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ABSTRACT. In the £rst half of the paper we construct a Morse-type theory on certain
spacesof braid diagrams. We de£ne a topological invariant of closed positive braids
which is correlated with the existenceof invariant setsof paraboliccowsde£ned on dis-
cretized braid spaces.Parabolic mows, atype of one-dimensional lattice dynamics, evolve
singular braid diagrams in such a way asto decreasetheir topological complexity; alge-
braic lengths decreasemonotonically . This topological invariant is derived from a Morse-
Conley homotopy index.

In the secondhalf of the paper we apply this technology to secondorder Lagrangians
via a discrete formulation of the variational problem. This culminates in a very general
forcing theorem for the existenceof inf£nitely many braid classesof closed orbits.

1. PRELUDE

It is well-known that under the evolution of any scalaruniformly parabolic equation
of the form

1) u=fxuugux) 3 @,f, £>0

the graphs of two solutions u;(x; t) and ux(x; t) evolve in such away that the number of
intersections of the graphs does not increasein time. This principle, known in various
circles as “comparison principle” or “lap number” techniques, entwines the geometry
of the graphs (uyx is a curvatur e term), the topology of the solutions (the intersection
number is a local linking number), and the local dynamics of the PDE. This is a valu-
able approach for understanding local dynamics for a wide variety of aows exhibiting
parabolic behavior with both classical[54] and contemporary [41, 5, 10, 19] implications.
This paper is an extension of this local technique to a global technique. One such
well-established globalization appearsin the work of Angenent on curve-shortening [4]:
evolving closed curves on a surface by curve shortening isolates the classesof curves
dynamically and implies a monotonicity with respectto number of self-intersections.
In contrast, one could consider the following topological globalization. Superimpos-
ing the graphs of a collection of functions u®(x) gives something which resemblesthe
projection of atopological braid onto the plane. Assume that the “height” of the strands
above the page is given by the slope u$(x), or, equivalently, that all of the crossings
in the projection are of the same sign (bottom-over-top): seeFig. 1[left]. Evolving these
functions under aparabolic equation (with, say, boundary endpoints £xed)yields acow
on acertain spaceof braid diagrams which hasatopological monotonicity: linking canbe
destoyedbut not created.This establishesa partial ordering on the semigroup of positive
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braids which is respectedby parabolic dynamics. The idea of topological braid classes
with this partial ordering is a globalization of the lap number (which, in braid-theor etic
terms becomesthe length of the braid in the braid group under standard generators).

1.1. Parabolic mows on spacesof braid diagrams. In this paper, we initiate the study
of parabolic @rows on spacesof braid diagrams. The particular braids in question will
be (a) positive— all crossings are considered to be of the same sign; (b) closed — the left
and right sidesareidentifed; and (c) discretized- or piecewise linear with £xed distance
between “anchor points,” so asto avoid the analytic dif £culties of working on in£nite
dimensional spacesof curves. SeeFig. 1 for examples of braid diagrams.
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FIGURE 1. Curvesin the x | u plane [left] lift to a braid [center] which
is then discretized [right]. In adiscretized isotopy, one slides the anchor
points vertically .

The sows we consider evolve the anchor points of the braid diagram sothat the braid
classcan change,but only soasto decreasecomplexity: local linking of strands may not
increasewith time. Due to the closesimilarity with parabolic partial differential equa-
tions such systemswill be referred to as parabolicrecurencerelations and the induced
oows as paraboliccows Theserows are given by

d
(2) gt
where the variables u; representthe vertical positions of the ordered anchor points of
discrete braid diagrams. The only conditions imposed on the dynamics is the mono-
tonicity condition that every R; be increasingfunctions of u;; 1 and uj.; .

While a discretization of a PDE of the form (1) with nearest-neighbor interaction
yields a parabolic recurrencerelation, the classof dynamics we consider is signiEcantly
larger in scope(see,e.g, [40]). Parabolic recurrencerelations are a sub-classof monotone
recurrencerelations asstudied in [3] and [26].

The evolution of braid diagrams yields a situation not unlike that considered by Vas-
siliev in knot theory [59]: in our scenario, the spaceof all braid diagrams is partitioned
by the discriminant of singular diagrams into the braid classes. The parabolic @ows
we consider are transverse to these singular varieties (except for a set of “collapsed”
braids) and are co-oriented in a dir ection along which the algebraic length of the braid
decreases:his is an algebraic version of curve shortening.

To proceed, two types of nhoncompactnesson spacesof braid diagrams must be re-
paired. Most severe is the problem of braid strands completely collapsing onto one

Ui = Ri(Uij 1;Ui; Uis1);

The theory works equally well for braids with £xed endpoints.
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another. To resolve this type of noncompactness, we assumethat the dynamics £xes
some collection of braid strands, a skeletonand then work on spacesof braid pairs:
one free,one £xed. The relative theory then leads to forcing results of the type “Given

a stationary braid class, which other braids are forced as invariant sets of parabolic
aows?” The second type of noncompactnessin the dynamics occurs when the braid

strands are freeto evolve to arbitrarily large values. In the PDE setting, one requires
knowledge of boundary conditions atin£nity to prove theoremsabout the dynamics. In

our braid-theor etic context, we convert boundary conditions to “artiEcial” braid strands
augmented to the £xed skeleton.

Thus, working on spacesof braid pairs, the dynamics at the discriminant permits the
construction of a Morse theory in the spirit of Conley to detect invariant setsof para-
bolic sows. Conley's extension of the Morse index associateso any suf£ciently isolated
invariant seta spacewhose homotopy type measures not merely the dimension of the
unstable manifold (the Morse index) but rather the coarsetopological featuresof the un-
stable dynamics associatedto this set. We obtain a well-deEned Conley index for braid
diagrams from the monotonicity properties of parabolic @ows. To be more precise,rela-
tive braid classes(equivalence classesof isotopic braid diagrams £xing some skeleton)
serve as candidates for isolating neighborhoods to which the Conley index can be as-
signed. This approach is reminiscent of the ideas of linking of periodic orbits used by
Angenent [2, 4] and LeCalvez [36, 37].

Our £nite-dimensional approximations to the (inEnite-dimensional) spaceof smooth
topological braids conceivably alter the Morse-theoretic properties of the discretized
braid classes.One would like to know that so long asthe discretization is not degen-
erately coarse,the homotopy index is independent of both the discretization and the
speci£cparabolic ow employed. This is true. The principal topological result of this
work is that the homotopy index is indeed an invariant of the topological (relative)
braid class:seeTheorems19and 20for details. Thesetheorems seemto evade a simple
algebraic-topological proof. The proof we employ in x5 constructs the appropriate ho-
motopy by recastingthe problem into singular dynamics and applying techniquesfrom
singular perturbation theory.

We thus obtain a topological index which can, like the Morse index, force the ex-
istence of invariant sets. SpeciEcally a non-vanishing homotopy index for a relative
braid classindicates that there is an invariant setin this braid classfor any parabolic
aow with the appropriate skeleton. This is the foundation for the applications to follow
in the remainder of the paper.

The remainder of the paper exploresapplications of the machinery to a broad class
of Lagrangian dynamics.

1.2. Second order Lagrangian dynamics. Our principal application of the Morse the-
ory on discretized braids is to the problem of £nding periodic orbits of second order
Lagrangian systems: that is, Lagrangians of the form L (u; uy; Uy ) where L 2 C?(R?®).
An important motivation for studying such systems comes from the stationary Swift-

Hohenbey modelin physics, which is described by the fourth order equation
A Iy
2

(3) 1+% ui u+ul=0 ®2R:
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This equation is the Euler-Lagrange equation of the second order Lagrangian

| ®p2y L,
4
We generalize to the broadestpossible classof secondorder Lagrangians. One begins
with the conventional convexity assumption, @L(u;v;w) , > 0. The objective is
to £nd pounded functions u : R ! R which are stationary for the action integral
J[u] ;==  L(u;uy;ux )dX. Suchfunctions u are bounded solutions of the Euler-Lagrange

equations
— =0

5 - =
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Due to the translation invariance x 7! x + ¢, the solutions of (5) satisfy the energy

constraint . }

@ da @
6 — i - uy + Uxx i
© @' X@o " @
where E is the energy of a solution. To Erﬁi bounded solutlons¢for given values of E,

we employ the variational principle 1 L(u Uy;Uxx ) + E dx = 0, which forces
solutions of (5) to have energy E. The Lagrangian problem can be reformulated as a
two degree-of-freedom Hamiltonian system;in that context, bounded periodicsolutions
are closedcharacteristic®f the (corresponding) energy manifold M 2 2 R*. Unlike the
caseof £rst-order Lagrangian systems,the energy hypersurface is not of contact type in
general [6], and the recentstunning resultsin contact homology [16] are inapplicable.

The variational principle canbe discretized for a certain considerable classof second
order Lagrangians: those for which monotone laps between consecutive extremafu;g
are unique and continuous with respectto the endpoints. We give a precisede£nition in
x8, denoting theseas (secondorder Lagrangian) twist systems Due to the energy iden-
tity (6) the extremaf u;g arerestricted to the setUg = fujL(u;0;0)+ E , 0g, connected
components of which are called interval componentand denoted by | £ . An energy level
is called regular if %(u;o; 0) 6 O for all u satisfying L(u;0;0)+ E = 0. In order to
deal with non-compact interval components | ¢ certain asymptotic behavior hasto be
specifed, for example that “inEnity” is attracting. Such Lagrangians are called dissipa-
tive, and are most common in models coming from physics, like the Swift-Hohenber g
Lagrangian. For a precisede£nition of dissipativity seex9. Other asymptotic behaviors
may be considered aswell, such as“inEnity” is repelling, or more generally that in£nity
is isolating, implying that closed characteristicsare a priori bounded in L?! .

Closed characteristicsare either simpleor non-simpledepending on whether u(x), rep-
resented as a closed curve in the (u;uy)-plane, is a simple closed curve or not. This
distinction is a sufEcient language for the following general forcing theorem:

i L, 1
(4) L(u;uy;ux) = Ejuxszi JUXJ2 +

e da, 6 @

L(u;ux;Ux ) = E = constant;

Theorem 1. Any dissipativetwist systempossessingnon-simpleclosedtharacteristiai(x) at
aregularenegy valueE suchthatu(x) 2 | g, mustpossesanin£nite numberof (non-isotopic)
closedcharacteristicat the sameenegy levelasu(x).

This is the optimal type of forcing result: there are neither hidden assumptions about
nondegeneracy of the orbits, nor restrictions to generic behavior. Sharpnesscomesfrom
the fact that there exist systemswith £nitely many simple closed characteristics at each
energy level.
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The above result raisesthe following question: when does an energy manifold con-
tain a non-simple closed characteristic? In general the existenceof such characteristics
depends on the geometry of the energy manifold. One geometric property that sparks
the existenceof non-simple closed characteristicsis a singularity or near-singularity of
the energy manifold. This, coupled with Theorem 1, triggers the existenceof inEnitely
many closed characteristics. The results that can be proved in this context (dissipa-
tive twist systems)give a complete classi£cationwith respectto the existenceof £nitely
many versus infEnitely many closed characteristics on singular energy levels. The £rst
result in this dir ection dealswith singular energy values for which 1g = R.

Theorem 2. Supposthat adissipativewist systemhasasingularenegy levelE with 1g = R,
which containstwo or morerestpoints. Thenthe systemhasin£nitely many closeccharacteris-
tics at enegy levelE .2

Complementary to the above situation is the casewhen | g contains exactly one rest
point. To have inEnitely many closed characteristics, the nature of the rest point will
comeinto play. If therestpointis a center(four imaginary eigenvalues)}henthe systemhas
inEnitely manyclosectharacteristicat eachenepgy levelsufEcientlycloseo E, including E . If
the rest point is not a center, there need not exist inEnitely many closed characteristics
asresultsin [57] indicate.

Similar results can be proved for compact interval components (for which dissipativ-
ity is irr elevant) and semi-in£nite interval components|g ' RS .

Theorem 3. Supposehat a dissipativetwist systemhasa singular enegy level E with an
interval componentg = [a;b], orlg ' R®, which containsat leastonerestpoint of saddle-
focus/centetype. Thenthe systemhasin£nitely many closedcharacteristicsaat enegy level
E.

If an interval component contains no rest points, or only degenerate rest points (0
eigenvalues), then there need not exist infnitely many closed characteristics, complet-
ing our classiEcation.

This classiEcationimmediately applies to the Swift-Hohenber g model (3), which is a
twist systemfor all parameter values ® 2 R. Weleave it to the readerto apply the above
theoremsto the dif ferent regimes of ®.

1.3. Additional applications. The framework of parabolic recurrencerelations that we
construct is robust enough to accommodate several other important classesof dynam-
ics.

1.3.1. First-order nonautonomous ggrangians.Finding periodic solutions of £rst-order
Lagrangian systemsof the form + L(X; u;uy)dx = O, with L being 1-periodic in x, can
be rephrasedin terms of parabolic recurrencerelations of gradient type. The homotopy
index can be used to £nd periodic solutions u(x) in this setting, even though a globally
de£ned Poincaré map on R? need not exist.

2From the proof of this theorem in x9 it follows that the statement remains true for energy values E + c,
with ¢ > 0small.
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1.3.2. Monotonetwist maps. A monotone twist map (compare[3, 48)) is a (not necessarily
area-preserving) map on R? of the form

@’
Qu

Periodic orbits f (u;; py,;)g are found by solving a parabolic recurrencerelation for the
u-coordinates derived from the twist property.

(uipy) ! (% pd); 0:

1.3.3. Uniformly parabolicPDE's. The study of the invariant dynamics of Equation (1)
canalso be formulated in terms of parabolic recurrencerelations by a spatial discretiza-
tion. The basictheory for braid forcing developed here can be adapted to the dynamics
of Equation (1): see[24] for details.

1.3.4. Latticedynamics. The form of a parabolic recurrencerelation is precisely that aris-
ing from a setof coupled oscillators on a[periodic] one-dimensional lattice with nearest-
neighbor attractive coupling. A similar setup arisesin Aubry-LeDaer on-Mather theory
of the Frenkel-Kontor ova model [7]. In this setting, a nontrivial homotopy index yields
existenceof invariant states(or stationary, in the exactcontext) within a particular braid
class.Related physical systems(e.g.,charge density waves on a 1-d lattice [45]) are also
often reducible to parabolic recurrencerelations.

1.4. History and outline. The history of our approachis the convergenceof ideasfrom
knot theory, the dynamics of annulus twist maps, and curve shortening. We have al-
ready mentioned the similarities with Vassiliev's topological approachto discriminants
in the space of immersed knots. From the dynamical systems perspective, the study
of parabolic sows and gradient @ows in relation with embedding data and the Con-
ley index can be found in work of Angenent [2, 3, 4] and Le Calvez [36, 37] on area
preserving twist maps. Mor e general studies of dynamical properties of parabolic-type
oows appear in nhumerous works: we have been inspir ed by the work of Smillie [53],
Mallet-Paret and Smith [39], Hirsch [26], and, most strongly, the work of Angenent on
curve shortening [4]. Many of our applications to £nding closed characteristics of sec-
ond order Lagrangian systems share similar goals with the programme of Hofer and
his collaborators (see,e.qg, [16, 27, 28]), with the novelty that our energy surfacesare all
non-compact and not necessarily of contact type [6].

Clearly there is a parallel between the homotopy index theory presented here and
Boyland's adaptation of Nielsen-Thurston theory for braid types of surface dif feomor-
phisms [9]. An important differenceis that we require compactnessonly at the level of
braid diagrams, which does not yield compactnesson the level of the domains of the
return maps [if theseindeed exist]. Another important observation is that the recur-
rencerelations are sometimes not de£ned on all of R?, which makesit very hard if not
impossible to rephrasethe problem of £nding periodic solutions in terms of £xed points
of 2-dimensional maps.

There are three components of this paper: (a) the precise de£nitions of the spaces
involved and =@ows constructed, covered in x2-x3; (b) the establishment of existence,
invariance, and properties of the index for braid diagrams in x4-x7; and (c) applications
of the machinery to secondorder Lagrangian systemsx8-x10. Finally, x11 contains open
questions and remarks.
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2. SPACES OF DISCRETIZED BRAID DIAGRAMS

2.1. Defnitions. Recallthe de£nition of a braid (see[8, 25 for a comprehensive intr o-
duction). A braid ~ on n strands is a collection of embeddings f~® : [0;1] ! R3g}_;
with disjoint images suchthat (a)~ ®(0) = (0; ®;0); (b) ~®(1) = (1; ¢(®); 0) for some per-
mutation ¢; and (c) the image of each™ ® is transverseto all planesfx = constg. We will
“read” braids from left to right with respectto the x-coordinate. Two such braids are
said to be of the sametopologicabraid classif they are homotopic in the spaceof braids:
one can deform one braid to the other without any intersections among the strands.
Thereis a natural group structure on the spaceof topological braids with n strands, B,
given by concatenation. Using generators % which interchange the i!" and (i + 1)
strands (with a positive crossing) yields the presentationfor B,:
%Y = %% ;odiji>1
%% 1% = %1 %Y ; i<nj 1
Braids £nd their greatestapplications in knot theory via taking their closures. Alge-
braically, the closed braids on n strands can be defned asthe setof conjugacy classes’ in
B, . Geometrically, one quotients out the range of the braid embeddings via the equiv-
alencerelation (0;y;z) » (1;y;z) and alters the restriction (a) and (b) of the position
of the endpoints to be “®(0) » ~¢(®) (1), asin Fig. 1[center]. Thus, a closed braid is a
collection of disjoint embedded loops in S £ R? which are everywhere transverse to
the R?-planes.

