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WINDING NUMBERS FOR NETWORKS WITH WEAK
ANGULAR DATA

ROBERT GHRIST

Abstract. We consider a network of nodes in the plane whose locations ar e
unknown but for which the nodes establish communication lin ks based on
proximity, as in an ad hoc wireless network. Given a node in th e network and
a cycle disjoint from the node, we want the network to compute  the winding
number and determine, in particular, whether the cycle surrounds t he node
in the plane. We assume that nodes possess unique IDs, a sharp notion of
proximity, and, to various degrees, a weak form of angular or dering between

neighbors.

We give algorithms for computing winding numbers in network s with
varying sensing capabilities and architectures with regar ds to angular data
of neighbors. In all instances, we are motivated to compute t he minimal
sensing required to compute winding data rigorously. This takes the  form of
investigating varying amounts of uncertainty in angular re  adings.

1. Introduction

This paper considers a discrete, network-theoretic versio of a simple classical
topology problem: given a point xo in the plane R? and a simple closed curvel,
determine whether or not L surrounds the point (see Fig. 1[left]). This question
leads one to the development ofwinding numbers [14]. Recall that the winding
number of a planar cycleL about a point xo 2 R? is, roughly speaking, the number
of times the cycle wraps around the point. Winding numbers ca be computed in
a number of ways, including:

(1) analytically: via integrating the tangent vector to L about L.
(2) topologically: via computing the homology class ofL in H1(R? f xog).
(3) combinatorially:  via computing the algebraic intersection number ofL
with a transverse ray based atxg in R?.
As the winding number can be de ned as the degree of the incluen map
'L ! R? f xog it is a homotopy invariant, meaning that deforming the loop L
does not change the winding number (so long as the deformed oees never intersect
Xo).

In this setting, the winding problem is very easily solved usng any of the

methods listed above. We consider a network-theoretic veisn of the problem, in
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which X is a node in an abstract network graph whose vertices represnt sensors
or stationary robots in the plane and whose edges encode prowity. The loop L

is in this setting an abstract cycle in this graph (Fig. 1[right]). The challenge is
to compute winding number data without recourse to coordinaes, distances, or
angles: the input to the problem is the abstract network graph. We develop an
approach to computing winding numbers in networks that diers from all three

mathematical approaches listed above.

Figure 1. [left] Is the node inside the curve or outside? The
network-theoretic version [right] can be challenging.

The are numerous motivations for this problem, mostly comirg from sensor
networks and multi-agent robotics. One concrete example wald be a networked
collection of accelerometers or acoustic sensors distribed in a planar domain and
networked via proximity-based wireless signals. Given a a#ain node Xp which
registers an important reading (an alarm), one problem rel@ant to security appli-
cations is to determine whether the alarm has occurred withi a region of particular
importance whose perimeter is de ned by a cycle in the netwok. Or, in environ-
mental monitoring, one might wish to determine whether an arimal (tagged with
an RFID chip) is presently within a certain electronic “fence' represented by a cycle
in the monitoring network.

If one has su cient data to localize nodes | that is, to determ ine local co-
ordinates | then all such problems about winding numbers are trivial to solve.
The assumption of coordinatized nodes is reasonable for sigsns with stationary
intentionally place nodes. Such would include systems of dieo cameras or sensors
mounted on xed towers. However, in the case of nodes which a&r distributed in
an unpredictable and non-uniform manner, or in which the nodes are mobile, then
localized nodes are no longen priori natural. Robotics, in particular, presents
a natural setting in which mobile devices communicating viaan ad hoc wireless
network can provide localization challenges.

1.1. Related Work.  There is a substantial and growing literature on geomet-
ric properties of ad hoc networks in which localization is wakened or not assumed
at all. The recent work on routing without localization init iated by [21] uses a heat-
ow to determine virtual coordinates for a non-localized network for applications
to weighted routing problems. In many cases21, 10] a set of known landmarks is
used to estimate system geometry. All these methods are e dive, but, with a few
exceptions [L5], non-rigorous. Recent work of Fekete et al. 12] gives a distributed
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algorithm for rigorous topology exploration and boundary detection: the algorithm
is complete when the nodes are su ciently dense.

