646 (he rounded this to ¢ = 9.65 in
his Theorem 2). Very tiny refinements were subsequently given by Rosser
and Schoenfeld [20] and by Ramaré and Rumely [16]. With an explicit
version of van der Corput’s bound |¢(1/2 + it)| < [t|'/®log |t| for |t| > 3,
the methods of this paper produce a zero-free region

1
(log |t| + 6loglog |t|) + C2’

with C7 ~ 3.36 and an explicit C5. Better upper bounds are known for
|¢(1/2 + it)| for large t, the best being O.(|t|**/°79t) due to Huxley [10].
The implied constants are too large to improve the zero-free region, how-
ever. The zero-free region (1.5) also follows from Heath-Brown’s methods
with the same C; (and slightly larger C3). In fact, the methods of this pa-
per do not improve on Heath-Brown’s methods when it comes to classical
type zero-free regions for ((s) or zero-free regions for Dirichlet L-functions
L(s,x) when |t| is small and the conductor of x is large (e.g. those in
[9]). Our methods do improve the Vinogradov-Korobov zero-free regions
for L(s,x) when the conductor of x is fixed and |¢| becomes large.

It is known [14] that all zeros with |Sp| < 5.45 x 10® in fact lie on the
critical line. Still, at t = 5.45 x 108, 6loglogt ~ 0.895logt, so improving
greatly on Stechkin’s region for all |¢| > 3 with (1.5) is not possible. Still,
we can make a modest improvement using the bound

13 1-8< (1t > 3),

(L6)  |C(1/2+it)] <min (6674 + 57,3t /logt) (¢ >3).
proved by Cheng and Graham [4].
Theorem 3. Let Ty = 5.45 x 10 and let
(1.7) J(t) = min (logt + 1.8521, ¢ logt + loglogt + log 3) .
Then (B + it) # 0 for t > Ty and

0.04962 — 72016
(t) + 0.685 + 0.155loglog

We note that J(t) is an increasing function of ¢, and (J(t) + 0.685 +
0.155loglogt)/logt is a decreasing function of ¢. Therefore, we conclude
as a corollary that

(18) 1-f<
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Theorem 4. We have {(8 +it) #0 for |t| > 3 and

1
1-< —F—.
s 8.463 log |¢|

Further verification that the zeros of ((s) for some range of t > 5.45x 108
would give an improved constant in Theorem 4, as would an improvement
in the bound for |((1/2 + it)| in the vicinity of ¢t = Tp.

We now return to the problem of producing a totally explicit zero-free
regions of Korobov-Vinogradov type. Taking B = 4.45, A = 76.2 (from
[7]), we find that

1
11585 log A + 0.859 + 0.232710g ( elly ) + (452 — 218) (Leplest)’

loglogt B4/3 B1/3 logt
loglogt 1/3
<6.22660 — 0.2327logloglogt — 1.1508 logt
< 5.6008.
Thus
0.1652
(1.9 My > min (0.05507, = 6008 > .
2.9997 + Tog log T

We take Ty = €250, use Theorem 3 for ¢t < Ty + 1, and Theorem 2 plus
(1.9) for larger ¢t. This gives
Theorem 5. The function (8 + it) is nonzero in the region
1
1-8<
b= 57.54(log |t])2/3 (loglog |¢])1/3’

It > 3.

2. THE ZERO DETECTOR

Lemma 2.1. Suppose f is the quotient of two entire functions of order
< k, where k is a positive integer, and f(0) # 0. If z is neither a pole nor
a zero of f, then

PO s R e
= L —m, + Oy (|2F71),
&) G e

log | £(2)I| <| Y 1og|(1— 2/p)e /0| + 0y (I2]"),

lp|<2]z]

where p Tuns over the zeros and poles of f (with multiplicity), g(y) =
y+3y? + -+ 25y, and my, is either 1 (if p is a zero of f) or —1 (if
p is a pole of f). The implied constants depend on f.



ZERO-FREE REGIONS FOR THE RIEMANN ZETA FUNCTION 5

Proof. By theorems of Weierstrass and Hadamard ([22], Ch. VII, (2.13)
and (10.1)),
f@)zemaIIkl_szanm]”,
P
where f; is a polynomial of degree < k. Therefore, assuming that z is not

a zero or pole of f, we have

log |(2)| = Rfi(2) + Y m, (log| (1 = 2/p)es™/7)]),

! k—2
f@)=ﬂ@y+2)m<;%;+l+~%+~-+i%0.
P

f(z) p P p
Now suppose |p| > 2|z|. We then have
1 1 P zk72 P k—1 P k-1
+—+7+~4—F1=(/m Sﬂlk.
Z—=p p P p Z=p ol

Since }°,1/ |p|¥ converges, the first part of the lemma, follows. Similarly

(1= 2/p)es/9)| < expi3|2[},
and the second part follows. O

The next lemma is the main “zero detector”. Instead of integrating
around a small circle centered at z = zg (asin [9], Lemma 3.2), we integrate
over two vertical lines.

Lemma 2.2. Suppose f is the quotient of two entire functions of finite
order, and does not have a zero or a pole at z = 2y nor at z = 0. Then, for
all n > 0 except for a set of Lebesgue measure 0 (the exceptional set may
depend on f and zp), we have

fll) _ ™ m m(p — z0)
"R 2 2 ”Mt( 2 )

2
g [R(zo—p)|<n

1 /°° log|f (z0 —m+ *5*)| ~log|f (z0 40+ *5¥)| )

E o cosh? u

where p runs over the zeros and poles of f (with multiplicity), and m, is
either 1 (if p is a zero of ) or —1 (if p is a pole of f).

Proof. We must exclude 7 for which the lines Rz = 29 £ 7 come “too close”
to a zero or pole of f, since otherwise the above integral might not converge.
By hypothesis, for some integer k, f is the quotient of two entire functions
of order < k. We say a positive real number 7 is “good” if there is a positive
number § such that for every zero/pole p of f, |R(p — 29) £ 1| > §|p|~*.
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The number § may depend on 7. Since }_ | p|~F converges, the set of 7 for
which |R(p — 20) £7| < 8|p| % has measure O(6) (here and throughout this
proof, implied constants depend on f and zp). Taking § — 0 shows that
the measure of “bad” 5 is 0.

