Practice Problems for Exam 2

0 0
Problem 1 Calculate = and = for z = — sin(zy?).
ox dy Y

solution) Using product rule,

9z 1 . 2y , T 2 2 L. 2 2
— = —sin(zy”) + —y* cos(zy”) = — sin(zy”) + xy cos(zy”),
or y Y Yy

0z x

. 9 T 2 T . 2 2 2
— = ——sin(zy”) + —2xy cos(xy”) = —— sin(xy”) + 22° cos(zy”).
TR (zy”) y (zy”) /7 (xy”) (zy”)

Problem 2 Find f,(1,1) and f,(1,1) given that f(z,y) = y—e*¥" +
Vs + 1.

solution)
1 1 1
fo(z,y) = —y26w2 + §(x2 +1) 22z = —y26$y2 + x(xQ +1)72,

fy(z,y) =1 —2zye™.
So,

fz(l’l) = _6+%7 fy(l,l) =1-—2e.



Problem 3 Find the second derivatives of f(z,y) = /16 — 912 — 4y2.

solution)
1 1 1
% = 5 (16 =92 — 4y*)"2(—18x) = —92(16 — 92" — 4y°) 2,
1 1 1
Z_J; = 5 (16 = 92° — 4y*)"2(=8y) = —4y(16 — 92" — 4y”) 2,
Pf 0 (0f\ _ 2 g2y-s 9 2_4y2) 3
5= 5 (£> = —9(16—92"~dy*) 24 Ja(~182) (16— 92 —4y*) 2

1
= —9(16 — 927 — 4y*) "2 — 812*(16 — 92° — 4y*) "2

(: 9(4y* — 16)(16 — 92* — 4y2)‘§) ,

Pf 0 (o) 9 NN o 23
ordy ~ os (a—y> = §x(16—9x —4y*)"2(—8y) = —36zy(16—9z"—4y") " 2.

Similarly,

*f 0 (of 2 4.2\ —5
- [ZL) =— 16 — —4 .
9902~ Oy (83:) 36xy(16 — 9z y°) 2

o*f _ 0 (of 2 g2-h 2 g2 -s
9 = 9y (ay> (16 — 927 —4y”) "2 —4y(—8y)(16 — 92~ — 4y”) 2

1 3
= —4(16 — 92% — 4y*) "2 — 16y*(16 — 927 — 4y*) "2

(— —4(16 — 92%)(16 — 92 — 4y2)%> :

, 1+zy
Problem 4 Evaluate llm(ag,y)_)(()’D) 1—}—1‘—2—]—y2
solution) Since (0,0) is in the domain,

. 1+ 2y 140
lim = =
@y—00 1+22+y2 14040
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T
Problem 5 Using polar coordinates, evaluate lim, ,)—.(0,0) — Y .
e +y
solution)
2 3 . 9
z r° cos # sin” 0
lim L= im———— = — limrcosfsin’ 6 = 0.
(@y)—(00) 22 +y> =0 72 r—0

Problem 6 Show that lim, ,)—.(0,0) LQ does not exist.
Yy

72 +

solution) Along the line y = mux,

ma? ) ma? m m

lm —m——=1lim————— =1 = .
:Jclg(l) 2 4+ m2x2 wli}% (1 + m2)x2 :vli% 1+m?2 14+ m?

Since the limit has different values as m varies, the limit does not exist.



Problem 7 Find the gradient vector at (1,1,2) of f(z,y,2) =
In(z? + y* + 22).

solution)
. 2x 2y 2z
\V4 =< Jz, yJz >=< ) ) >
- 2 2 4 112
VAL =<, -, =>=<=,-, = >.
f( ) ) 67676 373?3

Problem 8 Find the directional derivative of f(x,y) = 3zy* — 423y
in the direction of 37 + 4}.

solution) The unit vector along the given direction is

L <3,4> <3 4>
U= —=<=,- >.
55

V9 +16

9y? — 362%y + 24xy — 1623

- 34
Dyf = Vfii =< 3y*—122%, 6zy—4a® > - < 5 >= 5
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Problem 9 Find the directional derivative of f(z,y, 2) = x?y+zy*+
2% at (1,1, 1) toward the point (3,1,2).

solution) The vector from (1,1,1) to (3,1,2) is <3 —1,1—1,2 —
1 >=<2,0,1>. So the unit vector along this vector is
<2,0,1> 2 1
T =< %,O, % > .
6]6(1’,3/, 2) =< 2zy + y*, 2 + 2wy, 22 > .
So, ﬁf(l, 1,1) =< 3,3,2 >. Hence,