There is a large body of work on coarse distance estimation iad hoc networks
augmented with angular data in the form of the angle of separtion between a node's
neighbors. This arises in the the paper9], which uses a network graph along with
exact angular measures of neighbors to detect holes in the ghical network and
perform routing. The work detailed in [20] gives criteria for ensuring coverage in a
sensor network using bounds on separation angles among nbluprs.

The classical work onrotation systems | planar graphs encoded with cyclic
ordering of neighbors | would appear to be very relevant (see, e.g., B] and sub-
sequent work). However, the graph theory literature consigently assumes that the
graphs in question are (1) embedded on an oriented surfacend (2) non-geometric,
in the sense that there is no information about bounds on lenths of edges. In this
paper, the entire di culty lies in the fact that one begins wi th the abstract network
graph and must deduce its canonical physical projection to he plane. This projec-
tion is not necessarily an embedding, and one must use constraints oneélgeometry
of the graph (all edges are of at most unit length in the plane)to compensate for
the lack of information about node placement.

As a problem in computational geometry, networks with only proximity mea-
surements arise in the literature onunit disc graphs abstract graphs whose vertices
correspond to a set of nodes in the plane and whose edges ardatenined by nodes
within unit distance. Clearly, not all graphs are realizable as a unit disc graph.
Recognizing whether a graph is a realizable unit disc graphsi NP-complete B]. It
follows that nding some embedding of an abstract unit disc graph into the plane
for which the graph is the unit disc proximity network is also NP hard. Even nd-
ing an “approximate' embedding which realizes a unit disc gaph up to local errors
is NP hard [17]. But, using angular data, [4] gives an algorithm for nding a real-
ization of a spanner of the unit disc graph, which enables on¢éo compute virtual
coordinates and approximate some locations.

This paper is part of a growing body of work in topological tecniques for
multi-agent systems, including coordinated robots and sesor networks. Contem-
porary topology is nding applications in several robotics contexts, including mo-
tion planning [11], pursuit-evasion problems P], programmable self-assembly16],
and recon guration [1]. Very recently, algebraic topology has been recognized as
a novel tool for coverage, hole repair, and pursuit problemsn sensor and ad hoc
networks [5, 6, 7]. Itis this perspective that inspires this paper.

1.2. Outline. The goal of this paper is to delineate when one can and cannot
compute winding number information. For simplicity, we choose to restrict atten-
tion to the problem of separation, that is, whether the winding number is zero or
nonzero.

There are many parameters one can vary in answering the fedslity question.
Our parameter of choice is, roughly speaking, thesensing complexity] the amount
of sensing capability required. For example, we show i3 that separation is solv-
able given the ability to sense cyclic orientation of neighlors. In x4 we consider
uncertainty in cyclic orientation data, and demonstrate th at there are certain mod-
els of uncertainty which do not diminish the ability to compu te winding numbers.

The results are complete, and require no nondegeneracy assptions. However,
it is true that the existence of an algorithm which works for “typical' or “su ciently
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dense' graphs requires a much lower sensing complexity. IRS we present an al-
gorithm for systems which possess no cyclic orientation dat whatsoever. The
algorithm (one of many possible) is non-complete and provids certi cates for sep-
aration. We close inx6 with open questions.

2. Background

2.1. Assumptions. The following assumptions will be in force throughout
this paper:
P (Planar) Nodes with unique labels lie in the Euclidean planeR?.
N (Network) Nodes form the vertices of a connected unit disc nevork graph
of su ciently large diameter.

This is the only information available to the network. There are no coordinates,
no node localization, and no assumptions about node densitgr distribution other
than su cient extent. Assumptions P and N imply that nodes can broadcast their
unique IDs and these can be detected by any neighboring nodegthin unit distance.
This creates a network graph whose vertices correspond to #hlabeled nodes and
whose edges correspond to communication links. There is no etric information
encoded in an edge beyond the coarse datum that the distanceelbween the nodes
in the plane is no more than one.

Definition  2.1. The hop distanceon a network graph , denoted d( ; ), is the
metric on nodesV () given by the number of edges in a (combinatorially) short est
path in . A k-hop neighborhoodof a subgraph © , denoted N*( 9, is the set
fx2Vv(Q): dx; 9 ko

We will also have occasion to assume the following:

O (Ordering) Each node can determine the clockwise cyclic orering of its
neighbors in the plane.