Suppose now that n is “good” with an associated number §. We may
assume that 0 < § < 1. Let T be a large real number such that T > 7,
T > 2|z and for all zeros/poles p of f, |S(p — 2z0) £T| > |p|*. Since
PO |p| ¥ converges, the set of “bad” T has measure O(1). Consider the
contour C' = C1UC2UC3UCY, where the C; are the line segments connecting
the points n — i1, n + T, —n + iT, —n — T, — iT, respectively. Let
f z + 20)

f(z+ 20)

™ Tz
h(z) = o cot (%> .

By Cauchy’s Residue Theorem,

I=0LH+1+ I3+ I, I = h(z)dz,

where

f'(20)
(2.1) I= + E myh(p — 2p).
1(z0) [R(p—20)[<n ’
|$(p—20)|<T

There is a holomorphic branch of log f(z + z9) on C*, the contour C cut
at the point 7. Applying integration by parts, and noting that h(n) = 0,
we have

; 1
_ - n—ie !
I'= lim, [h(z)log f(z +20)lpssc = 55 | W(2)log f(z +20) dz
(2.2)
—(J1 + J2 + J3 + Ju), J; 27”/ h'(z)log f(z + 20) dz

The number of zeros/poles p with |p| < z is O(z*), and |p| > 1 for every p.
By our assumptions about T', when z € C we have |z + 29| < T'. Therefore,
by Lemma 2.1 and our assumption about 7,

'(Z+Z0) Th=1 4 Z Z+ZO )|t
1z + ) iy PH7—0l
k—1 kot |P|k —1pk.

Likewise, using the second part of Lemma 2.1,
|log |f(z + 20)|| = O(T**~ + T*log(T§ 1))
for z € C. Thus, there is a branch of log f(z + z) with
|log f(z + 20)| < T?*671.



ZERO-FREE REGIONS FOR THE RIEMANN ZETA FUNCTION 7
This is important to the estimation of J> and Jy. Since

2
o 5 [T2
hI(Z) = _W CSC (%) y

we have |b/(n+iT)| < n~2e™*/("). Therefore, |.J5|+|Js| = 0 as T — oo.
Parameterizing the line segments Cy and Cs with z = +n+ 27’% and taking
real parts gives

du.

xT D .
_ L [% log|f (s —m+2¥)| —log|f (20 + 1+ 23)|
R =g | cost?

Recalling (2.1) and (2.2), this proves the lemma upon letting T' — co. O

3. BOUNDS FOR ((s)

Lemma 3.1. Suppose 1 < 0 < 1.06 and t is real. Then

o7 <o+ Nl < Co) <06+

and
1

o—1"

CI
Proof. For the first line of inequalities, we start with
oo
Ko +it) <Y n~" =((0)
n=1

and similarly

o

Z H(n)n—a—z’t

n=1

[¢(o +it)| ™" =

<> 77 =((o).

Next, since z77 is convex and eV <1 —y + %yz for 0 <y <1, we have

g 3/2)~(e
C(U)S1+/ _u:1+L
3/2 U7 o—1
1
S 1+ m — 10g(15) + %(U - 1) 10g2(15)
1
<06+ ——.
o—1

In fact, near 0 = 1 we have {(0) = -L; +~ + O(c — 1), where v =
0.5772--- is the Euler-Mascheroni constant (see e.g. [23], (2.1.16)). The
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last inequality in the lemma follows from | — %(a +it)| < —%(a) and

5 () S

n=1 \m>n+1 n=1

Lemma 3.2. For real u,

(=4 + i)
C(—% + iu)
Proof. By the functional equation for {(s) (cf. [6], Ch. 9, (8)—(10)),

—C<I<(Z))=§<(11:Z))—2l°g( ) i<w+2n l—u}+2n_%)'

1
<4.62+ 5 log(1 + u?/9).

n=1
Writing w = —% + iu, we obtain
¢'(w) ¢'(3/2) - u? +n —3/4+ 2iu
<- 1.676
Clw) | = <¢(3/2) * +Z n(4n? 4+ 2n — 3/4 + u? + 2iu)
u? + u” +2[ul+n
<
4.19 + Z 4n2 + U2

o0
<A4. 2
<419+ (u +2|u|)// (4x2+u2 4Zn2

=419+ X(7*/6 — 1) + (1/2 + 1/|u|) log(1 + u*/9)
<4.62 + log(1 +u?/9).

Lemma 3.3. We have

1
3 —5 <0.0463,
—~ |pl

where the sum is over all of the non-trivial zeros of ((s).

Proof. By ([6], Ch. 9, (10) an (11)), we have

Z P =1+ 17— § log(4nm).
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If {(p) = 0 then ((1 — p) =0, and the minimum of |Sp| is > 14.1. Thus
1 Rp Rp )
drE=D (_2 T2
~ 1ol S \lpl* * [1—pl
Rp
<(1+/1x1/1a12) S 22
( )Y e

< 0.0463.

Lemma 3.4. Let us fir o € [%, 1), and suppose for all t > 3 we have
(3.1) Clo+iy)| < XtV (logt)? (1 <yl <),

where X, Y and Z are positive constants withY + Z > 0.1. If0 < a <
t>100 and 3 <o <1—1/t, then

/°° log |((o + it + iau)|
o cosh? u

N =

du <2(log X +Ylogt + Zloglogt).

