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Abstract—In this paper we de ne a class of graph grammars model an assembly as a simple graph labeled by such symbols.
that can be used to model and direct concurrent robotic self- \frtices in these graphs represent robots, and the presence
gsfe{ng'y and Sl'm"arfs‘tet!f'or?a“'z'l.“g procgsfﬁs' V¥e give Se‘{ﬁra'of an edge between two robots represents the fact they are

etailed examples of the formalism and then focus on the . . |
problem of synthesizing a grammar so that it generates a given, attached. Arule is a_ pair of labeled graphs and a grammar is
prespeci ed assembly. In particular, to generate an acyclic graph @ Set of such rules interpreted as follows. If a subset oftebo
we synthesize a binary grammar (rules involve at most two parts), together with their labels and edges matches the rst pameso
and for a general graph we synthesize a ternary grammar (rules ryle, then the subset may be replaced by the second part of the
involve at most three parts). In both cases, we characterize the rule to achieve a new state of the system. That is, we use the

number of concurrent steps required to achieve the assembly. We . -
also show a general result that implies that no binary grammar 'Ul€ toréwrite a part of the current graph. Continuing to apply

can generate a unique stable assembly. We conclude the paperules one may produce a class of trajectories whose preperti
with a discussion of how graph grammars can be used to direct one might want to guarantee.

the self-assembly of robotic parts. We are mainly interested in the situation where the parts
decide in a distributed fashion whether and how to execute
an assembly rule. In this sense, a graph grammar de nes
a distributed algorithm but not one that works on a xed-
Engineering processes in the realm of the very smadipology network. Instead, the fact that the processors are
presents us with the daunting problem of manipulating amgcated on robotic parts means that the network topology
coordinating vast numbers of objects so that they perforomanges as the robots move through their environment.
some global task. Because of the potentially enormous guant One motivation for the theory presented in this paper is
ties of objects involved, uniquely addressing and manimga a robotic testbed under construction at the University of
each one is impossible. There are of course examplesW#shington wherein “programmable parts” execute locasul
sophisticated machines, such as the ribosome or the ne-form global assemblies [4], [5]. Figure 1 shows a pho-
chanical motor in the bacterial agellum, that seem to btograph of several programmable parts. On each edge of a
built in bulk spontaneously out of large numbers of simplpart is a magnetic latching mechanism and an infrared (IR)
interacting components. One hypothesis for how this occuransceiver. Each part is controlled by an on-board micro-
is that the simple small componerdslf-assemblénto more controller programmed according to rules of the sort presen
complex aggregates which, in turn, self assemble into targa this paper. Many such parts are oated on an air table
aggregates or function as simple machines. The goal of #® in Figure 2(a) and experience essentially random motions
present work is to understand how the interactions between When two parts collide, their default behavior is to attach to
components of a system can give rise to coordinated behawiaich other. Only then may they communicate over their IR
in a self-organizing (i.e. decentralized and unsuperyisey. link. By sharing their internal states, the parts may decide
In particular, we suppose that the components themselees whether to remain attached or to detach. Using the theory
(very) simple robots, whose capabilities we will specifitiie presented in this paper, this basic interaction protocol w2
body of this work. used to form assemblies of parts, such as those shown in
Our starting point is the idea afonformational switching Figure 2(b) (see also Example IV-C). The point of the testbed
[1]: Each component (robot, molecule, particle, etc.) ®xis is to demonstrate the feasibility of the approach described
one of severatonformationr shapes. When two componentsn this paper. With relatively simple devices and a formal
come into close proximity, they attach or not based on whethedgorithmic and synthesis approach, we are able to control
their conformations are complimentary. If they do attabtlejit this system to self-assemble into a variety of forms.
conformations change (mechanically for example), therebyThe main problem we consider in this paper is $iyathesis
determining in what future interactions the components mayoblem, de ned roughly as follows. Given a speci cation
partake. S (i.e., a logical statement about trajectories) and anainiti
As in other work [2], [3], we consider the conformation ofcon guration of robotsGy, de ne a grammar so that all
a part orrobot as corresponding to a discrete symbol, and weajectories arising fron, via the application of rules in

I. INTRODUCTION



algorithms are correct and also explain how quickly thergesi
graphs can be assembled. In Section VIII we discuss how
assembly rules can be implemented in a distributed fashion
by simple communication protocols and nally, in Section, IX
we describe physical models that can be used to implement a
graph grammar.

II. PREVIOUS AND RELATED WORK

Conformational switching was described as a symbolic
process for self-assembly by Saitou [2], who considered the
assembly of strings in one dimension. Berger et al. showetd th
a conformational switching model could mimic the assembly

Fig. 1. Robotic “programmable parts” [4]. Each edge of a part attach via of V'rus_ capsids in S|mula_1t|qn [9] The '?‘_dd't'on of simple
a magnetic latch to another part. Once attached, the parts amamunication processing to each part, similar in capability to that assiim
and decide to remain attached or may dis-attach by rotatingragment i the present paper, is considered in models of the assembly
magnet, which disengages the latch. !
of the T4 bacteriophage [10]. Self assembly as a graph

2 process has been described by Klavins [3], although thehgrap
AA A JANIPY d grammar formalism is new to this paper, and a rule synthesis

procedure for trees was given that is somewhat more complex

V
D 4 A than the one described in Section VII. A method for using
% VA potential elds and a certain deadlock avoidance scheme to
AV J v §§ implement local rules with a group of mobile robots was
> ' <J also described [3]. The proof of Theorem 5.1 is topological,
SN \Y4 < > utilizing tools from covering space theory (see e.g., [11])

b The notion of concurrency we use in this paper is similar to
@ (®) that of processes as described by Reisig [12] and our notion

Fig. 2. (a) An initial con guration of programmable parts on ain table. of concurrent equivalence is directly related to Abramsi an

The parts are stirred by air jets (not shown) so as to prodaltisions. (b) An P
assembly of programmable parts after the assembly process hgdeted. Ghrist's work on State Co_mplexes [13].
A complete nal assembly and several partial assemblies ararsho Graph grammars were introduced [14], [15] more than two

decades ago and have been used to describe a broad array
of systems, from data structure maintenance to mechanical

meet the speci catiorS. The speci cation may require that system synthesis. Graph grammars come in many avors. The
some cyclic process occurs among the robots (as for examydgiety we use in this paper is call&@taph Rewriting Systems
in the locomotion oMetamorphic Robotf6], [7], [8]) or that on Induced Subgraph@GRS), investigated by Litovsky et
some undesirable set of con gurations be avoided In pddicu al. [16] (The requirement that rules are applied on induced
we address the&elf-Assembly Synthesis Proble@iven an subgraphs is equivalent to our requirement in De nition 3.2
arbitrary graphH de ne  so that only copies oH emerge that witnesses be monomorphisms). Our results about the
as stable components of the system. For example, one migkachable and stable sets being closed under covers aedrela
desire that the robots all form rings of 10 robots, or arrange spirit to the results of Courcelle that the classes of hgap
themselves into a long line. that can berecognizedby local computations (i.e. by an