Assumption O means that each node can perform a cyclic \sweep" of its neigh
borhood and determine the cyclic order in which neighbors apear. Absolute an-
gular coordinates are assumed unknown and thus the orderings de ned up to a
cyclic permutation. There is also no precise relative angudr data assigned to the
ordering: an oriented pair of neighbors may form an arbitratly (nonzero) angle with
the central node xo without changing the angular ordering.

This type of coarse angular data is a well-studied subtopic btopological graph
theory (where it is called arotation system [8]). It is not too uncommon in robot-
ics contexts, especially in primitive landmark vision sysems, radar networks, and
robots with gap sensors.

We assume that each node's cyclic ordering data is consistenthat each nodes
sweeps its neighbors in a xed orientation, either clockwig or counterclockwise. It
is not necessary to know what this orientation is, only that it is consistent among
all nodes.

Assumption O is equivalent to the ability to compute the following index:

Definition 2.2 Let xo be a node and &;)$ be an ordered triple of dis-
tinct nodes in N 1(xg). De ne the index I xo(X1;X2;X3) to be +1 if the ordering
(x1;X2; X3) agrees with the cyclic ordering data atxg. If the cyclic ordering data
does not agree, set x,(X1;X2;X3) = 1.
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Remark 2.3. This index has a homological interpretation. The choice of uni-
form “direction’ for the cyclic orientation of neighbors is really a choice of orientation
for R?, hence, a consistent generator for the local homologii»(R?; R?>  x;Z) for
eachx 2 R?. The ordered triple (x1;X»;X3) determines a generator for the local
homology H2(R?;R?  x¢;Z) as follows: projectR?> x, radially to obtain a unit
circle ST with H»(R% R?  Xo) = Ha(R?  xg) = H1(SY). The sequence X1;X2; X3)
projects to three distinct points in S* and determines a loop in thisS* by concate-
nation of simple paths in the order specied. The index| x,(X1;X2; X3) is equal to
the value of this local homology class in the preferred genator determined by the
orientation class.

For the present, we assume that nodes are in a ‘general positi' so as to
possess a positive lower bound on angles between neighborghis is, of course,
completely unrealistic in practice. In x5, we abandon the assumption on perfect
angular ordering information. A primary result of this paper is the demonstration
that there is a surprisingly large tolerance for angular orcering blindness.

2.2. Problem statement. The di culties of this problem lie in the relation-
ship between the abstract network graph and its projection nto the plane. The
input data for the problem is the network graph . When Assump tion O is in place,
the graph has vertices augmented with the cyclic ordering tpe of its immediate
neighbors.

Definition ~ 2.4. The projection map 7! ~  R? maps vertices of to the
position of the corresponding node in the Euclidean plane ath edges of to the
line segment connecting the nodes.

We solve the following problem concerning winding numbers bcycles:

Separation: Given a cycleL in the network graph and a node xg 2 V() which
is disjoint from the nodes ofL, determine whether the projected cycleL surrounds
Xo-

The image of the cycleL in the plane is a closed piecewise-linear curve. If
the curve is simple (that is, not self-intersecting), then the Jordan Curve Theorem
implies that the cycle separates the plane into two connecté components, only
one of which is bounded. We will restrict attention to simple cycles, using network
criteria to satisfy this condition (Corollary 2.7).

2.3. Basic lemmas. The separation problem is less complicated when the
projected cycle L is a simple closed curve inR%. The easiest way to guarantee
such a cycle is to choose a cycle which is "minimal’ with respé to communication
between nodes.

Definition 2.5, For any subgraph ° ,let h 4 denote the maximal sub-
graph of spanned by the vertices of ° Say that Cis chord-freeif h 4 = ©

The simplest criterion for a cycle L to have a simple projection to the plane is
that hLi = L. The following lemma is both trivial and well-known [12, 18, 5].

Lemma 2.6. If the projections of two edges of a unit disc graph intersect in
R?, then these span a subgraph of containing a cycle of three edges.
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Proof. Consider the two edges whose projection forms arX' in the plane with
four segments. At least two of these segments must have lenlgiho greater than one-
half, since each full edge is of at most unit length. Two appications of the triangle
inequality to the shorter of these segments and its neighba completes the proof.

Corollary 2.7. Any path (or cycle) P in a unit disc graph satisfying hPi =
P has imageP a non self-intersecting (closed) curve inR>.