Proof. First, there is no difficulty if {(o + it + iau) = 0 for some points
along the path of integration. Since all zeros have finite order, the integral
in the lemma always converges. When —2t < u < ==L (3.1) gives [((o +
it + iau)| < Xt¥ (logt)?. For =1 < < =3 we use the identity ([23],

(2.1.4))
o= Ly [Tla,,
1

s—1 2 pstl

Writing s = o + it + iau, it follows that |s — 1| > 1/t and |s| < /10 and
thus log |((s)| < log(t + 4) for this range of u. For u > 3=t we use the
inequalities log(1 + z) < z and log(1 + z) < z — 1z* + £2®, both valid for
all z > —1. Then

log [¢((o + it + iau)| < log X + Y log(t + au) + Z loglog(t + au)

VA ay au)? au)®
< log(Xt" (log t)”) + (Y+ @) (T - (2t2) * (:’nf?3 ) '

Similarly, using log(1 + z) < z, for u < —%

Z —au — 2

Combining these estimates together with ffooo (coshu)~2 du = 2 yields
/°° log |¢(o + it + iau)|

2
oo cosh” u

du < 2(log X +Ylogt + Zloglogt) + E,
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where

4log(t + 4)
 acosh? (1)

2t
7 —2 w9t ooﬂ_(au)+()
+ (Y+—) / au72dU+/ t 217 ) 3t du | .
logt —co tcosh®u 3—t cosh” u

Now Le?l < cosh’u < €?*l, a < % and t > 100. Hence
aelt=0)/a > 9g2t-12

Therefore

1610g(t + 4) Z 4a —4t/a 00 —2v
S W + Y + — logt —- € ‘/0 ve dU

+/oo atu (‘;"ZQ) + (‘;1;2 s +/oo au + (‘;";2) + (‘;7:3) du)
t—3

—oo cosh? u Teu
32log(t + 4) Z\ (e M/e 72> 8a3 /°° 3 o
< — Y — — “d
S ez T\ o) Ty e T, e
A
< —t/a Y —4tfa _ " P 48g3e—4t+12
s¢ +( +1gt>(e 12t2+8ae
<etla_ 0.1 a?
- log t 2t2
<0.

4. DETECTING ZEROS OF ((s)

From now on, p will denote a zero of ((s) and in summations over the
zeros, each zero is counted according to its multiplicity. Since ((s) = ¢{(5),
when proving zero-free regions we restrict our attention to the upper half
plane.

Lemma 4.1. Suppose (1.2) holds. Let s = o +it,n > 0,0 —n > 1/2,
1<o<1+4+nandt>100. If S is any subset of {z: 0 —n < Rz < 1},
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then

I —
2 2n
PES(p)=0

1 /2
+ o (gloglogt—kB(l —a+n)3/210gt+logA)
n

3 i/“’ log|¢(s +n + 2niu/m)| .
an J_o cosh? u ’

Proof. We apply Lemma 2.2 with f = ( and 29 = s, noting that {(0) # 0,
all zeros have real part < 1 and that cot z > 0 for 0 < ®z < 7. Thus the
right side in the conclusion of Lemma 2.2 is increased if we omit from the
sum any subset of the zeros. Then we apply (1.2) and Lemma 3.4 (with
X =AY =B(l—0+n)*? Z=2/3,a=2n/n) to the integral over the
line ¥z = o — 7. Note also that the integral on the right side in Lemma 4.1
always converges by Lemma 3.1. Therefore, if n is “bad” with respect to
Lemma 2.2, we can apply the above argument with a sequence of numbers
7' tending to n from above. d

We next require an upper bound on the number of zeros close to a point
1+ it. Here N(t, R) denotes the number of zeros p with |1 + it — p| < R.

Lemma 4.2. Assume (1.2) holds with A > 1 and B > 0. Then, for
0< R <1/4,t> 100,

logA —logR + %loglogt

1.879 ’
Proof. Apply Lemma 4.1 with s = 1 + 0.6421R + it, n = 2.5R (so that
c—n>1)and S ={z:|1+it—z[ < R,Rz < 1}. These parameters were
chosen to minimize the first term on the right side of the inequality in the
lemma. By Lemma 3.1, if v is real then

N(t,R) < 1.3478R*?Blogt + 0.49 +

C—I(s+ +iv)| < _1
(4.1) ¢ = 3.1421R
)|~ < 1421R) < 0.6 + ————.
[C(s+n+iv)|7T <¢(1+3 R)_06+3.1421R
Next, in the region U = {z : Rz > 0.6421, |z — 0.6421| < 1}, we prove
Y V(¥4
(4.2) R cot (?) > 0.3758.

By the maximum modulus principle, it suffices to prove (4.2) on the bound-
ary of U. Using

2sin(2z)
€2 + e=2¥ — 2cos(2x)’

R cot(z + iy) =
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the minimum of Rcot(z + iy) on the vertical segment x = 0.64217/5,
ly| < m/5 occurs at the endpoints. On the semicircular part of the boundary
of U, we verified (4.2) by a short computation using the computer algebra
package Maple. In particular, the relative minima on the boundary of U
occur at z = 1.6421 and z = 0.6421 £+ 4. Therefore, by (4.1), (4.2) and
Lemma 4.1,

N(R) 1

2
1 < L (2101
31421k = O3 T 5R (3 oglogt+

(1.8579R)*/2Blogt + log A + log (0.6 + mﬂ :

Since log(0.6 + s15775) < —log(3.1421R) + 1.88526R < —log R — 0.6735,
the lemma follows. O

Remark. A qualitatively similar result may also be proved, in a similar
way, from Lemma 2 of [HB1], or from Landau’s lemma (§3.9 of [23]).

