Practice Problems for Section 15.8 and 15.9
Problem 1 Express ” I ‘ Jx% +y? in cylindrical coordinates, where E is the solid

bounded by the paraboloid z = 9 — x? — y? and the xy-plane.
solution)

The paraboloid intersects the xy-plane in the circle x2 + y? = 9. Hence the projection D
onto xy-plane is .

D = {(x,y) : x2 +y* < 9}.

In polar coordinates, we have
D=L(r0):0<r<3,0<0<2n;}.
Hence,
E={(xyz2):(xy) € D,0<z<9-x2-y%}.
In cylindrical coordinates,
E={0,z2):0<r<30<0<2r,0<9-7r}.
Now, we know W = rand dA = rdzdrd0 in cylindrical coordinates.

Thus,
[ jE ey = z | Z [ Z_ r2dzdrdo.



[ 2 'x2 2 . . .
Problem 2 Convert I(l) fol i I x2+y+2y (xyz)dzdxdy to cylindrical coordinates.

solution)
Reading off the limits of integration, we know

x2+1y?2<z< x*+y? => P <z<r
0<x</1-)2, 0<y<l=0<0<Z, 0<r<l

Substituing x = rcos6,y = rsin6, and z = z, the integrand xyz becomes
(rcos0)(rsinf)z = zr?sinfcosh. And dzdxdy = rdzdrdf in cylindrical coordinates.
Thus,

.[ ; I ;/ﬁ J. f (xyz)dzdxdy = J 0% I; J.; 73 cos0sin 6 zdzdrdo.

Problem 3 Express I I _[ xyzdV in spherical coordinates , where E is
E

0<z< Jl1-x2-y2.

solution) Notethatz = J1-x2—-3? (=22 =1-x>-y? = x2+y? +2z> = 1) is the
upper hemi -sphere.

So,

E: 05p§1,0§¢§§,05952n.

Substituting x = psingcosf, y = psingsinf, z = pcos¢, the integrand becomes
xyz = p3sin’gcos¢pcosfsind.

And dV = p?sin¢dpdpdo in spherical coordinates.

Hence,

”I xyzdV = J.z” J.f J; p> sin3¢ cos ¢ cos O sin Od pdpdo.
E



Problem 4 Express the volume of the solid that lies above the cone ¢ = Z- and below the
sphere p = 4cos ¢.

solution)

Note that

p=4cosp = p? =4dpcosg = x> +1* +z2 =4z = x> +)?> + (z-2)? = 4.
The graph is similar to the figure 10 on page 1022 in the textbook.
OSpS4cos¢,0S¢§%,OS9S2n.

Also note that dV = p?dpd¢d0 in spherical coordinates.

Ve = | z | f jz¢ p2 sin ¢dpdpdo.

Problem 5 Let Q be the elliptical region % + % < 1. Evaluate HQ x?dA by making an

appropriate change of variables.
solution) Let u = & (= x = 2u) and v = 5 (= y = 3v). Then,

ur +v2 < 1.
Next,
Ox Ox
0,y) | ouw ov | _|20 _ 6
o(u,v) o O 0 3 '
ou Ov
Hence

[ A = [ ey, QU (O)dudy = 24 [ z [ ;r2 cos20rdrdd

— 24 jz 08200 j; Pdr = 12[9 + % sin(29)}z;zﬂ|:%r4}:;;

=122+ - = 6m.
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Problem 6 Evaluate H cos(@)d/l, where R is the trapezoidal region with vertices
R yHx

(1,0),(2,0),(0,2), (0, 1).

solution) First, we need to decide the transformation.

Since it is not easy to integrate cos( 3+ ), use the following the change of variables:

U=y—x, v=y+x.

Then,
_ 1 -1
X = 2( u+v), y 2(u+v)
So,
oxy) | ou ov | _| T2 72 1 oxy) | _ 1
o(u,v) oy Oy % % 2 o(u,v) 2
ou 0v

Note that R is the region bounded by the linesx+y = 1,x+y =2,x = 0and y = 0.
So,

x+y=1-v=1
xX+y=2->v=2
x=0->u=yv=y=>u=v

y=0-u=-—-xv=x=>u=-v
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Now, we can easily see that the transformed region R, is
—v<u<vy, 1<v<2

Hence,



HRW COS(;J?; )dA = J.?Iiv COS(%)%.dudv
_ %.If[vsin(%)ﬂjvdv

1 (2 . )
= 7‘[1 vsin(1) — vsin(—1)dv

= %(sin(l) —sin(-1)) jf vdv

1 e eIND 3 el - 3w . L
= 2(sm(l) sin( 1))2 7] 2sinl 2sml, since sin(—1) sinl.