@) Bn:= %% 1

SNote that we £x the number of strands and do not allow the Markov move commonly usedin knot theory.
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The specifcation of a topological braid class (closed or otherwise) may be accom-
plished unambiguously by alabeled projection to the (x; y)-plane: a braiddiagram Any
braid may be perturbed slightly so that pairs of strand crossingsin the projection are
transversal: in this case,a marking of (+) or (j ) servesto indicate whether the cross-
ing is “bottom over top” or “top over bottom” respectively. Fig. 1[center] illustrates a
topological braid with all crossingspositive.

2.2. Discretized braids. In the sequelwe will restrict to a classof closedbraid diagrams
which have two special properties: (a) they are positive— that is, all crossingsare of (+)

type; and (b) they are discretized or piecewise linear diagrams with constraints on the
positions of anchor points. We parameterize such diagrams by the con£guration space
of anchor points.

Def£nition 4. Thespacefdiscretized period d braids on n strands, denoted [, is thespace
ofall pairs(u; ¢) wher¢, 2 S, isapermutationonn elementsandu is anunordeedcollection
ofn strands, u = fu®gj_, , satisfyingthefollowing conditions:

(a) Eachstrandconsistsofd + 1 anchor points: u® = (u§;uf;:::;uf) 2 R4,

u® = ug®:

(c) Thefollowing transversality condition is satisEedfor any pair of distinct strands®

and@ suchthat u® = u®’ for somd,
i o ¢ o ¢

(8) US 10 U Ui USy <O
Thetopologyon D} is the standardtopologyof R"*! on the strandsand the discretetopology
with respecto the permutation¢, modulo permutationswhich changeorderingsof strands.
Specifcallytwo discretizedbraids(u; ¢) and (t; &) are closeiff for somepermutation¥s2 Sy,
onehasu™® closeo t® (aspointsin R"*1) for all ®, with ¥t &= ¢ + %

Remark 5. In Equation (8), and indeed throughout the paper, all expressionsinvolving
coordinates u; are considered mod the permutation¢, at d; thus, for every j 2 Z, we
recursively defEne

(®) .
€) g, = ud®

As a point of notation, subscripts always refer to the spatial discretization and super-
scripts always denote strands. For simplicity , we will henceforth suppressthe ¢, portion
of adiscretized braid u.

One associatesto eachcon£guration u 2 D § the braiddiagram (u), given asfollows.
For eachstrand u® 2 u, consider the piecewise-linear (PL) interpolation

(10) TO(S) 1= Uyge + (dCsi bd €sC)(USge i Uinase):

for s 2 [0; 1]. The braid diagram ~ (u) is then de£ned to be the superimposed graphs of
all the functions ~®, asillustrated in Fig. 1[right] for a period six braid on four strands
(crossingsare shown merely for suggestive purposes).

This explains the transversality condition of Equation (8): a failur e of this equation
to hold implies that there is a PL-tangency in the associatedbraid diagram. Sinceall
crossingsin a discretized braid diagram are PL-transverse, the map ~ (¢ sendsu to a
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topologicaklosed braid diagram once a convention for crossingsis chosen. Inspired by
lifting smooth curves to a 1-jet extension, we label all crossingsof ~(u) as positive type.
This can be thought of asusing the slope of the PL-extension of u asthe “height” of the
braid strand (though this analogy breaksdown at the sharp corners). With this conven-
tion, then, the spaceD] embedsinto the spaceof all closed positive braid diagrams on
n strands.

De£nition 6. Two discretizedbraidsu;u® 2 D]} are of the samediscretized braid class
denotedu] = [u9, if andonly if theyarein the samepath-componentf Dj}. Thetopological
braid class f ug, denoteghe pathcomponentf™ (u) in the spaceof positivetopologicabraid
diagrams.

The proof of the following lemma is essentially obvious.

Lemma 7. If [u] = [u9in D], thentheinducedpositivebraid diagrams~ and ™~ ° correspond
to isotopicclosedopologicabraid diagrams.

The converseto this Lemma is not true: two discretizations of atopological braid are
not necessarily connectedin Dj.

Sinceone can write the generators %; of the braid group B, aselementsof D7, it is
clear that all positive topological braids are representable as discretized braids. Like-
wise, the relations for the groups of positive closed braids canbe accomplished by mov-
ing within the spaceof discretized braids; hence, this setting suf£cesto capture all the
relevant braid theory we will use.

2.3. Singular braids. The appropriate discriminant for completing the spaceD{ con-
sists of those “singular ” braid diagrams admitting tangenciesbetween strands.

Def£nition 8. Denoteby [’)3 thend-dimensionalectorspacéofall discretizedbraid diagrams
u which satisfy properties(a) and (b) of De£nition 4. Denoteby §§ := [’)g i D§ thesetof
singular discretizedbraids.

We will often suppressthe period and strand data and write 8§ for the spaceof sin-
gular discretized braids. It follows from De£nition 4 and Equation (8) that the set§ j is
a semi-algebraic variety in dg. Specifcally for any singular braid u 2 § there existsan
integer i 2 f1;:::;dgand indices ®6 ® suchthat u® = u®, and

i o G 0
(12) ui(?li ui(?l U i US L O
where the subscript is always computed mod the permutation ¢ at d. The number of
such distinct occurrencesis the codimension of the singular braid diagram u 2 §. We
decompose § into the union of strata §[ m] graded by m, the codimension of the singu-
larity .

Any closed braid (discretized or topological) is partitioned into components by the
permutation ¢. Geometrically, the components are precisely the connected components
of the closed braid diagram. In our context, a component of a discretized braid can be
specifedasfu®gi,z, since, by our indexing convention, i “wraps around” to the other

4Strictly speaking If)g is not a vector space,but a union of vector spaces.Fixing appropriate permutations
its components are vector spaces.Consider for instance If)f which is aunion of 3 copies of R3.
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For singular braid diagrams of suffEciently high codimension, entire components of
the braid diagram can coalesce. This can happen in essentially two ways: (1) a single
component involving multiple strands can collapse into a braid with fewer numbers of
strands, or (2) distinct components can coalesceinto a single component. We de£nethe
collapsedingularities § , asfollows:

§ :=fu28§ju®=u®; 822z forsome®86 @%y%S§:

Clearly the codimension of singularities in 8§ is at leastd. Sincefor braid diagrams in
81 the number of strands reduces,the subspace§' may be decomposed into a union
of the spacesD”’ for n°< n;i.e,§ = [ qocy DY 1fn= 1, then§i = ;

2.4. Relative braid classes. Evolving certain components of a braid diagram while £x-
ing the remaining components motivates working with a classof “r elative” braid dia-
grams.

Given u 2 D] and v 2 DT, the union u[ v 2 D5*™ is naturally defned as the
unordered union of the strands. Given v 2 D§', defne

DiRELV:=fu2Dj :u[ v2D]""g;

£xing v and imposing transversality. The path components of D} REL v comprise the
relativediscretebraid classesdenoted [u REL v]. The braid v will be called the skeleton
henceforth. The setof singular braids § REL v arethosebraids u suchthatu[ v 2 §3°™
The collapsed singular braids are denoted by § REL v. As before, the set(D{} REL V) [
(8 REL v) is the closure of D]} REL v in R, and is denoted [’Jg REL v. We denote by
fu REL vg the topological relative braid class: the set of topological (positive, closed)
braids u suchthat u [ v is atopological (positive, closed) braid diagram.

Given two relative braid classesu REL v] and [u°REL v in D] REL v and D} REL v©
respectively, to what extend are they the same?Consider the set

D=f(u;v)2Dg£Dg ju[ v2D]" g

The natural projection ¥ : (u;v) ! v from D to DT has asits £begthe braid class
[u REL V]. The path component of (u;Vv) in D will bedenoted u REL [v] . This generates
the equivalence relation for relative braid glassestooe gsed in the remainder of this
work: [u REL V] » [UC%REL v9if apd only if uREL[v] = u°ReL [V] .

Likewise, defne u REL fvg to be the set of equivalent topologicalrelative braid
classes.That is, fu REL vg » fu®REeL v% if and only if there is a continuous family of
topological (positive, closed) braid diagram pairs deforming (u;v) to (u%v9.

3. PARABOLIC RECURRENCE RELATIONS

We consider the dynamics of vector £elds given by recurrencerelations on the spaces
of discretized braid diagrams. Theserecurrencerelations are nearest neighbor interac-
tions — eachanchor point on a braid strand inmuencesanchor points to the immediate
left and right on that strand — and resemble spatial discretizations of parabolic equa-
tions.
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3.1. Axioms and exactness. Denote by X the sequencespaceX := RZ.

De£nition 9. A parabolic recurrencerelation R on X is asequencefreal-valuedC * func-
tionsR = (Rj)i2 z satisfying

(A1): [monotonicity @R; > 0Oand@R; , Oforalli 2 Z

(A2): [periodicity] Forsomed 2 N, Rj+ 4 = R; foralli 2 Z.

For applications to Lagrangian dynamics a variational structure is necessary At the
level of recurrencerelations this implies that R is a gradient:

Defnition 10. A parabolicecurencerelationon X is calledexactif
(A3): [exactnessTherexistsasequencefC? generatingfunctions,(S;)i» z, satisfying
(12) Ri(ui; 13 UisUiv1) = @Si; 1(ui; 13 Ui) + @Si(Ui; Uiva );
foralli 2 Z.

In discretized Lagrangian problems the action functional naturally defnesthe gen-
ating functions S;. This agrees with the “formal” action in this case: W(u) :=
i Si(Uj; Uj+1 ). In this general setting, R = r W.

3.2. The induced =ow. In order to de£ne parabolic aows we regard R asa vector £eld
on X: consider the dif ferential equations

d
dt
Equation (13)de£nesa (local) C* sow At on X under any periodic boundary conditions
with period nd. To de£ne cows on the £nite dimensional spaces D7, one considers the
sameequations:

(13) Ui = Ri(uij 1;Ui;Ui1);  u(t) 2 X5 t2 R:

d
dt
where the ends of the braid are identifed as per Remark 5. Axiom (A2) guarantees
that the oow is well-de£ned. Indeed, one may consider a cover of If){,1 by taking the bi-
inEnite periodic extension of the braids: this yields a subspaceof periodic sequencesin
XN := X £ ¢¢¢£ X invariant under the product @ow of (13) thanks to Axiom (A2). Any
aow 2 ! generated by (14) for some parabolic recurrencerelation R is called a parabolic
sow on discretizedbraids In the caseof relative classesD!] REL v a parabolic @ow is the
restriction of a parabolic @ow on If){j1+ ™ which £xesthe anchor points of the skeletonv.
We abusenotation and indicate the invariance of the skeleton by 2 t(v) = v. Indeed, for
appropriate coverings of the skeletal strands v® it holds that A'(v®) = v®,

(14) uf = Ri(u® ;;u®;u®y); u 2Dy

3.3. Monotonicity and braid diagrams. The monotonicity Axiom (Al) in the previous
subsectionhasavery cleaninterpr etation in the spaceof braid diagrams. Recallfrom x2
that any discretized braid u has an associateddiagram ~ (u) which can be interpr eted
as a positive closed braid. Any such diagram in general position can be expressedin
terms of the (positive) generatorsf %gj”:‘ll of the braid group B,,. While this word is not
necessarilyunique, the length of the word is, asone can easily seefrom the presentation
of B, and the de£nition of D . The length of a closed braid in the generators % is thus

5Equiva|ent|y, one could impose @R , Oand @R; > Ofor alli.
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precisely the word metricjg, ., from geometric group theory. The geometric interpr e-
tation of juj .., for abraid u is clearly the number of pairwise strand crossingsin the
diagram ~(u).

The primary result of this sectionis that the word metric actsasa discrete Lyapunov
function for any parabolic @ow on E)g. This is really the braid-theor etic version of the
lap number arguments that have beenused in severalrelated settings [2, 4, 5, 19, 22, 39,
41, 53]. The result we prove below can be excavated from these cited works; however,
we chooseto give a brief self-contained proof for completeness.

Proposition 11. Let? ! beaparaboliczowon bg.
(a) Foreachpointu 2 § | §i ,thelocalorbitf2 t(u) : t 2 [j 2 2]gintersects§ uniquely
at u for all 2 sufEcientlysmall.
(b) Forany suchu, thelength of the braid diagram?@ *(u) fort > 0 in theword metricis
strictly lessthan that of thediagram? '(u), t < 0.

Proof.Choosea point u in § representing a singular braid diagram. We induct on the
codimension m of the singularity . In the casewhereu 2 §[1] (i.e, m = 1), there existsa
unique i and aunique pair of strands ® 6 @ such that u® = u®” and

0 0
(Ui®i 1i Ui@? 1)(UE®+1 i ui®+1) > 0
Note that the inequality is strict sincem = 1. We deduce from (14) that
d 0 : 0 0 0
SEET U = R SR, ) | R U )
t=0
From Axiom (,2\2) one hasthat

® .,®. ,® \. ® ., @°% ® \ _ ® . @ \.
SIGN Ri(Uj; 13U Uisg ) i Ri(uy; 13U sUihy ) = SIGN(Uf; 1 g 1):

Therefore,ast ! 0j , the two strands have two local crossings,and ast ! 0+, these
two strands are locally unlinked (seeFig. 2): the length of the braid word in the word
metric is thus decreasedby two, and the aow is transverse to §[1]. This proves (a) and
(b) on §[1].

Assume inductively that (a) and (b) are true for every point in §{m] for m < M. To
prove (a)on §[M ], chooseu 2 §[M]. There are exactly M distinct pairs of anchor points
of the braid which coalesceat the braid diagram u. Sincethe vector £eld R is defned by
nearest neighbors, singularities which are not strandwise consecutive in the braid be-
have independently to £rst order under the parabolic @ow. Thus, it suffcesto assume

M +1

. 0 . .
that for somei, ® and ®° one hasf u?%j ngzgl and fuf’%j 90 chains of consecutive an-

chor points for the braid diagram u such that ui®+j = u@fj ifandonlyif1- j - M.
(Recall that the addition i + | is always done modulo the permutation ¢ at d). Then
since

d 0 0 0 0
® . @ — ® . ® . @ . e . @ .
a(uﬁj i Usj) = Rivj(Uisj; ol Uisjan) i Risj (U 25U Uisjan );

t=0

® .
i+

it follows that for all j = 2;::;(M j 1), the anchor points ui®+j and ui@_’fj are not separated
to £rst order. At the left “end” of the singular braid, wherej = 0,

0 0 0
Ri(u® ;;ufsuy)i Ri(u® ;u®;u,) 60
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FIGURE 2. A parabolic sow on adiscretized braid classis transverseto
the boundary faces.The local linking of strands decreasesstrictly along
the nowlines at a singular braid u.

so that the vector £eld R is tangent to § at u but is not tangent to §[M ]: the cowline
through u decreasescodimension immediately . By the induction hypothesis on (b), the
aowline through u cannot possessntersections with §{ m] for m < M which accumulate
onto u — the length of the braids are £nite. Thus the sowline intersects § locally at u
uniquely . This concludes the proof of (a).

It remains to show that the length of the braid word decreasesstrictly atu in §{M].
By (a), the mow 2 ! is nonsingular in a neighborhood of u; thus, by the Flowbox Theo-
rem, there is a tubular neighborhood of local 2 t-oowlines about 2 t(u). The beginning
and ending points of theselocal mowlines all representnonsingular diagrams with the
same word lengths as the beginning and endpoints of the path through u, since the
complement of § is an open set. Since § is a codimension-1 algebraic semi-variety in

4. it follows from transversality that most of the nearby orbits intersect §[1], at which
braid word length strictly decreases.This concludes the proof of (b). =

To put this result in context with the literatur e, we note that the monotonicity in
[22, 39] is one-sided: translated into our terminology, @R; = Ofor all i. One can adapt
this proof to generalizations of parabolic recurrencerelations appearing in the work of
Le Calvez [36, 37]: namely, compositions of twist symplectomorphisms of the annulus
reversing the twist-orientation.

As pointed out above a parabolic @ow on If){; REL Vv is a special caseof a parabolic
sow on D]]*™ with a £xed skeletonv 2 DT, and therefor the analogue of the above
proposition for relative classesthus follows asa special case.

Remark 12. The information that we derive from relative braid diagrams is more than
what one can obtain from lap numbers alone (cf. [36]). Fig. 3 gives examples of two
closeddiscretized relative braids which have the samesetof pairwise intersection num-
bers of strands (or lap numbers) but which force very different dynamical behaviors.
The homotopy invariant we de£nein the next section distinguishes these braids. The
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FIGURE 3. Two relative braids with the samelinking data but dif ferent
homotopy indices. The freestrands arein grey.

index of the £rst pictur e can be computed to be trivial, and the index for the second
pictur e is computed in x10to be nontrivial.

4. THEHOMOTOPY INDEX FOR DISCRETIZED BRAIDS

Technical lemmas concerning existence of certain types of parabolic cows are re-
quired for showing the existence and well-deEnedness of the Conley index on braid
classes.We relegatetheseresults to Appendix A.