Lemma 4.3. Suppose t > 10000, 0 < v < 1/4, and (1.2) holds with A > 1,
B > 0. Then

1

> T < 6132+ 5.392B(v""/? — 2))logt + 13.5
[1+it—p|>v L+t =l

log A—log v+% loglogt

—8.5log A+ 4loglogt + LAT)

+0.224 — N(t,v)

02
Proof. Divide the zeros with |1 + it — p| > v into three sets:
Zi={p:|Sp—t>1},
Zo={pgZy:|1+it—p| > 1 and it —p| > 1},
Zs=A{p:p¥¢ Za,p & Z1 and |1 + it — p| > v}.
For i = 1,2,3, let S; be the sum over p € Z; of |1 + it — p|=2. By Theorem
19 of [18], the number, N(T'), of nontrivial zeros of ((s) with imaginary
part in [0, T satisfies
T T T 7
(43) (T)= o log g~ 5+ £ +Q(T),
where
1Q(T)| < 0.1371log T + 0.443loglog T + 1.588 (T > 2).
Since there are no zeros p with |Sp| < 14,

/°° dN (u) +/t‘1 dN (u) +/°° AN _ oLy I
] 1 1

w(w==0% " Jig (t—w?  Ju (ut+it)

S <



ZERO-FREE REGIONS FOR THE RIEMANN ZETA FUNCTION 13

Since dN (u) = 5= log & +dQ(u), log(t +z) < logt+ Z and loglog(t+z) <
loglogt + 71577, we have

1 /1 —log 2 *
Ils—/ Og(t+m)2 8 7rd:c+|Q(t-|-1)|-|-2/ Mdﬂ:
2r Jy T 1 T
Q¢ +a)l ,,

T

_ (1+4)log(1 +t) —log(2m) +1QE+1)| + 2/

27
% 01851z /t
< 0.43321logt + 0.886 loglog t + 2.884 + 2 / T“’"/ da
1

< 0.4332logt + 0.886loglogt + 2.885.
Similarly, noting that @Q(14) > 0, we get

1 t
B<gtop (5 ) +2, max Q)
<0.4332logt + 0.886loglogt + 2.884

and
1 [ log (%) Q)|
L<— — 22 2 < 0.00014.
S50 | e du + /14 CESIE du < 0.000
Thus
(4.4) S1 <0.86641ogt + 1.772loglogt + 5.77.

Next let N2 = |Z2| and N3 = |Z3| By (43),
No+ Ny =N(t+1) = N(t —1) — N(t,v)

4.5
(45) <0.592311logt + 0.886 loglogt + 2.591 — N (¢, v).

In the sum S5, each zero on the critical line contributes < 4 and each pair
of zeros p = B+ iy, p' =1 - + iy with 8 > 1/2 contributes at most
4% + (4/3)% to the sum. Therefore,
80.V.
8 < = 2.
For S3, N(t,1/4) of the zeros contribute at most (4/3)? each, since N3 +
N(t,v) = 2N(t,1/4). By partial summation,
16N (t,1/4) /1/4 dN (t,u)
- - r 7 ,_+_ -~ 7
9 v

160 N(t,v) V4 N(t,u)

= —N(t,1/4) — 2
9 (,1/4) 02 + /v ud

80N; (80 1 V4 N (t,u)

w2

S3 <

du
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By Lemma 4.2,

Y4 N (t, u) log A + Zloglogt
, 3 -2
2/ g s ( 1879 +0.49) (v 16)
1+ 210gv)

202

v
1

3912B (v 1/2 — 2)1
+5.39 (v )ogt+1‘879

(8 — 161og4

Therefore, using (4.5), we obtain

Sy + S5 < (5.2650 + 5.3912B(v™ /% — 2)) logt + 2.2loglogt — 8.51log A

1 (logA—logv+ gloglogt N(t,v)
+ 7.65 + o2 ( 1879 +0.224 ) — 0
Combining this with (4.4) gives the lemma. O

Lemma 4.4. Suppose that Rz > 0 and |z| < w/2. Then
1 4
%(cotz——+—z> > 0.
z

Proof. By the maximum modulus principle it suffices to prove the inequal-
ity on the boundary of the region. On the vertical segment z = iy,
—m/2 < y < w/2, the left side is zero. When |z| = 7/2, z = = + iy
and z > 0, the left side is

2sin(2z) x dr 2sin(2z)
e +e~2v —2cos(2z) 22 +y? w2 e +e 2 —2cos(2x) ~

This proves the lemma. O

The next two lemmas are related to Heath-Brown’s method for detecting
zeros from [HB2]. These give bounds for a “mollified” sum, similar to
Lemmas 5.1 and 5.2 of [HB2].

Lemma 4.5. Suppose f is a non-negative real function which has contin-
uous derivative on (0,00). Suppose the Laplace transform

F(z) = / T ey

of f is absolutely convergent for Rz > 0. Let Fy(z) = F(z) — f(0)/z and
suppose

(4.6) Fo(2)| < 2

ER Rz2>0,[z] 2 n),
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where 0 <n < 3. If Rs > 1 and Ss > 0, then

K(s):= Z A(n)n=°f(logn)
n=1
= —f(O)CC((j)) - zp:Fo(s —p)+F(s—-1)+E,

where |E| < D(1.72 + $ log(1 + Ss)).

Proof. We follow the proof of Lemma 5.1 of [HB2]. Suppose s = o + it and
1 < a < 0. Define
1 a+ico 1
I=— —C(w)Fo(s—w)dw.
2mi a—io0o C(U))

Since —('(w)/¢(w) = 3, A(n)n~", the sum converging uniformly on Rw =
a, we may integrate term by term. Thus I = ), A(n)J,, where

1 atico n-* o—a-+1i00
Ip = — n"YEF(s —w)dw = — / n"Fo(u) du.
2mi 2mi J,

a—1i00 —a—1i00

The integral on the right converges absolutely by (4.6). Since

B =3 [ e,
we have
B n—*% [eS) , o—a+ioco (ne—y)u
i, SO T
logn
=0 [ £ dy =0~ (f0ogm) - £(0)).
Thus
(4.7) I=K(s)+ f(0) CC ((SS)).
Moving the line of integration to ®w = —1/2, we have
—1/2+i00 1
(4.8) I = 1 —C(w)Fo(s—w)dw—ZFo(s—p)+F0(s—1).

"~ 2mi —1/2—ico C(w) B
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By (4.6) and Lemma 3.2, the integral in (4.8) is < %I’, where

I < /°° 4.62 + Llog(1 +u?/9) u

o 9/4+ (u—1t)?

— 30854 / 10g(1+(t/3—2%v/2) )dv
o 14w

% Jog(1 + #2) +1
< 3.087 + = / og(1+ 1) +log(l +v7)
3 1+ 02
27 log(1
<1084 08U *Y) Ogé +t).