Speci cally, the contributions of this paper are as followsappropriate graph grammar) must be closed under covers [17]
In Section Ill we introduce a class of graph grammars sugtabl The study of graph grammars usually takes place in a much
for describing distributed assembly. We give a set of dedail different context than in the present paper, as can be seen
examples that elucidate the de nitions and demonstrate thg examining the somewhat different names usually given
capabilities of the formalism in Section IV. We next examin& the objects we de ne in this paper: The initial graph is
some basic properties and limitations of graph grammarsften called theaxiom trajectories are callederivations re-
In particular, in Section V we prove a theorem about therite rules are calleghroductionsand so on. The terminology
impossibility of assembling a unique stable graph usinggulin the present work is meant to correspond more closely
consisting of acyclic graphs (to be de ned). We also explaito the dynamical systems literature. Graph grammars are
how to view graph grammars as describing a concurremtgeneralization of the standard “linear” grammars used in
process in Section VI and associate to each trajectory ofamtomata theory and linguistics and (incidentally) cariqrer
system a canonical trajectory that captures the number asbitrary computation. The use of graph grammars to model
concurrentsteps required to assemble a given component. Thistributed assembly, to the best of our knowledge, is new.
number is used to evaluate the rule sets described later immrhere are many other models of self assembly besides
the paper. Then in Section VII we describe two algorithmgraph grammars. For example, several groups [18], [19] have
that take a graplc and produce a grammar such that the explored self assembly using passiles oating in liquid.
only stable assemblies of are isomorphic toG. The rst The tiles attach along complimentary edges (due, for exampl
algorithm requires thab is acyclic, and the second algorithmto capillary forces or the hybridization of complimentary
(which uses the rst) works for any given graph. We show thstrands of DNA) upon random collisions. Somewhat similar to



the stable setin this paper (De nition 3.8), the identi cation rule can be executed by a robot without any communication.
of “unique” assemblies has been explored [20]. There & binary rule requires the cooperation of two robots via
also other work on supplying assembling robots with stat;me communication event. Larger rules require even more
information [21], [22], [23], although not in a graph-thetic communication, since a larger group of robots must somehow
context, and also initial work by other groups [24], [25] onealize that they collectively match the left hand side ofile.r
building a self-assembling robot similar to that descrilied Typically, one prefers small rules. Also notice that theesul

the introduction to this paper. dependonly on the labels (or states) of the robots and not on
their underlying indices in the graph. That is, the indices w
1. DEFINITIONS use for underlying vertex s&t do not give particular robots

A. Rules and Systems any special properties. The following de nitions make faim
the notion of rule application.

Itrj thlsfsecnonhwe provide '{/r\lle basic de n|t|(|)ns frelc";gedttfn Oll.l A homomorphisnbetween graph; andG, is a function
notion of a graph grammar. We save examples for Section %’ Vo, ! Ve, which preserves edgesy 2 Eg, ,

The reader may wish to read the examples in Section IV- x)h(y) 2 E,. A monomorphisnis an injective homomor-

concurrently with this section to help ground the de nitsoon . . o I ; A
A simpleylabeled graplover an alp%agbet is a triple G = phism. Anisomorphisnis a surjective monomorphism: in this
- ; . . caseG; andG; are said to bésomorphic A homomorphism
(V;E;l) whereV is a set ofvertices E is a set of pairs h is said to beabel preservingf lg, = I, h
or edgesfrom V, and|l : V ! is a labeling function. " i A 2
We restrict our discussion to simple labeled graphs and théspe nition 3.2: A rule r = (L;R) is applicableto a graph

: . if there exists a label-preserving monomorphiemV_ !
simply use the terngraph We denote an edgex;yg 2 E . o : .
V. In this case, the functioh is called awitness An action
by xy. We denote by, Ec andlg the vertex set, edge set ", graphG is a pair(r;h) such thatr is applicable toG

and labeling function of the grap& by V, E and| when %"i h witnessh
there i d f fusion. W Il the alph :
ere is no danger of confusion. We usually use the alphabe e nition 3.3: Consider a graptG = (V:E:I) and an

= fa;b;c;:n. . : -
In thi ’ hi del of thetwork topol action(r;h) on G with r = (L;R). The applicationof (r; h)
n IS paper, a graps 1S a mode of thework 1opoody 1 a yields a new graptG®= (V;E%19 de ned by

of an interconnected collection of robots, vehicles oripks.
In most examples, a vertexcorresponds to a robot, or, more 0 .
exactly, theindex of a robot in an indexed set. The presence E (B f h(x)h_(y) Ixy 2 ELQ)
of an edgexy corresponds to an attachment (via a physical [f h(x)h(y)jxy 2 Erg
and/or communication link) between robot&ndy. The label %) = I(x) if x 62h(VL)
[(x) of robotx corresponds to thetate of the robot and will Ir h (x) otherwise:
be used to keep track of local information.

De nition 3.1: A rule is a pair of graphs = (L;R) where e write G!™ GO to denote thaG® was obtained fronG
VL = Vr. The graphd. andR are called théeft hand sideand by the application ofr; h).
right hand sideof r respectively. Thesizeof r isjVij = JVri.  Remark: The vertex seV of the the graptG in the above

Rules whose vertex sets have one, two and three vertices @hition remains thesameupon the application of a rule.

called unary, binary andternary, respectively. Only the presence or absence of edges and the labels on the
If (L;R) is a rule, we sometimes denote it by* R t0  yertices change.

emphasize its use ag@write rule or grammatical production A set of rules (i.e. agramma) de nes a concurrent (see

We also represent rules graphically as in Section VI) algorithm for a group of robots to follow. We
b e suppose that each robot has a copy of the rule set initially
J * J and that by communicating with other nearby robots they can

a C d—fF ; decide in a distributed fashion if there is some applicable r

and, if so, apply it. Continuing this process changes thiesta

where the relative locations of the vertices representr th%lf the robots and their connections to other robots. Theltresu

identities. In the above rule, for exampM, = f1;2;3g and . ; - ; ;

. T ' o is a system with a well de ned set of behaviors, or traje@sri
vertex1 |s'labele<lj byl (1) aim the left hand size and by These are the objects we examine in this paper.
Ir(1) = din the right hand side. o ) . . ] .

: . De nition 3.4: A systenis a pair(Go; ) whereGy is the
We may refer to rules as beingpnstructive(E, Er), . .. i

. X ; : initial graph of the system and is a set of rules (called the

destructive (E. Er) or mixed (neither constructive or
rule setor grammay.

destructive). A rule is calledcyclic if its right hand side Wi i fer t ¢ implv by its rule saind
contain no cycles (n.b., the left hand side of an acyclic ru*e N sc:lme Imes re '?hr ftﬁ sys_?n; S|mphy_ yt;]S fu e_ts
may contain cycles). requently suppose that the initial graph is the in nite jgia

A rule describes how a (small) sub-collection of robots cacline ned by

change its local network topology and states. In particutar Go, (N;?; xa) Q)
an induced subgraph of a gra@hmatches the left hand side

L of a rule (L;R), that subgraph may be replaced by thwherea 2 is theinitial symbol (here x:a is thelambda
right hand sideR (for simplicity, we suppose this transitioncalculusnotation for the function assigning the lakeeko all

occursinstantaneouslyin this paper). The size (number ofvertices). The idea is to model systems with vast numbers of
vertices) of a rule is a measure of “how local” it is: A unaryobots or parts all of which have the same initial internatest