Dzf(1,1,1)=Vf(1,1,1) - ©u=<3,3,2> - < —,0, —= >= —.
FLLT) = Vi1 G ETT

Problem 10 The temperature at (z,y) is given by T'(z,y) = xy —x.
Find a vector in the direction in which the temperature increase most

rapidly at (1, 1) and find the maximum rate of increase in temperature
at (1,1).

solution) Note that the gradient is the vector which points in the
direction of the largest increase and its magnitude is the maximum
rate of increase. .
VT(z,y) =<y—1l,z>.
VT(1,1) =< 0,1> .
So the temperature increase most rapidly at (1,1) in the direction of
VT(1,1) =< 0,1 >. And the maximum rate of increase is |VT(1, 1)‘ =

|<0,1>]=1.




Problem 11 Find the rate of change of f(z,y, z) = 22 +y*+ 2% with
respect to ¢ along the curve 7(t) = 2 cos(10t)i + 3sin(10t)] — 20tk.

solution) We are looking for o when f(z,y,2) = 2%+ y* + 2% and
x(t) = 2cos(10t), y(t) = 3sin(10t), z(t) = —20¢.
Using chain rule,
df  Jfdx 0Ofdy 0Ofdz
dt ~ Owdt ' Oydt = 0zdt
= 2x(—20sin(10t)) + 2y(30 cos(10t)) + 22(—20)
= —40z sin(10¢) + 60y cos(10t) — 40z.

0
Problem 12 Use the chain rule to find 8—1; if u=+/22+y2, z=¢,

and y = sint.

solution)
o _ duds | oudy
ot Oxdt Oydt
1
2

1
= z(2* + y°)"2€" + y(a® + y*) "2 cost.
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Problem 13 Use the chain rule to find a—z if 2 = 23+ zy + 92,
u

r=2u+v, and y = u — 2v.

solution)

0: _0:00 020y
ou Oxdu Odydu
= (32° +y)(2) + (z + 2y)(1) = 62% + 4y + .

Problem 14 Verify that z = f(23—y?) satisfies the equation Qy%—i—
T

solution) Let u = 2® — y?. Using chain rule,
0z dz @ 52 dz

Or  dudxr v du’
0z dzou 5 dz

dy  dudy du

Hence,



0
Problem 15 Use the implicit differentiation theorem to find %2 and

0z
0 1
2= at (5,—1,2) if e +In(yz+3) —y=1+e.

dy
solution)
F(z,y,z) = €e” +In(yz + 3) — v.
0z  F, ze®?
ox F, reTr + ﬁ
0z _ By _ w1
dy F, rerr + yzl{i-?)
Hence,
0z ,1 2e 4e
(1,2 = — - .
oz'z 12 je—1 2—e¢
0z 1
952 1,2) = .
dy 2 2—e

Problem 16 Find an equation for the tangent plane to the surface
4% + 9y* + z = 17 at the point (—1,1,4).

solution) A normal vector to the tangent plane to the surface F'(x,y, z) =
k (k a scalar) is VF .

ﬁF(x, y,2) =< 8z,18y,1 >, withF(x,y,2) = 42® + 9y* + z = 17.
So,

VF(-1,1,4) =< —8,18,1 > .
Hence, the equation of the tangent plane at (—1,1,4) is
—8(x+1)+18(y—1)+ (2 —4) =0.
8r — 18y — z = —30.
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Problem 17 Find a point on the surface z = 16 — 422 — y* at which
the tangent plane is perpendicular to the line z = 3 + 4¢, y = 2t,
z=2—t.

solution) A normal vector to the tangent plane at (x,y, z) is
ﬁF(x,y, z) =< =8z, —2y,—1 >,

where F(z,y,2) = 16 — 42> — y* — 2 = 0. Also, the direction vector of
the line is given by < 4,2, —1 > by reading off the parametric equation
of the line.

Since the tangent plane is perpendicular to the line, a normal vector
to the tangent plane is parallel to the line. Hence,

< =8z, —2y,—1>=k <4,2,—1 >, k:constant.
—8xr =4k, —2y=2k —1=—k.
k=1 —8xr=4, —2y=2.
1
= —— = —1.
x 5 Y

And,

z=16—4 (——)2 —(~1)* = 14.

