Practice Problems for Exam 3
Problem 1 Calculate the following double integrals.

a) J.(l) j; (x? +y?)dydx
solution)

I; I; (x? +yH)dydx = I;[xzy + %y3 :|Ix2dx

= j;<x3 + %x3 —x* - %x6>dx = [%x“ — %xs - 2—11x7:| -3
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b) [, ], e dydx
solution)

J.:) J.Z e dydx = I; |:yex2 :|;0dx
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= I xeXdx, u=x? du = 2xdx
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Problem 2 Evaluate j(l) J iy cos(x?)dxdy by interchanging the order of integration.

solution) First, sketch the region of integration:

2y<x<2, 0<x<1.

0.5

102 205
J I cos(x?)dxdy =J. J cos(x?)dydx
042 0d0
2 x 2
= jo[ycos(xz)]yiodx = IO %cos(ﬁ)dx, u = x2, du = 2xdx

= -'.2—0 %cosudu = [%sinulﬁ_o = [%sinleio = %sin4.

Problem 3 Use a double integral to find the area bounded by y = x> andy = /x.
solution) Let D be the region as described.

A(D):”DdAzj;jfdydxz---z %



Problem 4 Use a double integral to find the volume of the solid in the first octant
bounded by the paraboloid z = x? + y? and the planesz = 0, x +y = 1.

solution) The given solid is the region under the paraboloid z = x? + y? and above
the triangle with vertices (0,0), (1,0), and (0, 1).
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D:0<y<l-x, 0<x<1.
So, the volume is

”D("2 +y7)dA = j; j;x(xz +yD)dydx =+« = %.



Problem 5 Calculate the average value of f(x,)) = e* over the region
D:0<x<Ily 1<y<e
: _ 1
solution) Note that the average value f,,, = a0D) ”D flx,y)dA.
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A(D) = ‘”.D dA = J.f J;nydxdy = I; rx dydx = J;(e—ex)dx = [ex—e"]}czo =e—e—(0-¢e% = 1.

Or,
e plny e
AD) = JID dA = J.l Io dxdy = J.l Inydy, u = Iny,dv=dy
= [yIny]_, - I j dy, integration by parts
=elne-Inl-[y]{=e—-(e—-1) = L.
So,
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—|:e ye L:o et~ e (e 2) ye et 5.
Or,

S = [ ] edsay = [ Te1a
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Here, note that e™ = y.

Problem 6 Use a triple integral to find the volume of the solid in the first octant
bounded by the cylinder x? + y? = 4, and the planesz = y, z = 0.

solution) Let E be the region described as above. Then we know that the volume of
Eis I J jE dV. Project the region E onto the xy-plane and denote the projection by D.

JIT,ar =[], ] dzaa =[], vaa
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Problem 7 Calculate IZJ 3;7 %dxdy by changing to polar coordinates.
TV X“+y

solution) D : —/9—)* <x< J9-)?, 0<y<3



j: JZ %rdrd@ = j: JZ drdf = 3.

Problem 8 Use a double integral in polar coordinates to find the area that is inside
r = 3sin36.
solution)

7 = 3sin30 \

First, find the area of one loop and multiply by 3.

3sin360 = 0.

30 =0,m27,..., 0=0% n

So, the area of one loop is

j j o = j [3—2}3&“36 do = | 07 2 sin?30d0

1 —cos2u

df, by the double angle formula sin’u = >

:gj?Losw
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_9 (T s
= 4j0 (1 —cos60)do

3
4
Hence, the area that is inside » = 3sin(30) is 3 - %n = %n

Problem 9 Evaluate jl f i j”yz xdxdydz.
04070
solution)

[ e[ 2]
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Problem 10 Set up an iterated integral for ” I Txd V, where T is the tetrahedron

bounded by x + y + z = 3 and the coordinate planes.
solution)

Project T onto xy-plane. We get a triangle with vertices (0,0), (3,0), and (0, 3).

Iz J Z_x Iz_x_y xdzdydx.

Problem 11 Set up a triple integral for the volume of the solid bounded by the
cylinder y? = 4x, and the planesz = 0,z = x, x = 4.
solution)



Let E be the given solid and project it onto xy-plane.
Then

V(E) = ”jEde j:j“y_ IZdzdxdy.
4

Problem 12 Set up a double integral for the volume of the solid enclosed by
z = x> +y% z = 18 — x> — y? in polar coordinates.
solution)

Intersection of two surfaces is

2

x2+y? =18 —x? —y%.



x> +y*=09.
If we project the given solid onto xy-plane, we have a disk
D: x>+y?>=0.
So, the volume of the solid is

IID(IS —x2=y2—x2—y?)d4 = j;ﬂ J‘Z(IS — 2 rdrdo.



Problem 13 Find the center of mass of the tetrahedron 7 with vertices (0,0,0),

(1,0,0), (0,1,0), (0,0,1) if the density is proportional to the distance from the yz-plane.
solution) Note that the distance from the yz-plane is |x|. Since x-coordinates is

positive in the given tetrahedron, the distance from the yz-plane is simply x. Hence, the

density p(x,y) = kx, k : constant. By the formula, the center of mass (X, 7,7 ) is

¥ =5 [[] wetepar.

7= J ] ITyp(x,y)dV,

== [ =,

m = jIIT pCe,y)dV.

First,
m = ”jEkdi - I;I;Xj;xykxdzdydx == L
So,
T-2 ”E xhkxdV = 24 ; | ;_x _';_x_ydezdydx —ee= 2
¥ = % ”E yixdV = 24 ; [ ;_x ..;_x_yxydzdydx —eo= L
7-2¢ ”E zhxdV = 24 :) [ ; _';”xzdzdydx —eee= L



Problem 14 Find the surface ares of the part of the plane 2x + 5y + z = 10 that lies
in the first octant.

solution) The domain D is the projection of this plane onto xy-plane. So, D is the
triangle with vertices (0,0), (5,0), and (0,2). Also, z = f{x,y) = 10 — 2x — 5y and
fx = —2,f, = =5. By the formula, the surface area is

”D 142+ d4 :HD JI+4125d4

=@_”DdA=J%Area(D)=m%-2-5=5~/3_0-

Problem 15 Find the surface of the part of the sphere x? + y? + z2 = 4 that lies

within the cylinder x? + y? = 2x and above the xy-plane.
solution) Note that since the surface is above xy-plane, z > 0. Hence, we can rewrite
the surface as z = /4 —x? — ?

fx,y) = /4—x2—y2,fx - ——=X £ = S S

4—xT 2 4—xT -2

Since the surface lies within the cylinder x? + y? = 2x, the domain D : x? +y? = 2x.
Writing D in polar coordinates, we have > = 2rcosf), r = 2cos0.
By the formula, the surface area over D is

_” 1+ x? + Y dA
D 4-x2—yr  4-x2-)?

converting to polar coordinates

- ”D ﬁ_ﬂ,

u=4-r% du=2rdr

. I

- I 2 J':?cose_ﬁdu = J' 2 [_2ﬁ]zgcos0d9 _ Iz |:_2 - Iiicosede
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_I_%( 24— 4c0s20 +4)d9 IT( 2.2/sin%0 +4)

_ 2j07(—4sin9+4)d0 =4 -2).
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Note that /sin?0 =

2 Wsin?0 df =2 sin6df.



