Shape Complexes for Metamorhpic Robots?

Robert Ghrist

University of lllinois, Urbana, IL 61801, USA

Abstract. A metamorphic robotic systemis an aggregateof identical robot units

which can individually detach and reattach in such a way as to change the global

shape of the system. We introduce a mathematical framework for de ning and

analyzing general metamorphic systems.This formal structure combined with ideas
from geometric group theory leadsto a natural extension of a con guration space
for metamorphic systems| the shap e complex | which is especially adapted to

parallelization. We presert an algorithm for optimizing recon guration sequences
with respect to elapsedtime. A universal geometric property of shape complexes
| non-p ositiv e curv ature | is the key to proving convergenceto the globally

time-optimal solution.

1 Intro duction

In recert years,several groupsin the robotics community have beenmodeling
and building recon gurable or, more speci cally, metamorphic  systems
(e.g, [6,11,13,19,20]).Such a system consists of multiple identical robotic
cellsin an underlying lattice structure which can disconnect/reconnectwith
adjacert neighbors, and slide, pivot, or otherwise locomote to neighboring
lattice points following prescribed rules: seeFig. 1. There are as many models
for sudch systemsasthere are researtiersin the sub- eld: 2-d and 3-d lattices;
hexagonal, square,and dodecahedralcells; pivoting or sliding motion [6,11{
15,19,20].The common features of these systemsare an aggregateof lattice-
basedcells having prescribed transitions from one shape to another.

N

Fig. 1. Metamorphic systemsmay be built on a variety of lattice structures with
sliding or pivoting motion.

The primary problem to be solved in suc systemsis the shape-planning
problem: how to move from one shape to another via legal moves. One cen-
tralized approad [7,17]is to build atransition graph whoseverticesarethe

? Supported in part by National ScienceFoundation Grant DMS-0134408.



2 Robert Ghrist

various shapesand whoseedgesare elemenary legal movesfrom one shape to
the next. It is easily demonstrated that the size of this graph is exponertial
in the number of cells.

We proposeto extend the notion of a con guration spaceto metamorphic
systems. The idea: consider the transition graph described above as the 1-
skeleton of a shape complex . Assumethat from a given shape there are
two possiblemoveswhich are physically independert (or, more suggestiely,
\commutativ e"): i.e., these moves can be executed simultaneously. In the
transition graph, this correspondsto the four edgesof a square.For any pair of
commutativ e moves, Il in the four edgesof the graph with an abstract square
2-cell. Contin ue inductiv ely adding k-cubescorresponding to k commutativ e
motions. The result is a cubical complex which has seweral advantages over
the transition graph:

1. Size. The shape complexis often simpler than the transition graph: e.g.
the 1-d graph of an n-dimensional cube has n2" ! edges.This gure
beliesthe simplicity of the single cube.

2. Time. Geadesicson this complexcut acrossthe diagonalsof cubeswhen-
ever possible:one performs all possiblecommutativ e motions simultane-
ously, yielding a speed-upby a factor of the dimension of the complex.

3. Shape. The global geometry/top ology of the shape complexcarriesinfor-
mation about the metamorphic system. For certain examples,the topol-
ogy of the shape complex\converges"upon re ning the lattice. In addi-
tion, only special geometriescan be realized as the shape complex of a
local metamorphic system: commutativit y in recon guration leadsto an
abhorrenceof positive curvature in the shape complex.

Sections2 through 4 give de nitions and examplesof [abstract] metamor-
phic systemsand their shape complexes.The next two sections(sections5-6)
detail topological and geometric features of the shape complex.

For large systems,the problem of computing the shape complex and de-
signing geadesicsin order to perform shape planning is computationally in-
feasible for two reasons:(1) the size of the complex is often exponertial in
the number of robot cells; and (2) any cortrol schemeinduced by geadesic
construction is necessarilycertralized. Se\eral researders have begun build-
ing decerralized corntrol algorithms for shape planning [4,5,18,21,22].Such
algorithms have the advantage of speed; however, the recon guration paths
are rarely if ever optimal.