The lemma now follows from (4.7) and (4.8).

O

Remarks. Examples of functions f satisfying the conditions of Lemma,
4.5 are those with compact support (say [0,z¢]) and with f" continuous
and bounded on (0,z0). These are the functions considered in [HB2]. To
see that (4.6) holds, apply integration by parts twice, noting that f(xo) =

f'(zo) = 0. This gives

Fo(z) = 22 ( £1(0F) + /0 " emst ) dt) .

Lemma 4.6. Suppose 0 <n < % and (1.2) holds with A >1, B > 0. Let
I have compact support and satisfy (4.6). Suppose s = 1+it with t > 1000.

Then

RK(s) < — Z §R{F( )+ f(0 )(_nc t(ﬂ'(S—p)>_

2
[1+it—p|<n 77

s—p
* log |((s +n + ZL)|

f(0) [2loglogt 379 1 /
=2 L Bp® ?logt +log A — =
2n 3 + BT logt + fog 2 J_w cosh® u

logt 1
+D (18+ T+|l+it§|2n7|1+it—pl2> :
In addition,
K(1) < F(0) +1.8D.
Proof. Suppose that o > 1. By Lemma 4.5,
¢'(o)

K(o) < -f(0) ()

+F0(a—1)+172D+DZ|1_

pl*

)

]
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Since ((p) = 0 implies (1 — p) = 0, we may replace |1 — p|? by |p|? in the
last sum. Using Lemmas 3.1 and 3.3, we obtain

(4.9) K(o) < f(_o)l + Fo(o —1) + 1.8D

= F(o — 1)+ 1.8D.
When ¢ > 1000 and s = o +it, RFy(s — 1) < |Fo(s—1)| < Dt~ <0.001D.
Also by (4.6),
1
Fy(s — <D _ .
Z | 0(8 p)l = Z |1+it—p|2

|1+it—p|>n |1+it—p|>n

Therefore, combining Lemma 4.1 (with S = {z: Rz <1, |1+ it — z| < n})
and Lemma 4.5 gives

(4.10)
RE(s) <= > %{F(s—p)+f(0) (%cot(”(s—ﬂ)>_ [ )}

[1+it—p|<n 21 TP

f(0) [2 3/2 1/"" log|((s +n + 224))| ]

+ 2 Zloglogt + Bn*/?logt + log A — = T~ du
2n |3 6708 K 8 8 2/ o cosh? u

logt 1
D184 —— _—
+ LR D DI rewr
[14-it—p|>n

Since f has compact support, K(s) and F(s) are both entire functions.
Also, on the right side of (4.10), |log|¢{(a +iB)|| < |log({(a)| when a > 1
(by Lemma 3.1). Thus we may let 0 — 17 in (4.9) and (4.10), and this
proves the lemma. d

5. A TRIGONOMETRIC INEQUALITY

We use a trigonometric inequality that is very similar to what is used in
standard treatments. For any real numbers a;,a> we have

4
(5.1) ij cos(j8) = 8(cos @ + a1)*(cosf +az)*> >0 (6 € R),
=0

where
by = 1, by = 4((11 =+ az), by = 4(1 -+ af + ag + 4:(11&2),

(5.2) \
bl = (a1 + a2)(12 + 16a1a2), bo = b2 -1 + 8(a1a2) .
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Lemma 5.1. Suppose ay,as are real numbers and define by, . . ., by by (5.2).
Suppose that n > 0 and t1, t2 are real numbers. Then

4

|

/ ——5— > _bilog|¢ (1 +n+ijty + iutsy)| du > —2bglog {(1 + n).
oo COSh™ u =

Remark. Lemma 5.1 marks a departure from other treatments, where
the bound |¢(1+n+4w)| > ((1+n)~! is used at the outset (in the context
of a different integral), which in our situation gives

I>—2(by+---+bsg)log (1 +mn).

The new idea is to combine the log|((-)| terms using (5.1) to significantly
reduce this part of the estimation. The idea in Lemma 6.1 accounts for
the majority of the improvement over Heath-Brown’s zero-free region. See
also the remarks at the end of section 8.

Proof. Denote by I the integral in the lemma. We begin with the Euler
product representation for {(s) in the form

(5.3)  logl¢(s)| =-RD log(1—p~)=RD_ Lp™ (Rs>1).

m>1
Next, if y # 0,
o gliyu Y
5.4 U :=/ ———du= —-—"—- >0,

which can be proved by contour integration. By (5.2), (5.3) and (5.4),

4 oo —imuts
[=3Y Lpmng ijp—ijmh/ P "
m
p,m Jj=1

p)
—oo Cosh”u

4
= Z %pfm(lJr")U(mtz log p) Z b; cos(jmt log p)

p,m Jj=1

> by »_ mp "HU(mty logp).

p,m

Since U(y) < 2 for all y, we obtain I > —2bglog((1 + 1), as claimed. O

6. THE FUNCTIONS f, F AND K

Suppose that ¢ > 10000, ¢(8 + it) = 0 and A is a number with 0 < A <
1 — B such that

(6.1) C(s) #0 (I-A<RNs<1,t—-1<Ts <4t +1).
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Let f be a function with compact support, define F', Fy and K as in
Lemma 4.5, and assume that (4.6) holds. Let a;,as be real numbers and
define by, ...,bs by (5.2). Put bs = by + by + b3 + bs. By (5.1),

4 [eS) 4
(6.2) %ijK(l +ijt) = Z A(n)n~! f(logn) Z b; cos(jtlogn) > 0.
=0 n=1 j=0

We next apply Lemma 4.6 with s = 1 and s = 1 +4jt (j = 1,2,3,4).
Together with Lemma, 5.1 (with ¢5 = ) and (6.2), this gives
(6.3)

. n (1+ijt—p) 1
0<—® Z b; (F(l +ijt — p) + f(0) <% cot (7r . ) - 1+Z.J.t7p))

1<j<4
[1+ijt—p|<n

0
%#{%(@Q+Bﬁ”&%%%A)+%ngI+m]+%F®)

4
1
—+DG508%~%)+L&m+§:@ > ﬁ?ﬁﬁi?ﬁ)

J=1  |14ijt—p|>n

+

where for brevity we write
=log(4t + 1), L, =loglog(4t + 1).
We choose a function f which is based on the functions given by Lemma
7.5 of [HB2]. Let 6 be the unique solution of

(6.4) sin20—z (1—fcoth), 0<6<m/2
0

and define the real function

_ 2
o) = {(cos(utan@) cosf)sec’d |u| < tana’

6.5
(6:5) 0 else.