De nition 3.5: A trajectoryof a system(Gp; ) isa (nite S(Go; ) C (Go; ) . Reachable components that are not
or in nite) sequence stable are calledransient

In other words, the stable components are those that no
applicable rule can change. Note, however, this does nohmea

o _ _ that a stable component may not take part in an action, merely
If the sequence is nite, then we require that there is no ruiat it is left unchanged by it.

in applicable to the terminal graph. We denote the set of\we jllustrate these de nitions with several examples in
trajectories of a system by (Go; ) . Section IV. In Section VII we will describe rule-synthesis
We denote a trajectory by, for example,2 T (Go; ) and algorithms that solve the problem of how to assemble a unique
use the notation; to mean thg™ graph in the trajectory. staple component:

Remark: Many authors caliG, theaxiomand 2 T (Go; ) Problem 3.1:(Self-Assembly Synthesis) Given any graph
a derivationwhen the goal is to study the language generatél and an initial graphGo, nd a set of (preferably small)

by the grammar. By our choice of terminology in the presefigles such thatS(Go; ) = fHag.

paper we intend to emphasize the dynamical properties of

GO!(rl;hl) !(rz;hz) !(f3:h3) s

G: G2

grammars. For example, the grammars we de ne can exhibit IV. EXAMPLES
non-trivial limit-cycles. A. Paths and Cycles
De nition 3.5 de nes what many authors call thieter- e jllustrate the de nitions in Section Ill by examining a

leaving semanticsf a concurrent system [26]. In this modelsjmple system that assembles paths and cycles from individu
aCt|OnS Cannot occur S|mU|taneOUS|y. HOWeVer, a Set Of SLﬂ‘ﬂrtS. De ne a Constructive ru|e Set by

cessive actions that operate on disjoint parts of a graph may

be interleaved in any order and still produce essentialy th < aa : b b_; (rs)
same behavior. In Section VI we provide an alternate charac- 1= g E . g g g%
: 3

terization of trajectories that better accounts for corency.

In either case, we see that the péBo; ) denes a non- We have named the rulesg, r, andrs. Recall that we use

deterministic transition system whose states are the ddbethe position of the vertices in the presentation of the rules

graphs oveNg,. Non-determinism arises due to the fact thatp denote the re-labeling. For example, the rst rule in

at any given step, several rules inmay be simultaneously corresponds to

applicable, each possibly via several different withes§rg

goal is to reason about all such behaviors of a given system. L
R

(f1;,29;?; x:a) and
(f1;29;f12g; x:b):

We suppose that the rule set is used by a very large set of
_ robots all initially labeled by the symba. Thus, the initial
(Given a systen{Go; ) of robots and rules, one naturallygraph is de ned by Equation (1). At rst, the only applicable
wishes to know (1) what types of aggregates can be built afge jsr, since initially no vertices are labeled by eitheor c.
(2) which of these are “ nished products” with regards to the\ger r, is applied, botir; andr, become applicable. The rule
rule set. r; eventually becomes applicable as soon as two unconnected
De nition 3.6: A graph G is reachable by the system yertices labeled arise.
(Go; ) ifthere exists atrajectory 2T (Go; ) withG = An example trajectory ofGo; 1) is shown in Figure 3.
for somek. The set of all such reachable graphs is denoted the gure, the relative positions of the nodes denote the
R(Go; ) - identities of the nodes and do not change after each rule
For assembly problems, we are particularly interested dpplication. The names of the rules used in each action are
the connected components of reachable graphs, as these gif6wn above the arrows. Witnesses are not shown because
respond to aggregates of robots that are connected by physifey can be inferred from the diagram.
or communication links. Recall that a gra@his connected |t is apparent that the grammar produces pd&hgk 1)
if any pair of vertices can be connected by a sequence f¥rting and ending with vertices labeledand with internal
edges inG. The connectivity relation partitions any graph intaertices labelect, except for the length-one path, which is
connecteccomponents labeleda. The grammar also produces cycles (k  3) with
De nition 3.7: A connected graphi is areachable compo- all vertices labeled by. This can be proved by explicitly
nentof a systen(Go; ) if there exists a graps 2 R (Go; )  constructing a sequence of actions that realizes any given
such thaH is a component 0G. The set of all such reachablecomponent. No other components are reachable, which can
components is denoted Go; ) - be shown by induction: The initial graph contains ofy. If
A reachable component may be temporary. That is, thesie any point in a trajectory only paths and cycles have been
may be some rule in that operates on part of it. Otherproduced then the application of any rule incan only: make
components are permanent: once they show up in a trajectdy,from two copies ofP; (usingr;); make a path of length
they remain forever. Pj+1 from copies ofP; and P; (usingry); make a path of
De nition 3.8: A componentH 2 C(Go; ) is stableif, length Pj.« from copies ofP; and Py (usingrs); make a
wheneverH is a component ofGyx 2 R(Gp; ) via a cycleCyk from a copy ofPy (usingrz). Thus we have:
monomorphismf , then H is also a component vid of Proposition 4.1: C(Gp; 1) = fP1;P2;Ps3;iig [
every graph irR(Gg; ) . The stable components are denotefiCs; C4; Cs; :::0.

B. Reachable Graphs



a a b a b a b a a
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Fig. 3. A trajectory of the system de ned in Example IV-A. Thelative positions of the nodes denote the identities of thies and do not change after each
rule application. The rules used are shown above the arrdles.monomorphisms witnessing the actions should be clear fnemgure. For convenience
(to the discussion in Section VI-C) the actions are numbeeegientially by the integers, ..., 8 appearing below the arrows.

a c d d Proposition 4.3:S(Go; 2) = fCag.
a al " b/ al " b/ \e 3 b/ \f If instead of the “scaffolding” rules above, we simply ushd t
a a a g/ rule

b g * by o

r /d\ ) /d\ r /d\T to closeP,, then C, would indeed be stable, but so would
vt Yy |1 0 bz—/ 21 ° bs\ e Cg, C12 and so on. This is because, for example, two copies
\91 of P4 could combine to fornCg via two applications of the
above rule. In Section VII, we describe a general procedure
Fig. 4. An example trajectory of the system de ned in SectivrBl for building cyclic graphs via triangulation.

The stable components (Bg; ) are the cycles, since no ruIeC' Rules for Programmable Parts

in  has a left hand side with a vertex labeledThe paths The triangular programmable parts shown in Figures 1 and
are all transient. 2 each have three latches with which they can connect to other

Proposition 4.2:S(Go; 1) = fCs;Ca;Cs; 0. parts. We associate a label with each of these latchesstéke
stored by the micro-controller is then a triple of labelsd an
) communication between parts must compare a pair of triples
B. A Uniquely Stable Cycle against a rule set. As an example, de ne a simple rule set with
In the previous example, all cycles were stable componentise following rules:
There is, in fact, a fundamental limitation, as Theorem 5.1

implies (Section V): a rule set containing only binary rules N PR NG b
cannot have a stable set consisting of exactly one cycle. /a a\‘ /C_C\
- “ iliza” a a b X
However, using larger rules we can “stabilize” a cycle of a
particular size. For example, consider the following rudé¢ s a * X *
8 aa*®*b c: (r ) \a b/ * \C—C/
’ 1
ac*e d (r2) a” S b X
ae*g f (rs) X # X #
d d, R dEED e
J * J . \X Iy \X
2= _ b f b— f1: (ra)
fi i} f2 This presentation uses the “wildcard” symbols * and # to
by J by J (fs) stand for eitherb or c. Thus, the second line above is a
9 G- > schema representing two rules and the third line is a schema
by f, * by fg (fe) representing four rules. The symbalsb andc are used in a

way similar to that in Example IV-A. The symbal is used
Once again, we take the initial graph to K, de ned in to effectively “turn off” an edge, in that this symbol doestno
Equation (1). appear in the left hand side of any rule.