4.1. Review of the Conley index. Weinclude a brief primer of the relevant ideas from
Conley's index theory for mows. For a more comprehensive treatment, we refer the
interestedreaderto [47].

In brief, the Conley index is an extension of the Morse index. Consider the caseof a
nondegenerate gradient sow: the Morse index of a £xed point is then the dimension of
the unstable manifold to the £xed point. In contrast, the Conley index is the homotopy
type of a certain pointed space(in this case,the sphere of dimension equal to the Morse
index). The Conley index can be defned for sufEciently “isolated” invariant setsin any
aow, not merely for £xed points of gradients.

Recall the notion of an isolating neighborhood as intr oduced by Conley [11]. Let X
be alocally compact metric space.A compact setN %2 X is an isolatingneighbohoodfor
aoow At on X if the maximal invariant setINV(N) := fx 2 N j clfAY(x)gi2r %2 Ng
is contained in the interior of N. The invariant set INV(N) is then called a compact
isolatedinvariant setfor At. In [11] it is shown that every compact isolated invariant
set INV(N) admits a pair (N;Ni ) such that (following the de£nitions given in [47])
@ INV(N) = INV(cI(N j Ni)) with N j Ni aneighborhood of INV(N); (i) NP is
positively invariant in N; and (iii) NP is an exitsetfor N: given x 2 N and t; > 0such
that At (x) 62N, then there existsato 2 [0;t;] for which fA'(x) : t 2 [0;tg]g %2 N and
Alo(x) 2 Ni . Sucha pair is called an index pair for INV(N}. The Conleyyindex, h(N),
its then gefned asthe homotopy type of the pointed space N=N' ;[N ] , abbreviated

N=Ni . This homotopy classis independent of the de£ning index pair, making the
Conley index well-de£ned.

A large body of results and applications of the Conley index theory exists. We recall

following [47] two foundational results.
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(a) Stability of isolating neighborhoods: Any isolating neighborhood N for acow
Al is an isolating neighborhood for all mows suffciently C °-closeto Al.

(b) Continuation of the Conley index: Let At, 2 [0;1] be a continuous family of
aows with N a family of isolating neigh’borhoodsl. Defne t@e parameterized
gow (t; x;,) 7! (At(x);,)onX £[0;1],and N = [ N £f g.IfN¥%XE£][01]
is an isolating neighborhood for the parameterized sow then the index h =
h(N ;A") is invariant under , .

Sincethe homotopy type of a spaceis notoriously dif £cult to compute, one often passes
to homology or cohomology. One defnes the Conley homology ® of INV(N) to be
CH4(N) = Ha(N;Ni), where Hy is singular homology. To the homological Con-
ley index o[:,an index pair (N;Ni ) one can also assign the characteristic polynomial

CPi(N):= | , «t% where y isthe freerank of CH(N). Note that, in analogy with

Morse homoloé]y, if CHo(N) 6 0, then there exists a nontrivial invariant setwithin the
interior of N. For more detailed description seex7.

4.2. Proper and bounded braid classes. From Proposition 11, one readily seesthat
complements of § yield isolating neighborhoods, except for the presenceof the col-
lapsed singular braids §i , which is an invariant setin §. For the remainder of this
paper we restrict our attention to those relative braid diagrams whose braid classes

prohibit collapse.
Fix v 2 D', and consider the relative braid classesfu REL vg (topological) and

[u REL V] (discretized).

De£nition 13. A topologicarelativebraidclassf u REL vgis proper if it isimpossibldo £nd

a continuouspath of braid diagramsu(t) REL v fort 2 [0; 1] suchthat u(0) = u, u(t) REL v

de£nesbraidforall t 2 [0; 1), andu(1) REL Vv is adiagramwhere an entire componenbfthe
closedbraid hascollapseantoitself or ontoanothercomponenbfu orv. A discretizedrelative
braidclasqu REL v] is calledproper if theassociatetbpologicabraidclasss proper otherwise,
it isimpr oper: seeFig. 4.

De£nition 14. A topologicarelativebraid classf u REL vg is calledbounded if there exists
a uniform boundon all representatives: of the equivalencelass,i.e. onthe strands™ (u) (in
CO([0;1])). A discreterelativebraid class[u REL v] is calledboundedf the set[u REL v] is
bounded.

Note that if atopological classfu REL vgis bounded then the discrete class[u REL V]
is bounded aswell for any period. The conversedoes not always hold. Bounded braid
classespossessa compactnesssuf£cient to implement the Conley index theory with-
out further assumptions. It is not hard either to seeor to prove that propernessand
boundedness are well-de£ned properties of equivalence classesof braids.

4.3. Existence and invariance of the Conley index for braids.

Theorem 15. Supposgu REL V] is aboundedproperrelativebraid classand? ! is a parabolic
oow£xing v. Thenthefollowing aretrue:
(@) N := cllu REL Vv] is an isolating neighbohoodfor the mow?2 !, which thus yieldsa
well-deEnedConleyindexh(u REL V) := h(N);

Bin [14] &echcohomology is used. For our purposes ordinary singular (co)homology always suffces.
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OO RXXX

FIGURE 4. Improper [left] and proper [right] relative braid classes.
Both are bounded.

(b) Theindex h(u REL V) is independenbf the choiceof paraboliccow 2 ' solong as
a t(V) =v; £ a
(c) Theindexh(u REL V) is aninvariant of u REL [v] .

o]
De£nition 16. Thehomotopy index of a boundedproperdiscretizedbraid class£u REL [V]
in Dy REL [v] is deEnedo beh(u REL V), the Conleyindex of the braid class[u REL v] with
rgspecto sgme(henceany) parabolicrow £xing any repesentatives of the skeletabraid class
Yau REL [V] Y2[v].

Proof. Isolation is proved by examining 2 ' on the boundary @N. By De£nition 13
and 14the setN is compact, and @\ %2 8n§i . Choosea point u on @\ . Proposition 11
implies that the parabolic ow 2 t |ocally intersects @\ at u alone and that furthermor e
its length in the braid group strictly decreases.This implies that under 2 t, the point u
exits the set N either in forwar ds or backwards time (if not both). Thus, u 62INV(N)
and (a) is proved.

Denote by h(u REL V) the index of INV(N). To demonstrate (b), consider two par-
abolic mows 2 § and 2 | that satisfy all our requirements, and consider the isolating
neighborhood N valid for both mows. Construct a homotopy 2 ', | 2 [0;1], by con-
sidering the parabolic recurrencefunctions R- = (1j ,)R%+ ,R!, where R and R
give rise to the mows 2 § and 2 | respectively. It follows immediately that 2 ' (v) = v,
for all , 2 [0;1]; therefore N is an isolating neighborhood for @2 t with , 2 [0;1]. De£ne
INV_(N),, 2 [0;1], to be the maximal invariant setin N with ‘respectto the mow @ !,
The continuation property of the Conley index completes the proof of (b). i

Assume that [u REL v] » [u®REL v, sothat there is a continuous path (u(,);v(,)),

for0- | - 1,ofbraid pairs within D{*™ betweenthe two. From the proof of Lemma 57
in Appendix A, there existsa continuous family of cows? t , suchthat @ ‘ v(,)) =v(,),
for all , 2 [0;1]. Item (a) ensuresthat N := cl[u REL v(, )] is an isolating .neighborheod

for all | 2 [0;1]. The continuity of v(,) implies that the setN = [ 'N’ £f,.g %
If)Q £ [0;1]is an isolating neighborhood for the parameterized cow (2 ! (u);, ) on If)Q £
[0;1]. Therefore via the continuation property of the Conley index, h(u REL v(,)) is
independent of | 2 [0; 1], which completesthe proof of Iltem (c). m

4.4. An intrinsic de£nition. For any bounded proper relative braid class[u REL v] we
cande£neits index intrinsically , independent of any notions of parabolic @ows. Denote
ashbeforeby N the setcl[u REL v] within 153. The singular braid diagrams § partition BQ
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into disjoint cells (the discretized relative braid classes),the closures of which contain
portions of §. For abounded proper braid class,N is compact, and @GN avoids § .

To de£ne the exit set N i , consider any point w on @\ % 8. There exists a small
neighborhood W of w in If)g for which the subsetW j § consistsof a £nite number of
connected components f W; g. Assume that Wo = W\ N.Wede£neN ' to bethe setof
w for which the word metric is locally maximal on Wy, hamely,

, ©
(15) NP :=cl w2 @ :jWoj,..q. IWji 8 >0 :
We deducethat (N;N ' ) is anindex pair for any parabgfic =owfor which 2 tv) = v,
and thus by the independence of 2 t, the homotopy type N=Ni gives the Conley in-
dex. The index can be computed by choosing arepresentativev 2 [v] and determining

N and N . A rigor ous computer assistedapproach exists for computing the homologi-
cal index using cube complexesand digital homology [23].

word

4.5. Three simple examples. It is not obvious what the homotopy index is measuring
topologically. Sincethe spaceN has one dimension per free anchor point, examples
quickly becomecomplex.

Example 1: Consider the proper period-2 braid illustrated in Fig. 5[left]. (Note that
deleting any strand in the skeleton yields an impr oper braid.) There is exactly one free
strand with two anchor points (recall that these are closedbraids and the left and right

sides are identifed). The anchor point in the middle, u,, is freeto move vertically be-
tween the £xed points on the skeleton. At the endpoints, one has a singular braid in 8§

which is on the exit setsince a slight perturbation sendsthis singular braid to a differ-
ent braid classwith fewer crossings. The end anchor point, u, (= ug) can freely move
vertically in between the two £xed points on the skeleton. The singular boundaries are
in this casenot on the exit setsince pushing u, acrossthe skeleton increasesthe number
of crossings.

T
+ 44 L Th AN

Tf

Uoe o U2

s
Uj
Us L1 / Th

Lu+++ §\j |"’4 \AS
2 N AN

<+

FIGURE 5. The braid of Example 1 [left] and the associatedcon£gura-
tion spacewith parabolic @ow [middle]. On the right is an expanded
view of D REL v where the £xed points of the mow correspond to the
four £xed strands in the skeleton v. The braid classesadjacentto these
£xed points are not proper.

Sincethe points u; and u, canbe moved independently, the conEguration spaceN in
this caseis the product of two compactintervals. The exit setN i consistsof those points
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on @\ for which u;y is aboundary point. Thus, the homotopy index of this relative braid
is[N=Ni]' Sk

Example 2: Consider the proper relative braid presentedin Fig. 6[left]. Sincethere is
one free strand of period three, the confEguration spaceN is determined by the vec-
tor of positions (ug; us; uz) of the anchor points. This example differs greatly from the
previous example. For instance, the point ug (as representedin the £gure) may pass
through the neareststrand of the skeleton above and below without changing the braid
class. The points u; and u, may not passthrough any strands of the skeleton without
changing the braid classunlessug has already passedthrough. In this case,either u; or
u, (depending on whether the upper or lower strand is crossed)becomesfree.

To simplify the analysis, consider (ug; us;uy) asall of R3 (allowing for the moment
singular braids and other braid classesaswell). The position of the skeleton induces a
cubical partition of R® by planes, the equations being u; = v® for the various strands
v® of the skeleton v. The braid class N is thus some collection of cubesin R2. In
Fig. 6[right], we illustrate this cube complex associatedto N, claiming that it is homeo-
morphic to D2 £ S. In this case,the exit setN i happensto be the entire boundary @\
and the quotient spaceis homotopic to the wedge-sum S? _ S3.

NTAWANA
o @ X X o us
/ VASS

FIGURE 6. The braid of Example 2 and the confguration spaceN .

Example 3: To intr oduce the spirit behind the forcing theorems of the latter half of
the paper, we reconsider the period two braid of Example 1. Take an n-fold cover of
the skeleton asillustrated in Fig. 7. By weaving a single free strand in and out of the
strands asshown, it is possible to generatenumerous exampleswith nontrivial index. A
moment's meditation suffcesto show that the conf£guration spaceN for this lifted braid
is a product of 2n intervals, the exit set being completely determined by the number
of times the free strand is “thr eaded” through the inner loops of the skeletal braid as
shown.

For an n-fold cover with one free strand we can selecta family of 3" possible braid
classesdescribesasfollows: the even anchor points of the freestrand are always in the
middle, while for the odd anchor points there are three possible choices. Two of these
braid classesare not proper. All of the remaining 3" j 2 braid classesare bounded and
have homotopy indices equal to a sphere Sk for some 0 - k - n. Several of these
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strands may be superimposed while maintaining a nontrivial homotopy index for the
net braid: we leave it to the readerto consider this interesting situation.

FIGURE 7. The lifted skeleton of Example 1 with one freestrand.

Stronger results follow from projecting these covers back down to the period two
setting of Example 1. If the free strand in the cover is chosen not to be isotopic to a
periodic braid, then it can be shown via a simple argument that some projection of
the free strand down to the period two casehas nontrivial homotopy index. Thus, the
simple period two skeleton of Example 1 is the seedfor an infnite number of braid
classeswith nontrivial homotopy indices. Using the techniques of [32], one can use this
fact to show that any parabolic recurrencerelation (R = 0) admitting this skeleton is
forced to have positive topological entropy: cf. the related results from the Nielsen-
Thurston theory of disc homeomorphisms [9].

5. STABILIZATION AND INVARIANCE

5.1. Freebraid classesand the extension operator. Via the results of the previous sec-
tion, the homotopy index is aninvariant of the discretizedbraid class:keeping the period

£xed and moving within a connected component of the space of relative discretized

braids leavesthe index invariant. The topologicabraid class,as de£ned in x2, does not

have an implicit notion of period. The effect of re£ning the discretization of a topolog-

ical closed braid is not obvious: not only doesthe dimension of the index pair change,
the homotopy types of the isolating neighborhood and the exit setmay change aswell

upon changing the discretization. It is thus perhaps remarkable that any changesare
correlated under the quotient operation: the homotopy index is an invariant of the topo-
logicalclosed braid class.

On the other hand, given a complicated braid, it is intuitively obvious that a certain
number of discretization points are necessaryto capture the topology correctly. If the
period d is too small D{j REL v may contain more than one path component with the
sametopological braid class:

Def£nition 17. A relativebraidclassu REL v] in D § REL v is calledfreeif
(16) (D REL V) \ fu REL vg= [u REL V];

thatis, if any otherdiscretizedbraidin Dj REL v which hasthe sametopologicabraid classas
u REL V isin thesamediscretizedbraidclasgu REL V].
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FIGURE 8. An example of two non-free discretized braids which are
of the sametopological braid classbut de£nedisjoint discretized braid
classesin D} REL v.

A braid class[u] is freeif the above de£nition is satisEedwith v = ;. Not all dis-
cretized braid classesare free: seeFig. 8.
De£ne the extensionmapE : D7 ! DJ,; via concatenation with the trivial braid of
period one (asin Fig. 9(a)):
& u® i=z0:: d
® ._ i - V...,
(47 (Eu)i = uf i=d+ L

The reader may note (with alittle effort) that the non-equivalent braids of Fig. 8 become
equivalent under the image of E. There are exceptional casesin which Eu is a singular
braid when u is not: seeFig. 9(b). If the intersections ati = d are generic then Eu is a
nonsingular braid. One can always £nd such a representative in [u], again denoted by
u. Therefore the notation [Eu] meansthat u is chosenin [u] with generic intersection at
i = d. The sameholds for relative classes[Eu REL Ev], i.e. chooseu REL v 2 [u REL V]
suchthat all intersectionsof u[ v ati = d are generic.

G

FIGURE 9. (a) The action of E extends a braid by one period; occasion-
ally, (b), E produces a singular braid. Vertical lines denote the d" dis-
cretization line.

Note that under the action of E boundedness of a braid classis not necessarily pre-
served,i.e. [u REL v] may be bounded, and [Eu REL Ev] unbounded. For this reasonwe
will prove a stabilization result for topologicabounded proper braid classes.

5.2. A topological invariant. Consider aperiod d discretized relative braid pair u REL v
which is not necessarily free. Collect all (a £nite number) of the discretized braids

but not pairwise discretely isotopic. For the caseof afreebraid class,m = 1.
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Defnition 18. Givenu REL v andu(0);:::;u(m) asabovegenoteby H(u REL v) thewedge
ofthehomotopyindicesof theserepresentatives,

Mgy
(18) H(uRELV):= " h(u(j) REL V);

j=0

whele_ is thetopologicalWwedgewhich,in this context,identifesall the constituentexit setsto
asinglepoint.

This wedge product is well-deEned by Theorem 15 by considering the isolating
neighborhood N = [;cllu(j) REL v]. In general a union of isolating neighborhoods
is not necessarily an isolating neighborhood again. However, since the word metric
strictly decreasesat § the invariant setdecomposesinto the union of invariant sets of
the individual components of N . Indeed, if an orbit intersectstwo components it must
have passedthrough §: contradiction.

The principal topological ggsult of thig paper is that H is an invariant of the topological
bounded proper braid class u REL fvg .

Theorem 19. Givenu REL v 2 D] REL v andt REL ¥ 2 D(’; REL v whicharetopologically
isotopicasboundedoroperbraid pairs,then

(19) H(u REL V) = H(4 REL ¥):

The key ingredients in this proof are that (1) the homotopy index is invariant un-
der E (Theorem 19); and (2) discretized braids “converge” to topological braids under
suf£ciently many applications of E (Proposition 27).