Later in the paper, we will have need to estimate angular datafrom the unit
disc graph. The following proofs are trivial but included for completeness (cf. 9]):

Lemma 2.8. Let L be a connected unit disc graph on three vertices with one
vertex of degree two. Then the angle at the central vertex afin R? exceeds= 3.

Proof. Assume the edge lengths ar@;b 1, and assume the central angle
does not exceed= 3. Then, by the Law of Cosines, the distancec between the two
endpoints of L satis es

¢ a’+b ab a’+b minfa’bkg 1

Contradiction.

Lemma 2.9. Let Y be a connected unit disc graph on four vertices with one
vertex of degree three. Then all three pairwise angles at theentral vertex of Y in
R? exceed = 3.

Proof. Apply Lemma 2.8 three times.

Lemma 2.10 Let > be a connected unit disc graph with four vertices and one
cycle of three edges, as in Fig. 2. If the projectior> is not embedded, then, at the
degree four vertex, both angles of the fourth edge with theidngle are at least = 3.
In addition, the two acute angles of this triangle are each sictly less than =6.

Proof. We coordinatize the problem as in Fig. 2[left], with the vertex asso-
ciated to the obtuse angle located at the point (Q1). The two other vertices of
the triangle must lie outside the closed unit disc in the plare. Upon minimizing
the obtuse angle, the 4-dimensional space of locations of &se vertices reduces to a
1-dimensional space, where all three vertices lie on the uhcircle and the two acute
angle vertices are a unit distance apart. Straightforward gtimization reveals that
the smallest obtuse and largest acute angles arise in the liinof the anti-symmetric
con guration as in Fig. 2[right].

3. Computing winding number with precise angular ordering

In this section, we consider the separation problem for node and cycleL in
a network satisfying Assumptions P, N, and O.
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Figure 2. [left] The smallest obtuse and largest acute angles for
the triangle of > arise when all three vertices of the triangle lie on
a unit circle. [right] In the critical case, these angles terd to 5 = 6,
=6, and 0O respectively.

3.1. Restrictions. We impose the restriction that d(xo;L) > 1, meaning that
the shortest path from X to a vertex of L in requires more than one “hop' or
edge. Both this and AssumptionO are necessary for a complete solution. Critical
examples are illustrated in Fig. 3 of labeled graphs irR? with isomorphic network
graphs and identical cyclic orientation data. The target node X lies on opposite
sides of the cycles illustrated. These examples can be easinodi ed to possess
in nite diameter, in accordance with Assumption N.

X4 'n,. "'...
Xl L/ -
Xo Xo
X3 X2
Xa X
0
X1
Xo

X2

Figure 3. Two pairs of network graphs with identical network and
cyclic orientation data, but for which the node X lies on di erent
sides of the illustrated cycle. That on the right demonstrates that
cyclic orientation data can be incomplete even for arbitraily long

cyclesL.



8 ROBERT GHRIST

3.2. Algorithm.  In di erential topology, the way one decides whether a loop
in the plane encloses a point is to choose a path from the poimvhich terminates
su ciently far from the starting point as to be de nitely out side the loop. For a
“generic' choice of such a path, the path and the loop interss transversally (i.e.,
without tangencies), and the number of intersection pointscounted mod 2 is zero
if and only if the loop does not surround the point [14].

The obvious generalization of this strategy is to choose anpath P in from Xxg
to a terminal point x; which is su ciently far away from L to guarantee that it is
outside the cycle inR?, and then count intersections. However, this counting is no
always easy or even possible. The inspiration for our methods nearly opposite to
that coming from di erential topology. Instead of trying to force intersections to be
a discrete set of points, one thinks of manipulating the pathso as tomaximize the
amount of intersection with the cycle with the result of having a single connected
component in the intersection. Then, one computes whetherhie endpoints ofP lie
on the same side ol. This is what we do, using the orientation data in the nal
step.

Orient the cycle L in and order the nodes (*;) of L cyclically. Choose a node
X1 suciently far from L in (see Lemma 3.1). Generate chord-free pathsPy and
P, from xo and x; respectively to nodes onL. The projections of these paths
to R? are not self-intersecting, and can only intersectL at most once at the last
segment of the path.