As an application of our techniques, we preser in Sections7-8 an algo-
rithm for trajectory optimization which takesas its argumert an arbitrary
edgepath in the transition graph. Algorithm 5 then performsatype of curv e
shortening within the shape complex. A deeptheorem about the curvature
of all shape complexes(Theorem 1) is then usedto prove that this algorithm
returns a shape tra jectory which is the global minimum obtainable from this
path with respect to elapsedtime.
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Our de nitions and theoremsare phrasedfor systemsinvolving \discrete"
recon guration. More generaltypes of systemswhich employ cortinuous re-
con guration for locomotive gaits are not coveredby our de nitions. We note,
however, that certain locomotive recon gurable systemscan be thought of
as lattice-basedtiles by amalgamating subsystems[12]. In addition, our def-
initions can easily be extendedto generalnon-lattice recon gurable systems

(2]

2 A mathematical de nition

While it is easyto generate examplesof what is meart by a metamorphic
system, it is more challenging to write a clean mathematical de nition. We
proposea setof de nitions which is broad enoughto include somenon-ohvious
examples.

A local metamorphic system s a collection of states on a lattice, where
ead state is thought of asan indicator function for the aggregate.Any state
can be modi ed by local rearrangemerns, these local changesbeing coordi-
nated by a catalogue of models realized under the actions of isometriesinto
the domain. The adjective \lo cal" refersto legality criteria: anywherein the
domain at which a local changefrom the cataloguecan be applied, it is legal
to do so. To incorporate obstaclesand basemints into our systems,we dis-
tinguish betweenthe amount of information neededto determine the legality
of an elemerary move (the \support" of the move) and the preciseplacein
which modules are actually in motion (the \trace" of the move).

Denition 1. Let L denote a lattice in R and D L be some domain.
The catalogue C for a local metamorphic system on D is a collection of
generators . Each generator 2 C consistsof (1) the support, sup( ) L;
(2) the trace of the move,tr( ) sup( ); and (3) an unordered pair of local
states Op.1 :sup( ) ! f0;1g satisfying®

= : 1
OOSUD() tr() 0, sup) tr) @)

Otherwise said, the local states are equalon sup( ) tr( ).

Denition 2. An action of a generator 2 C is a rigid translation
sup( ) ! D. Givena state U : D ! f0;1g, an action is said to be

admissible at U if O = U . In this case,we write
U] := U :onD (sup( )) .
0 1: on (sup()) '

De nition 3. A local metamorphic system on D is a collection of states
fu :D! f0;1gg closedunder all possibleadmissible actions of generators
in the catalogueC.

L All generators are assumedto be nondegenerate in the sensethat 0o 6 0.
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To repeat, the catalogueand the domain are the \seeds" for a local meta-
morphic system.From this pair, all possibletranslations of the supports into
D yield the actions. Then, a collection of states on the domain is a local
metamorphic systemif, whenewer an action of a generator on a state U
is admissible,then the corresponding state [U] is alsoincluded.

A metamorphic system with obstacles O D satis es in addition the
property that Uj, 1 for all states U, and that for eac admissible action
ofeah 2 C,

(tr( N\ O=;: (@)

Of course, the set O represetts those portions of the domain D on which
agerts are forbidden to occupy or to passthrough. They do cournt as\oc-
cupied" positions for determining the admissibility of a move (the support
of an action may intersect O), but no motion of metamorphic agers may
incorporate the obstaclesites (the trace of an action must not intersect O).

3 Examples

Example 1. [2-d hex with pivots] This recon gurable system has a simple
catalogue of six generators (or one, up to rigid rotations), represerted in
Fig. 2. The catalogueis chosenso that the aggregatedoes not change its
topology but only its shape (a slightly smaller support allows for topology
changes).Tomodel a xed \base" cell (which is, say, a xed to a power source
asin [15]), one establishesthis cell as an obstacleO.