Theorem 20. Foru REL v any boundedproperdiscretizedbraid pair, the wedgedhomotopy
indexof De£nition 18is invariant underthe extensioroperator:

(20) H(Eu REL Ev) = H(u REL V):

Proof. By the invariance of the index with respectto the skeleton v, we may assume
that v is chosento have all intersections generic (v® 6 v® for all strands ® 6 &°). Thus,
from the proof of Lemma 55in Appendix A, we may £x a recurrencerelation R having
v as£xed point(s) for which @R, = 0.

For 2 > 0 consider the one-parameter family of augmented recurrence functions ’
R* = (R))L, on braids of period d + 1:

21) Rj(u@ﬁ l;u(i;"j;ugﬂ) = R(é(ui®i 1;(:;?’;ui@11 ci=0di L

28R 4(Ug; 1:Ug5Ugra) = Ugy i Ug:
Becauseof our choice of Ry(r;s;t) = Rg(s;t) asbeing independent of the £rst variable,
Ry is decoupled from the extension of the braid asu$,; wraps around to u8(®). By

construction the above system satisEesAxioms (Al1)-(A2) for all 2 > Qwith, in particular,
the strict monotonicity of (A1) holding only on one side. One therefore has a parabolic
sow @ § on DY, for all 2> 0. In the singular limit 2 = 0, this forcesu§ = u$,; , and one
obtainsthemow 2 |, = E+2 !,

"Recallthe indexing conventions: for aperiod d + 1 braid, u3(®) = uf‘]{rl ,and Ro := Rg+1 -
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Sincethe skeleton v has only generic intersections, Ev is a nonsingular braid. From
Equation (21),all stationary solutions of 2 ' are stationary solutions for 2 {,i.e.,2 {(Ev) =
Ev, for all 2, 0. Notice that this is not true in general for non-constant solutions.

Denote by Bg+1 %2 Dg,; REL Ev the subsetof relative braids which are topologically
isotopic to Eu REL Ev. Likewise, denote by By ¥2 53+1 the image under E of the subset
of braids in D{ REL v which are topologically isotopic to u REL v. In other words,
© a 3 a .

(22) Bg+1 = EURELEv \ D{,; RELEV ; Bg:=E URELV \ DjRELV :

As per the paragraph preceding De£nition 18, there are a £nite number of connected
components of each ofthese sgts. Clearly, By is a codimension-n subset of cl(Bg+1 ).
Sincenot all braids in  u RELVv \ D{ REL v have generic intersections, the setBy may
tangentially intersect the boundary of By.+1 . We will denote this setof E-singular braids
by 8¢ := @Bg+1 \ Byg: seeFig. 10.

By performing an appropriate change of coordinates (cf. [12]), we can recastthe
parabolic system R® as a singular perturbation problem. Let x = (xj )pgl, with
Xi+1+( ® 1d = UP, and lety = (Yo)@-1 , With Yo = (U, i uf). Upon rescalingtime as
¢ = t=2, the vector £eld induced by our choice of R * is of the form

dX = 2x (x;y);
(23)
QT%’ = jy+ Y (x);

for some (unspecifed)vector £elds X and Y with the functional dependenceindicated.

The product @ow of this vector £eld (23)in the new coordinates is denoted by © ¢ and is
well-defned on DY,, . In the case? = 0, the setM := fy = 0g % D},, is a submanifold

of £xed points containing B4 for which the mow ©f is transversally nondegenerate(since
herey®= i y). By construction cl(Bgq) = cl(Bg+1 )\ M, asillustrated in Fig. 10 (in the
simple casewhere all braid classesare freeand Bg+; is thus connected).

The remainder of the analysis is a technique in singular perturbation theory fol-
lowing [12]: one relates the ¢-dynamics of Equation (23) to those of the t-dynamics
on M , whose orbits are of the form (x(t);0), where x(t) satisEesthe limiting equation
dx=dt= X (x;0). The Conley index theory is well-suited to this situation.

For any compactsetD %2M andr 2 R,letD(r) := f(x;y)j (x;0) 2 D; kyk - rg
denote the “pr oduct” radius r neighborhood in bg+1 . Denoteby C = C(D) the maximal
value C := maxp KY (x)k. Due to the speciEcform of (23), we obtain the following
uniform squeezinglemma.

Lemma 21. If S is any invariant setof ©¢ containedn someD (r), thenin factS % D (2C).
Moreoverfor all points(x;y) with x 2 D andkyk = 22C it holdsthat %kyk <0.

Proof. Let (x;y)(¢) be an orbit in S contained in some D (r). Take the inner product
of the y-equation with y:
dy . ...« _ . S\L2 4 2
rdi’y'(“’) = ik y(e)k” + 2hY (x(é0));y ()i
ik yk? + 2Ckyk:
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FIGURE 10. The rescaled sow acts on By, , the period d + 1 braid
classes. The submanifold M is a critical manifold of £xed points at
2 = 0. Any appropriate isolating neighborhood N in By thickens to an
isolating neighborhood N (22C) which is not necessarily contained in
Bg+1 -

Hence d‘i&kyk - jk yk+ 2C, and we conclude that if ky (¢o)k > 2C for some ¢y 2 R, then
%kyk < 0. Consequently ky(¢)k grows unbounded for ¢ < ¢ and therefore (x;y) 62S,
a contradiction. Thus ky(¢)k - 2C for all ¢ 2 R.

For points (x;y) with x 2 D and kyk = 22C, the above inequality gives that %kyk :
ik yk+2C < 0. =

By compactnessof the proper braid class,it is clear that B4+ , and thus the maximal
isolated invariant setof ©¢ given by S: := INV(Bgs+1 ; ©%)8, is strictly contained (and thus
isolated) in D(r) for somecompactD ¥2M and somer suf£ciently large. Fix C := C(D)
asabove. Lemma 21 now implies that as2 becomessmall, S: is squeezedinto D (2C) —
a small neighborhood of a compact subsetD of the critical manifold M , asin Fig. 10°

This proximity of S: to M allows one to compare the dynamics of the 2 = 0 and
2> O0wnows. Let Ng %2 By ¥2 M be an isolating neighborhood (isolating block with
corners) for the maximal t-dynamics invariant setSp = INV(Bg;2 §)) within the braid
classBy. Combining Lemma 21above, Theorem 2.3Cof [12], and the existencetheorems
for isolating blocks [60], one concludesthat if (No;N{ ) is anindex pair for the limiting
equations dx=dt = X (x;0) then No(22C) is an isolating block for ©} for 0 < 2 - 27(Ng)
with 2° suf£ciently small. A suitable index pair for the mow © ¢ of Equation (23)is thus
given by

i ) ¢
(24) No(22C);N{ (2°C) :
8SinceBM is aproper braid classS: is contained in its interior .

9f one applies singular perturbation theory it is possible to construct an invariant manifold M = %2 D (2C).
The manifold M - lies strictly within Bg.+; and intersectsM at restpoints of the ©}.
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Clearly, then, the homotopy index of Sy is equal to the homotopy index of INV(N(22C))
for all 2 suffEciently small. It remains to show that this capturesthe maximal invariant
setS..

Lemma 22. Forall sufEcientlysmall2, INV(N(22C);©%) = S..

Proof. By the choice of D it holds that S: 2 D (22C). We start by proving that S: 2
No(22C) for 2 sufEciently small. Assume by contradiction that S:; 6%No(2%; C) for some
sequence?; ! 0. Then, since No(22C) is an isolating neighborhood for 2 - 27, there
exist orbits (x:; ;yz;) in S; such that (xz;;yz )(¢) 2 D(2%C) i No(2?C), for some
¢ 2 R.Defne(®: ;82 )(¢) = (Xz:y2 )(¢&i ¢),and set(az ;b2 )(t) = (B2 ;@ )(é). The
sequence(&, ; b, ) satisEesthe equations

(25) %azj = X(a.zj ;sz); %sz = %sz + Y(azj):
By assumption kb (t)k - C?, and ka: k;kda;; =dtk - C, for all t 2 R and all
2. An Arzela-Ascoli argument then yields the existence of an orbit (a.(t);0) %2 By,
with (as(0);0) 2 cl(By j Np), satisfying the equation d(j"t“ = X(aq;0). By de£ni-
tion, (as;0) 2 INV(Bg) = INV(Ng) % int(Np), a contradiction, which proves that
S: ¥2 Ng(22C) for 2 sufEciently small.

The boundary of No(22C) splits ash; [ b, with

b = f(x;y)jkyk= 22Cg; andb, = f(x;y)]jx 2 @og:

Sincethe compact setNy is contained in By, the boundary component b, is contained in
Bg+1 provided that 2 is sufEciently small. If the set§ g is non-empty then the boundary
component b ngver lies entirely in Bg+1 regardlessof 2. As2 ! 0 the setNy(22C) j

Bg+1 \ No(22C) is contained is arbitrary small neighborhood of § g. Independent of the
parabolic @ow in question, and thus of 2, there exists a neighborhood K % § j,; REL V
of 8 g on which the co-orientation of the boundary is pointed inside the braid classBg.; -
In other wor ds for every parabolic systemthe points in K enter By.; under the cow, see
Fig. 11. By using coordinates u® ui®0 and u?; i Ui®f1 adapted to the singular strands,
it it easily seen(Fig. 11) that the braids are simplifed by moving into the setB 4.1 .

We now ghow that INiV(NO(ZZC)) Y2 Bgrn \ No(22C). If not, then there exist points
(Xz3Y2) 2 No(22/C)i Bgs1 \ No(22;C) \ INV(Ng(2% C)) for somesequence?; ! 0.
Consider the ®-limit sets®;, ((Xz ;Y2 )). Since(Xz ;Y2 ) 2 INV(No(2% C)), and since
©{«j ((Xz; ;y2,)) cannotenter Bq+1 \ No(22 C) in backward time due to the co—orie@tation
of K, it follows that ® ((Xz, ;Yy-,)) is contained in No(22; C) IBd+1 \ No(23C) .

By a similar Arzela-Ascoli argument as before, this yields a set ® %2 §g which is
invariant for the mow 2 . However due to the form of the vector £eld the associated
mow 2 § cannot contain aninvariant setin § g, which provesthat INV(N(22C)) %2 By \
No(22C) for 2 suf£ciently small.

Finally, knowing that S: %2 INV(N(22C)), and that for suf£ciently small 2 it holds
INV(No(22C) = INV(Bg+1 \ Ng(22C)) = S, it follows that S: = INV(Ng(22C)), which
provesthe lemma. m

Theorem 20 now follows. Since,by Theorem 15,the homotopy index is independent
of the parabolic @ow used to compute it, one may choosethe parabolic sow © ¢ for 2> 0
sufEciently small. The homotopy index of ©¢ on the maximal invariant setS: yields the
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FIGURE 11. The local pictur e of a generic singular tangency between
strands ® (solid) and ®P (dashed). The shaded region representsBg.1 .

wedge of all the connected components: H(Eu REL Ev). We have computed that this
index is equal to the index of 2 ' on the original braid class:H(u REL V). ®

Remark 23. The proof of Theorem 20implies that any component of the period-(d + 1)
braid classBg+; which doesnot intersect M must necessarily have trivial index.

Remark 24. The above procedure also yields a stabilization result for bounded proper
classeswhich are not bounded astopological classes.In this caseone simply augments
the skeleton v by two constant strands as follows. De£ne the augmentecdbraidv ® :=
v[vi [ v where

(26) vi = minv®i 1 v o= maxvP + L
®;i ®:i

Suppose [u REL v] %2 Dg, REL bis bounded for some period dp. It how holds that
h(u REL v) = h(u REL v?), and u REL fv®g is abounded class. It therefore follows
from Theorem 19that
Tdo ¢
27 h'u(j) RELV = H(u REL V?);
j=0 © a
where H can be evaluated via any discrete representative of u ReL fv®g of any ad-

missible period.

5.3. Eventually free classes. At the end of this subsection, we complete the proof of
Theorem 19. The preliminary step is to show that discretized braid classesare eventu-
ally freeunder E.

Given a braid u 2 D}, consider the extension Eu of period d + 1. Assume at £rst
the simple casein which d = 1, sothat Eu is a period-2 braid. Draw the braid diagram
" (Eu) asde£nedin x2in the domain [0; 2]£ R. Chooseany 1-parameter family of curves
°s 1t 7! (fs(t);t) 2 (0;2) £ Rsuchthat °g : t 7! (1;t) and sothat ° is transverse'°to the

10t the anchor points, the transversality should be topological asopposed to smooth.
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braid diagram ~ (Eu) for all s. Defnethe braid ° s ¢Eu asfollows:

¥
©O(Ew® i

° — 02 .
(28) ( S ¢EU)|® = QS\ (EU)® i '

1

The point °s\ (Eu)® is well-de£ned since ° s is always transverse to the braid strands
and ° g intersects eachstrand but once.

Lemma 25. Forany suchfamily of curves®s, [°s ¢Eu] = [Eu].

Proof.It sufEcesto show that this path of braids does not intersect the singular braids
§. Sinceu is assumedto be a nonsingular braid, every crossing of two strands in the
braid diagram of Eu is atransversal crossing betweeni = Oandi = 1. Thus, if for some
s, °s(t)\ (Eu)® = °5(t)\ (Eu)® for distinct strands ® and @®, then
3 73 .

(29) Eu?i Eu® Eu?i Eu® <O

The braid °s ¢Eu hasa crossing of the ® and ®°strands ati = 1. Checking the transver-

sality of this crossing yields
3 73

(3 CEW)E i (°s CEWE (s CEW)F i (° ¢EU)Y’
LBV (B, [ (EwSi (Eu)g
(Ew)§i (Ew)§ (Eufi (Ew <o

(30)

Thus the crossing is transverse and the braid is never singular. ®

Note that the proof of Lemma 25 does not require the braid Eu to be a closed braid
diagram sincethe isotopy £xesthe endpoints: the proof is equally valid for any localized
region of a braid in which one spatial segment has crossingsand the next segment has
aat strands.

Corollary 26. The“shifted” extensioroperatomwnhichinsertsatrivial period-1braidat theit
discretizationpointin a braid hasthe sameactionon componentsf Dy asdoesE.

§Z 3 ¥ Y
! % f ! % Y1 % Y1 % Va1

FIGURE 12. Relationsin the braid group via discrete isotopy.

Proposition 27. Theperiodd discretizedbraid clasqu] is freewhend > juj

word*
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Proof. We must show that any braid u®2 D} which hasthe sametopological type as
u is discretely isotopic to u. Placeboth u and u®in general position so asto record the
sequencesof crossings using the generators of the n-strand positive braid semigroup,
f%g, asin x2. Recall the braid group has relations %% = %% for ji i jj > 1and
% %1 Y% = %41 %% ; closure requiresmaking conjugacy classesequivalent.

The conjugacy relation can be realized by a discrete isotopy as follows: sinced >
jUj,orqr U Must possesssome discretization interval on which there are no crossings.
Lemma 25then implies that this interval without crossingscommutes with all neighbor-
ing discretization intervals via discrete isotopies. Performing d consecutive exchanges
shifts the entire braid over by one discretization interval. This generatesthe conjugacy
relation.

To realize the remaining braid relations in a discrete isotopy, assume£rst that u and
u®are of the form that there is at most one crossing per discretization interval. It is then
easyto seefrom Fig. 12that the braid relations can be executedvia discrete isotopy.

In the casewhere u (and/or u9 exhibits multiple crossings on some discretization
intervals, it must be the casethat a corresponding number of other discretization in-
tervals do not possessany crossings (sinced > juj,..4)- Again, by inductively utilizing
Lemma 25,we may redistribute the intervals-without-cr ossingand “comb” out the mul-
tiple crossingsvia discreteisotopies soasto have at most one crossing per discretization

interval. m
a

a
Proofof Theoem 19: Assume that ©u REL fvg = ©u0 REL fv% . This implies that
there is a path of topological braid diagrams taking the pair (u;v) to (u%v9. This
path may be chosenso asto follow a sequenceof standard relations for closed braids.
From the proof of Proposition 27, these relations may be performed by a discretized
isotopy to connectthe pair (E! u;E!v) to (EXu® EXv9 for j and k suffciently large, and
gf the right relative:size to make thg periods of both pairs equal. For this choice, then,
EluRreL [Elv] = EXu°reL [EXvT , and their homotopy indices agree. An application
of Theorem 20 completesthe proof. m

We suspectthat all braids in the image of E are free: a result which, if true, would
simplify index computations yet further.

6. DUALITY

For purposes of computation of the index, we will often passto the homological
level. In this setting, there is a natural duality made possible by the fact that the index
pair used to compute the index of a braid classcanbe chosento be a manifold pair.

De£nition 28. Theduality operator on discretizedbraidsis themapD : E)gp ! If)'z‘p given
by
(31) (Du)P = (i 1)'u®:

Clearly D induces a map on relative braid diagrams by de£ning D(u REL V) to be
Du REL Dv. The topological action of D is to insert a half-twist at each spatial segment

of the braid. This hasthe effect of linking unlinked strands, and, sinceD is an involution,
linked strands are unlinked by D: seeFig. 13.
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D
<
i=0 i=1 i=2 i=3 i=4 i=0 i=1 i=2 i=3 i=4

FIGURE 13. The topological action of D.

For the duality statementsto follow, we assumethat all braids considered have even
periods and that all of the braid classesand their duals are proper, sothat the homotopy
index is well-de£ned.