Set w(u) = g * g(u) (the convolution square of g) for u > 0 and

W(z) = /000 e *"w(u) du.
From (6.5) we deduce (cf. Lemma 7.1 of [HB2]) the identities
W(0) = 2sec? (1 — f cot 6)?,
(6.6) W(—1) = 2tan® 6 + 3 — 36(tan § + cot.9),
w(0) = sec?#(Atand + 30 cot 6 — 3).
Then we take (see (6.1))
(6.7) () = XeMw(u) (u>0)



20 KEVIN FORD

and
(6.8) F(z) = /0 e f(u)du = W (; - 1) .
For real y,

2

RIV (iy) = 2 ( /0 "~ w(u) cos(uy) du) > 0.

Since W(z) — 0 uniformly as |z| = oo and Rz > 0, it follows from the
maximum modulus principle (applied to e~ (?)) that

(6.9) RW(z) >0 (R >0).

7. AN INEQUALITY FOR THE REAL PART OF A ZERO

In this section, we take specific values for a; and as and prove the
following inequality.

Lemma 7.1. Suppose t > 10000, ¢(8 + it) = 0 and (6.1) holds. Suppose
further that (1.2) holds with B > 0 and A > 6.5, and that

(7.1) 1-8<n/2, 0<XA<min(1-8,55m).
Then
1

1-5
b\ 2

[0.16521 —0.1876 (152 - 1)] < 1471-—F
7
L fososs0 (27, 4 By/2L, +1og A) + log (1
+217 00011 \3L2 + Bn*“Ly +1log A) +1log (1 +n)

log(A/m)+3 Lo
— e +0.224
+ 3.683\ l(6.466 + 5.3923(77—% —2))Ly + 4Ly + 1.879

72
Proof. A near optimal choice of parameters is a; = 0.225, a; = 0.9. By

(5.2),

by = 10.01055 by = 4.5,
by = 17.14500 by = 1.0,
by = 10.68250 bs = 33.3275,

and by (6.4) and (6.6),
0 = 1.152214629976363048877..., w(0) = 6.82602968445295450905. . ..
The function W (z) has the explicit formula (found with the aid of Maple)

(7.2) W) =0 wa)
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where
co (02((z + 1)26—2(9/tan9)z +22-1)+eaz+ C3z3)
7.3 W, =
(7.3) o(2) 22(22 + tan? 9)2
and
1
o= ——— = 16.2983216223932350562 . . .
sin @ cos3 @

c1 = (1+2(0cosd — sinf) cos ) tan* § = 16.2878103682166631825 . . .
¢z = tan® #sin® § = 9.4813169452950521682.. ..
c3 = (2 — 5sinfcosf + 6 + 46 cos® §) tan? § = 10.3924962150333624895 . . .

If R > 3, (7.3) implies
H(R)

(74) Wo(s)l < T

(%z Z _]-7 |z| Z R)a

where )
co (62 (R;;gl) (e20/tan0 4 1) 4 & +03)

2 N2
<1 _ ta.;2 9)
By (6.7), (6.8) and (7.2),
_ fO) (2 Aw(0)
— z Af(0)
—Wo()\ 1)+z(z_)\).
Suppose 8z > 0 and |z| > (R+1)X. Writing 2’ = § — 1, we have 2’ > -1
and |2'| > R. Thus, by (6.7) and (7.4), we obtain

H(R) =

H(R)X3 w(0) A2 A
|Fo(2)] < |z(f)A|3 |z(z(02 My S {;S)
where
2

(7.5) o1 = % +1+1/R.
Therefore, providing that 5 > (R + 1)\, (4.6) holds with
(7.6) D = e\ f(0).
Next, define

Ve(z) = cw(0) (cotz — L) + W (£ —1)..
By (6.7) and (6.8),

F( +ijt—p) + f(0) (% cot (7r(1+2i7j7't—p)) _ 1+z’}t7p) =V.(2),
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where z = %(1 +ijt — p) and ¢ = g—;} In order to bound the first double
sum in (6.3) (leaving only the single term corresponding to p = § + it), we
prove that for 0 < ¢ <

2R+2’
(7.7) RVi(2) > —sw(0)  (Rz>cle<3).,
where
2
(7.8) 6=y ( %) - Le-1m.

By the maximum modulus principle (applied to e~¥=(?)), it suffices to prove
(7.7) on the boundary of the region. First consider z satisfying Rz = c,
|z| < 7/2. By Lemma 4.4 and (6.9),

4c2w(0)
72

RV.(2) > cw(0)R (cotz - %) >—

When |z| = 7/2 and £ = Rz > ¢, we have |z/c — 1| > R, so by (7.4),
|[Wo(z/c—1)| < H(R)|z/c — 1|~3. Thus, by (7.2) and Lemma 4.4,

dew(0)z  cw(0)(x —c) H(R)c

%vZQﬂ Z - -
w2 |z — c|? |z —c|?
Acw(0)z  cw(0)(x—c¢)  H(R)C
o @22 (wj2—op
L, 4 H(R)e
=0 (= - =)

Noting that ¢ < 5755 completes the proof of (7.7). In fact, with more

work one can prove that (7.7) holds with ¢5 =
By (7.7), we have

L
3-

—R 3 by (F(L+ijt = p)+ £(0) (£ cot (05I0) - b))
1<5<4
[1+ijt—p|<n

< —biVe(3,(1— ) + esw(0 N(jt,n).

||Mu>
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Combining this last estimate with (6.3), (6.7), (7.6) and Lemma 4.3 gives
x Af(0)
0<BF(O) = hiVe (51-9) + = 5= (5 )ZbNJtn
f(0)

+1 [b5 (gL2 + Bp*2L; + log A) +bolog C(1 + n)]
(7.9) 2n

+ caAF(0)bs [1.8 +L 118k 4 (6.132 +5.392B(n"% — 2)) Ly

1 [logA—logn+ 2L
4135 - 85log A+ ALy + — (2L T O8N TER2 | 994 |.
72 1.879

The sum in (7.9) can be ignored because of (7.8). Also, by the lower bound
on A we have

(7.10) 1.8+1.8%2 +13.5 - 8.5log A < 0.