Fig. 2. The catalogue for a 2-d hexagonal lattice system with pivots. Black cells
are occupied, white are unoccupied, and grey cells denote the trace. Cells turned
on in local state Uy and U; are indicated numerically.

Example 2. [2-d squarelattice] In Fig. 3, we display a generatorfor a planar
systemin which rows and columns [not pictured] of an aggregateof square
cells can slide. There are in fact sewral generators represerted in \short-
hand.” The four white squaresmarked with dots can be turned onor o |
but if on, their immediate neighbor (indicated by an arrow) must also be
turned on. This condition guararteesthat the aggregatedoesnot disconnect
(even locally) under slides. The trace of this set of generatorsis the ertire
middle row minus the two endpoints.



Shape Complexes for Metamorhpic Robots 5

o 1l

Fig. 3. One set of generators for a sliding-squares system.

Example 3. [2-d articulated planar arm] Consider as a domain D the set of
edgesin the planar integer lattice. The catalogue consistsof two generators,
pictured in Fig. 4. Beginning with a state having N vertical edgesend-to-end
(with the bottom one xed as an obstacle), the metamorphic system thus
generated models the position of an articulated robotic arm which can (1)
rotate at the end and (2) ip cornersas per the diagram.

Fig. 4. A positive articulated robot arm example [left] with xed endpoint. One
generator [certer] ips cornersand hasasits trace the certral four edges.The other
generator [right] rotates the end of the arm, and hastrace equal to the two activated
edges.

If rotations of thesegeneratorare not included, the robot arm is positiv e
in the sensethat the arm may extend up and to the right only. More general
versionswith multiple interacting arms canbe achieved by adding an \attac h-
detach" generatorto the catalogue.

One of the bene ts of writing down a rigorous de nition of a metamor-
phic systemis the discovery of systemswhich have little resenblanceto the
systemsof, say, Fig. 1: the following exampleis particularly interesting.

Example 4. Considera graph in the Euclidean lattice (all edgesare edges
in the Euclidean lattice in R¥). The catalogue consistsof a single generator
whosesupport and trace is preciselythe closureof an edgein this lattice. The
local states of this generator consist of the pair 0o and U; which ewaluate
to 1 on one of the endpoints and O on the other. The metamorphic system
generatedfrom a state U on  with N vertices evaluating to 1 mimics an
ensenble of N non-colliding points on
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More abstract examplesof metamorphic examplesinclude the space of
triangulations of corvex polygonswith edge- ipping asthe generator, exam-
plesarising from word represenations in group theory, and certain multi-step
assenbly processeg2].

4 The shape complex

In the robotics literature, one often modelsa con guration spacefor a meta-
morphic systemwith a transition graph which coordinates actions of elemen-
tary moves on states. That is, the vertex set is the collection of all states
fU g and the edgesare unoriented pairs of states which di er by the action
of one generator. Transition graphs are discussedfor shape-planning in sev-
eral particular casesn the literature (planar hex case:[7,17]). Our departure
is to make the transition graph the 1-skeleton of a cubical complex (the ana-
logue of a simplicial complex made out of abstract cubes)which coordinates
\commutativ e" motions.

De nition 4. In alocal metamorphic system, a collection of actions of (not
necessarilydistinct) generatorsf ( .)g is said to comm ute if

(¢ )V (sup( ()= 8i6j: ®3)

Example 5. Two simple examplessu ce to illustrate the di erence between
commuting and noncomnuting actions. First, considerthe pair of commuting
movesfor a planar hexagonalpivoting system, as represerted in Fig. 5 [left].
Compare this with a planar sliding block example as illustrated in Fig. 5

e 5

|

Fig. 5. Examples of commuting [left] and noncommuting [right] actions in planar
systems.

[right]. Although the pair of movesillustrated forms a squarée? in the transi-
tion graph, this particular pair of actions doesnot commute. Physically, it is

2 The individual square cells are not labeled: only the shape of the aggregate is
recorded.
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obvious why these moves are not independert: sliding the column part-way
obstructs sliding a transverserow. Mathematically, this is captured by the
traces of the actions intersecting.

