Practice Problem for Sec 9-7: Polar Coordinates

Solve the following Dirichlet problem for the semicircular disk of radius 3 : x> +y? <9,
0<6<m.

Viu = u, + %ur + %uee =0, (1)
r

ug(r,0) = ug(r,m) = 0, (2)
u(3,0) = f0) (3).

Assume that the solution u(r,0) is bounded, and you may aslo assume that the
eigenvalues and the eigenfunctions for x// + Ax = 0, x/(0) = x/(L) = 0 are

2.2
ho= B n=0.12,,

Xp=cos==,n=0,1,2,....

solution) Let u(r,0) = R(r)T(0). Then, (1) becomes
RIT+ LR+ LRI =0
r

R+ LR T = —L g1t
(R + 4 p-
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R T
Hence, we have
T+ AT =0, (4)
F2RI + R — AR = 0 (5).
And (2) becomes 77(0) = T'(x) = 0.

Using the given fact about the eigenvalues and eigenfunctions with L = 7, we know
that the differential equation (4) with the endpoints conditions (6) has a nontrivial
solution 7,,(0) = cosnf for A, = n*, n=0,1,2,....

T,(0) = cosnd fori,=n’n=0,12,

Now solve (5) for Ao = 0 and A, = n> (n = 1,2,...) separately:
Ao =0 (To =1): r*R/'+rR = 0. Use a substitution v = R/. Then,

2dv. _

r r +rv=0.
1 _ 1
Vdv = —le"
Injy|= —Inr+C

o€

R = % :>sz%drz€lﬂr+D.

Since u(r,0) is bounded and lim,_o Inr = —o0, we see that C = 0.



Hence, R(r) = D. Take Ro = 1. Thus, | |, " p 7, = 1.

Ao =n*(n=12,..)(T,(0) = cosnb )
R + rR! —n*R = 0 : Euler equation
Assume that R(») = r*. Then,
(a(a—1)+a—-n?)r* = 0.
ala—1)+a—-n*>=0.
o = tn.

Hence,

R(r) = c1r" + cor™.
Since u(r,0) is bounded and lim,_o 7™ = o, ¢; = 0.
Hence, R(r) = cir". Take R, = r". Thus, | u, = R, T, = r"cosnf, n = 1,2,....

Therefore, the solution satisfying (1) and (2) is
u(r,0) = couo + Dy, Catly = Co+ D, Car"cosnb.

Now, determine cy,c;.c2,... so that ¢ + Z;‘;l c,r" cos nf satisfies the condition (3).

co+ Zc,ﬁ"cosn@ = f(0).
n=1

_a _ 12 (" _ 11
co =4 2ﬂjoﬂ9)d0 ﬂjoﬂe)de

3" = a, = %j:ﬂe)cosnede = cr = 52 JZf(H)coandH, n=1,2,....




