Practice problems for section 9.7

Problem 1 Find the solution of the following problem.

(1) Upp +Uyy =0, 0<2<2 0<y<2
(2) u(z,0) =u(x,2) =0
u(0,y) =0, u(2,y)=sin %

solution: Set u(z,y) = X(z)Y (y). Then, (1) tells us that

X"Y + XY" =0.
X y"

e v =\
So, we have
(3) YY"+ MY =0,
(4) X"—AX =0.

From (2), we know Y (0) = Y (2) = 0. Using these boundary conditions
and the equation (3) above, we have a familiar eigenvalue problem

Y +AY =0
Y(0)=Y(2) =0.

n?m?

Eigenvalues: A, = ™
Eigenfunctions: Y, (y) = sin “3¥.
We find from u(0,y) = 0 that X (0) = 0. Now plug in \, = % into

the equation (4) and consider

2.2
X//_’n,ﬂ' :O

X(0)=0.
We know that

_nmx

X(z)=ce? +ce 2,
Since X(0) =c¢1 +¢ =0, ca = —¢3.
Hence,

Thus,



So,
- = nrx _nrx . Ny
u(x,y) = cnXn(2)Y, (y) = e2 —e 2 )sin—-—.

(9) = 2 enXal@¥aly) = D ) sin =
Now let’s determine ¢, by using the nonhomogeneous condition u(2,y) =
sin %7,
u(2,y) = Z cn ("™ — ") sin 27 = sin FL.
n=1

The right hand side is already a sine series, so we deduce that
ce™—e ™) =1, (e —e ") =0 ifn#l

Hence,

1 .
cg=——— and ¢, =0, otherwise.
em — e~ ’

Therefore,

1 Tz _mEN Sinh;—”sin%
u(r,t)=——(e2 —e 2 |sin® (= —=—= ).
e — e T 2 sinh 7



Problem 2 Find the solution of the following problem.
Upe +Uyy =0, 0<2 <2, 0<y <2
u(z,0) = u(x,2) =0
u(0,y) =1, u(2,y)=0.
solution: Set u(x,y) = X(x)Y (y) and proceed as the problem 1.

Then, we have
YY"+ MY =0

Y(0)=0, Y(2)=0.

Hence, A\, = % and Y,(y) = sin™3¥. As in the problem 1, the
equation for X is

X" AX =
The general solution is as before

X(z)=cre? e 2.
But a homogeneous condition u(2,y) = 0 tells us that X(2) = 0. So,

X(2) = c1€" 4+ cee” "™ = 0.

coe” " = —cie".

Multiply through by e™". Then,

cy = —c 2™,

Hence, X(z) =¢; (e2 — e%”e*%) and
Therefore,

u(e,t) = Y e Xa(@)Yaly) = D ca (€5 — e F) sin .
n=1

n=1

Now using the nonhomogeneous condition u(0,y) = 1, determine c¢,.

o0
u(0,y) = E cn(l — ™) sin % = 1.
n=1
Fourier sine series of 1 is

4
E —s1n%.
nm

n odd

i . .
cn(l—e%”) _ {m if n is odd

Hence,

0 if n is even.
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Thus,

Z 4 nrz an —nmey . NTY
U(x, y) B TL'/T(l — e2n7") (6 T 62 e ) Sin .
n odd

The above answer is good enough. But let us try to write the answer
in terms of sinh function.

Multiplying top and bottom by e™"", we have
enQﬂ — eQW"e_% 37"”3% — e"”e_%
1 — e2nm o e—nT _ enm )

Multiplying top and bottom by —1 and combining the exponential
functions, the above function becomes

€2n7r;n7mc i 6_(%7\'—%)
67’1/71' _ €—n7r
sinh (222 o o
=2 by the definition of sinhx = ——
sinh nmw 2

Thus,

. 2—
4 sinh M R
u(x,t) = ——————= —sin ™Y
nm  sinhnw
n odd