The shape complex has an abstract k-cube for eact collection of k admis-
sible commuting actions:

De nition 5. The shape complex S of a local metamorphic system is
the following abstract cubical complex. Each abstract k-cube e®) of S is an
equivalenceclass[U;( )k, ] where

1. ()X, isak-tuple of commuting actions of generators | ;

2. U is somestate for which all the actions ()X, are admissible;and

3. [Uo;( Dq1=[Uis( )k 1if andgnly if the list ( ;) is a permutation
of ( ) and Uy = U; on the setD i (sup( ).

The boundary of eat abstract k-cube is the collection of 2k facesobtained
by deleting the i"" action from the list and usingU and , [U] asthe ambient
states. Speci cally,

[k

@u;( il= W:C jeill [ ULEC )jsil 4)

j=1

It follows easily that the k-cells are well-de ned with respect to admissi-
bility of actions. The proof of the following obvious lemma is given in detalil
to esh out the previous de nition.

Lemma 1. (a) The O-skeletonof S, S© , is the set of statesin the recon g-
urable system. (b) The 1-skeletonof S, SW , is precisely the transition graph.

proof: (a) Verticesof S consistof equivalenceclassesonsisting of zero(i.e.,
no) actions of generatorsup to permutation, together with a state de ned on
the complemert of the supports of the actions. As there are no actions, each
0-cellis precisely a single state of the recon gurable system.

(b) A 1-cellof S is an equivalenceclassof the form [U; ( )]. The only other
represenativ e of the equivalence classis [ [U];( )]; hence, the 1-cells are
preciselythe edgesin the transition graph. Clearly, the boundary of [U;( )]
is the pair of O-cells[U; ()] and [ [U];()]- u

For small numbers of cells, it is easyto illustrate the shape complex.

Example 6. Considerthe 2-d squarelattice row/column sliding systemwhose
catalogueis illustrated in Fig. 3. If we considera system with obstaclesin
the form of a p-by-q rectangle generatedfrom the state of Fig. 6 [left], one
obtains a planar transition graph with 4(pg+ 1) + 2(p + @) vertices and
8(pg+ 1) 2(p+ g) edges.In cortrast, the shape complexis that of Fig. 6
[right]: this is topologically a circle, corresponding to the fact that the pair of
free squarescan circulate about the obstaclesetthrough a sequenceof slides.
The large 2-d regionscorrespond to statesin which the two free squaresare
on separate(but adjacert) sidesof the obstacle set.



8 Robert Ghrist

. 1111
[TT]1

—

p SRESE EEEEE

Fig. 6. The planar sliding square example [left] with two movable blocks [in black]
and a p-by-q obstacle set [in grey] yields a shape complex S that is topologically a
circle [right].

Example 7. The shape complex assaiated to the positive articulated robot
arm of Example 3 in the caseN = 5 is given in Fig. 7. Note that there
can be at most three independernt motions (when the arm is in a \staircase"
con guration); hencethe shape complexhastop dimensionthree. Notice also
that although the transition graph for this systemis complicated, the shape
complex itself is topologically trivial (contractible).

Fig. 7. The shape complex of a 5-link positive arm has one cell of dimension three,
along with seweral cells of lower dimension.

Example 8. In the system of Example 4 with the graph being a K5 (the
complete graph on v e vertices) and N = 2, the shape complex is a two-
dimensional closed orientable surface.A simple combinatorial argumert re-
vealsthat the Euler characteristic is 10, implying that the shape complex
has gerus six.

5 The topology of S

If one looks at a transition graph without knowing the particulars of the
metamorphic system, very little information can be extracted. This section
arguesthat completing the transition graph to the shape complexis \natural"
| the shape complex simplies the transition graph and endows it with
geometric corntent.