An example trajectory for , is shown in Figure 4. The In Figure 5 we shown two reachable components of this
three constructive binary rules yield chains of length 4e Thgrammar, with the actual geometry of the parts shown as
two ternary rules “triangulate” the cycle. The last rule cyms well. Note that the orientation of the graphs in the above
the rst triangulating edge to yield a copy of the cydl®,, rules is not specied (i.e. thex can be either immediately
which is the unique stable graph of the system. clockwise of the binding edge or counter-clockwise (part
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- " . . Fig. 7. Two examples (above) of covers of a graph (below). Thweicon
Fig. 5. Two reachable components of the grammar described tio8é¥-C. the left is a 3-fold cover: that on the right is 2-fold.

describe geometry, such as tilings of the plane [27]; Doated
self-replication [28]; and Grammars for directing distrid
tasks in cooperative control of vehicle swarms [29].
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\/
va

c V. TOPOLOGICALPROPERTIES OFGRAPH GRAMMARS

It is intuitively clear that a grammar containing only bipiar
rules cannot distinguish between a cycle of lerigith and two
identical cycles of lengtiN (cf. [16]). This has implications
to the problem of constructing uniquely stable components.
Fig. 6. An example trajectory of the ratchet de ned in SectiutD. We extend this intuition in to a much larger class of rule sets

Given a systen(Gp; ) , we bound the size of the reachable
and stable sets using a basic topological tool: coveringespa
(a) of the gure) because graphs de ne only the connectidieory> A clear and comprehensive introduction to these
topology and not the geometry of the assemblies. In an actgigssical techniques can be found in the text by Hatcher [11,
implementation, however, one can easily guarantee that th¢@p. 60-68].
is always clockwise of the binding edge (part (b) of the gure De nition 5.1: Given a graphG, ann-fold coverof G is a
In this paper we do not address this problem or the problegraph@ such that, equivalently:

— o ©—
o
"

—o—a—o
\
L
-
\
o

of geometry in general. 1) There exists a label-preservingto-1 homomorphism
p:V(6)! V(G) that preserves degree (i.e., the image
D. A Ratchet of an degreek vertex is a degre& vertex).

2) There exists a label-preservimgto-1 continuous map
A rule set need not de ne an assembly process. For exam- ) S .
p:&! G which is a local homeomorphism.

ple, consider the following rule set.

) The latter de nition is the standard one in covering space
a c *d e (ra) theory; the former is particular to graphs and easier tofyeri
% b b It is straightforward to demonstrate that these two deamis
J J are equivalent. Examples appear in Figure 7. Note that in the
3= _ e g c—h; (r2) case of arivial 1-fold cover,p is an isomorphism.
% Theorem 5.1:For (Gp; ) an acyclic rule setC(Gg; ) is
= b h*f b (rs) closed under covers. In particul&@(Go: ) contains in nitely
d f*g a (ra) many isomorphism types of graphs if it contains any graph

A trajectory of 3 is shown in Figure 4. The sequence start4ith a cycle.

with a cycle of robots labeled by, b and ¢ attached to Proof: Since we use tools from covering space theory in this
substrate of robots labelegl (i.e. this structure de ness, Proof, we will consider graphs to be topological objects: 1-
for this example). As illustrated in the gure, the rule sefl cell complexes in particular. All maps between graphs will
“ratchets” the cycle along the substrate. The ternary rsle fe continuous maps, and covering projections will be local
used to prevent the “loose” stage of the ratchet (in the skcdiomeomorphisms as in the second half of De nition 5.1.
graph in the trajectory) from attaching to the wrong sulietra Assume thatH 2 C(Go; ) is a component of  for some

vertex (i.e. the rule forces the vertex labeketb attach to the trajectory = (i;(ri;h;)). Consider anyn-fold covering

nextg in the sequence). projectionp : 1§ | H of this component. We will reverse
If the substrate of vertices labeleds in nite (or circular), the trajectory and lift this disassembly procedure to build a

then S(Go; ) = ?. The reachable components are affajectorye with I¥ a component oy .

isomorphic to those shown in Figure 6. Denote byen the graph consisting of the disjoint union

of B with n disjoint copies of the complement H (see

E. Other Examples Not Covered in This Paper IWe have simplied the de nitions and suppressed most of thelieip

Othe examples to WhICh the grammatlcal formulatlon i@pological terminology for the sake of Clal’ity. Howevery fthe tools to

. . . - Nt apply, we need to view graphs as one-dimensiaedlcomplexesr simplicial
applicable include: Graph recognizers [16]; Distributdgioa

" . complexesin the 1-D case, a cell complex is a graph where each edge is
rithms, such as consensus and leader election; Grammars thaved explicitly as a copy of the unit intervid; 1]  R.



b—¢ b—c¢ /C\c of its covers. Then for each edge?2 Ey, there exists a rule
o] \b a at't |h \b b\b s ¢ \c b\b in  whose left hand side contains a copy of every edge of
\C\b a \C\b \C\C/ some cycle inH passing througle.
a b\b b\b Proof: Consider the 2-fold cover dff lifted along the edge
PN e e g that is, take two copies ofi, snip each copy og, and
o o chain them end-to-end to form the connected griahas in
b I3 b [ Ta c—° Figure 7[right] using the subgrapd f. One checks that
\c/a a | \C/ b\b ' \c/ b\b p:K8 ! H isindeed a covering projection.
Theorem 5.1 implies tha# is a component of som&y 2

] ) o ) R (Gg; ) . By hypothesis, this component is not stable; hence
Fig. 8. Part of a trajectory and its lifting via a 2-fold cowey for the

system de ned in Example IV-A. In this gure, the symbol theafter the Fhere is some rUkér;_h) 2 aPpl_icab|e tol¥. _ConSider_the
yields relation denotes two applications of the ruje imagep(h(L)) of L in H. If this image were isomorphic to
h(L), then(r; h) would be applicable td1, contradicting the
fact thatH is stable. But it follows from the lifting criterion

b e f b e f that the only subgraphs df that do not lift to isomorphic

copies ini¢ are those having a loop id passing through the

Fig. 9. A rule with this left hand side can de-stabilize thears in Figure 7 €dgee. 2

even though it does not apply to the (stable) graph beingredve Corollary 5.1: If  is an acyclic rule set all of whose left
hand sides have no edges, th8(Gy; ) is closed under

_ o ) covers.
Figure 8). De ne the projectiomy : en !« viapon®  proof: Since the left hand sides have no edges, there can be
and via the obvious projection of the complementary copiegg |ong chains to wrap around loops in a cover. 2