1
Hence, at the point (—5, —1,14), the tangent plan is perpendicular to

the given line.

Problem 18 Find the differential df given that f(x,y,z) = 2% —
3yz? + ysin 2.

solution)

df = fodz+ f,dy+ f.dz = 0dz+ (32*+sin 2)dy + (42° — 6y 2z +y cos 2)dz.
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Problem 19 Find the linear approximation of f(z,y) = y/x2 + 32
at (3,4) and use it to estimate the number 1/(2.98)2 + (4.01)2.

solution)
fBA) =5 fom e, LBA) =2, fy= e, (3,4) = 3
) — Y% x_\/ma x\Yy _5a y_\/mv Y\ —5

Linear approximation L(x,y) at (3,4) is

L@, 0) = 3,41 L3, D (=311, (3, Dy—4) = 5+3 (0-3)+ 2 (4—4).
So,

3 4
V/(2.98)2 + (4.01)2 = 5 + g(2.98 —3)+ g(4.01 —4)
—0.06 + 0.04

3 4
=5+ £(=0.02) + £(0.01) =5+ ———— = 4.9%.

Problem 20 Find the critical point(s) of f(z,y) = 3zy — 5z* —y* +
5z — 2y and classify the critical point(s).

solution)

fe=3y—10x+5=0
fy=3r—-2y—2=0.

4
lving f d tr=—andy = ——.
Solving for z and y, we get z T 71

f:cx = _1()’ fwy - 37 fyy = —2.

D = faofyy — (fxy)2 =11

And f,, = —10 < 0. Hence, by the second derivative test, f has a local
o f 5y _1 45,
maximim SO T T e T
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Problem 21 Find three positive numbers whose product is 64 and
whose sum is as small as possible.

solution) We want to minimize f(z,y,z) = x + y + z with the side
condition g(x,y,2) = zyz =64, z > 0,y > 0,z > 0.
I:

64 64
z2=—, so f=x+y+z=x+y+—.
Ty Ty
Critical points are where
64 64
s =1———=0, =1-—=0
f xzy fy .flny
22y =64, xy® =64
64
y=—, xy’ =064
x
So,
(64)? 64
T = 64, P 1
3 =64, z=+64=4.
Hence,
64 64
y = — = 47 = — = 4
16 16

Hence, the sum is minimum when z =y = z = 4.
IT: Using Lagrange multiplier method,

fx = /\g:va fy = )‘gy7 fz = /\gm
ryz = 64.

1=Myz, 1=Xzz, 1=Avy,
ryz = 64.

Multiply by x through 1 = A\yz, we get x = \zyz.
Multiply by y through 1 = Axz, we get y = Axryz.
Multiply by z through 1 = Azy, we get z = Axyz. Hence, we have

{x = \ryz, Y= A\ryz, 2z = A1Yyz,

ryz = 64.
rT=yY=2z
ryz = 64.

=64, =4

Hence the sum is minimum when z =y = z = 4.

So,
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Problem 22 Use the Lagrange multiplier method to find the point
on z? = x? 4 y? that is closest to the point (2,2,0).

solution) Let (z, v, z) be the point on 2? = z?+y>. Then, the distance
between (z,y, 2) and the point (2,2,0)isd = \/(z — 2)2 + (y — 2)2 + 22.
Since d has minimum vale iff d> has minimum value, we minimize
(z—2)"+ (y—2)" + 2%

Now, minimize f(z y, \/ —2)? — 2)2 4 22 with the side
condition g(z,y, z) = z* —I— y? —22=0.

fo=2(x—=2),f,=2(y - 2), f. = 22,9, = 22,9, = 2y,and g, = —22.
2(r —2) =2z, 2(y—2)=2\y, 2z=-2)\z
22+ y? - 22 =0.

So, we have

z(1-N=2, y1-X)=2 214X =0= z=0,0or \=—1),
2+ —22=0.

Hence,
2 2
(1) x:1—x y=1—n *=0
2?2 +y? - 22 =0.
Or,
2 2
2) TCrow YTron AT b

24+ y?— 22 =0.

But the case (1) is not possible, since
) 4 4

2 .2 2 _ _
Ty -z (1_>\>2+(1_/\)2 0#0.

The case (2) becomes

z=1 y=1
Pyt -2=0= 1+1=2% = 2=4V2).

Thus, it has a minimum value at (1,1, £v/2), i.e, (1,1, £v/2) is the
point on 22 = x? 4 y? that is closest to (2,2,0).