Lemma 29. Theduality mapD respectdraid classesif [u] = [u9 then[D(u)] = [D(u9)].
Boundedbraid classesretakento boundediraid classedy D.

Proof: It sufEcesto show that the map D is a homeomorphism on the pair ([’)gp; 8).
This is true on DY, since D is a smooth involution (Di * = D). If u 2 § with u® = u®
and

0 0
(32) (Ui@? 1 Ui@? DU i uSy), O
then applying the operator D yields points Du® = Dui®0 with eachterm in the above

inequality multiplied by i 1(if i iseven)or by +1 (if i is odd): in either case the quantity
is still non-negative and thus Du 2 §. Boundednessis clearly preserved. B

Theorem 30. (a) TheeffecfD ontheindexpairis to reversehedirectionoftheparabolic
oW
(b) For[u REL v] %2 D3, REL v of period2p with n freestrands,

(33) CHa(h(D(u REL v)); R) 2 CHanpie (h(u REL V); R):
(c) For[u REL v] %2 D3, REL v of period2p with n freestrands,
(34) CHo(H(D(u REL V)); R) 2 CHonpje (H(u REL V); R):

Proof: For (a), let (N; N ) denote an index pair associatedto a proper relative braid
class[u REL v]. Dualizing sendsN to a homeomorphic spaceD(N). The following local
argument shows that the exit setof the dual braid classis in fact the complement (in the
boundary) of the exit setof the domain braid: specifcally, a

©
(D(N))' =cl @D(N))i D(NT)

Letw 2 [u REL v]\ §. At any singular anchor point of w, i.e, where w® = wi®° and
the transversality conditio& is not satis£e39,then it follows from Axiom (A2) that
2 4
d 0 n 0 ©
(35) SIGN a(wi®i wP) =sSiGN Wi w, o

(Depending on the form of (A2) employed, one might usew?; j Wf’?fl on the right hand
side without loss.) Sincethe subscripts on the left side have the opposite parity of the
subscripts on the right side, taking the dual braid (which multiplies the anchor points
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by (i 1)' and (j 1)'i  respectively) alters the sign of the terms. Thus, the operator D
reversesthe dir ection of the parabolic cow.

From this, we may compute the Conley index of the dual braid by reversing the time-
orientation of the mow. Sinceone can choosethe index pair used to compute the index
to be an oriented manifold pair (speci£cally, an isolating block: see,e.g, [60]), one may
then apply a Poincaré-Lefschetz duality argument asin [44] and use the fact that the
dimension is 2np to obtain the duality formula for homology. This yields (b).

The £nal claim (c) follows from (b) by showing that D is bijective on topologicabraid
classeswithin bgp. Assume that [u REL v] and [u® REL v] are distinct braid classesin
D3, of the sametopological type. SinceD is ahomeomorphism on D3, the dual classes
[Du REL Dv] and [Du® REL Dv] are distinct. Claim (c) follows upon showing that these
duals are still topologically the samebraid class.

Proposition 27 implies that [(E?u) ReL (E%*v)] = [(E®u9 REL (E?V)] for k suff-
ciently large sincefu REL vg = fu®REL vg. By Lemma 29,

£ o] £ o]
D (E%u) ReL (E?*v) = D (E%u9 ReL (E*v) ;

which, by Lemma 7 meansthat thesebraids are topologically the same. The topological
action of dualizing the 2k-stabilizations of u REL v and u®REL v is to add k full twists.
Since the full twist is in the center of the braid group (this element commutes with
all other elements of the braid group [8]), one can factor the dual braids within the
topological braid group and mod out by k full twists, yielding that f Du REL Dvg =
fDUREL Dvg. B

We use this homological duality to complete a crucial computation in the proof of
the forcing theorems (e.g., Theorem 1) at the end of this paper. The following small
corollary usesduality to give the £rst step towar ds answering the question of just what
the homotopy index measurestopologically about a braid class.Recallthe de£nition of
an augmented braid from Remark 24.

Corollary 31. Considetthedual of any augmentegroperrelativebraid. Adding afull twist to
this dual braid shiftsthe homologyof theindexup by two dimensions.

Proof: Assume that D[u REL v"] is the dual of an augmented braid in period 2p (the
augmentation is required to keep the braid classbounded upon adding a full twist).
The prior augmentation implies that the outer two strands of Dv “maximally link” the
remainder of the relative braid. The effect of adding a full twist to this braid can be
realized by instead stabilizing [u REL v°] twice and then dualizing. The homological
duality implies that for eachconnected component of the topological class,

CHa(h(DE?(u REL V°))) 2  CHonps2ia (h(E?(u REL V7))
(36) 2 CHopp+2ia (h(u RELVT))
2 CHy; 2(h(D(u REL V?)));

which gives the desired result for the index H via Theorem 30. m

Remark 32. The homotopy version of (36) can be achieved by following a similar pro-
cedure asin x5. One obtains a double-suspension of the homotopy index, asopposed to
a shift in homology.
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Remark 33. Given a braid class[u] of odd period p = 2d + 1, the image under D is not
necessarily a discretized braid at all: without some symmetry condition, the braid will

not “close up” at the ends. To circumvent this, def£nethe dual of u to be the braid D(u ?)
— the dual of the period 2p extension of u. The analogue of Theorem 30above is that

(37) CHa(H(sYM(D(u RELV))); R) 2 CHppio (H(u REL V); R);

where sym denotes the subset of the braid classwhich consists of symmetric braids:
u® = ug3, ; for alli.

7. MORSE THEORY

It is clear that the Morse-theoretic content of the homotopy index on braids holds
implications for the dynamics of parabolic aows and thus zeros of parabolic recurrence
relations. With this in mind, we restrict ourselvesto bounded proper braid classes.

Recallthat the characteristigpolynomialof an index pair (N; N ) is the polynomial

X
(38) CP{(N) = Ttk “K(N) ;= dimCHg(N;R) = dimH(N;N' ;R):

k, 0
The Morserelationsin the setting of the Conley index (see[14]) state that, if N has a
Morse decomposition into distinct isolating subsetsf N,gS_, , then

x
(39) CPi(Na) = CPi(N) + (1 + 1)Q;

a=1

for some polynomial Q; with nonnegativenteger coefEcients.

7.1. The exact, nondegenerate case. For parabolic recurrence relations which satisfy
(A3) (gradient type) it holds that if h(u REL v) 6 O, then R has at least one £xed point
in [u REL V]. Indeed, one has:

Lemma 34. Foranexactnondegeneratgarabolicdcowon aboundedroperrelativebraidclass,
thesumoftheBetti numbers ¢ ofh, asde£nedn (38), is alowerboundonthenumberof £xed
pointsoftheaowonthat braidclass.

Proof: The details of this standard Morse theory argument are provided for the sake
of completeness. Choose? ' a nondegenerate gradient parabolic cow on [u REL V] (in
particular, 2 ! £xesv for all time). Enumerate the [£nite number of] £xed points fu .05,
of 2 on this [bounded] braid class.By nondegeneracy, the £xed point setmay be taken
to be a Morse decomposition of INV(N). The characteristic polynomial of each £xed
point is merely t* “(Ua) where 1 ®(u,) is the Morse co-index of u,. Substituting t = 1
into Equation (39)yields the lower bound

X
(40) # Fix(Ju REL V];2 1) | “k(h):
k
[ |
On the level of the topological braid invariant H, one needsto sum over all the path
components asfollows. As in Theorem 19, chooseperiod- ¢yepresentativesu(j ) (j from
0 to m) for eachpath component of the topological class u ReL fvg . If we consider
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£xed points in the union [ L, [u(j) REL v], we obtain the following Morse inequalities
from (40)and Theorem 19:

X
(41) #FX([ Lo uG) RELVERY) . Tk(H);
k

where " (H) is the k" Betti number of H(u REL v°). Thus, again, the sum of the Betti
numbers is alower bound, with the proviso that some components may not contain any
critical points. © a

If the topological class u REL fvg is bounded the inequality (41) holds with the
invariant H(u REL V).

7.2. The exact,degenerate case. Here a coarselower bound still exists.

Lemma 35. Foranarbitrary exactparaboliccowon abounded-elativebraid classthenumber
of £xedpointsis boundedelowby the numberof distinct nonzeo monomialsn the character-
istic polynomialCP; (h).

Proof: Assuming that # Fix is £nite, all critical points are isolated and form a Morse
decomposition of INV(N ). The speciEcnature of parabolic recurrencerelations reveals
that the dimension of the null spaceof the linearized matrix at an isolated critical point
is at most 2, seee.g. [56]. Using this fact Dancer proves[15], via the degenerateversion
of the Morse lemma due to Gromoll and Meyer, that CHy(uy) 6 0for at mostone index
k = ko. Equation (39)implies that,

¥
(42) CPt(ua) , CPt(h)

a=1
on the level of polynomials. As the result of Dancer implies that for eacha, CP(uy) =
Atk for someA | 0, it follows that the number of critical points needsto be at leastthe
number of non-trivial monomials in CP¢(h). m © a

As before, if we instead use the topological invariant H for u REL fv®g we obtain
that the number of monomials in CP(H) is a lower bound for the total sum of £xed
points over the topologically equivalent path-components.

Mor e elaborate estimatesin some casescan be obtained via the extension of the Con-
ley index due to Floer [17].

7.3. The non-exact case. If we consider parabolic recurrencerelations that are not nec-
essarily exact, the homotopy index may still provide information about solutions of
R = 0. This is more delicate becauseof the possibility of periodic solutions for the mow
u? = Ri(ui; 1;Ui; U4y ). For example, if CP¢(h) mod (1 + t) = 0, the index does not
provide information about additional solutions for R = 0, asa simple counterexample
shows. However, if CP;(h) mod (1 + t) 6 O; then there exists at least one solution of
R = Owith the specifedrelative braid class. Specifcally

Lemma 36. An arbitrary paraboliceow on a boundedrelativebraid classis forcedto havea
£xedpoint if A(h) := CP, 1(h) is nonzep. If the zowis nondegenerat¢hen the numberof
£xedpointsis boundedelowby the quantity _
i ¢
(43) CPi(h) modz: ;yy 1+ t) _;
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Proof: SetN = cl([u REL Vv]). As the vector £eld R has no zeros at @\, the Brouwer
degree,deg(R; N; 0), may be computed via a small perturbation R and is given by
X

degR;N;0) := sign det(j dR(u)):
u2N;R(u)=0
For a generic perturbation R the associatedparabolic cow ®! is a Morse-Smale cow

[21]. The (Enite) collection of restpoints f u ;g and periodic orbits f °pg of €t then yields
a Morse decomposition of Inv(N), and the Morse inequalities are
X X

CPi(ua) +  CPi(°p) = CPi(h) + (1 + t)Q¢:
a b
The indices of the £xed points are given by CP(u,) = t* " (U2) where®® is the number
of eigenvalues of dR(u,) with positive real part, and the indices of periodic orbits are
given by CP;(°p) = (1 + t)t'(*»). Upon substitution of t = j 1 we obtain

X .
degR;N;0) deg(R;N;0) = (i 1) (ua)

a

CP, 1(ua) = CP; 1(h) = A(h):

a

Thus, if the Euler characteristic of h is non-trivial, then R hasat leastone zeroin N.

In the generic case the Morse relations give even more information. One has
CPi(h) = pa(t) + (1 g Y)p2(t), with py;p2 2 Z4 [t], and CPi(h) modz: ;) (1 + t) = py(t).
It then follows that  , CPi(ua) , CP¢(h) modz- (1 + t), proving the stated lower
bound. m

The obvious extension of theseresults to the full index H is left to the reader.

8. SECOND ORDER LAGRANGIAN SYSTEMS

In this £nal third of the paper, we apply the developed machinery to the prob-
lem of forcing closed characteristics in seconcbrder Lagrangian systems of twist type.
The vast literatur e on fourth order differential equations coming from second order
Lagrangians includes many physical models in nonlinear elasticity, nonlinear optics,
physics of solids, Ginzbur g-Landau equations, etc. (seexl). In this context we mention
the work of [1, 38, 49, 50].

8.1. Twist systems. We recall from x1 that closed characteristics at an energy level E
are concatenations of monotone laps between minima and maxima (u;)i2z, which are
periodic sequenceswith even period 2p. The extremaare restricted to the setUg , whose
connected components are denoted by | g : interval components (seex1.2for the precise
de£nition). The problem of £nding closed characteristics can, in most cases,be formu-
lated as a £nite dimensional variational problem on the extrema (u;). The following
twist hypothesisintr olgu_ced in [58], is key:
(M): inffJg[u] = OélL(u;uX;uXX) + E dxju 2 X, (ug;uz); ¢ 2 R* g hasaminimizer
u(x;ug;up) forall (u;up) 2 flg £ Ig juy 6 upg, andu and ¢ are Cl-smooth
functionsof (uy; uy).

HUwe chooseto defnethe degreevia j dR in order to simplify the formulae.
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Here X, = X, (up;up) = fu 2 C2([0;¢]) j u(0) = ug; u(e) = Uz Ux(0) = ux(e) =
0and uyjq:;) > 0g:

Hypothesis (T) is a weaker version of the hypothesis that assumesthat the monotone
laps between extrema are unique (see,e.g, [34, 35, 58]). Hypothesis (T) is valid for large
classesof Lagrangians L. For example, if L (u;v;w) = EWZ + K (u; V), the following two
inequalities ensure the validity of (T):

(@) L v K(uyi E- Oand

(b) €5ivi2i 3 Evi K(u;v)i E , Oforallu2lgandv2R.
Many physical models, such asthe Swift-Hohenber g equation (3), meet these require-
ments, although these conditions are not always met. In those casesnumerical calcu-
lations still predict the validity of (T), which leavesthe impr essionthat the results ob-
tained for twist systems carry over to many more systemsfor which Hypothesis (T) is
hard to check? For thesereasonstwist systemsplay aimportant role in understanding
secondorder Lagrangian systems. For a dir ectapplication of this see[31].

The existence of minimizing laps is valid under very mild hypotheses on K (see
[31]). In that case(b) above is enough to guarantee the validity of (T). An example of a
Lagrangian that satisEes(T), but not (a) is given by the Erickson beam-model [30, 49, 55]

L(u;ux; Uy ) = %juxsz"_ Tll(qujzi 1)2+ §u2_

8.2. Discretization of the variational principle. We commenceby repeating the under-
lying variational principle for obtaining closedcharacteristicsasdescribedin [58]. In the
presentcontext a brokengeodesis a C2-concatenation of monotone laps (alternating be-
tween increasing and decreasing laps) given by Hypothesis (T). A closed characteristic
u at energy level E is a (C2-smooth) function u : [0;¢] ! R, 0< ¢ < 1, which is
stationary for the action Jg [u] with respectto variations +u 2 Cger(O; ¢),and £, 2 RY,
and assuchis a “smooth broken geodesic'.

The following result, a translation of results implicit in [58], is the motivation and
basisfor the applications of the machinery in the £rst two-thir ds of this paper.

Theorem 37. Extremalpoints f ujg for boundedsolutions of secondorder Lagrangiantwist
systemsare solutions of an exactparabolicrecurrencerelation with the constraintsthat (i)
(i D'uyi < (i D'uj+1; and (ii) the recurencerelation blowsup alongany sequencsatisfy-
iNg Uj = Uj4q -

Proof: For simplicity , we restrict to the caseof a nonsingular energy level E: for sin-
gular energy levels, a slightly more involved argument is required. Denote by | the
interior of g, and by ¢(1) = ¢ := f(uy;uz) 2 1 £1 juy; = upgthe diagonal. Then
de£nethe generatingfunction

z

& ¢
(44) S:(IE£D)j ¢! R ; S(up;up):= IL(u;ux;uxx)+E dx;
0

the action of the minimizing lap from u; to u,. That S is a well-de£ned function is the
content of Hypothesis (T). The actionfunctionalassociatedto S for a period 2p system s

2Another method to implement the ideas used in this paper is to set up a curve-shortening @ow for
secondorder Lagrangian systemsin the (u; u% plane.
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the function
xi 1
Wop(u) = S(Uj; Uje1 ):
i=0
Severalproperties of S follow from [58]:

(a) [smoothnedsS 2 C2(l £ In¢) .

(b) [monotonicity @@S(u1;uy) > Oforalluy; 6 uz 2 1.

(c) [diagonalsingularity] Ii;n i @S(ug;up) = Iigtn @S(uy;up) =
u;% us Up& Uz

lim @S(ui;uz) = lim j @S(ui;uz) = +1 .
ui1& us uz%uy

In general the function @S(uy;u,) is strictly increasingin u; for all u; - u, 2 lg, and
similarly @S(uq;uy) is strictly increasingin u;. The function S also has the additional
property that Sj; ~ O.

Critical points of W5, satisfy the exactrecurrencerelation

(45) Ri(Uij 1;UisUiv1) = @S(Ui; 1;Ui) + @S(Ui; Ui1) = 0;
where R (r; s;t) is both well-de£ned and C ! on the domains
-io= s 21%G D)™ (si ) >0 (i ) (si 1) > 0g;

by Property (a). The recurrencefunction R is periodic with d = 2, as are the domains
- 3 Property (b) implies that Axiom (A1) is satisfed. Indeed, @R; = @@S(u;; 1;U;) >
0,and @R; = @@S(u;;Uuj+1) > O.