Put R = 249, and compute H(249) < 171.8 and ¢4 < 1.106. Since cotz —
1> 0348z for 0 <z < T and 1 — B < 37, we have

(111) Ve (£0-8)) > F(1-5) - 0348f(0) = (1 - B).
By (6.6), (6.7) and (6.8),
(7.12)

:MJF’;_;(W(O)—W(%A ).

Since W (z) and W'(x) are both decreasing, we have

w()-w (52 -1) < (52 -1)w'(0) <0475 (52 - 1).
Thus, by (7.11) and (7.12),
(7.13)

F(0) — by

bo

Ay, (21(1 - ,6)) < 0.348f(0)1?2—;(1 = B)

+ @ (— cos? 0 + ObZ:T(ZI))l <% - 1))

Dividing both sides of (7.9) by bof(0) and using (7.10), (7.13) and the
numerical values of by, b1, b5 and 8 completes the proof of the lemma. O
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8. THE PROOF OF THEOREM 2

Suppose Ty satisfies the hypotheses of Theorem 2 and let

(8.1) Mzc(%;):ozw,t), Z(8,t) := (1 - B)(Blog )} (loglog ).

By the Korobov-Vinogradov theorem, M > 0. If M > M;, then the
theorem is immediate. Otherwise, suppose that M < M; < 0.05507. Then
there is a zero 8 + it of ((s) with ¢ > Ty and

i —100 -
Z(B,t) € [M, M(1+4)], &=min (llggTo , MgMM) .

By (8.1), (6.1) holds with
(8.2) A= MLPL; B2,

Again we make the abbreviations L; = log(4t + 1), L» = loglog(4t + 1).
Define by, by as in the previous section. We apply Lemma 7.1, taking

(83) n=EB 3 (L“’) : E:(w)%:(m:’,m)%

Ly 3 999825
The lower bound Tg}% > 1720 ensures that 7 < 0.01 and
n

< BL)3L;% < L
A < 0.5507(BL;)" 3 550"

The inequalities Ty > 30000 and M; < 0.05507 ensure that the other
hypotheses of Lemma 7.1 are met. In addition,

1-8 L\*( L \? 0.97
4 —-1<(1 —-1< .
(84) A <(1+9) (logt> (loglogt> — logTo

By Lemma 3.1,
(8.5) log ¢(1+n) <log(1/n+ 0.6) <log(1/n) + 0.006.

We now apply Lemma 7.1, using the upper bounds for (1 —f) and A on the
right side of the conclusion. First, since —logn = ZLQ, we have by (8.3),

o e (5 emoim) 2] = (1) (3) 0
(8.6) bo 3 bo bs 4

1
< 2.99968(BL,)5 L3 .

L

i
N cofm

This constitutes the main term as ¢ — oo. Next, since Z(8,t) < M; and
by the lower bound on Tp,

1-8 2/372/37-5/3 273 (L 218
(87 147157 <0.039B*° 1Y L% < 000388 (1)
n 2
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Using (8.5), the remaining part of the second line in the conclusion of
Lemma 7.1 is

LT 2
< o [ﬁ log A —log £ + £ log(B/L2) + 0.006]
B} (L7
(8.8) < (L—1> [3.3203log A — 0.3608 + 2 log(B/Ls)]
2

W =

2

Li\3

< 7 (1.1534log A — 0.125 + 0.23101log(B/Ls)) .
2

By (8.2), (8.3), and L, < 0.00035L;, the third line in the conclusion of
Lemma 7.1 is

(8.9)
1
21, 5.302B% (L;\?
<0. SL,*B 3 . — | = —10.784B | L
<0.2029L, 3L, *B 3[(6468+ i (Lz) 0.78 ) |
4 4
N B3 (Li\® (logA+ 3Ly + 21log(B/Ly) —log E +0.224
E2 \ L, 1.879
2 1
BLi1\?3 1.313—2.188B (L2 \?
< . _— | —
< ( L ) [09798-}- T (L1>
0.05185
+

2

2 1
BL;\? [1.313 — 2.188B (L, * ot
< ( I > [ Bifs (L_1) +0.0051(log A + 5 log(£;)) + 0.9801
Combining (8.4)—(8.9) with Lemma 7.1 gives
0.182

logTo) < (BLy)3 L] (2.99968+ 3t )

(log A + 2log(B/Ls) + 0.05401)]

1
= (0.16521 —
A(0 65

By (8.2), this gives

0.16521 — 0.182/ log Ty
M > 2 My.
2.99968 + X (t)/ loglogt
This concludes the proof of Theorem 2.

Remarks. Compared with the methods in [HB1], there are two im-
provements evident in (8.6). First, the factor (3/4)%/3 ~ 0.82548 replaces
the factor 2-/3 Ky ~ 0.843445 from ([8], p. 197). This improvement comes
from integrating over two vertical lines (Lemma 2.2). The second and larger
improvement is the factor (1 + bo/bs)'/%, which is 2'/2 in the treatment of

[8], and comes from combining the log|((-)| terms in Lemma 5.1. Together
these improve the bounds from [8] by about 17%.
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9. THE PROOF OF THEOREM 3

Almost everything in Sections 26 is identical. In place of (1.2) we use
an explicit form of the Van der Corput bound (1.6). We fix n = £, and the
proof of Lemma 5.1 gives

o Ej’ﬂ bjlog|¢ (3 +ijt + &) | 3
— T—du<b Lp=2my(mig
/ﬂx) cosh? u - OZ m? (& log )

p,m

1
Sy e

p,m

oy 3 A

n2—n

n=2

< 1.702b.