The crucial step is to determine whether the projected pathsP, and P; lie
on the same side ofL or dierent sides. In the simplest con guration, the nal
point on a path is connected toL in by only one edge, as in Fig. 4[left]. The
angular orientation data then su ces to determine on which side of L the path lies.
However, the situation may be more complicated, as in Fig. 4jght]. A more subtle
manipulation of orientation data is required in this case. Details are presented in
Algorithm IndexCheck

I

Xn 1

=)

Figure 4. Determining whether an oriented path with terminal
nodex, approaches the projected oriented cyclé from the left or
from the right can be simple [left] or complicated [right] depending
on the number of communication links betweenx, and L.

3.3. Proofs.
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Algorithm 1 | = IndexCheckxo;L; )

Require: = ( V;E) is a graph satisfyingP, N, and O
Require: xp 2 V(), L is an oriented cycle of , hLi = L, and d(xo;L) > 1
1: choose apathP in N (L) with hPi= P andjPj > 2jLj?= 2

2: choosex; any vertex on P

3: return | ( IndexVertexLoofXo;L; ) IndexVertexLoofx; ;L; )

Algorithm 2 | = IndexVertexLoofy;L; )

Require: = ( V;E) is a graph satisfyingP, N, and O

Require: y2 V(), L =(";)is an oriented cycle of , hLi = L, and d(y;L) > 1.
1: choose a pathP = (y;)§ in G with yo =y, hPi= P,and d(y;;L)=1i i=n.
2: if at yn, yn 1 Separates’; and “j.1 in the cyclic order for somej then

3 return (1~ Cj nynsj+) Ty Cis2iiiYn) Tyo(Yn 15 5+15 )

4: else
5
6
7

choose any’; with d(*j;yn) = 1.
return | (1~ (Yn;j+137) 1)
:end if

3.3.1. Finding the outside.

Lemma 3.1. Let L be a chord-free cycle in and P a chord-free path in the
complement of the 1-hop neighborhood df of length at least2jLj ’= 2 Then P lies
in the region of R? outside of L.

Proof. The Isoperimetric Inequality says that the area A enclosed by the
simple closed curvel in R? is bounded above by £(4 ) times the square of the
perimeter of L. This perimeter is bounded above byjLj. As P is a chord-free path,
placing a ball of radius% about every other vertex of P yields disjoint balls of total
area% iPj. A path avoiding the 1-hop neighborhood of the chord-free cgle L

satises P\ L = ; thanks to Lemma 2.6. Any such path of length at least L] 2= 2
violates the area constraint: P is thus not surrounded by L.

Better constants may be estimated with ner techniques from packing theory;
however, a sharp lower bound in length must be quadratic inlLj, since a chord-free
path in the interior of L can Il up the area bound by L, which can be quadratic
in the perimeter.

3.3.2. Determining cyclic orientation. We next show how to pass local cyclic
orientation data to larger neighborhoods. For the following, let 4 denote a unit
disc graph having an oriented cycle X1;X2;x3), with each such ‘inner node'x;
connected to one “outer nodey; (as in Fig. 5). For such a graph, we show how
to compute the cyclic orientation of the three outer nodes §1;Yy-;y3). This cyclic
orientation is not obviously well-de ned, since the outer nodes could presumably
be colinear in R?. However, no outer node lies within the triangleT de ned as the
convex hull of the inner nodes. Thus, the cyclic triple {/1;y2;y3) de nes a cyclic
triple in the complement of T and thus a generator forH, (@7 = H»(R*R? T) =
H2(R% R? X;), where @Tdenotes the boundary ofT.
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Lemma 3.2. For 4 a unit disc graph as above, the cyclic orientation of the
outer nodes (y;)3 with respect to any inner node is equal tol x; (Xj 135 Xj+1),
wherej is such that\ x; 1xjXj+1 is maximal.

Recall that subscript indices are taken cyclically.

Proof. Let T denote the (closed, possibly degenerate) triangle ifR? given
by the convex hull of the inner nodes. By de nition, the cyclic orientation of the
outer nodes ;)3 can be computed by projecting eachy; to the nearest point on
the boundary @ Tof the triangle T, the projection being performed along the line
segmentsy;X;.

Since there are no edges between the outer nodéy; g3, Lemma 2.6 implies
that at most one edgey;X; can crossT in R%. Lemma 2.9 implies that, if an edge
ViXi crossesT in R?, then the angle\ x; 1XjXj+1 subtended by T at x; is at least
2 =3, and it is therefore the largest angle ofT.