Property (c) provides information about the behavior of R at the diagonal boundaries
of - {, namely,

limsg r Ri(r;s;t) = limsg ¢ Ri(r;s;t) = +1

(46) limsoer Ri(r;s;t) = limsot Ri(r;s;t) = il

The parabolic recurrence relations generated by second order Lagrangians are de-
£ned on the constrained polygonal domains - ;.

Def£nition 38. A parabolicecurencerelationis saidto beof up-downtypeif (46)is satis£ed.

In the next subsection we demonstrate that the up-down recurrencerelations can be
embedded into the standard theory asdeveloped in x2-x7.

8.3. Up-down restriction. The variational set-up for second order Lagrangians intr o-
ducesafew complications into the schemeof parabolic recurrencerelations asdiscussed
in x2-x7. The problem of boundary conditions will be considered in the following sec-
tion. Here, we retool the machinery to deal with the fact that maxima and minima are
forced to alternate. Suchbraids we call up-downbraids.*

L3we could alsowork with sequencesu that satisfy (j 1)'*! (uj+1 i u;j) > O.
1%The more natural term alternatinghas an entirely dif ferent meaning in knot theory.
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8.3.1. ThespaceE.

De£nition 39. Thespacesfgeneral/nonsingular/singulanp-downbraiddiagramsarede£ned

respectivelys:
a

o D3, zu : (i 1)i;ui®Fl i ui®¢> 0 8;®;
ED, DS,V u:(iD ul i ud >0 8i;® ;
§e = B B
Path componentf Ej, comprisethe up-down braid types [u]g, and path componentsn
%p REL V compriseherelativeup-downbraidtypes[u REL V]e.

n

The set ), hasa boundary in DY,
3 a'

© i ¢
(47) @ = @D5,\ u:( 1)'u®, i u® . 0 8i®

Suchbraids, called horizontalsingularities are not included in the de£nition of égp since
the recurrencerelation (45)does notinduce a well-deEned sow on the boundary @&3,.

Lemma 40. For any parabolicaow of up-downtype on E”p, the mow blowsup in a neighbor-
hoodof @Qp in sucha mannerthat the vector£eld pointsinto Ej,. All of the conclusionsof
Theoem15 holduponconsideringhe2-closue of braid classe$u REL V] in égp, denoted

n i ¢ (0]
Clg2[UREL V]g == URELV 2 clg[u RELV]e : (i 1)'|Ui®+1 i u® 2 8i® ;

B

forall 2 > 0 sufEcientlysmall.

Proof: The proof that any parabolic sow 2 t of up-down type actshere so asto strictly
decreasethe word metric at singular braids is the same proof asused in Proposition 11.
The only dif£culty arisesin what happens at the boundary of Ej,: we must show that
a t respectsthe up-down restriction in forwar d time.

De£nethe function

(u) = minju? i Ul :

Clearly, if 2(u) = 0,thenu 2 @Qp. Letu 2 Ej,, and consider the evolution # Y(u),t> 0.
We compute %2("‘ Y(u)) as2(@ '(u)) becomessmall. Using (45)it follows that

d
a(ui®i us1) Ri(uﬁ pU%uB ) i Ris (UPudyufp) ! 1

asuj & Ui+ ; (i odd);

d
a(ui@ili u?) Ris (UPsulysufy) i Riu® uiuly)! 1

asu; % Ui+ ; (i even):
These inequalities show that d%z(a Y(u)) > 0 assoon asz2(® '(u)) becomestoo small.
Due to the boundednessof [u REL V]g and the inEnite repulsion at @?Sp, we can choose

auniform 2(u REL v) > Osothat $2(2 Y(u)) > Ofor 2(® '(u)) - 2(u REL v), and thus
clg.[u REL V] is an isolating neighborhood for all0< 2 - 2(uRELV). B
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8.3.2. Universality for up-down braids. We now show that the topological information
contained in up-down braid classescan be continued to the canonical casedescribed
in x2. As always, we restrict attention to proper, bounded braid classes,proper being
def£ned asin De£nition 13, and bounded meaning that the set[u REL v] g is bounded
in [’>gp. Note that an up-down braid class[u REL v]g can sometimes be bounded while
[u REL V] is not. To bounded proper up-down braids we assign a homotopy index.
From Lemma 40it follows that for 2 suffciently small the setN g := clg.[u REL V] is
anisolating neighborhood in B}, whose Conley index,

h(u REL V; E) := h(Ng:);

is well-de€ned with respectto any parabolic ow 2 ' generated by a parabolic recur-
rence relation of up-down type, and is independent of 2. As before, non-triviality of
h(Ng:z) implies existenceof a non-trivial invariant setinside Ng.. (seex8.3.3).

The obvious question is what relationship holds between the homotopy index
h(u REL v;E) and that of a braid classwithout the up-down restriction. To answer
this, augment the skeleton v asfollows: defnev®=v [ vi [ v*,6 where

G iy e G v

= r%axvf@+ 1+ (j 1)

Ml
The topological braid classfu REL v®gis bounded and proper. Indeed, boundedness
follows from adding the strands v¥ which bound u, since ming; v® - u® - maxe; v®.
Propernessis satisEedsincef u REL vgis proper.

Theorem 41. Forany boundedroperup-downbraidclassu REL V]g in B}, REL v,
h(u REL V;E) = h(u REL V7):

Proof. From Lemma 55in Appendix A we obtain a parabolic recurrencerelation R°
(not necessarily up-down type) for which v is a solution. We denote the associated
parabolic sow by 2 §. Defnetwo functions k; and k, in C(R), with k¢ , 0, k9, and
ki(¢) = Ofor ¢ - j 21 ki(j 2, K,and ky(¢) = Ofor ¢ , 2+ ko(®) , K, for some
+> 0and K > 0to be specifedlater. Intr oduce a new recurrencefunction R (r;s;t) =
RO(r;s;t)+ ko(sj r)+ki(ti s)foriodd, and R(r;s;t) = RO(r;s;t)i ku(si r)i ka(ti s)
for i even. The associated parabolic mow will be denoted by 2 §, and 2 {(v®) = v*®
by construction by choosing + suffciently small. Indeed, if we choose+ < 2(v), the
augmented skeleton is a £xed point for @ .

Since the braid class[u REL v°] is bounded and proper, N; = cllu REL v"] is an
isolating neighborhood with invariant setINV(N;). If we chooseK large enough, and
+ sufEciently small, then the invariant set INV(N 1) lies entirely in clg.[u REL V°]g =
clgz[u REL V] = Ngz. Indeed, for large K we have that for eachi, Ri(r;s;t) hasa
£xed sign on the complement of N g=. Therefore,h(u REL v®) = h(N1) = h(Ngz). Now
restrict the sow 2 ! to Ng2 % Egp REL V. We may now construct a homotopy between
atand?',via(lij ,)R + ,R?* (seeAppendix A), whereR and the associatedaow 2 *
are defned by (45). The braid v © is stationary along the homotopy and therefore

h(N1) = h(Nes;®§) = h(Nes;2 );

which provesthe theorem. m
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We point out that similar results can be proved for other domains - ; with various
boundary conditions. The key observation is that the up-down constraint is really just
an addition to the braid skeleton.

8.3.3. Morsetheory. For bounded proper up-down braid classes[u REL V]g the Morse
theory of x7 applies. Combining this with Lemma 40 and Theorem & the topolqgical
information is given by the invariant H of the topological braid type u REL fv°g .

Corollary 42. On boundedproperup-downbraid classeshetotal numberof £xedpointsofan
exactparabolicup-downrecurrencerelationis boundedbelowby the numberof monomialsin
thecritical polynomialCP; (H) ofthehomotopyindex.

Proof. Since all critical point are contained in Ng-= the corollary follows from the
Lemmas 35,40and Theorem 41. m

9. MULTIPLICITY OF CLOSED CHARACTERISTICS

We now have assembledthe tools necessaryto prove Theorem 1, the general forc-
ing theorem for closed characteristics in terms of braids, and Theorems 2 and 3, the
application to singular and near-singular energy levels. Given one or more closed char-
acteristics, we keep track of the braiding of the associatedstrands, including at will any
period-two shifts. Fixing these strands as a skeleton, we add hypothetical free strands
and compute the homotopy index. If nonzero, this index then forcesthe existence of
the free strand as an existing solution, which, when added to the skeleton, allows one
to iterate the argument with the goal of producing an in£nite family of forced closed
characteristics.

The following lemma (whose proof is straightforwar d and thus omitted) will beused
repeatedly for proving existenceof closed characteristics.

Lemma 43. Assumethat R is a parabolicrecurencerelationon D with u a solution. Then,
for eachintegerN > 1, thereexistsalifted parabolicecurencerelationon Dy 4 for whichevery
lift ofu is asolution. Furthermoe, any solutionto thelifted dynamicson Dy, 4 projectsto some
periodd solution. *®

The primary dif £culties in the proof of the forcing theorems are (i) computing the
index (we will use all featuresof the machinery developed thus far, including stabiliza-
tion and duality); and (ii) asymptotics/boundary conditions related to the threetypes
of closedinterval components | g : a compact interval, the entire real line, and the semi-
inf£nite ray.

All of the forcing theorems are couched in a little braid-theor etic language:

Defnition 44. Theintersection number oftwo strandsu ®, u® ofabraidu is thenumberof
crossingdn thebraid diagram,denoted

Tu®: u®) := # of crossingfstrands

Thetrivial braid onn strandsis any braid (topologicabr discrete)whosebraid diagramhasno
crossingswhatsoeveri.e., {u®; u®) = 0, for all ® @°. Thefull-twist braid onn strands,is

15This does not imply ad-periodic solution, but merely a braid diagram u of period d.
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the braid of n connectedomponentseachof which hasexactlytwo crossingswith everyother
strand,i.e., (u®;u®) = 2forall ®6 &P,

Among discrete braids of period two, the trivial braid and the full twist are duals in
the senseof x6.

9.1. Compact interval components. Let E be a regular energy level for which the set
Us contains a compact interval component | g.

Theorem 45. Supposéhat atwist systemwith compact g possessaseor moreclosedharac-
teristicswhich,asadiscretebraiddiagram formanontrivial braid. Thenthereexistsanin£nity
of non-simple geometricallydistinct closedcharacteristicén | g .

In preparation for the proof of Theorem 45we state a technical lemma, whose [short]
proof may be found in [58].

Lemma 46. Letlg = [u; ;u. ], thenthereexistsaty > 0 suchthat
(1) Ra(u; + £u; ;u; + 1) > 0,Ry(us;us j £uy) < 0,and
(2) Ra(u; ;U + £u;) > 0,Ro(us i HUsjUs j ) <0,
foranyO< - .

Proofof Theoem45. Via Theorem 37, £nding closed characteristics is equivalent to
solving thel/recurrencerelation given by (45). DeEnethe domains

2 . .
L f(Ui; ;U U+) 212 ju; + £< Uujg1< Ui ¥=2< U, | g; i odd;
! f(uiil;ui;uiﬂ)ZIéjui + < U+ +=2< Ujg1 < Us | 30; i even,

+

For any integer p , 1 denote by - », the set of 2p-periodic sequencesf u;g for which
(Ui; 1;Ui; Ui+ ) 2 - ¥. By Lemma 46, choosing 0 < +< #; small enough forcesthe vector
feldR = (R;) to be everywheretransverseto @ ,,, making - », positively invariant for
the induced parabolic mow 2 *.

By Lemma 43, one can lift the assumed solution(s) to a pair of period 2p single-
stranded solutions to (45),v?! and v?, satisfying f(v';v?) 6 0, for somep , 1. Defne
the cones

C fu2-,ju - v ®= 1,29 and

C. = fu2-zju, v ®=12g

The combination of the facts (v;v?) = r > 0, Axiom (Al), and the behavior of R
on @ ,p implies that on the boundaries of the conesC; and C, the vector £eld R is
everywher e transverse and pointing inward. Therefore, C; and C, are also positively
invariant with respectto the parabolic mow 2 '. Consequently, W5, has global max-
ima vi and v* on int(C; ) and int(C. ) respectively. The maxima vi and v* have the
property that vi < v® < v, ® = 1;2. As abraid diagram, v = fvi;vZvi ;v*gisa
stationary skeleton for the induced parabolic cow 2 t,

Having found the solutions vi and v* we now choosea compact interval | A Ig,
suchthat the skeletal strands are all contained in | . In this way we obtain a proper para-
bolic mow (circumventing boundary singularities) which canbe extended to a parabolic
QoW on Ezlp REL V. Let [u REL V] bethe relative braid classwith a period 2p freestrand
u = fu;gwhich links the strands v and v2 with intersection number 2qwhile satisfying
vi < u; <V :seeFig. 14 below.
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FIGURE 14. A representative braid class for the compact case: q =
1, r=4;2p= 6.

As an up-down braid class,[u REL V]g is a bounded proper braid class provided
0< 29 < r - 2p and the Morse theory discussed in ¥/ and x8.3.3 then requires
the evaluation of the invariant H of the topological class u REL fv®g . In this case,
since h(u REL V;E) = h(u REL v®) = h(u REL v), augmentation is not needed, and
H(u REL v?) = H(u REL v). The nontriviality of the homotopy index H is given by the
following lemma, whose proof we delay until x10.

Lemma 47. TheConIeyhomoIogy)ng/u REL V) is givenby:

2R . k=2qi 1; 29

(48) CHH) = 5 . ese.

In particular CPy(H) = t29i (1 + t).

From the Morse theory of Corollary 42 we derive that for eachq satisfying 0 < 2q <
r - 2pthere exist at leasttwo distinct period-2p solutions of (45),which generically are
of index 2g and 2qi 1. In this manner, the number of solutions depends on r and p.
To construct in£nitely many, we consider m-fold coverings of the skeleton v, i.e., one
periodically extends v to a skeleton contained in Eg‘pm, m , 1. Now g must satisfy
0< 2g< rm - 2pm. By choosing triples (qg; p; m) such that (g; pm) are relative prime,
we obtain the same Conley homology as above, and therefore an infEnity of pairs of
geometrically distinct solutions of (45), which, via Lemma 43 and Theorem 37 yield an
inEnity of closed characteristics. m

Note that if we setgn, = gqand p, = pm, then the admissible ratios g% for £nding
closed characteristics are determined by the relation

Om r
49 0< ™« -

(49) Pm 2p

Thus if v! and v2 are maximally linked, i.e. r = 2p, then closed characteristics exist for
all ratios in Q\ (0;1).

9.2. Non-compact interval components: Ig = R. On non-compact interval compo-
nents, closed characteristics need not exist. An easyexample of such a system is given
by the quadratic Lagrangian L = Zjux j2+ $juxj®+ 3juj?, with ®> j 2. Clearly Ig = R
for all E > 0, and the Lagrangian system has no closed characteristics for those en-
ergy levels. For ® < j 2 the existenceof closed characteristics strongly depends on the
eigenvalues of the linearization around 0. To treat non-compact interval components,
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some prior knowledge about asymptotic behavior of the systemis needed. We adopt an
asymptotic condition shared by most physical Lagrangians: dissipativity.

De£nition 48. A secondrder Lagrangiansystemis dissipative on an interval component
le = Rif thereexistpairsuj < u3, with j uj anduj arbitrarily large,suchthat

i @S(uj;u3)>0; @S(uj;u3)>0; and
@S(u3;u3) > 0; | @S(u3;ug) > O
Dissipative Lagrangians admit a strong forcing theorem:

Theorem 49. Suppos¢hat adissipativetwist systemwith | ¢ = R possesseseor moreclosed
characteristic(syvhich,asdiscretebraiddiagramin theperiod-twaprojection formsalink which
is not a full-twist (De£nition 44). Thenthere existsan inf£nity of non-simple,geometrically
distinct closeccharacteristicén I g .

Proof. After taking the p-fold covering of the period-two projection for somep , 1,
the hypothesesimply the existencetwo sequencesv?! and v?2 that form abraid diagram
in E22p whose intersection number is not maximal, i.e. 0 f(v!;v?) = r < 2p. Following
De£nition 48, choosel = [uf;u3], with uj < uj suchthat uj < vi;v2 < uj for all i, and
let - ¥ and - 5, beasin the proof of Theorem 45, with uj and u3 playing the role of u; + *
and u; | xrespectively for some+> 0small. Furthermor e deEnethe set

C:=1fu2-,jNu;vt) = Yu;v?) = 2pg:
Since0 - f(vi;v?) < 2p, the vector £eld R given by (45)is transverseto @. Mor eover,
the set C is contractible, compact, and R is pointing outward at the boundary @C. The
setC is therefore negatively invariant for the induced parabolic cow 2 . Consequently,
there exists a global minimum v?2 in the interior of C. De£nethe skeletonv to bev :=
fvl;vZvig.

Consider the up-down relative braid class[u REL V]g described asfollows: chooseu
to be a 2p-periodic strand with (j 1)'u; , (i 1)'v?, such that u hasintersection number
2g with eachof the strandsv! [ v2,0- r < 2g< 2p, asin Fig. 15.Forp, 2, [u REL V]e
is abounded proper up-down braid class.As before,in order to apply the Morse theory
gf Corollary 42,it sufEcesto compute the homology index of the topological braid class

u REL fvig :

Lemma 50. TheConIeyhomoIog)ong/u REL v°) is givenby:

2R  k=2q 29+ 1

(50) CH )= 5 . else

In particular CP;(H) = t29(1 + t).