Let Ty = 545000000 and suppose that ((8+it) = 0 with £ > Ty (it is known
that all zeros with |¢| < To have real part 1 [14]). In place of Lemma 3.4
we use

Lemma 9.1. Ift > Tg, then
1) =/ log [¢(1/2 + it + iu/7)|

o cosh® u

du < 2J(t),

where J(t) is given by (1.7).

Proof. From (1.6), |¢(1/2 + it)| < 3t'/%1logt for ¢+ > 3, so by Lemma 3.4,
I(t) < 2(3logt+loglogt +log 3). Using the first inequality from (1.6), we
have
o] 1/4 o8} 1/4
() < / log(57 + 6(t2+ |ul)t/*) du— 2/ log(57 + 6(t2+ u)l/4) du
PN cosh” u 0 cosh” u

When 0 < u < logt, the numerator is < log(6.37306t'/4) and when u >
logt, the numerator is < log(6.4(e* + u)*/*) < u and the denominator is
> le2u. Therefore,

00 log t
I(t) < 21og(6.37306¢/4) + 8 / ue™2% du < % +3.7042.
logt

O

We make the assumption (6.1) as before and take the same values for
ai,as (so bg,...,bs, 0, w, f, F, W are the same as in section 7). The only
change in (6.3) is that the term Zloglogt + Bn/?logt +log A is replaced
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by J(t). Next, we follow the proof of Lemma 7.1. Using (4.3) (Rosser’s
theorem) as in the proof of Lemma 4.3, we obtain for ¢ > 10000

1
2 — < 3.2357logt + 5.316loglogt
(9.2) Z TR < 3.2357logt + 5.316loglog
[1+ijt—p|> 3
+16.134 — 4N(t,1/2).

Assume that
1

. <1-p<—
(9.3) 0<A B < 160"
Let R = ﬁ —1>79. By (9.3), n < 80A. As in the proof of (7.5), we
deduce that (4.6) holds with

H(79)(R +1)? 1

9.4 D =csAf(0 =————"+14+=<1.35.
(9.4) csAf(0), e Rw(0) +l+ o<
Also, (7.7) is replaced by
(9.5) RV.(2) > —csw(0) = —csmAf(0)  (Rz > ¢, |2| < 7/2),

valid for 0 < ¢ < (1 — 3) with

_4 m(1 - B)H(79)
(00 RO [CyP R ) o
Analogously to (7.9), the inequalities (9.1), (9.2), (9.4), and (9.5) give
(9.7)

0 < boF(0) = biVaa(m(1 — B)) + (m°cs — 4ca) A f (0 Zb N (jt, 5)

+ f(0) (bsJ (4t + 1) 4 0.851bg)
+1.35X£(0) [b5(1.8 + ZL) + 1.8bg + b5(3.2357L; + 5.316 L, + 16.134)] .

As before we use Ly = log(4t+ 1), Ly = loglog(4t + 1). By (9.4) and (9.6),
n?cs — 4cy = —4/R < 0, so the sum in (9.7) can be ignored. By (9.3),
cotz —1/xz > —0.3334z for 0 < z < 7(1 — ) and this gives

Vaa(m(1 = B)) > F(1 - B) — 0.33347°(1 — §) £ (0).

By an argument similar to that leading to (7.13), we obtain

(9.8) F(0) Z—;vmu — 8)) < 0.33347(1 - ﬂ),’j—;f(O)
£(0) L. 0.7475b; (1-f
Y (‘“’s O () (T B 1))

Combining (9.8) with (9.7) gives the following bound.
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Lemma 9.2. Suppose that (8 + it) = 0 with t > 545000000 and 1 — 3 <
%. Let X\ be a positive number satisfying (6.1). Then

0.16521 — 0.1876(12 — 1
(9.9) X (= ) <5.646(1 - B) + 2—5,1(41: +1)
0

b
+0.851 + 1.35/\b—5(3.5691L1 + 5.316 Ly + 18.475).
0

To prove Theorem 3, first define
__
J(t) +1.15°
For a zero B + it of ¢ with ¢t > Tp, define Y'(3,t) by the equation
0.04962 — 0.0196¢4(t)

J(t) +Y(B,t)
By the Korobov-Vinogradov theorem, Y (8,t) - —oo as t — oo. Let
M =max;>7, Y (B,t). If M < 1.15, Theorem 3 follows. Otherwise, suppose
B + it is a zero with Y(8,t) = M > 1.15. Then (6.1) holds with
_0.04962 — 0.0196c4(%)

JAt+1)+ M

(910) cg = CG(t) =

1-8=

(9.11)

By (9.10) and (9.11),
1- 4 1 M 4 1) — 34
(o12) 1= JWADEM | JUE+1) - J@) 03466
A J(8) + M TO+M ST+ M
Apply Lemma 9.2, multiplying both sides of (9.9) by 6by/bs. By (9.12),
the left side is

 0.04962 — 0.0196cq ()
- A
Using L1 < logt + log4 + £ and Ly < loglogt + (log4 + 4;)/logt, we
conclude that

(9.13)
M < 0.25562 + (1 — B8) [1.696 + 1.35(3.5691L; + 5.316 Ly + 18.475)]

< 0.25562 + (1 — f3) [33.812 + 4.8183 logt + 7.1766 loglog t] .

Also, by assumption 1 — 8 < (0.04962 — 0.0196¢4(t))cs(t). Plugging this
into (9.13), and using a short Maple computation, we find that

M <0.685+ 0.1551oglog t.

In fact, M < 1.7 for all ¢ > Ty, but the above bound suffices for our
purposes. This completes the proof of Theorem 3.

= J(4t + 1) + M.
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Thanks. The author thanks D. R. Heath-Brown, D. Kutzarova, O.
Ramaré and the referee for helpful suggestions and comments. The author
also thanks Y. Cheng and S. W. Graham for pre-prints of their work.
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