Practice Problems: Chapter 3
Problem 1 Find a general solution of the following homogeneous differential equations.
@y"=Ty+12y =0

solution)
2 =Tr+12 = 0.
(r-3)r—-4)=0.
r=3,4

y = c1e¥ + cre™.

(b) y® —2y@ 41 = ¢

solution)
P =2rr+r=0.
r(r—12=0
F=0,1,1

y = c1 +cre* + caxe”.

(C) ¥y =2yl +2y =0
solution)
r2=2r+2=0.
r=1%£i

y = c1e*cosx + cre*sinx = e*(cicosx + ¢z sinx).

(d) (D - 3)>(D? - 6D + 13)y = 0, where D = a_ax'
solution)
(r—3)*(r>-6r+13) = 0.
r=23,3,3+£2i

y = c1e® + coxe™ + e¥(c3 cos2x + ¢4 8in 2x).



Problem 2 Find the appropriate form of a particular solution of the following
nonhomogeneous differential equations. Do not evaluate the coefficients.

(@) /=2yl =3y =6
solution)
2=2r-3=(r-3)r+1) =0, r=3,-1 = two linearly independent solutions in y. are e¢**,e.

yp = 4.
(b) y® -y® =6
solution)
P—-r=rFr-DFr+1)=0,r=0001,-1

= five linearly independent solutions in y. are 1,x,x2,e*,e™.
Since f{x) = 6, we may try y, = 4. But to eliminate duplication in y. we need to
multiply by x3.

yp = Ax3.
(€)y® —y® =¥ +2x2 -5
solution) Set up a particular solution for each ¢* and 2x? — 5. We may try with
yp = Ae* + (Bx? + Cx + D).
But because of duplication in y.,
yp = Axe® + x*(Bx?* + Cx + D).
(d) pI! =2y + 2y = e*sinx
solution)
Two indendent solutions in y. are y; = e*cosx, y» = e*sinx (see problem 1c).

Since f(x) = e*sinx, we want to try ¢*(4 cosx + Bsinx). But again due to duplication in
Ve,
Vp = xe*(Acosx + Bsinx).
(e)y! =Tyl + 12y = (x +2)e**
solution)
Two indendent solutions in y. are y; = %, y, = e* (see problem 1a).
Since f(x) = (x + 2)e**, we want to try (4x + B)e**. But again due to duplication in y..
Vp = x(Ax + B)e* = (4x? + Bx)e™.
(f) (D -3)2(D? — 6D + 13)y = 5> cos2x + x%e*
solution)
Indendent solutions in y. are y; = &%, y, = xe®* ,y; = e*cos2x,ys = e3*sin2x (see problem 1d).

Since f(x) = 53 cos2x + x2e**, we want to try e3*(4 cos2x + Bsin2x) + e*(Cx? + Dx + E).
But again due to duplication in y..

Vp = xe3*(4cos2x + Bsin2x) + x?e*(Cx? + Dx + E).



Problem 3 Find a particular solution of y/ + 9y = sec3x.
solution)

r2+9=0.
r = 13i.

Y1 = cos3x, y2 = sin3x.

Yp = ury1 +uz2ya,

where u; = —j %dx,uz = J‘%pdx, and f(x,y) = x2e %,

cos 3x sin3x _ 3
—3sin3x 3cos3x .

Wyiy2) = ‘

up = —J sec3xsindx gz _ —% J Sindx g %ln|cos3x\, (u = cos3x,du = —3sin3xdx)

3 cos 3x
_ [ sec3xcos3x ;. _ (1, _ 1
Uy = J. 3 dx I 3 dx 3 X.

Hence,
Vp = % cos 3x - In|cos 3x|+%xsin3x

(= —% cos3x - In|sec 3x|+%x sin3x).



Problem 4 (a) Consider x?y/’ + xy/ —y = 0, x > 0. Assuming that the solution is in y = x”
form, find r.
solution)

y=x"y ="yl =r(r—1)x"72.
Xyl +xyl —y =0
rir—Dx"+m" —x" =x"(r(r—-1)+r—-1) = 0.
rr—1)+r—-1=0.
(r-DF+1)=0.
r=1,-1.
Hence, solutions are y = x and y = x7!.

(b) Find a general solution of x?y// + xy/ —y = 9x71°,
solution) Rewrite the equation as

Y+ x7 Iyl —x2y = 9x712,

yi=xy2 =x"\.
Yp = w1y1 +uzyz,

where u; = —J. %dx,uz = I%dx, and f(x,y) = x2e %,

-1
X X
W()/l,yz) = 2 = 2x71,
up = —J. —:129x__112 dx = 2 J. x 2dx = - 292 x I,
us :.[95_92?;71 dx = -2 I x10dx = % -,
So,
-_9 o1 _ 1 10
Vp = 22x Uy 4+ XX Trx
Hence,
1 10

Y=Ye+p =c1x+czx‘1+ﬁx



Problem 5 Consider the free damped oscillation x// + 2x/ + 5x = 0 with initial position
x(0) = 1 and initial velocity x/(0) = -1 — 23 .