By the same covering/pr ojection argument asin the proof of Theorem 45, inEnitely
many solutions are constructed within the admissible ratios

r Om .
(51) < o S 1:
[ |
Theorem 49 also implies that the existenceof a single non-simpleclosed characteristic
yields inEnitely many other closed characteristics. In the caseof two unlinked closed

characteristicsall possible ratios in Q\ (0; 1) canberealized.
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FIGURE 15. A representativebraid classfor the caselg = R:q= 2; r =
1, 2p=6.

9.3. Half spaceslg ' R®. Thecaselg = [u4;1) (or lg = (j1 ;u]) sharesmuch with
both the compact caseand the the caselg = R. Sincetheselg are non-compact we
again impose a dissipativity condition.

Defnition 51. A secondrderLagrangiansystemis dissipative on an interval component
le = [b;1 ) if thereexistarbitrarily largepointsu® > 4 suchthat

@S(4;u™) > 0, @S(u;u”)>0; and
@S(u*;4) > 0; @S(u”;b) > O

For dissipative Lagrangians we obtain the samegeneral result as Theorem 45.

Theorem 52. Supposdhat a dissipativetwist systemwith | g RS possessesneor more
closedcharacteristicavhich, as a discrete braid diagram,form a nontrivial braid. Thenthere
existsanin£nity of non-simple geometricallydistinct closectharacteristicen | g .

Proof. We will give an outline of the proof since the arguments are more-or-lessthe
sameasin the proofs of Theorems 45 and 49. Assume without loss of generality that
le = [b;1). By assumption there exist two sequencesv! and v? which form a non-
trivial braid in E3,, and thus 0 < r = f(v';v?) - 2p. Defning the cone C; asin the
proof of Theorem 45 yields a global maximum vi which contributes to the skeleton
e = fvl;v?;vi g. Consider the braid class[u REL @]z de£ned by adding the strand u
suchthat u; > vi and u links with the strands v! and v? with intersection number 2q,
0< 2g<rr.

Notice, in contrast to our previous examples, that [u REL e]e is not bounded. In
order to incorporate the dissipative boundary condition that u; ! u® is attracting, we
add one additional strand v*. Setv; = ufor i even, and v; = u®, for i odd. As
in the proof of Theorem 49 choose u” large enough such that v};v? < u®. Let RY be
a parabolic recurrencerelation such that RY(v*) = 0. Using RY one can construct yet
another recurrencerelation RYY which coincideswith R on [u REL @]z and which hasv*
asa £xed point (use cut-off functions). By de£nition the skeletonv = fv 1;v2;vi ;v*g
is stationary with respectto the recurrencerelation RYY = 0.

Now let [u REL V]e be as before, with the additional requirement that (j 1)'*' u; <
(i D™y, This de£nega bounded proper up-down braid class. The homology index
of the topological class u REL fv®g is given by the following lemma (seex10).
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Lemma 53. TheConleyhomologyofH (u REL v7) is givenby
1

2R . k=2qi 1; 29

(52) CH(H) = § . e

In particular CPy(H) = t29i (1 + t).

For the remainder of the proof we refer to that of Theorem 45. m

<—vVv?2

o= Uu

FIGURE 16. A representative braid class for the caselg = R%: q =
1, r=4,2p=6.

9.4. A general multiplicity result and singular energy levels.

9.4.1. Proofof Theoem1. Lagrangians for which the above mentioned dissipativity con-
ditions are satisEedfor all (non-compact) interval components at energy E, are called
dissipativeat E.*® For such Lagrangians the results for the three different types of in-
terval components are summarized in Theorem 1in x1. The fact that the presenceof a
non-simple closed characteristic, when representedasa braid, yields a non-trivial, non-
maximally linked braid diagram, allows us to apply all three Theorems 45,49, and 52,
proving Theorem 1.

9.4.2. Singular enepgy levels. The forcing theorems in x9.1 - x9.3 are applicable for all
regular energy levels provided the correctconf£guration of closed characteristics can be
found a priori. In this section we will discuss the role of singular energy levels; they
may create con£gurations which forcethe existenceof (infnitely) many periodic orbits.
The equilibrium points in thesesingular energy levels actasseedsfor the infnite family
of closed characteristics.

For singular energy levels the setUg is the union of severalinterval components, for
which atleastoneinterval component contains an equilibrium point. If @L (us;0;0) > 0
at an equilibrium point us, then such a point is called non-degeneratand is contained in
the interior of an interval component. For applying our results of the previous section
the nature of the equilibrium points may play arole.

180ne classof Lagrangians that is dissipative on all its regular energy levels is described by

) . 2+ s s .. -
lim ,iSL(u; , "7 v;, 2w) = c1jwj? + czjuj®; for somes > 2; and ci;cp > O;
L

pointwise in (u; v;w).
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FIGURE 17. The gradient of W, for the casewith two equilibria and
dissipative boundary conditions. On the left, for E = 0, the regions Dg
with the maxima and minima u® are depicted, aswell asthe superlevel
setj *. On the right, for E 2 (0;cp), the region D, containing an index
1 point, is indicated.

9.4.3. Casdl: I = R. We examine the caseof a singular energy level E = 0 such that
le = Rand Ig contains at leasttwo equilibrium points. One observesthat if the equi-
libria canberegarded asperiodic orbits then Theorem 49would apply: aregularization
argument makesthis rigorous. Let E = 0bethe energy level in which Ug is the concate-
nation of threeinterval components (j1 ;a][ [a;b][ [b;1 ),i.e.,the equilibria areaand b.
Weremark that the natur e of the equilibrium points is irr elevant; thereis a global reason
for the existenceof two unlinked periodic orbit in the energy levels E 2 (0; ¢cp) for some
small ¢ > 0, see[58]. In theseregular energy levels we can apply Theorem 49, and
a limit procedure ensures that the periodic solutions persist to the degenerate energy
level E = 0O, proving Theorem 2.

Recallfrom [58] that two equilibrium points imply the existenceof maximum u* and
minimum ui , both simple closed characteristics, seeFig. 17. De£nethe regionsD . =
f(u;u)juzi ug> 0 Uy, a;uz- bg,andD; = f(ug;u2)jui - ur- a; b uz- u3g,
where (u7; u3) is the point where the dissipativity condition of De£nition 48is satisfed.
Thenu® 2 D, andui 2D, .

SinceW, is aC2-function onint(D. ) it follows from Sard's theorem that there existsa
regular value €* suchthat 0 - maxg, W, < € < maxp, W,. Consider the connected
component of the super-level setf W, , e" gwhich containsu® . The outer boundary of
this component is a smooth circle and r W> points inwar ds on this boundary circle. Let
i * bethe interior of the outer boundary circle in question. By continuity it follows that
there exists a positive constant ¢y such that j * remains an isolating neighborhood for
E 2 (0;co). In the following let E 2 (0;cp) be arbitrary.

DefneD = f(uy;uz)juzi Uy, % uj - up- uj; uz- uyg[ i*. It follows from
the properties of S (seex8) that D; is again an isolating neighborhood, seeFig. 17. It
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holds that CP{(D1) = 0, and fD1nj *;j * g forms a Morse decomposition. The Morse
relations (39)yield

CPi(j ")+ CPy(D1nj ") = 1+ CP¢(D1nj ") = (1 + t)Qy;

where Q; is a nonnegative polynomial. This implies that Dinj * contains an index 1
solution u!. We can now defneD, = f(ui;uz)juzj up , 2 up - U uy - Uy -
u,g[ i*.In exactly the sameway we £nd an index 1 solution u? 2 D,. Notice, that by
construction fut;u?) = 0. Theorem 49 now yields an in£nity of closed characteristics
for all 0 < E < ¢p. As described in x9.2 these periodic solutions can be characterized
by p and g, where (p;q) is any pair of integers such that g < p and p and g are relative
prime (or p = g = 1). Here 2pis the period of the solution upq and 2q = upq;ut) =
Wupiq; u?).

In the limit E ! 0 the solutions u' and u? may collapse onto the two equilibrium
points (if they are centers). Nevertheless, the infnite family of solutions still existsin
the limit E = 0, becausethe extrema of the associatedclosed characteristics may only
coalescein pairs at the equilibrium points. This follows from the uniqueness of the
initial value problem of the Hamiltonian system. Hence in the limit E ! 0 the type
(p; g) of the periodic solution is conservedwhen we count extremawith multiplicity and
intersections without multiplicity .

Note that when the equilibria are saddle-foci then u! and u? stay away from § 1 in
the limit E ! 0. Extrema may still coalesceat the equilibrium points asE ! 0, but
intersections are counted with respectto u! and u?. Finally, in the regular energy levels
E 2 (0;cp), Theorem 49 provides at leasttwo solutions of eachtype (exceptp= q= 1);
in the limit E = 0 one cannot exclude the possibility that two solutions of the sametype
coincide. m

Remark 54. Theorem 2, proved in this subsection, is immediately applicable to the
Swift-Hohenber g model (3) asdescribed in x1. Notice that if the parameter ® satisifes
® > 1, then Theorem 2 yields the existence of infnitely many closed chararacteristics

atenergy E = j M, and nearby levels. However from the physical point of view it
is also of interestto consider the case® - 1. In that casethere exists only one singular
energy level and one equilibrium point. This casecanbetreatedwith our theory, but the
nature of the equilibrium point comesinto play. If an equilibrium point is a saddle or
saddle-focus, it is possible that no additional periodic orbits exist (see[57]). However, if
the equilibrium point is a centeran initial non-simple closed characteristic can be found
by analyzing an impr oper braid class,which by, Theorem 1, then yields infnitely many
closed characteristics. The techniques involved are very similar to those used in the
presentand subsequentsections. We do not presentthe details here asthis falls outside
of the scopeof this paper.

9.4.4. Casedl andlll: Ig = [a;b] orlg = R%®. The remaining casesare dealt with in
Theorem 3. We will restrict the proof here to the casethat | ¢ contains an equilibrium
point that is a saddle-focus — the center casecan be treated asin [2].17 It also follows

ndeed, for energy levels E + c, c sufEciently small, a small simple closed charecteristic exists due to the
center nature of the equilibrium point at E; spectrum f§ ai; 8§ big, a < b. This small simple closed character-
istic will have a non-trivial rotation number closeto %. The fact that the rotation number is non-zero allows
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for the previous that there is no real dif ferencebetween | ¢ being compact or a half-line.
For simplicity we consider the casethat | g is compact.

FIGURE 18. [left] The gradient of W, for the caseof one saddle-focus
equilibrium and compact boundary conditions. Clearly a saddle point
is found in D. [right] The perturbation of one equilibrium to threeequi-
libria.

Let us £rst make some preliminary observations. When u, is a saddle-focus, then in
E = Othere exists a solution u? suchthat u} < us < ui. This follows from the fact that
thereis apoint (uf;u3), uj < uj3, closeto (Us; Us) at which the vector r W, points to the
north-west (seeFig. 18 and [58]). This solution u? is a saddle point, its rotation number
being unknown. The impressionis that (Us; Us) is @ minimum (with ¢ = 0), and if ua
were a periodic solution, then one would have a linked pair (us;Uus) and u! to which
one could apply Theorem 45. Sinceu, is a saddle-focusit doesnot perturb to a periodic
solution for E > 0. Hence we need to use a dif ferent regularization which conveys the
information that us actsasa minimum. The form of the perturbation that we have in
mind is depicted in Fig. 18, where we have drawn the “potential” L (u; 0; 0).

This idea can be formalized asfollows. Choosea function T 2 C} [0;1 ) such that
0. T(s): 1,T(s)= 1forx - 3, T(s) strictly decreaseson (%;1) and T(s) = O for
X, 1. Add aperturbation

Z u
©:(u) = i 2Co(si ua)T

Ug

isi Usj
] o]
2 ds

to the Lagrangian, i.e.C = L+ ©:(u), whereCo = @L (us;0;0). The new Euler-Lagrange
equation near u, becomes

£ a h i@
@ Luox + 2@ oLi @ L Ug + @L 1j 2T il (uj ug) = O(U?);

where all partial derivatives of L are evaluated at (us; 0; 0), and where U is the vector
(Uj Ug;Uyx; Ux ; Uxxx ) In phasespace.Hence for all small 2 there are now two additional
equilibria near us, denoted by b 2 (Uaj % Uaj 2=2)and @ 2 (Us + 2=2; Uy + 2). Since

one to use the arguments in [2] to construct a non-simple closed characteristic. As a matter of fact a linked
braid diagram is created this way.
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(uzj b)j (Bj us) = O(2?), the differencebetween E(b) and E(a) is 9{(22). To level this
dif ferencewe add another small perturbation to E of the form 2( u) = ' C.T(2i=lyds,

ie. B(u) = B(u) + 3 u), where C: is chosen so that E(b) = E(e) (of course b
and & shift slightly), and C. = O(2?). Using the same analysis as before we con-
clude that a neighborhood of u, in the energy level E(b) looks just like Fig. 17. In
B = f(up;u2)jui < up < b; B < uy < uzgwe £nd a minimum. Choosean regular en-
ergy level E: slightly larger than B(b) = B(e) (with E- = O(?)), suchthat the minimum
in B persists. Taking this minimum and the original u* — which persists sincewe have
only used small perturbations, preserving D (seeFig. 18)asan isolating neighborhood
— we apply Theorem 45.

Finally, we take the limit 2 ! 0. The solutions now converge to solutions of the
original equation in the degenerate energy level. It follows that in the energy level
E = Oasolution of type (p;q) exists, where the number of extrema has to be counted
with multiplicity since extrema can coalescein pairs at uUs.

10. COMPUTATION OF THE HOMOTOPY INDEX

Theorems 45, 49, and 52 hang on the homology computations of the homotopy in-
variant for certain canonical braid classes(Lemmas 47,50, and 53). Our strategy (asin,
e.g., [2]) is to choose a suffciently simple system (an integrable Hamiltonian system)
which exhibits the braids in question and to compute the homotopy index via knowing
the structure of an unstable manifold. By the topological invariance of the homotopy
index, any computable casesuf£cesto give the index for any period d.

Consider the £rst-order Lagrangian system given by the Lagrangian L (u;uy) =
juxj? + F (u), where we chooseF (u) to be an even four-well potential, with F°{u) ,
i 1,and F%0) = j 1. The Lagrangian system(L ;dx) de£nesan integrable Hamiltonian
systemon R?, with phase portrait given in Fig. 19.

$

FIGURE 19. Theintegrable model in the (u; uy) plane; there are centers
at0; 8§ 2and saddlesat § 1; 8§ 3.

Linearization about bounded solutions u(x) of the above Lagrangian system yields
the quadratic form
z 1 z 1 z 1
QA= jAj%dt+, FRu)Adx, (¥ ,)Adx; A2Hg(0;1);
0 0 0
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which is strictly positive for all 0 < , < ¥£. For such choices of , the time-1 map
de£ned via the induced Hamiltonian sow A, i.e., (u;py) = (u;uy) 7! Al(u;py), is an
areapreserving monotone twist map. The generating function of the twist map is given
by the minimization problem
z 1
S (ug;up) q2XI(r31f1;uz) , L (u;uy)dx;

where X (uy;up) = fu 2 HX0;1) j u(©) = uy; u(l) = upg.® The function S isa
smooth function on R2, with @@S, > 0. Therecurrencefunction R (uj; 1;Ui;Uj+1) =
@S (uj; 1;ui) + @S, (ui;uj+1 ) satisEesAxioms (Al)-(A3), and thus defnesan exact
(autonomous) parabolic recurrencerelation on X = RZ. We choosethe potential F such
that the bounded solutions within the heteroclinic loop betweenu = j 1and u = +1
have the property that the period T_is anincreasing function of the amplitude A, and
T (A)! #%4,asA! 0.

This single integrable system is enough to compute the homotopy index of the three
families of braid classesin Lemmas 47,50,and 53in x9.

We begin by identifying the following periodic solutions. Setvl:® = fv'¥ g v!® =
§3,and v28 = fv¥8g, v¥® = §1. Let b(t) be a solution of (L ;dx) with by(0) = O

(minimum), jo(x)j < 1, and Ty (A(b)) = 2¢ > 2% ¢p 2 N. For arbitrary , - 1 this
implies that
T1(A(b 2¢
T (A = ) - B,

B

where we choose, sothat e 2 N. Forr ;| 1setd:= #~ and defnev? := fvig, with
v? = b(i),and v* = fvig, with v* = b(i + &= ,),i = 0;::;d. Clearly, (v3;v?*) = r, for
all e 2 N.

Next choose &(x), a solution of (L ;dx) with &,(0) = 0 (minimum), which oscil-
lates around both equilibria j 2 and +2, and in between the equilibria | 3 and +3, and
T1(A(@) = 2¢1 > 2% ¢é1 2 N. As before

5

TA®) _ 2a.

T (A(e)) = = p=
Let2p, r and choose¢p;ér, 4 suchthat
; 2
2-2 1 (@, a)
é1 r
Setv® = fvPg, v = a(i), and v® = fveg, with v® = a(i + <;1=p,_), i = 0;::;d. For

x 2 [0; d] the solutions b and & have exactly 2p intersections. Therefore, if we choose,
sufEciently small, i.e. .= 2 Nis large, then it also holds that f(v34;v56) = 2p.