Our rst example of naturality is motivated by the desireto build meta-
morphic systemswith large numbersof micro- or nano-scalecells. While large
numbers of cells would yield a type of continuum-limit corvergenceon the
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dynamics of shape change, the resulting transition graphshave no suc con-
vergence The sizeof the transition graph goesup exponertially in the number
of cells; more ominousis that the topology of the transition graph (the num-
ber of cycles)blows up aswell. This is not always sowith the shape complex:
in seeral key examples,the topology of S convergesfor large systems.

Example 9. Recall the shape complex assaiated to the metamorphic system
of N points onagraph , Example 4. Considerare nement of the underlying
lattice of which inserts additional vertices along edges.It follows from the
techniques of [1] that the shape complex of this re ned systemhasthe same
topological type (up to homotopy equivalence) after a xed bound on the
re nement (N 2 additional verticesper edge).Furthermore, this \stabilized"
shape complexis in fact homotopic to the topological con guration spaceof N
points of (what oneexpectsasthe number of re nements goesto in nit y).

Example 10. Recall the articulated robot arm of Example 3. Consider a re-
nement of the underlying lattice which shrinks the lattice by a factor of two
(or, equivalertly, which inserts an additional joint in the middle of ead) edge).
It can be shawvn [2] that the shape complex of the re ned system does not
change homotopy type, even though the dimension of the complex goes up
by a factor of two. In the limit asthe number of re nements goesto in nit v,
the shape complex approximates the con guration spaceof a smooth curve
of xed length.

Not all systemsobey this stabilization principle. For example,in the hex-
lattice systemsof Example 1, the shape complex possessekops represered
by \braiding” of pairs of hex elemens about the boundary of the aggregate.
Since a lattice rescaling increasesthe number of cells along the boundary,
such loops grow in number. Howeer, if we scalethe geometry of the shape
complex in accordancewith the lattice scaling, theseloops shrink to length
zeroin the continuum limit.

6 The geometry of S

Shape complexesare built from Euclidean (i.e., at) cells of unit length.
However, this does not imply that the complexis, as a whole, at. Indeed,
non-zerocurvature can be concenrated at placeswhere seweral cells meet. A
simple example appearsin Fig. 8: here, a surface built from at 2-cellscan
be seento have curvature which depends on the number of 2-cells incident
to a vertex. Four incident cells implies zero curvature; three cells implies
positive curvature; and v e or more cellsimplies negative curvature. Such an
extension of curvature to generalmetric spacesis made precisein Gromov's
work on curved metric spaceq10] (extending the classicalwork of Andronov,
Busemann, and others) in which triangles with gealesic edgesare usedto
measurecurvature bounds. In brief, let X be a metric spaceand p 2 X a
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Fig. 8. Curvature about a vertex: +;0;

point. To bound the curvature of X at p, considera small triangle T about p
with geadesic edgesof length a, b, and c. Build a comparison triangle T°
in the Euclidean plane whosesidesalso have length a, b, and c respectively.
Choosea geadesic chord of T and measureits length d. In T measurethe
length d° of the assaiated chord.

De nition 6. A metric spaceX is nonp ositiv ely curv ed (or NPC ) if for
every su cien tly small geadesictriangle T and for every chord of T, it follows
that d

Fig. 9. Comparison triangles measure curvature bounds.

In other words, geadesicchords are no longer than Euclidean comparison
chords. It should be stressedthat the NPC property is very special and highly
desirable. Indeed, being NPC implies a variety of topological consequences
reminiscert of smooth nonpositively curved spacesfor example,the universal
cover is cortractible.

Despite the variety of (local) metamorphic systems,all shape complexes
sharethis special geometric property.

Theorem 1 ([2]). The shape complexS of any local metamorphic systemis
nonpositively curved.

The proof requires some machinery which we do not include here. The
key obsenations required are that (1) commutativit y of a set of actions is
independert of the statesimplicated; and (2) any collection of pairwise com-
mutativ e actions is totally commutativ e. These conditions, properly trans-
lated into the language of Gromov's theory, imply that the complex never
has positive curvature.