The image of the right hand side of tk® rule hy (Ry) is a ) )
subtree of . Since the rule set is acyclic, thiéing criterion These results are best interpreted as topological bounttseon

[11, pp. 61-62] is automatically satis ed, and it followsath maximal amount of communication required to build a unique
the’ inverse imagdfek = P L(Ry) is a,disjoint union of stable graph. Additional results and extensions to nomiecy

isomorphic copies oRy. rules or to initial graphs different tha@, are possible if one

Replace each copy d%, in Ry with its left hand side,, Ccarefully tracks cycles.
reversing the assembly step. There arguch replacements to
be performed; any order is acceptabBenote bye 1)n the ] _
graph obtained after aii replacements, and denote by the A Inteérleaved Versus Con_current T”_iJeCtO”eS o
disjoint union ofn copies ofLy within e 1)n. Dene anew  Agraph grammar essentially describes a (non-deternjisti
projection mappx 1 : €k 1n ! «k 1 to be (1)px on the parallel dynamical system. Two actions can be executed in
complement off «; and (2) the natural projectioh, ! L, Parallel if they operate on disjoint parts of whatever is the
identifying the disjoint copies. This grapky 1), is clearly current graph: that is, if they are physically independent o
ann-fold cover of , ;1 viapy ; since labels and indices are®n€ another. In De nition 3.5, however, we give what is
preserved. traditionally called aninterleaved semanticfor trajectories

Continue this procedure inductively, lifting; to R;, re- [26] where we suppose nothing truly parallel ever happens,
placing it in parallel with copies of;, and then de ning the but rather that any two actions that could ocaarparallel are

VI. CONCURRENCY

projection mapp; 1 :€; 1n ! i 1. This terminates in a ordered in time somehow to create two different trajectorie
covering projectiorpo : €0 ! o. Since o = Go and the lift From the point of view of concurrency, then, two trajectsrie
of any discrete set is again a discrete set, we havedhdg aS We have de ned them could really be representatives of the
isomorphic t0Go. Thus,e 2 T (Go; ) andH 2 C(Go; ) .  Samebehavior.

In the case wherél possesses a cycle, one has that there/n this section, we relate the interleaved semantics with
are in nitely many non-isomorphic covers (corresponding t& concurrentor partial order semantics [30]. Concurrency

subgroups of the fundamental group Hf: see [11, Thm. allows us to reason more naturally about the number of steps
1.38)). ’ o required to assemble a structure with a given graph grammar.

The de nition we give is similar to that found in the Petri Net

The stable setS(Go; )  C (Go; ) , is, however, not jiterature [12], Higher Dimensional Automata [31] and Stat
necessarily closed underfold covers. Indeed, there may becomplexes [13].

additional rules in which have “large” connected regions of pe nition 6.1: Let A = fa;;uiag with a =

14 in their left hand sides. If the left hand sides are suf clgnt ((L;:R;); h;) be a set of actions each applicable to a graph

large, then these rules can apply to covers even thélugkelf G, The setA is calledcommutativef for all i andj
is inert. See Figure 9.

The following is a sample of the type of result that can be hi(Li)\ hj(Lj) = 2:
obtained using covering space theory. . If A is commutative with respect toGy and
Theorem 5.2:Assume that is an acyclic rule set, and thatG BT oy Ficshi Gy, then we WriteGo!A Ge.

the stable set contains a componkEnR S(Gp; ) but not any

SWe assume, in this paper, that actions occur essentiallgritesteously or
2Thesen rules are commutative, see Section VI. each take unit time to complete.



WhenA is commutative, we are justi ed in Writin«gs!A GO We denote the set of all left-greedy trajectories of a system
since the graptGP is independent of the order in which theby T (Go; ) .
actions inA are applied. Using this notion, we form the seNote that the left-greedy concurrent trajectory obtairredfa

of concurrent trajectorie®f a system. given interleaved trajectory is certainly not thely concurrent
De nition 6.2: A concurrent trajectoryof a system(Gp; )  trajectory that can be formed. However, these trajectories
is a ( nite or in nite) sequence perform as many commutative steps as possible as early as
A, A, As possible, hence the name. They are both “canonical' and
Got' " Gyt 7 Gyl T ‘optimal' as we demonstrate below.
whereAj.; is any (not necessarily maximal) commutative set Lemma 6.1:An arbitrary concurrent trajectory
of actions applicable t&; for eachi. If the sequence is nite, ! Al ! Az
then we require that there is no rule in applicable to the
terminal graph. is left-greedy if and only if for every and everya 2 Aj.1,
One can compress an interleaved trajectory by applyitige collectionA; [f ag is not commutative.
several consecutive but physically independent actiomsilsi Proof: This follows directly from De nition 6.3. 2

taneously (under the working assumption that all rules eeec  Theorem 6.1:Any nite concurrent trajectory (or pre x
in unit time). Conversely, any concurrent trajectory can b&f an innite trajectory) is similar to a unique left-greedy
transformed into an interleaved trajectory by simply cliogs concurrent trajectory.

some ordering of the elements within each commutative stBpoof: We begin with existence. Let

Aj. We call two concurrent trajectoriesmilar if they can be _ AL Ar L An

transformed into the same interleaved trajectory, and éienc o v n

model essentially the same behavior. Clearly, similastyin  pe a concurrent trajectory. 1f is not in left-greedy form, then
equivalence relation. We argue that within each equiv@engere is some stepand some actioa 2 A;.; for which A; [
class, there is a canonical representative which is optwithl  f ag is commutative, by Lemma 6.1. Form a trajectoiyby

respect to parallelizability. shifting the actiora from A1 to A;. (If Ajs1 is now empty,
then it is deleted, and the sequence is re-indexed.) Shiftin
B. Left-Greedy Concurrent Trajectories an action clearly does not change the similarity class of the

ajectory. This shifting strictly decreases the positiantity

i I JAj]; thus, repeating the process terminates in a trajectory
'which, by Lemma 6.1 is left-greedy.

To prove uniqueness, suppoSe has two different left-
greedy forms

Recall that apartial order (P; ) is a setP with an order
relation that is re exive, antisymmetric and transitive [32
ch. 1]. An elemenk 2 P is minimalif there does not exist an
elementy 2 P withy x andy 6 x. The set of all minimal
elements of(P; ) is denotedmin(P; ).

There is a natural partial order associated with any trajgct T= M TR and = P B
2T (Gop; ) . Suppose that )
o A a and suppose thak; = B; fori = 1;:::;k but thatAx 6 By.
TR TER S ER Then, without loss of generality, there is some act@r?

