Practice Problems for the Final

Problem 1 Letd =< 1,0,1 >, b =< 0,1,1 >and ¢ =< 1,1,1 >.
a) Compute the angle between a and b.

solution)
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b) Find a vector which is perpendicular to both ¢ and b,

solution) S .
We know that either @ x b or b x a is perpendicular to both @ and b.
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c¢) Find(ifpossible) a vector dsothatb - ¢ = d. If there is none , explain your answer.

solution)
There is no such a vector d , since the dot procudt results in a scalar (number).

Problem 2 Find the parametric equation of the line which is perpendicular to the plane

X + 2y + 3z = 4 and passes through (—1,-2,-3).

solution)

The normal vector to the plane is < 1,2,3 >. So a directional vector for the line is < 1,2,3 >.
Hence, the parametric equation for the line is

x=-1+t,teR
y=-2+2t,teR
z=-3+4+3t,t€R.



Problem 3 Let F(x,y,z) = xe’=.
a) Find the gradient of F"at (-2, 1, 1).

solution)
VF = (F\,F,,F.) = (€”,xze” ,xye’*)
VF(-2,1,1) = {e,—2e,—2e).
b) Find the directional derivative of F in the direction of < 1.-2.3 >at (-2,1,1).

solution) The unit vector along < 1.-2.3 >is ¥ = ——(1,-2,3 >. Hence the directional

Jia
derivative is

1
D3F(-2,1,1) = VF(-2,1,1) « ——(1,-2,3 >
(2,11) = VA2 1,1 - —(
1
=< e,—2e,-2e > 1,-2,3 >
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¢) Find the equation of the tangent plane to the surface xe’” = —2e¢ at (-2, 1,1).

solution) We know that the equation of the tangent plane to the surface F(x,y,z) = ¢ (c :
constant) at (xo,)0,20) 18
Fx(xo,yo,zo)(x — xo) + Fy(xO,y(),Zo)()/ —y()) + FZ(X(),y(),Z())(Z — Z()) = 0.
So,
e(x+2)-2e(y—1)-2e(z-1)=0=> (x+2)-2(y—-1)-2(z-1) =0 > x -2y -2z = —6.

d) Find the rate of change of z with respect to y if xe’” = —2e.

solution) First, we nee to know that the rate of change of z with respect to y means 2.

oy
Let F(x,y,z) = xe** +2e = 0.
Using implicit differentiation theorem, we get
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———, if(x,y) = (0,0)
Problem 4 Let f(x,y) = Jx*

0, if (x,y) = (0,0)
a) Compute lim, )-(0,0) S by using polar coordinates.
x? +y?
solution)
Xy r?cosOsinf

= lim
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b) Is f{x,y) continuous at (0,0)? Explain your answer.
solution) f{x,y) is continuous at (0, 0), since lim)-(0,0)f(x,») = 0 = f(0,0).

= linoquOSGSinQ = 0.
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Problem 5 Find the absolute maximum and minimum values of f{(x,y) = 2x> +x +y> -2 on
the region D = {(x,y)| x> +y? < 4}.

solution) Note that the max/min occurs either at the critical points in {(x,y)| x> + y> < 4} or on
the boundary x? + y? = 4.
1) Critical points:

fi=4x+1=0=>x=-

fHh=2y=0=y=0.
2) To find the max/min on x? + y? = 4, let’s use the Lagrange multipliers method.

1
4

fx:lgx
Sy =gy
glxy) =c
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4x+1 =2Ax
2y =2y
x2+y? =4
—
4x+1 =2Ax
y=0orA=1

x2+y? =
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x2+y? =4 x2+y?2 =4
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Problem 6
. 1 px
a) Evaluate the integral IO J.o yJx* +y?* dydx.

solution)

1 px 1 =X
I J. yx2 +y? dydx = I Jy % Jududx, u=x*>+y? du = 2ydy (keeping x fixed)
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b) Evaluate ji f 7:4/4{7 x2dxdy by converting to polar coordinates.

solution)

This is the upper half disk with radius 2 and center (0, 0).




So,
0<r<2, 0<0<n,dxdy = rdrdo.
J‘ZJ"W

T 2
g x2dxdy = fo j r* cos>0drds

0
= Ji r3er.: cos26d6
_ Hrqz%j:(l ~ ¢0820)d0
_4x %[9— %sin29:|z - 2r.

Problem 7
a) Express the volume of the solid above the surface z = 3x? + 3y? and below the surface

z = 4 —x? — y? in cylindrical coordinates. Do not evaluate.

solution)

Intersection of two surfaces is
3x2+3)y2 =4-x> -y > x2+y? = 1.
So the projection onto xy-plane is the disk: x> +y? < 1.

Also note that upper one is z = 4 — x> — y? and the lower one is z = 3x2 + 3y2.
Hence,

3x2+3y2 <z<4-x>-y?
(x,)eD:x?+1?<1=0<r<1,0<0<2n.
In cylindrical coordinates, we have
3r2<z<4-7?
0<r<li
0<60<2nm.
And
dV = rdzdrd6.



Thus,

ve) = [[fav =" [ raaran

b) Express the volume of the sphere p = 1 in spherical coordinates. Do not evaluate.
solution)

We can express the sphere p = 1 as follows:
0<p<l
0<¢<nm
0<6<2m.
In spherical coordinates, we have
dV = p?sin¢dpddo.
Hence,

vE) = [[fav=| 2”[0 | ; p2sin ¢dpdedo.
E

Problem 8
L [T

a) Convert I N I (i I e y dzdydx to cylindrical coordinates.
ﬁ - —*X

solution)
We see from the limits of integration that

Substituting x = rcos6,y = rsinf, we get

r<z<4Jl-r=%.

To determine (7,6), we read the inequalities for x and y and sketch the region: it is not hard to



see that it is a disk with radius % :

— 4+ [L 2 2.2 = L1
y==x )7 -x" =>x"+y 3

Hence,
r<z<yl1-r?
1
0<r<-—
7
0<0<2nm.
So,
j f“"x j or dzdydx = j f f " vdzdrdd.
b) Convert _[ = j_" = _[ J%_y dzdydx to spherical coordinates.
solution)

Note that direct substitution will not give us an satisfactory answer in this problem.
Again, we have

_ l_2< 1
5 x= 2y< > X
J2 J2

Imagine Ice cream cone.
Note that

z=Jx’+y? = pcosf = psing = tanf = 1 = ¢ = 7
z=J1-x*-y? =222=1-x-y?=>x*+)y’+z2=1=>p=1.

Note also that inequalities: — [4- —x? <y < [+ —x? ,—% <x< % represent the disk on

the right half plane.
So,

0<0<2nm.



Hence, we have

0<p<i
I
0<¢<4
0<6<2n.
Thus,
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Problem 9 Evaluate ”D xydxdy, where D is the region in the first quadrant bounded by the

curvesx? +y? =4, x2 +y? =9,x2 —y? = 1,x? —y? = 4.
solution)
The boundaries of the region suggest that we set

So,

We want x and y in terms of u and v.

Since
u+v=2x> u-v=2>=x= /u+v’y: L=V
2 )
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Hence,

J‘Inydxdy=J‘jjj‘/u—2i_v ugv 4,/u21j dudv=I?jj%dudv= 1?