Finally we choose the unique periodic solution u(x), with ju(x)j < 1, ux(0) = 0
(minimum), and Ty (A(u)) = 2¢ > 2% ¢ 2 N. Let0< 2g< r - 2p, and choose¢p, and
consequently the amplitude A, sothat

; 2
D=1 (< Ab)<AW):
é2 r

18The strict positivity of the quadratic form Q via the choice of | yields a smooth family of hyperbolic

minimizers.
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The solution u is part of a hyperbolic circle of solutions us(>8, s 2 R=Z. Defne
(u(s))s2r=z, With u(s) = fu;(s)g, where ui(s) = us(i + 2:s= ). As before, since
the intersection number of b and us is equal to 2q, it holds that f{(u(s);v34) = 2q, for ,
suffciently small. Moreover, f(u(s);v %) = 2p. From this point on , is £xed. We now
consider threedif ferent skeletav.

I:v = fvZi ;v2*:v3:v4g. The relative braid class[u REL v]; is defned as follows:
viT - u - v and u links with ghe strands,v® and v4 with intersection number 2q,
0 - 29 < r. The topological class u REL fvg is precisely that of Lemma 47 [Fig. 14]
and assuchis bounded and proper.

Il: v = fv2i ;vE*:v3.v* v®g. The relative braid class[u REL V], is defned as fol-
lows: V¥ - u; - v, ulinks with the strands v3 and v# with intersection number
&1 0- 29« r,andu links with v® with intersection number 2p. The topological class

u REL fvg is preciselythat of Lemma 53[Fig. 16] and assuchis bounded and proper.

N: v = fvZi ;v3,v* v® v8g. The relative braid class[u REL V], is de£ned as fol-
lows: vZ*" - u;, u links with the strands v3 and v# with intersection nurgper 2q, angl u
links with v® and v with intersection number 2p. The topological class u REL fvg is

not bounded [Fig. 20[right]]. The augmentation of this braid classis bounded.

Casesl and II: Sincethe topological classesare bounded and proper, the invariant H is
independent of period of the chosenrepresentative, and can be easily computed from
the integrable model. The closure of the collection of topologically equivalent braid
classesis an isolating neighborhood for the parabolic mow 2 ' induced by the recur-
rencerelation R = 0 (de£nedvia (L ;dx)). Theinvariant setis given by the normally
hyperbolic circle fu(s)gsar=z. For this reasonthe index H can be computed via the
connected component that contains the critical circle; we denote this neighborhood by
N. The Conley index of N can be determined via computing WY (fu(s)g), the unstable
manifold associatedto this circle. This computation is precisely that appearing in the
calculations of [2, pp. 372]: WU (fu(s)g) is orientable and of dimension 2q, and thus

i ¢ ¢ .
(53) H(URELV) = h(N)' 'S'£ s%i 1 ='slg fprg + 20l g2

The Conley homology is given by CH,(H) = Rfor k = 29 1;2q, and CHx(H) = 0
elsewhere. This completes the proofs of the Lemmas 47and 53. m

Caselll: It holds that

a i ¢
1 .

URELV \ D3, RELV 6 ;:

The discrete classfor period 2p is bounded, but for periods d > 2p this is not the case.

However, by augmenting the braid, we obtain from (27) that

H(u REL V) = H(u REL V");
a

wherev® = v [ fvli ;vi*g. Sincethe topological class u REL fv®g is bounded and
proper, we may use the previous calculations to conclude that

H(uReLv®) ' (S'£ S2i Hy=(St£ fptg)' S2i 1 g2

Our motivation for this computation is to complete the proof of Lemma 50. Let
[u°REL vY denote the period 2p braid classdescribed by Fig. 15, with intersection num-
bers denoted by 20°and 2r° and let [u REL v] denote atype-lll braid of period 2p. Then,
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FIGURE 20. The augmentation of the braid from Lemma 50 [left] is the
dual of the type Il braid [right].

it is straightforwar d to see(asillustrated in Fig. 20)that, for @°= pj gandr®= 2pj r,

£ 0 0s,° £
(54) U'REL [V"] = D uREL[V]
© L 2
Lemma 50 gives the index for the augmented class u°RreL f v®°g , which is bounded
and proper as a topological class. The above considerations allow us to compute the
homology of H(u°RreL v°%) via Theorem 30:

CH. 'H(UREL vO) 2 CH, (H(Du REL Dv))
2 CHgpa (H(u REL V)
2 %HZpiu (H(U RELVB))
(55) » R @ 2pj ==2gi 129
1, 0 1 else
. = 200 200
R : o=20%2¢°+1

B 0 : else

The intersection numbers 2q° and 2r° are exactly those of Lemma 50, completing the
proof. m

11. POSTLUDE

11.1. Extensions and questions: dynamics. There are several ways in which the basic
machinery intr oduced in this paper can be generalized to other dynamical systems.

1. Scalaruniformly parabolicPDEs. Theorem 19 suggests strongly that the homotopy
index for discretized braids extendsto and agreeswith an analogousindex for parabolic
dynamics on spacesof smooth curves via uniformly parabolic PDE's. This is true [23].
2. Periodicityin therange. Although we consider the anchor points to bein R, one may
just aswell constrain the anchor points to lie in S* and work in the universal cover. Such
additional structureis used in the theory of annulus twist maps [2, 7, 36, 37, 42]. All of
our resultsimmediately carry over to this setting. We note that compact-type boundary
conditions necessarilyfollow .

3. Aperiodicdynamics.One can also extend the theory to include braid diagrams with
“infnite length” strands. To be more precise,consider braid diagrams on the inf£nite 1-d
lattice, and omit the spatial periodicity . In this context several compactnessissue come
into play. To name a few: (a) the parabolic @ows generated by aperiodic recurrence



50 R.W. GHRIST, J.B.VAN DEN BERG,AND R.C.VANDERVORST

relations no longer live on a £nite dimensional spacebut on the infnite dimensional

space'! (R). See[2] for a casesimilar to this; (b) a priori, the Conley index should be
replaced with an in£nite dimensional analogue such asthat developed by Rybakowski

[52]. However, if one considersbraid diagrams with £nite wor d metric, the stabilization

theory of x5 allows one to de£ne the necessaryinvariants via the £nite dimensional

theory in this paper. This is not unlike the procedure one can follow in the treatment of
parabolic PDE's [23].

4. Fixedboundaryconditions. Our decision to use closedbraid diagrams is motivated
by applications in Lagrangian systems; however, one can also £x the end points of the
braid diagrams. In this setting one can defne a braid invariant in the same spirit asis
done for closedbraids. The proof of stabilization is not sensitive to the type of boundary
conditions used. Such an extension of the theory to include £xed endpoints is useful in
applications to parabolic PDE's [23].

5. Traveling wavesand periodorbits. The stationary solutions we £nd in this paper are
but the beginnings of a dynamical skeleton for the systemsconsidered. The next logical
stepwould beto classify connecting orbits between stationary solutions: severalauthors
(e.g, [40]) have considered these problems analytically in the context of traveling wave
phenomenain monotone lattice dynamics. Thereis a precedentof using Conley indices
to prove existencetheorems for connecting orbits (e.g, [47]): we anticipate that such
applications are possible in our setting. One could aswell allow the skeletal strands to
be part of aperiodic motion (in the caseof non-exactrecurrencerelations). In this setting
one could look for both £xed points and periodic solutions of a given braid class.

6. Long-rangecoupling. Assume that the recurrencerelations R are functions of the form

for all j 6 i the proof of Proposition 11 still encounters a dif £culty: two strands with
a simple (codimension-one) tangency can have enough local crossings to negate the
parabolic systems' separation. Suchmonotone systemsdo exhibit an ordering principle
[3, 26] (initially nonintersecting strands will never intersect), but additional braiding
phenomenais not automatically present.

7. Higher-dimensionalattice dynamics. In parabolic PDE's of spatial dimension greater
than one, the straightforwar d generalization of the lap number (number of connected
components of an intersection of graphs) doesnot obey a monotonicity property (due to
the fact that for graphs of R" with n > 1, critical points of non-zero index and co-index
can passthrough eachother). Finding a suitable form of dynamics which retains some
isolation remains an important and challenging problem.

8. Arbitrary second-ordetagrangians. Our principal dynamical goal is to prove exis-
tencetheoremsfor periodic orbits with a minimal amount of assumptions, particularly
“genericity” assumptions (which are,in practice, rarely verifable). To this end, we have
beensuccessfulfor second-order Lagrangians modulo the twist assumption. Although
this assumption is provably satisfedin numerous contexts, we believe that it is not,
strictly speaking, necessary Its principal utility is in the reduction of the problem to a
£nite-dimensional recurrencerelation. We believe that the forcing results proved in x8
are valid for all second-order Lagrangian systems. Seefor instance [31] for a result on
that behalf. We propose that a version of the curve-shortening techniques in the spirit
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of Angenent [4] should yield a homotopy index for smooth curves to which our forcing
theorems apply.

11.2. Extensions and questions: topology. The homotopy index is, asatopological in-
variant of braid pairs, utterly useless.Nevertheless,thereis topological meaning intrin-
sic to this index, the precisetopological interpr etation of which is asyet unclear. One
observesthat the index captures some Morse-theoretic data about braid classes. Any
topological interpr etation is certainly related to linking data of the freestrands with the
skeleton, as evidenced by the examplesin this paper. Though the total amount of link-
ing should provide someupper bound to the dimension of the homotopy index, linking
numbers alone are insuf£cient to characterize the homotopy index.
We closewith severalrelated questions about the homotopy index itself.

1. Realization.It is clear that given any polynomial in t, there exists a braid pair whose
homological Poincaré polynomial agreeswith this. [Idea: take Example 3 of x4 and
stack disjoint copies of the skeleton vertically, using asmany free copies and strands as
necessaryto obtain the desired homology.] Can a realization theorem be proved for the
homotopy index itself? As a £rst step to this, consider replacing the real coefEcientsin

the homological index with integral coefEcients. Does torsion ever occur? We believe
not, with the possible exception of a Z, torsion.

2. Productformulasandthebraidgroup. Perhaps the most pressing problem for the homo-
topy index is to determine a product formula for the concatenation of two braids with
compatible skeleta. This would eliminate the need for computing the index via contin-
uation to an integrable model system asin x10. However, since we work on spacesof
closedbraids, a product formula is not well-deEned. The group structure on the braid
group B, does not extend naturally to a group structure on conjugacy classes:where
one “cuts open” the braid to effect a gluing canchangethe resulting braid classdramat-
ically. The one instance in which a product operation is natural is a power of a closed
braid. Here, splitting the closedbraid to an open braid and concatenating several copies
then reclosing yields equivalent closed braids independent of the representative of the
conjugacy classchosen. Sucha product/power formula, in conjunction with numerical
methods of index computation effective in moderately low dimensions, would allow
one to compute many invariants.

3. Improperand unboundedclassedn certain applications one also needs to deal with
impr oper braid classes[u REL v]. To such classesone can also assign an index. The
interpr etation of the index as a Morse theory will not only depend on the topological
data, but also on the behavior of the sow 2 ' at§1 . The simplest caseis when §1 \ @\
consistsof £nitely many points. This for example happens when u consistsof only one
strand. The homotopy index is then de£ned by the intrinsic de£nition in (15). The in-
terpretation of the index and the associatedMorse theory depends on the linearization
D2 'jsi \ @ - The de£nition of the index in the caseof more complicated sets§ ' \ @\
and the Morse theoretic interpr etation will be subject of futur e study. Similar consider-
ations hold for unbounded classes.

4. Generabraids.The types of braids considered in this paper are positive braids. Natu-
rally, one wishes to extend the ideasto all braids; however, several complications arise.



52 R.W. GHRIST, J.B.VAN DEN BERG,AND R.C.VANDERVORST

First, passing to discretized braids is invalid — knowing the anchor points is insuf-
£cient data for reconstructing the braid. Second, compactnessis troublesome — one
cannot merely bound braid classesvia augmentation. We can model general braids
dynamically using recurrencerelations with nearest neighbor coupling allowing “pos-
itive”, or “negative” interaction. This idea appears in the work of LeCalvez [36, 37]
and can be translated to our setting via a change of variables — coordinate rips — of
which our duality operator D is a particular example. However the compactnessand
discretization issuesremain. LeCalvez works in the setting of annulus maps, where one
can circumvent these problems: the general setting is more problematic.

5. Hamiltonian vs. Lagrangian.One approach to extending to arbitrary braids would be
to switch from a Lagrangian setting to a Hamiltonian setting. Consider an S* family
of Hamiltonians H; on a symplectic surface (M 2;! ) which hasa “skeleton” of periodic
orbits braided in M £ S. Adding “fr ee” braid strands, one could de£nearelative Floer
index for the system which should detect whether the freestrands are forced to exist as
periodic orbits.
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APPENDIX A. CONSTRUCTION OF PARABOLIC FLOWS

In this appendix, we construct particular parabolic @ows on braid diagrams in order
to carry out the continuation arguments for the well-deEnedness of the Conley index for
proper braid diagrams. The constructions are explicit and are generated by recurrence
relations R = (Rj)i2z, with Rij+4 = R;j, which are of the form:

(56) Ri(r;sit) = ai(r;s) + bi(s;t) + ci(s); i =10
with aj;h;6 2 C1(R),and &.(r;s) > 0, @.(s;t) , Ofor all (r;s;t) 2 R®. By de£nition,
suchrecurrencerelations are parabolic.

Lemma 55. Foranyv 2 D] thereexistsaparaboliciow? ' underwhichv is stationary

Proof. In order to have 2'(v) = v, the sequencesfveg need to satisfy
Ri(VP 1;v®v51) = 0, for some parabolic recurrencerelation. We will construct R by
specifying the appropriate functions fa;; b ; cig asabove. In the construction to follow,
the reader should think of the anchor points fv®g of the £xed braid v asconstants.

For eachi such that the values fv®ge are distinct, one may choose a;(r;s) = r,
b(s;t) = t,and ¢ (s) to be any C* function which interpolates the defned values

G(v°) = | (Vi®i 1t V)
This generatesthe desired parabolic cow.

In the casewhere there are several strands ®;; ®;;:::®, for which vi®j = v° are all
equal, the former construction is invalid: ¢; is not well-deEned. According to De£ni-
tion 4, we have for each® 6 ® (vf?'l i vf?kl)(vd?’l i v® ) < 0. This implies that if
we order the f® g; so that vf’?ll < vf'?zl < ¢¢¢< v;.";, then the corresponding sequence
fvi@fj1 g satisEesvyy < vi('i”l‘ ' < ¢e¢< v . From Lemma 56 below, there exist increas-
ing functions f and g such that

FOvir) i FOy) = gv%) i 9(vdy) 8k
Defnea; and b in the following manner: seta; (r;v®) := f (r) and b (v°;t) := g(t). Thus
it follows that there exists a well deEned_ value

GOV =i T+ v
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which is independent of j. For any other strands ®P, repeat the procedure, de£ning
the incesai(r;vi®°), h(vi®°;t) and the points ¢ (vi®°), choosing new functions f and g
if necessary To extend these functions to global functions a;(r;s) and h(s;t), sim-
ply perform a C! homotopy in s without changing the monotonicity in the r and t
variables: e.g, on the interval [vi®;vi®°], choose a monotonic function »(s) for which
»(v®) = »Av®) = »(v®) = 0and »(v®’) = 1. Then set

ai(r;s):= (Li »(s)a(r;v®) + »(s)a (r;v®):

Such a procedure, performed on the appropriate s-intervals, yields a smooth r-
monotonic interpolation. Repeatwith b (s;t). Finally, chooseany function ¢;(s) which
smoothly interpolates the preassignedvalues. These choicesof a;, b and ¢ give the
desired recurrencerelation, and consequently the parabolic cow 2 ', m

Lemma 56. Giventwo sequencegfincreasingrealnumbersx; < X, < ¢¢¢< x, andy; <
Yo < €C¢< y,, thereexistapair of strictly increasingfunctionsf andg suchthat

(57) FOG) i FOa) =aly) i alyk) 8k

Proof.Induct on n, noting the triviality of the casen = 1. Given increasing sequences
(x)Y* and (y;)Y**, choosefunctions f and g which satisfy (57) for j;k - N: this
is a restriction on f and g only for values in [x1;Xy] since outside of this domain the

functions can be arbitrary aslong asthey are increasing. Thus, modify f and g outside
this interval to satisfy

f(Xn+1) = F(Xn)+ C5dlyn+) = 9(yn) + C;
for some £xed constant C > 0. Thesefunctions satisfy (57)for allj and k. =

Lemma 57. For any pair of equivalentbraids[u(0)] = [u(1)], thereexistsapathu(, ) in D]
anda continuousfamily of parabolicaows? t , suchthat? ‘ (u(,)) = u(,),forall, 2 [0;1].

Proof.Given u any point in DY, consider any parabolic recurrencerelation R, which
£xesu and which is strictly monotonic in r and t. From the proof of Lemma 55, R
exists. For every braid u®suf£ciently closeto u, there exists A a near-identity dif feomor-
phism of DI which maps u to u® The recurrencerelation R, + A 1 £xesu®and is still
parabolic since A cannot destroy monotonicity . Choosing a short smooth path Al of such
dif feomorphisms to ID provesthe lemma on small neighborhoods in D, which canbe
pieced together to yield arbitrary paths. m
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