Math 385 B1 Exam 1
Name (Please Print.): Key

Problem 1

a) (2 points) Determine the order of 4 +xy? = 0, and also decide if the equation is
dx

linear or nonlinear.

solution) order is 1, and it is nonlinear.

(b) (4 points) Explain why the initial value problem % = sin(xy), y(0) = 0 has a unique
solution on some interval containing 0. Also find its solution by observation.

solution) f{x,y) = sin(xy), and ;—;f = xcos(xy) are continuous near (0,0). Hence, by the
existence and the uniqueness theorem, the given problem has a unique solution.
Consider the constant function y = 0. Then, % = 0 and sin(xy) = sin0 = 0.

Hence, the solution is y = 0.

dy

(c) (3 points) Consider the initial value problem e sin(xy), y(§) = 1. Find the slope
of the solution at x = %
solution) slope at x = % is sin(£ - 1) = 1.

(d) (10 points) Determine if the differential equation (e’ + ycosx) + (xe” + sinx)% =0is
exact. If so, find the solution satisfying the initial condition y(Z-) = 0.
solution) Rewriting the equation as
(e’ + ycosx)dx + (xe’ + sinx)dy = 0.
Let M = ¢” + ycosx and N = xe” + sinx.

Then, M, = ¢’ + cosx and N, = ¢’ + cosx. So, the equation is exact.

Hence there is a function F(x,y) such that F, = ¢ + ycosx and F, = xe” + sinx, and the
general solution curves are given by F(x,y) = C.

F(x,y) = I(ey +ycosx)dx + g(y) = xe¥ + ysinx + g(y)

OF _ rov +sinxy + 98 _ rer 1 i g _ _
N xe¥ + sinx + dy xe¥ +sinx = dy 0 = g(y) =D.

Thus, a general solution is xe” + ysinx + D = C = xe” + ysinx = E.

Y = () Zp0 nZ — _
W(5)=0; e’ +0sinf =E = E =
Hence, the solution is xe” + ysinx =

TS e



Problem 2 (14 points each) Find a general solution of the following differential
equations. All the primes denote with respect to the variable x.

@)y +y* = e*

solution)
yl +y = e*y~' : Bernoulli equation with n = —1.
Use substitution v = y' " =2 = y = v3, & = Ly 3
%v_%% VT = ey,
% +2v = 2¢* : linear first order equation

Integrating factor p(x) = ej M e

i 2xy)) — X 52x 3x
i (e*v) = 2e%e 2e”.

2x4, 3x _;3)(
e v—j2e dx = 3e +C.
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Problem 3 Consider a deer population P(¢) given by the following model

dP _ _
AL~ —(P-1)(P-8), P(O) = 6.

(a) (2 points) Find the critical points.
solution) -(P-1)(P-8) =0 = P = 1,8.

(b) (2 points) Use phase diagram to determine each critical points is stable or
unstable.
solution) 8 : stable, 1 : unstable.

(c) (2 points) What can we expect as time goes?
solution) Population reaches 8 as time goes.

(d) (12 points) Solve explicitly for P(¢).

solution)
dP _
7 —(P-1)(P-38).
1 - _
P-DP-9 dP = —dt.

T [ (phg —piy Jap =~[a

%ln‘P_g ‘ =—t+C.
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8§ —Cet

p=8=Ce

1—Ce™
Po)=683=C _6=c=--2

1-C

2,
2

pay = SEFC" | 404207 (: 40¢™ +2 )

1+ Ze™ 5+2e7" 5¢"+2 )




