Practice Problems: Chapter 9 except 9.7
Problem 1 Let £{¢) be the periodic function with period 4 defined by

0 if 2<x<0
1) =
U0 {2 if 0<x<?2.

Find its Fourier series.
solution) L = 2

= L yde = L[ 2dx = 2
av = | s = [ 2ax -
r2
a, = L 2cos””xdx—0n 1,2,...
2 Jy
_ 1 (P nmx g _ =2 . nmx |’
b, = 2.02sm > dx TR > |
0, neven
%(1—COSI’I7T)=
-+ nodd

Hence,

) =1+ Z —smM

n odd



Problem 2 Let f{#) = t for 0 < ¢t < n. Sketch the even extension of {¢), and find the
Fourier cosine series of f{¢).

solution)
L=mn
2 (", _ 2727 _
apg = Fjotdt— 7[7}0 =T
a, = % j: tcos ntdt
= %([%tsmnt}n % Jw smntdt)
0
2 i 2
5 cosn K p— (1) )
0 ifniseven
B —# if  is odd.
Hence,
1) = Vs + __4 t
f() > 2 cosn



Problem 3 Let 1{¢) be the function of period 2z defined by
0, -m<t<-%
) = , -S> <t<%

0, %<t<7r.

We know that its Fourier series is

sm( ni ) sinnt + Z cos( n7w ) sinnt.

n odd neven

a) Sketch the graph. To what value does the series converge at ¢ = %
solution)

Note that at the point of discoutinuity, the Fourier series

Ji+) +ft-)
3 :

Since f(¢) is not continuous at ¢ =

converges to

the Fourier series converges to

2’
s o z
f(2+)+f(2 ):74‘0:&
2 2 4"

b) Show that 3" L - %2
n

solution) Plug in ¢ = Z-. Then,

% nOd—s1n<””>51n<””> Z—cos(””)mn(n”)

neven
Since sin(4~) = 0 for n even and +1 for » odd, it follows that
_ 2 2 nm _ 2
_Z o ( D) ) Z J)
n odd n odd
Multiplying through by —, we have

k-5

n odd



Problem 4 Find the formal Fourier series solution of

40

y”+4y = ﬁsinnt

n odd
solution)
Y =YetVp.
r?+4=0=r=%2i = y. = 1 cos2t + cysin2t.

To find a particular solution, we find a solution for each % sinnt and use the method

of superposition. Since there is no y/ term in the equation and sinn¢ ( » odd) does not
duplicate with y., we try with

yp(t) = Z B, sinnt

n odd

Then,
ypll = Z —n?B, sinnt.
n odd

Plug in y,, y,!!, we get

Z (4 —n®)B,sinnt = % sinnt

n 0dd n 0dd
Hence,

(4 -n?)B, = %, n odd
n= ﬁ, n odd.
Thus,
Y(0) = ye(t) +yp(1) = c1cos2t +cysin2e+ nn(j?ﬁ) sinnt.




Problem 5 Consider the following boundary value problem
Uy = Uy, 0<x<2,
u,(0,7) = u,(2,t) = 0, (endpoints conditions)
u(x,0) = x.(initial condition)

(a) Assume that u(x,7) = X(x)7(¢). Rewriing the differential equation and the endpoint
conditions in terms of X(x) and 7T(¢), find separate equations and endpoints conditions
(if any) for X(¢) and T(z).

solution)

u(x,t) = X(x)1(¢)
XTI =2XIT
X_ I _
X 2T ’

T
11 =0 4L = _
X+ 21X =0, 3T A.

Now the endpoints conditions will be converted to
X(0)T(t) =0 = X'(0) =0
X2)T() =0 = X(2) =0

Hence, we have

X'+ AX =0 and| 7 _

X1(0) =0, X/(2) = 0. 2T

(b) Find the solution satisfying endpoints conditions assuming that eigenvalues are
non negative.
solution) First solve the eigenvalue problem

X' +2X=0

X'(0) =0, X'(2) = 0.
Characteristic equationis 72+ 1 =0 = r = £ ,/-1.

Note that we have three different types of the solutions depending on the signs of 4 :
A =0:X(x)=c+cx = X(x) =ca.

Since X1(0) = 0, X'(2) =0, ¢, = 0.

Hence, X(x) = c;.

Thus, we have

eigenvalue: 1o = 0
eigenfunction: X, = 1.

i) A >0 :X(x) = cicos JyAx +casinydAx = XI(x) = —c14/2 sinJAx + a2 cos /A x.



X(0) = 0, X(2) =0 = c2/A =0, —c1JAsin2J4 +c24/A cos24/2 =0
= ¢, =0, —c 14 sin2y1 = 0.