Example 11. To seewherethe NPC property can fail, considerthe following
non-local metamorphic system. Fig. 10[left] gives a generator for a planar
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hexagonal pivoting system which (along with its rotations) allows for local
disconnection of the aggregate.If we imposea global rule that requires the
aggregateto be connected, for, say, considerations of power transmission,
then we may create positive curvature. Fig. 10 shawvs a con guration in which
three actions of local generatorsact to disconnectthe aggregatelocally but
not globally. Theseactions commute pairwise, and any two do not disconnect
globally. However, performing all three actions disconnectsthe spaceand
leadsto an illegal state. Therefore, the corresponding state complex for this
non-local systemhas a \corner" of positive curvature as a local factor.®

Fig. 10. A generator which allows for local disconnection [left] admits con gura-
tions [center] for which pairs of actions leave the aggregate connected, but triples
do not; this non-local system has positive curvature in the shape complex at this
state [right].

7 Geodesics and time on S

Besidesdisplaying a unifying geometric feature, the nonpositive curvature
has implications in the shape planning problem.

Corollary 2 Geodesicson any shape complexare unique in their homotopy
class.

proof: Every NPC spacehas cortractible universal cover [3]. U

Spheresfor example,do not sharethis property: there are many gealesics
between, say, antip odal points which are homotopic. This corollary is the
key ingredient in the applications of NPC geometry to path-planning on a
con guration space.

Oneexpectsgeadesicson S to coincidewith optimal solutionsto the shape
planning problem. Corollary 2 implies that any length-decreasingalgorithm

% The shape complex will not be two-dimensional here, but will belocally a product
of this with another cubical complex. The positive curvature persists.
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must corverge to the minimal-length curve possible:there are no spurious
local minima (or even saddles)to prevert corvergence.This good news is
temperedwith ill: it is not necessarilyeasyto nd the true geadesicquickly.

Howewer, in the context of robotics applications, the goal of solving the
shape-planning problem is not necessarilycoincidert with the geadesicprob-
lem on the shape complex. Fig. 11[left] illustrates the matter concisely Con-
sider a portion of a shape complex S which is planar and two-dimensional.
To get from point pto point qin S, any edge-pathwhich is weakly monotone
increasingin the horizontal and vertical directions is of minimal length in the
transition graph. The true gedadesicis, of course,the straight line.

Giventhe assumptionthat each elementary movecan be executed at a uni-
form maximum rate, it is clearthat the true geadesicon S is time-minimal
in the sensethat the elapsedtime is minimal among all paths from p to
g. Howewer, there is an ervelope of non-gealesic paths which are yet time-
minimizing. Indeed, the true gealesicin Fig. 11[left] \slows down" some of
the movesunnecessarilyin order to maintain the constart slope.

\

Fig. 11. [left] The true geadesic lies within an envelope of time-minimizing paths.
No minimal edge-pathsare time-minimizing; [right] a normal cube-path in an NPC
complex (after [16]).

If, instead of the Euclidean metric on the cells of S, one measuresthe "*
norm of tangen vectors (the sup of the componerts), then, geadesicsin this
category are paths which are time minimizing. By using the techniques of
[16], one can prove that cub e paths are the appropriate classof generalized
paths.

De nition 7. A cube path from vertices vy to vy is an ordered sequence
of closedcubesf Cig} in S which satisfy (1) Ci\ Ci+; = vi; and (2) C; is the
smallestcell of S containing v; ; and v;. A cube path is said to be normal

if in addition 8i (3) Ci+1 \ St(Ci) = v;, where St(C;) is the star of C; (all
cells,including C;, which have C; as a face).

Roughly speaking, a normal cube path is one for which usesthe highest
dimensional cubesas early as possiblein the path.
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Theorem 3. In any shape complexS, there existsa unique normal cule path
from p to q in each homotopy class. The chain of diagonalsthroughthis cube
path is a glokally time-minimal path over all paths in its homotopy class.

Existence and uniquenessfollows from Theorem 1 and a result of [16]
(or, seethe constructive algorithm of Section 8 below). Time-minimization
follows from geadesic-like properties of normal cube paths: see[2] for proof
details.