Ay By. Because the two trajectories are similar and because
Ax 1 = By 1, it must be the case that2 By.; . But then
By [f ag is commutative (since it is a subset Af), which
i<j, i j and hi(Li)\ hj (L]_) 6 7: is a contradiction. . 2
Corollary 6.1: The left-greedy form of a trajectory has the
The partial order relation is then given by the re exive minimal number of steps (commutative sets of actions) among
and transitive closure of . This partial order gives rise to aall trajectories in its similarity class.
canonical concurrent trajectory as follows. Proof: The left-greedy path minimizes the quantltyI i jAij
De nition 6.3: Let 2T (Gp; ) denote a trajectory with within its similarity class. 2
partial order(P; ). De ne

is an interleaved trajectory whese = (( Li; R;); h;). LetP =
f1;::;;kg and de ne a relatior< by

Remark: These two results together are a restatement, in the
Ar = faji2min(P; )g language of partial orders, of geometric results aboutspath
A, faiji2mn(P A: )g cubical complexes [13]. The notion of similarity corresgen
to homotopy of paths in a certain cubical complex, and the lef
greedy trajectories correspond normal to forms for geadesi
j on these spaces. Furthermore, the reduction in the number of
fa; ji 2 min(P Ai; )9 states seen when transforming from interleaved to coneurre
i=1 trajectories is essentially the process of partial ordducgon
[33, Ch. 10], which may render graph grammars amenable to
model checking.
Then theleft-greedy concurrent trajectorgrising from is ~ This motivates the following:
de ned to be— where 5 = ¢ and De nition 6.4: ForH 2 C(Go; ) a reachable component,
A R A theassembly timey (7) of H in the trajectory” 2 T (Go; )
o Tyt T is the smallest integdrsuch thatH is a component of; (or

A] +1



a @ P b a Algorithm 1 MakeTree(V; E)
e

a a
a a’t b R a Require: T =(V;E) is an unlabeled tree
a a a b 1: if V = fxg then
— — 2. return (?;f(x;a)g)
b— b— 3: else
A2 b/s\\b!A3 ?/:;:}C 4:  choosexy 2 E
b—tc c—c 5. let (V1; E1) be the component ¢iV; E xy) containing
(b) X

let (V2; E») be the component ¢V; E xy) containin
Fig. 10. (a) The partial order associated with the trajgciar Figure 3. (V2; E2) P @ y) 9

The sets of commutative actiods; throughA 3z as in De nition 6.2. (b) The

left-greedy concurrent trajectory associated with thgeatary in Figure 3. 7. let ( i;lj) = MakeTree(V;E;) fori =1;2
8 let u;v be new labels
9 let = [ 2[f li(x) la(y) * u Vg

1 if there is no such integer). Thigest case assembly time1o: let1=( 1y f (x1o(x)g) [ (l2 f (y;la(y)g) [

of H is the minimum of the set f(x;u);(y;v)g

= 11:  return ( ;1)
f H( )J 2T(G0,) g 12: end if
The worst case assembly tine@ H is the maximum of the
set
f w(7)j—2T(Go;)and H occursin—g: is 2 if k is even and 3 ik is odd. The worst case assembly

Note that a given reachable componehimay not occur in time for bothPy and Cy is k.
every trajectory. If this is the case, we could have declésed
worst case assembly time to He. However, in the above VII. SYNTHESISALGORITHMS
de nition, we only consider the worst case among those In this section we consider the problem &élf-Assembly
trajectories that assembite, and so perhaps we should use th8ynthesigProblem 3.1). We rst describe an algorithm that
term “worst case realizable assembly time.” We believe thi®nstructs a rule set to assemble a given tree (i.e. an acycli
is a more useful and informative number for characterizingraph) and then use it to build an algorithm that constructs a
the assembly time of a component with respect to a giveule set to assemble an arbitrary graph.
grammar. Of course, an even more useful characterization is
the expected assembly time as a function of some stochag{icTrees
interpretation of rule application. We leave this issue to a

We de ne in Algorithm 1 a recursive procedukédakeTree
future paper.

that, given any tred, produces a set of binary rulesr so
thatS(Gp; 1) = fTg (up to isomorphism and not including
C. Chains and Cycles Revisited labels). The procedure takes as an argument an unlabeted tre

To illustrate the notions of concurrency and assembly tim@,/; E) (_emd retur_ns a paif ;1) where 1sa rule set a_nd:l IS
labeling function or\V. For convenience, the functidnis

we revisit the example system that assembles paths and;cyc‘?e h

described in Section IV-A. In Figure 3, the actions in &¢r denoted by subset .

trajectory of this system are numbergg2; :::: 8. The base case of the procedure (lines 1-2) labels the
The partial order associated with the trajectory in Figuie 3S|nglet9n g_raph with the label. FOT the recursive _step, an

shown (as &lasse Diagrarin Figure 10(a). The commutative edge(x;y) is chosen andMakeTree is called_ recursively on

setsA1, A, andAs from De nition 6.2 are also shown. The the two components that result from removipgy) from E

associated concurrent trajectory is shown in Figure 10fb). | N€ recursive calls return rule setg and  and labeling

this trajectory is called”, then from the gure it can be seenfunctlonS|1 _an(_j l2. The rule set _for (v; E.) IS constructed

that, for example, the assembly time, () of Ps is 2. Also from these in line 9 and the labeling functibms constructed

the ,assembly tim,ec (7) of Ce is 3 " in line 10. The construction uses two new labelandv that
. .

In general, the best case assembly timeFpr(with k > 2) we suppose have not been used before by any recursive call

is 2 steps since we could use rulg in parallel to makek=2 to MakeTree. ] ) ] )
copies of P, and then use rule; in parallel to join these . Theorem 7.1:Let ( ;1) = Mz.ikej'ree(V,E) where (V: E)
copies ofP; into a copy ofPyx. The best case assembly tim S an .unlabeled tree. Th@(GO’ ) = ng'
for Cy is similarly 2 steps or 3 steps depending on whether roof: By general induction on the size at. 2
is even or odd, respectively. Notice that theMakeTree procedure de nes an acyclic
If we consider only those trajectories in whiély occurs, assembly graph as shown, for example, in Figure 11. The
then we see that the worst case assembly time Buler; structure of this graph essentially de nes the partial orale
is used to maké, and thenr, is used repeatedly. Similarly, sociated with any trajectory of the resulting systé®g; ) . In
the worst case assembly time Bk, in those trajectories in some cases, the assembly graph is balanced and the concurren
which it occurs, is alsd steps. assembly time ofV; E), using , is O(logjVj). However, in
Proposition 6.1:In the system(Go; 1), the best case other cases the assembly graph cannot be balanced (as with,
assembly time foPy is 2, the best case assembly time @&r for example, atar graphconsisting of a root vertex connected
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a Algorithm 2 MakeGraph(V; E)
b\ —a-a* b—cC Require: G = (V;E) is an unlabeled connected graph

b\ e A ¢ }i 1: let T = (V;Et) be a maximal spanning tree ¢¥;E)
. d/—c a \d—e a 2: let ( ;1) = MakeTree(V; Et)
b\l/ ’ a ] 3: let r be a vertex on the rst edge chose MakeTree
| —dj* 1-m f/—f:lél*ffg 4: let x = I(r)
m /h *’- \ 5. let Es = Et
AN \ ¢ /| —a-g* i—h a o
7 ; Ji \ 6: forall uwv2 E Et do
! f/l[\k—h ax’ | —«k a 7. let (i;Es;x) = Triangulate ((V;Es;1);ru;x)
I \ 8. let ( i;Es;Xx)= Triangulate ((V;Es;|);r;v;x)
a 9: lety be a new label g 9
Fig. 11. An example assembly graph produced byMadeTree procedure. 2 a . b 2
10: let = J J
Ul by w=1w>

directly to all other vertices). In this case, the assemibfgtof ;. |g¢ Es = Es[f uvg
(V; E) is O(n) since none of the rules produced ljakeTree 15 |gt x = y
commute. In either case, we may state: 13- end for
Theorem 7.2:Let ( ;1) = MakeTree(V;E) where(V;E) 14 forall v2 V do
is an unlabeled tree. The best and worst case assembly times i ry 2 Es E then
of T in the systen5(Gp; ) are bothO(jVj). 16: let = [fx I(v) * x| (Wg

Of course, the best and worst case assembly times may e end if

considerably better, depending on the structure of thetinpis: e€nd for

graph. For exampleMakeTree will produce a rule set that 19: return

assembles the chaid, in O(log n) steps as long as the edge

chosen in step 4 partitions the tree into approximately kequa

parts. than 3, the loop on line 5 will not execute so that no rules are
Note that the procedurklakeTree(V; E) produces exactly gdded.

jVj 1rules and usegjVj 2 labels.