Since we do not want ¢; to be 0, sin2/1 = 0.
Hence,

Zﬂ =nr,n=1,2,....
2.2

= A= nf ,n=1,2,....
Hence, X(x) = ¢ cos ”2ﬂ
Thus,
eigenvalues: 1, = ”Z[z ,n=1,2,....
eigenfunctions: X, (x) = cos 22X 5 =1,2,...

2

Now solve for T' for each eigenvalue:

N, =0 L _ dar _ 1= _ o2
I)/lo—O.zT 022T Odt:>21n|T| C=>T=e

Hence, Ty = 1

T _ _n’n? dTr _ _n’n? __n*n? _ co_n2,
T = 1 :>2T— 7) dt = In|T]= 5 t+C=>T=¢e

Hzﬂz
Hence, T, = o5

Thus, the solutions are
uo(x,t) = Xo(x)To(t) = 1,

un (e ) = X, () T (1) = cos”zﬂe_"zzﬂz =12,

By taking linear combination of thses solution, we find a general solution satisfying the
endpoints conditions:

}127[2
u(x,t) = Ao+ 1 + ZleAnun(x, 1) = Ao+ Z:,O:] A,cos Ee™ 2,

(c) Find the solution satisfying both endpoints conditions and the initial condition.
solution)

u(x,t) = Ao+ 1 + ZA,,un(x,t) = Ay + ZAncos %e‘ﬂzﬂ2

n=1 n=1

t

Since u(x,0) = x, we have



nwx _
Ao + ZIA,,COST = X.
Expand x as the Fourier consien series (L = 2) and compare coefficients, we get

_ao _ 1 (7 g
Ao = > —2I0xdx 1

_ _;2 nrx g, 2 | 0Ex _Lz-nnx
A, =a, = 5 joxcos > dx = T ‘xsm Y |, jo sm—2 dx

_ _ 4 nrx |?
 n2r? ‘COS 2 i

0 ifniseven
S— (cosnr—1) = 8 .

22 >~ ifnisodd.
n-m

Hence, the solution is

_ 8 nmx ,—225%
ule,t) =1-37 oy cos e




Problem 6 Consider the following boundary value problem
Uy = Uy, 0<x<1,t>0,
u(0,¢) = u(l,t) =0
u(x,0) = flix), u(x,0) = g(x).

(a) Show that the solution u(x,¢) can be written as u(x,?) = v(x,t) + w(x, 1),

where v(x,?) is the solution of the same problem with g(x) = 0, and w(x,¢) is the
solution of the same problem with f{x) = 0.

solution)
Uy = Vi + Wi = Vix + Way = Uxy,
u(0,) = v(0,1) +w(0,1) =0+0 =0, u(l,t) =v(l,0)+w(l,t) =0+0 =0,
u(x,0) = v(x,0) + w(x,0) = fix) +0 = f{x),
ui(x,0) = vi(x,0) + wi(x,0) = 0+ g(x) = g(x).

(b) Solve the above boundary value problem with f{x) = 0, and
g(x) = 4sin2nx + 4sin4zx, assuming that the eigenvalus and eigenfunctions for

Y4+ 2Y = 0, Y(0) = 0, ¥(L) = 0 are A, — ”2”2 and ¥, = sin 7 = 1.2,

2 L
solution) Set u(x, ) = X(x)7(¢).
Then,

XTI = XIIT = % =2 )
X(0) =0, X(1) =0, T7(0) =0
So, we have two equations, one for X and the other for T.
/ _ _
X' +2X=0 and [ +AT=0.
X(0) =0, X(1) =0 7(0) = 0

There are nontrivial solutions

n’r?

= n*r?forn=1,2,....

Xu(x) = sin% = sinnzx when 4, =

2

2
For such 4, = ”L—g = n’r2, we have

T +n*n?T =0, T(0) = 0
P 4+n’r? =0 = r=nnui
1(t) = ¢y cosnmt + ¢y sinnrt.
T0) =0 : ¢, = 0.

1(¢t) = cysinnnt.

Take | T,(¢) = sinnnt.




Hence, the fundamental set of solutions are (3, 1) = Xo(x)T(£) = sinnmxsinnt.

Thus,

o0
u(x,t) = E Cp Sinnmxsinnrt.

n=1

u(x,0) = 8sin(rx)cos(37x) : Z nrc, sinnmxcos0 = 4sin2zx + 4sin4nx.

n=1
= nnc, =4

Comparing similar terms, we deduce that

271'6‘2 = 4, Cy =

=3

ey =4, ¢4 =

c, = 0, otherwise.

Thus, the solution is
2

3

1

3

sindrxsin4rt.

u(x,t) = = sin2zxxsin2xt +