8 Optimizing paths

In caseswhere the shape complex is sparse| local principal cells being of
high dimension with few neighbors| it is possibleto compressthe size of
the transition graph signi cantly. However, shape-planning via constructing
all of S and determining geadesicsis, in general, computationally infeasible:
the total size of the shape complex is often exponertial in the number of
cellsin the aggregate.We therefore assumethat someshape trajectory has
beendetermined (by a perhapsad hoc method) and turn to the problem of
optimizing this trajectory. The nonpositive curvature of S allows for a time-
optimization which requires exploration of small regionswithin S. We detail
an algorithm for transforming any given edge-pathto a time-optimal normal
cube path.

From De nition 5, an n-dimensional cube C of S can be represetted by
a set of n commutativ e actions f ;g along with an admissible state U. In
the following algorithm, we suppressthe state for notational corvenienceand
considerC asthe setof actions. Addition and subtraction is de ned by adding
or taking away admissible commutativ e actions to the list.

Algorithm 4 (TimeGeodesic) Given:a cube path C= fCijgi=1 ..n in S.
1. Let N := Length(C).
2: Call ShrinkCubePath(C).
3:If Length(C) < N then 1: elsestop .

Algorithm 5 (ShrinkCubePath) Given:a cube path C= fCijgi=1-n in S.
cLeti = 1

sLet X := CommuteCi; Ci+1).

:Update C; = Cj + X;

:Update Cj41 = Cj41 X.

: Call ExciseTrivial (Cj+1).

: Call CommonEd(©).

f X = theni =i+ 1

:If Cj+1 6 ; then 2: elsestop .

O~NO O WNBE

Subroutine 6 (Commute)Given:a pair of cubesC; = f I g1:m and Civ =
f i+l O1:n s
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l:letS:= ¢ sug )

2:LetT = tr( )

3:Fori= Lnreturn **if
3.1:S\ tr( "M)=" ;and

3.2:T\ sup 1™y =;.

Subroutine ExciseTrivial  cheds the cubes for empty lists, removes
thesefrom the path, and reindexesthe cube path, thus reducing the length.
Subroutine CommonEdganedks adjacert cubesin the sequencefor common
edgesand deletesthese as necessaryreturning a geruine cube path (recall
De nition 7).

Subroutine Commutdakes as its argumert a pair of cubesC; and Cj.;
and returns those elemeris of Cj+; which commute with all elemerns of C;.
The following lemma is a manipulation of the de nitions.

Lemma 2. The result of CommutéC;; Ci.1 ) is precisely the set of edgesin
SYCi)\ Cisz.

NN NN

Fig. 12. Three rounds of shortening an edge path C. Cube path length stabilizes
after two calls to ShrinkCubePath. Three more calls producesa normal cube path.

Theorem 7. Algorithm 4 computesa glokally time-optimal path in the ho-
motopy classof C.

proof: Repeated calls to Algorithm ShrinkCubePath evegually leaves
acube path xed. To show this, note that the function f (C) := ;i dim(C;)
decreasesn ead call to ShrinkCubePath which changesthe path. Lemma 2
implies that Algorithm 5 leavesa cube path xed if and only if it is a normal
cube path. From Theorem 3, this yields a time-optimal path.

The nal stepisto show that oncethe length of a cube path in unchanged
by a call to ShrinkCubePath, this is equal to the length of the assaiated
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normal cube path. To shaow this, assumethat ShrinkCubePath completesa
round without excisingany trivial cubes(i.e., shorteningthe length). We shan
that further rounds merely redistribute actions earlier in the list C without
deleting any permanertly. Without a lossof generality, assumethat the rst
call to ShrinkCubePath does not change the length of the cube path, but
that in the subsequen call, the cube C;.; is eliminated via C; commuting
with a portion of C; ;: seethe schematic of Fig. 13.

Ci+1 Ci+l
——o

Ci |_) Ci = Ci

G >

Fig. 13. Schematic of exchanging actions in sequerial rounds. Each dimension in
this cartoon represerts a multi-dimensional cube.