After each new rule is added, we change the label on the
root node, ensuring that the rules can only be applied in the

B. Arbitrary Graphs order given. The triangulation for one chord cannot begitil un
Given a graph G, Algorithm 2 denes a function the triangulation for the previous one is complete (i.e.eon
MakeGraph that prod’uces a rule setg such thatS( ) = of the triangulation rules commute). After the loop on lines

f Gg using rules that arat mostternary in size. A priori, this 6-14 has nished, the resulting rule set will have a single
would appear to be dif cult, given the constraints of Theod"@Ph in its stable set, and this graph will contain a subgrap
rem 5.2. The ingredient that makes this low-communicatidf®merphicG. The rules added by the loop on lines 14-18

synthesis possible involves building a temporary “scaffab S€Tve o remove the excess edges between the root mode
close each cycle. and the other vertices. The left side of each of these rules

The procedure begins in lines 1-2 by nding a maxima?on_tains_ a Iabel_ that only appears on the root node after the
spanning tred = (V;Er) for (V;E) and constructing a rule entire triangulation process is complete. In effect, tHagIa
set for this tree usingVlakeTree. We choose (for root) to  On the root node tracks the progress toward completion of
be a vertex on the rst edge chosen in the call to MakeTrel{'® triangulation. After all the rules given in lines 14-1avie
In a trajectory, wherr is eventually labeled by(r), we can been applied, the resulting graph will be isomorphictoAs

be certain that the tree is assembled and that we may begi$#@Wn above, this graph will be the only element of the stable
close the cycles. set for . An example trajectory illustrating this procedure is

The loop in lines 6-13 adds rules to that, in effect, shown in Figure 12. This discussion constitutes the folhgwi
triangulate the spanning tree until the resulting grapttaios ~ Theorem 7.3:Let ( ;1) = MakeGraph(V;E) whereG =
a subgraph isomorphic t6. At each stepEs denotes the (V;E) is an unlabeled graph. The®(Go; ) = fGg.
edges that have been used in this triangulation. The MakeGraph rules produce an essentially a serial
The triangulation procedure, de ned Biriangulate and process, once the spanning tree has been assembled. If there
called in lines 7-8 ofMakeGraph, is as follows. For each arejEj edges in the input graph, then rules for adding
chorduv 2 E Er we nd a shortest path inV;Es) JEj n+1 of them will created byMakeGraph (the rest
from r to u, and form ternary rules that add edges from are created by thlakeTree rules). The end-vertices of each
to each successive vertex along this path. We then uggiate chord are, in the worst case, a distar@§Vj) apart in the
to include these edges, and repeat the procedure for a niini@é@ph (V; Es) in lines 7-8 of MakeGraph. Thus, O(¢jVj)
path fromr to v. Then in lines 9-10 oMakeGraph we add rules will be added for each chord. Since these rules do not
an edge fromu to v, which can be done with a ternary rulecommute, the assembly times of the rulesproduced by
sincer will be connected via the scaffolding to bothand MakeGraph are easily characterized:
v. Note that if the distance from to v in Triangulate less Theorem 7.4:.Let = MakeGraph(V;E) where(V;E) is



Algorithm 3 Triangulate (G;r;v; X)

Require: G is a labeled graphr;v 2 Vg andx is a label

1: let = ?

2: letw=x

3: letE = Eg

4: let (vq;:::;Vvn) be a shortest path i® fromr tov

5. fori=2ton 1do

6: let z be a n&w label 9
2 I(v) I(vi) 2

7. let = [ J J
Za  Ivie)  b—1(vi«1)?

8 letE=E][frviag

9 letw=z

10: end for

11: return ( ; E% w)
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12. A partial trajectory arising from th&lakeGraph rules for a

particular graph.

an unlabeled connected graph wjtgj = c+ jV]
best and worst case assembly times(\d¢f E) in the system

S(Go; ) are bothO(GVj).
The algorithm of course does not give an optimal rul&/l€s. N .
set for any given graph: much faster assembly times can .beTherefore, from the original alphabet we introduce a new,

obtained with hand coded rules. However, it does demorstrit Nite set of labels of the formx:i:S wherex 2

1. The

11

A. Communication Protocols for Binary Rules

It is a simple matter to implement a binary rule set with a
communications protocol that does not use unique iderdi er
To see this, suppose that each robot can (1) store its ldel; (
attach to or detach from other robots; (3) communicate with
nearby robots. The main assumption we make is that robots
can distinguish which other robots they are talking to using
some scheme like: “send a message to the robot on my right”
or “receive a message from the robot connected to port 7.

To implement a binary grammar, a roboti rst chooses
a nearby robof with whom to communicate and sends it a
message containingi). If i andj are attached, then robpt
checks to see if the left hand side of some rule imatches
[(i) 1(j), otherwise it checks to see if the left hand side of
some rule in  matchesl(i) I(j). If robotj nds a match,
it updates its label according to the rule and sends a message
to i to the effect that it should change its label according to
the rule. Furthermore, if the right hand side of the rule has a
edge, robof also communicates tbthat they should attach
to each other (or stay attached), otherwise they shoulckleta
(or not attach in the rst place). Finally, if robgt does not
nd a rule that matches, it does not change its label and sends
i a message that it should not do anything. Notice that at no
time do the robots communicate the indideandj, which
are simply used above to explain the protocol.

B. Binary Rules for Ternary Rules

Using an innite set of symbols and an in nite set of
rules, we can, for example, implement ternary rules with a
set of binary rules. We do this by constructing binary rules
that essentially implement a multi-hop version of the ovédi
ternary rule. Note that Corollary 5.1 tells use that we canno
do this with a simple graph grammar containing a nite set of

, 12N

the triangulation approach to closing cycles, some variagf andS  N. The symbolx denotes the original label from
which will be needed by any rule set that assembles a sin@%d the numbeir denotes the unique identi er of the part. The

stable cyclic graph.