Assume that x; is the inner node of largest angle inT. Since neithery; 1Xj 1
nor yj+1 Xj+1 crossesT, the projection of y; 1 andy;+1 to @Tis x; 1 and xj+1 re-
spectively. Thus, the cyclic orientation of the outer nodesis given asl x; (Xj 1;Y;; Xj+1 ).

Lemma 3.3. For 4 a unit disc graph as above, the cyclic orientation of the
outer nodes(y;)$ with respect to any inner node is equal to

\8
(3.1) Iy, (Xi 135 Xi+1 )"
i=1
Proof. If 4 is embedded, then all three indices are equal and the resultdids.
If 4 is not embedded, then the indices at the two acute-angle innenodes are equal,
and the sign of the product of their indices is +1. Lemma 3.2 conpletes the proof.

Y1 Y1
X1 X1
X3
X2
V&
Y3 X3
Y2 X2 y2

Figure 5. The cyclic orientation of the outer nodes can be derived
from the indices of the inner nodes in the above cases by comping
the product of indices.

3.3.3. Correctness and completeness.

Theorem 3.4. In any network satisfying AssumptionsP, N, and O, let L be
a cycle satisfyinghLi = L and Xp a node withd(xp;L) > 1. Algorithm IndexCheck
returns | =0 i the winding number of L about the nodexg 2 R? vanishes.
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Proof. Corollary 2.7 implies that L is embedded inR?. This simple closed
curve separates the plane in two connected components, th&s to the Jordan Curve
Theorem. Fixing an orientation on L induces an (unknown) orientation onL.

Choose a chord-free patiPo = fx;gj from Xo to x, with d(x;;L)=1i i=n.
Via Corollary 2.7, the image of this path, Py, is simple and the restriction of this
path to the subpath between nodesx, and x, 1 lies entirely on one side ofL in
R?. The edge fromx, 1 to X, may or may not crossL.

If there do not exist consecutive cycle nodes;, “j+1 incident to X, , then choose
any ' incident to xn. In this case, the'Y' graph connecting’j to Xn, 'j 1, and “j+1
has no additional connections between outer nodes, and thadex| -, (Xn;"j 1;7j+1)
indicates on which side ofL the nodex, (hencex,) lies.

If, however, consecutive cycle neighbors exist, one argudbat the subgraph
4 consisting of the cycle &,; j; j+1) and the connections of these inner nodes
to respective outer nodes Xn 1;j 1; j+2) has image4 as in Fig. 5. A more
complicated embedding cannot appear thanks to repeated apjzation of Lemma
2.6%. Thanks to Lemma 3.3, the product of the three indicesl GG 1 Xns e ),
I~ . Cj+2:7j5%Xn), and Iy, (Xn 15 7j+1; ) gives the cyclic orientation of the ordered
triple (Xn 1;7j 1; j+2) of outer nodes. This tells whetherx, 1 (and thus Xo) lies
to the “left' or to the ‘right' of the embedded segment (i)} +21 of L. However, it is
possible that L doubles back and crosses the segment betwean ; and x,,, as in
Fig. 4[right]. In this case, one needs to be sure to use the sgbaph 4 generated by
consecutive nodes )} +21 where, from the vantage ofxn, X, 1 Separates’; from
“j+1, and no other *; separates.

There is an ambiguity in | resulting from the fact that we do not know if the
orientation on L is clockwise or counterclockwise; thus we do not know whichign
for | (i.e., the “left' or the right' side of L) corresponds to the bounded compo-
nent of R”Z2 L. To determine this, choose any nodex; on a chord-free path in

N 1(L) of length 2jLj?= 2. From Lemma 3.1,x; lies within the unbounded
component of R> L. That one can choose such a node and a chord-free path
P, from L to x; is possible thanks to the diameter condition of AssumptionN .
Computing the index of x; with respect to L and comparing it to that of X as in
IndexChecldetermines whetherxy and x; are on the same or di erent sides ofL.

4. Angles and uncertainty

It is unrealistic to expect that Assumption O is a valid sensor modality for
all circumstances. This assumption is motivated by roboticnavigation using low-
resolution omnidirectional cameras to track the angular odering of a set of land-
marks within visible range. Certainly, for vision-based argular data, uncertainties
in the cyclic ordering will be unavoidable in con gurations where two neighboring
nodes are nearly colinear with the point-of-view.