SinceCj+1 is not eliminated in the rst call, there must have beenactions
in Cj which did not commute with those of C; ;1 but which are subsequetly
pushed forward in the secondcall. In addition, all the actions of Ci;; are
contained in (\parallel to" in the gure) the subsetof C; ; which commutes
with C; in the secondcall. This being the case,the commutativit y of C;.q
with C; would have occurred in the rst call: contradiction. u

It is not surprising that Algorithm 4 corvergesto a locally time-minimal
solution. The interesting implication is that the cube-path obtained is the
glokal minimum for all paths obtainable from the initial: there is no way to
get a quicker recon guration path by rst lengthening the path and then
shortening. Fig. 12 givesan example of paths generatedby Algorithm 4.

It remainsan important computational questionto determine whether the
homotopy classof the initial path (given, say, from a distributed algorithm)
is optimal in the sensethat its geadesicis the shortest among all homotopy
classes.

The complexity of Algorithm 4 is best measuredas a function of N, the
number of edgesin the initial cube path. In the worst case, Algorithm 4
calls ShrinkCubePath dN=2e times. This worst caseis achieved by an initial
edge path in a planar shape complex with one corner at the end of edge
number bN=2c. One can use a 2-stageinduction on N to show this (we do
not include the full argumert for reasonsof space). Assumethat N is even
and that the statemernt holds for paths of length up to N. For a path of
length N + 1, eadh call to ShrinkCubePath does not register the last edge
until the rst N edgesare processed.To keepthis path a worst case,the last
edge should not comnute with any other cell facesof C until the very last
call to ShrinkCubePath. Hence, the pernultimate vertex remains xed, and
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the worst caseproceedsfrom induction: the shape complexis planar and the
path hasone cornerin the middle. The nal edgemust lie in this plane. The
caseof N odd follows a slightly di erent argumert: the extra edgeis added
at the beginning of the sequenceand commutes at the very last call.

In this worst caseexample there are %(N 2 N) callsto CommuteThis
can almost certainly be improved with a more sophisticated algorithm. The
subroutine Commutds an improvemert over the more obvious method of
computing St(C;) at ead step| the algorithm merely requires cheding if
ead action of Cj,; commutes with every action of C;.

The worst caseis a totally at shape complex (which is desirablein other
respects). The presenceof true negative curvature in a shape complexgreatly
increasesthe speed of convergence.If, asin Example 8, the shape complex
has negative curvature at every vertex, then Algorithm 4 cornvergesto the
normal cube path with a linear number of calls to CommuteThis transition
from quadratic to linear as one passesfrom zero to negative curvature is a
persistert phenomenon[8].

9 Discussion

Our principal cortributions are:

1. A mathematical de nition of a metamorphic system which encompass
many models currently studied and suggestsseemingly unrelated (and
often simpler) systems.Giventhe di cult y of building large metamorphic
systems,simpler examplespossessinghe sameformal structure may be
valuable.

2. The shame complex whose naturality is manifested on the level of its
topology (S can be homotopically simple) and its geometry (non-positive
curvature is universal, rare, and highly desirablefor proving theorems).

There are drawbacdks to this approad. Primary amongthem are the dual
dilemmasthat shape planning is inherently complex,and that there are many
typesof recon guration possible.A shape complexapproad is not meart for
all systems.Indeed, it is possibleto designdegeneratemetamorphic systems
with little to no commutativit y. Nevertheless,paying attention to the geome-
try lurking behind our higher-dimensionalversionsof transition graphsleads
to a nontrivial result on the optimality of path-shortening.

As an interesting side-note, we obsene that in the presen context, the
optimal recon guration path is not always coincidert with a geadesicon the
con guration space.This principal holds in more generality.

Finally, in this initial work, we have focusedonly on the rst-order prob-
lem of shape planning. We hope that the mathematical framework here sug-
gested nds a usein more sophisticated task-planning problems for meta-
morphic and recon gurable systems.
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