(a) Find its position function.

solution)

r?+2r+5=0.
r=-1+2i
x(t) = e'(c1cos2t + ¢, sin2k).
xI(t) = —e(c1cos2t + cpsin2t) + e (2c2 cos 2t — 2¢y sin2t).
x(0)=1;¢c; = 1.
xI(0) = —c1 +2¢y = —1 -2J3 = ¢ =-43.
x(t) = e'(cos2t — J3 sin20).

(b) Find the time lag, envelope curves.
solution) Write x(¢) in Ce™ cos(wt — a). Then, we get

x(t) = e7'(cos2t — J3 sin 2¢)
= J1+3e"cos(2t — ST”)

= 2e'cos2(t — 5?”).

Note that the angle « is on the Quad IV, and arctan(@) = Z.

Hence,

Time lag is ST and the envelope curves are x = +2¢™'.

6 b

(c) Determine the behavior of x(¢) as t — oo.
solution) It decays while oscillating. Note that lim,... 2¢™ cos 2(¢ — 57”) = 0.



Problem 6 Consider following forced-undamped oscillation x/! + 9x = cos wt.

(a) Solve the given differential equation by considering two separate cases o = 3 and
o * 3.

solution) 72 +9 = 0 = r = £3i.
X. = €1C0S83¢t+ ¢ sin 3t.

i)o # 3 :x, =Acosot+ Bsinot.
Since there is no x/ in the differential equation, it is easy to see that B = 0.

x, = Acoswt.
x,!l = —Aw? cos wt.
X!+ 9x, = (—Aw?* + 94) cos wt = cos wt.
A(=0? +9) = 1.

4o 1
9-w

>
Hence,

1
-
i) o = 3 : To eliminate duplication in x., we need to try

xp = t(Acos3t + Bsin31).
xp!l = 2(=3A4sin3¢ + 3B cos 3t) + t(—9A4 cos 3t — 9B sin 3¢).

Xp!l +9x, = =64 sin3t + 65 cos 3t = cos3t.

x(t) = c¢1cos3t+ cysin3t + COS Wt.

2

- 64 = 0,68 = 1.
- -1
A=0,B= c

Hence,

x(t) = c1cos3t+ cosin3t + %tsin%.

(b) For which value(s) of w does the resonance occur, i.e., the solution grows and
oscillates without bound?

solution) The resonance occurs when o = 3, since %tsin?)t grows without bound.



Problem 7 Consider the damped forced oscillation x// + 6x/ + 9x = 13 cos2t.
(a) Find the transient solution x,.(#), and determine the behavior as t — oo.
solution)

2 +6r+9=((+3)?=0.
r=-3,-3.
xi (1) = cre™ + cate™ = e3¢y + catf).

As t — oo, x,(f) — 0.

(b) Find the steady periodic solution x,(?).
solution)

Xgp() = Acos2t+ Bsin2t.
xlgp = 2Bc0os2t — 24 sin2t.
xllg, = —4A4cos2t — 4Bsin2t.

Xy +6xl gy +9xg, = (—44 + 12B + 94) cos2t + (4B — 124 + 9B) sin2t = 18 cos 21.

5A + 12B = 13,
— 124+ 5B = 0.
_ S5 p_12
4=35B= 13
Xgp(t) = 15—30052t+ %—3sin2t.



Problem 8 Find all the non-negative eigenvalues and the associated eigenfunctions of
I+ 2y = 0; y1(0) = 0, y/(m) = 0.
solution)
NA=0;72=0,r=0,0=y=A4+Bx.
¥1(0) = 0, yI(z) = 0; B = 0.
Hence, y = 4 is an eignefunction associated with 1 = 0.

Note that we typically choose a constant 4 = 1, and say that y = 1 is the eigenfunction
associated with A = 0.

NA>0; 2 +A=0=r=x/-1==%/1i
y =Acos(ﬂx)+Bsin(ﬂx).
yl = B4 cos(J/Ax) — A sin(J2 x).
y1(0) = BJA =0 = B =0.
yI(r) = —AJA sin(JA7) = 0 = sin(JA7x) = 0if 4 # 0.
Hence, yA =n(n = 1,2,...).

Thus, eigenvalues are 1 = n? (n = 1,2,...) and its associated eigenfunctions are
y = cosnx (by simply taking 4 = 1)