In the above sections, we assumed that the robots (or parts)
do not have unique identiers or any other qualities that c b

VIIl. COMMUNICATION

SetS consists of a set of other identi ers that have committed
to executing a given ternary rdleFor example, suppose we

wish to implement, with binary (and unary) rules, the teynar

ruler de ned by

a al

J COiJ bO : (2)

distinguish them from other robots or parts with the same _ _
labels and local network topologies. This assumption aloge can do so with the following rules:
with the fact that we usually suppose that all vertices in our 8

initial graphs have the same label is the main reason that E'_ Ik,: :_'jj ,: * E j!(_'jj :_'jj _'ik gg
binary rules do not sufce for many problems. However, if b: k’> ajl M :k.'j a.'j.'ik (S3)
we suppose that each robot has a unique identi er (e.g. an c:i 5 a'.j '.k « ¢ :i '.j a'.j '.ik (S4)
IP address), then we can get away with smaller rules. In this = c:i :j. b'I.<'j. « :i :jk bku (S5)
section we explore rst how a simple communication protocol a"j "ik *é b'j 9 e o (S6)
between robots can implement binary rules and then how b'.k:ij “p °'.k 5 (S7)
adding unique identi ers allows us to simulate larger rufies c.:i :.jk . Ogi ,) (S8)

our example ternary rules) with a set of binary rules. Theltes

is a higher levelcommunication protocol for implementingWe have, in fact, speci ed an in nite set of rules: Eight for

ternary rules. each triple(i;j;k ) 2 N3, with i;j; k distinct.
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(S7_ S 8 s 8 , and the seR; of the robots where no rule matches. We
77777777777777 then de ne anarti cial potential function U; of the form

se &6 s y y
7[7 7[ U = Uattract (Xi5Xj) + Urepel (Xi; X))
:s14; £e

1S1)

1S3 j2A i2R;

/512\ wherexy is the position of robok. The functionUggract IS

de ned so thatr ,, U(X;;X;) has the sgfx; X;jj= Rasan
(a) (b) attractor. The functiotepes is de ned so thatr  , U(Xi; X;)

has the sefjx; X;jj = 0 as a repellor. HereR is the
desired distance between “attached” robots. Each rabot
simply follows the negative gradient d&f; to move toward
robots inA; and away from robots iR ;. When two attracting
The setS in the new labels denotes the state of a protoctdbots come in close proximity, they execute the appropriat
for executingr. For example, the symbdi: k:? is the state rule and change their states. This has the effect of changing
of a robotk labeled byb that has not started to execute Ak andRy, and therefordJy, for eachk.
The symbolb:k:j is the state of a robdt that has initiated  If the number of robots is nite, then deadlock can occur
execution ofr by communicating with a robgjt labeled by in the above system due to groups forming incompatible sub-

Fig. 13. The partial orders associated with the two posgibiectories from
r.

a: : . The symbob:k:ij denotes a robot that has proceededssemblies. We thus add the rule
through the execution af by communicating with robotsand

j labeled bya: : andc: : respectively. Notice that in (VSE; D)) (V5?7 xa)
the rule(S5), where the edge between : andb: : is

actually added, we require that the robots labeled: and for each(ViE;l) 2 C(Go; ) S (Go; ) . With low proba-
b: : are both connected to some other ropdabeled with bility, robots randomly choose to disassociate using this.r

a: : . This restriction is possible since the parts have unigi¥ote that this rule may be large. A simple consensus algurith
identi ers. It follows that for anyG can be implemented by the robots in each component to decide

whether to execute the rule.
R(G; )= R(G;frg) and S(G; )= S(G;frg):

This does not contradict Theorem 5.1 since, by assignin . .
unique identi ers to robots, we violate the hypotheses df- Stirred Robotic Parts

having an in nite supply of identically labeled vertices the Now suppose that a large number of robotic patt in
start graphGo. In fact, the in the initial graph for the newa stirred uid, instead of moving themselves. Upon colliglin
system, we would suppose that each rdbistinitially labeled (by chance), two parts will latch onto each other or not based
by a:i:?. on whether their current labels match the left hand side of a
There are two possible concurrent trajectories that caeartule in  (See Figure??). If they do latch together, then they
from the rules in  applied to the appropriate initial graph (on&hange their labels according to the rule. A similar scheme
matching the left hand side of the original ternary rule}hBr  works for mixed or destructive rules (see Section VIII).
rule (S1) can be applied rst or rulg€S2) can be applied rst.  To9 model this system, we suppose that each pasith
The resulting concurrent trajectories, shown _in Figure athb positionx; has a latch variablé; 2 f 0;1g associated with
have length four. Thus, we can conclude thas possible to every other robo}. When the parts come in close proximity,
implement a ternary rule in four concurrent binary step8is  they communicate their current labels to each other in an
(the number four) is in a sense tioestof a ternary rule in aitempt to nd an applicable rule. If one is found, they bogt s

terms of the basic currency of binary rules. their latch variable for the other to 1 and change their kbel
Otherwise the latch variable is set to 0 and the parts bounce
IX. PHYSICAL MODELS OFASSEMBLY off each other. The dynamics of robtre

We describe brie y several physical robotic systems, besid
the programmable parts discussed in the introduction, that ~ mx = Fi(xi;t) oxp+ Ly L Fa(xisx;)  (3)
can implement graph grammars to self-organize. Each of the j6i
following sub-sections is only an overview meant to coneinc i ) ,
the reader that graph grammars can be easily employed ia€reFu is a time varying force eld that models the effect
variety of robotic systems. of the uid on the part and

b&(XJ Xi)
jixp o xii

A. Self-Motive Robots Fa(Xi:;Xj), 1 x U(Xi;Xj) (Xj  Xi)

In previous work [3] we showed how to use graph grammars ] i ) ) .
as a basis for multi-robot formation forming. To each robotiS @ damped nonlinear spring, with spring potentigl mod-
we associate two sets: The et of robotsj such that either €ling the latching mechanism. We suppose thhthas a

i is “attached” toj or the graphi(i) 1(j) matches a rule in MiNimum atjjx; ~ x;jj = R as before. In other work [34] we
describe how such a mechanism would work using capillary

“We use the notatioijk (or jki , etc) to represent the s&k;j; k g. forces or with robots [4], [5].



X. DISCUSSION [8]

We have de ned a class of graph grammars that describe
self-organizing robotic systems. We focused on the prasert [9]

of the reachable and stable graphs that rule sets produce. We

presented two algorithms to synthesize rule sets for aritr [10)
trees and graphs as unique stable outputs. Topologicdtsesu
inform these algorithms: cyclic rules are used for the g@lner[ll]
case. Using the notions of concurrency described in Sgg
tion VI, we determined the number of concurrent time-step&3]
required to assemble the desired graph using these syzghesi
rule sets. In Section VIII we introduced in nite rule setsath [14]
can, with binary rules, implement ternary cyclic rules. To
work around Corollary 5.1, we added a unique identi er to
each node, in a similar fashion to symmetry-breaking methods;
found in distributed algorithms [35]. Finally, we discuddew

graph grammar rules can be used as a basis for robot asserﬁl%hy

by describing two physical models appropriate to the task.

The methods we propose show that algorithms for collective
tasks, here distributed self-assembly of a prespeci astsire,
can beengineeredThe model is one of controlling the local
interactions of a system so that global properties resut. W
believe that similar methods will be applicable to othertsyss 18]
and may potentially provide a predictive model for disttéul

(17]
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our model to be explored more completely in the future such
as: the complexity of assemblies in terms of the minimumo;
number of concurrent steps required to build them; optityali

of rules sets in terms of number of rules, number of labets; etm]
the synthesis of behaviors other than assembly; the imriusi

of a stochastic model of rule application (this is introdidice

in [5]); the relationship between rule sets and the possiﬂﬁg]
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