4.1. Models of uncertainty. There are several possible ways to account for
uncertainty in angular cyclic orientation. To specify these models, we consider the

Lt may be possible that some inner node is connected to more th an one outer node, as seen
in Fig. 4[right]. However, since there are no edges between o uter nodes, and no outer node can lie
within the convex hull of the inner nodes, Lemma 3.3 still hol  ds.
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cyclic orientation sensor at a nodexg as a function on ordered triples of neighbors,
as in De nition 2.2.

Ul (Single threshold) Any triple of neighbors can be cyclicaly ordered if none
of the three pairwise angles is below the xed threshold .. We do not
assume that the cyclic ordering measurement always fails wénever an
angle is below nax, but rather that the reading either returns a true
angular reading or an empty (i.e., uncertain) reading.

U2 (Dual threshold) Any triple of neighbors can be cyclically ordered if none
of the three pairwise angles is below the xed threshold max. Further-
more, the cyclic ordering measurement always fails whenevesome angle
is below a smaller threshold min < max. All readings for systems with an
angle in [ min; max] May return either true (certain) or empty (uncertain)
results.

Remark 4.1. One way to unify these (and many other) models is to consider a
functional form of uncertainty. Fix a central node xq at which attention is focused
and identify the unit tangent bundle to xo in R? with a round circle St of unit
length. An ordered set of three neighbors okg yields a pointin S S S given
by the three angles at which these neighbors lie. (Of coursahe sensor modality
in place cannot detect the actual angles.) Acertainty function could take the form
of a multi-valued map : S* S' S! [0;1] which encodes the support of the
range of certainties that a sensor may experience. If takeson the value 1, this
means that the nodexg can read the true cyclic orientation with full certainty. If

takes on the value 0, this counts as an empty reading: there s no information
on what the cyclic ordering might be. Other readings can be gien a ‘ranking' of
certainty. Assumption U1 means that = f1g when all angles exceedya. One
can mimic (U2) by assuming that, in addition, 1 2 when some angles are within
min -

4.2. Bounds on angles. The surprising fact is that for 5« as large as=3,
it is often possible to rigorously determine winding numbes. Some choices of and
L present too much uncertainty in the case of a single threshal uncertainty, but
criteria for knowing when you can compute winding numbers ae possible. For dual
threshold models of certainty, we show that Algorithm IndexLoopis complete for
=3  max > min =6. It is thus necessary to be able to distinguish su ciently
small angles from su ciently large ones in order to use partial information to obtain
winding data.

4.3. Case analysis for threshold uncertainty. We consider adapting Al-
gorithm IndexVertexLoopo a network satisfying AssumptionsP, N, and U1, with
max =3. Let L be a chord-free cycle andk a node with d(x; L) > 1. Choose a
path as in step 1: of the algorithm.

Case 1: Assume that x,, is not within one hop of a consecutive pair of nodes ot
Choose any isolated incident cycle nodé; of L. SincelL is chord-free, Lemma 2.9
implies that all three angles at *; to X,, '; 1, and “j+1 are greater than =3 and
thus max. Therefore, by Lemma 2.91: (xn; j 1; j+1) is certain and Algorithm
IndexVertexLoops successful.

Case 2: If x, is connected in to more than one incident node ofL, then there
is a subgraph4 of the form in Fig. 5. If there is precisely one such graph, proeed
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to the subcases below. However, there may be several such gmbphs available,
precisely one whose image ifR? is not embedded: recall Fig. 4[right]. To apply
Step 2: of IndexVertexLoopwe must determine which copy of4 is non-embedded.
We claim this is possible when pax =3.

Assume therefore that x, is connected to two pairs of consecutive nodes of
L, say (i;i+1) and (5j; j+1). (These may overlap.) It may be furthermore
assumed from Lemma 2.10 that at least one of the indice$x, (Xn 1;i; i+1) Of

Ix,(Xn 1;7j; j+1) is certain. If both are certain, then, sinceL is chord-free, some
pair of these four nodes, say’; and “j+; are not neighbors. Thus, the set of
nodes &n;Xn 1;i; j+1) span a subgraph satisfying Lemma 2.9, and the index
Ix, Cj+1;7i; i+1) Is certain. This is su cient to construct the entire cyclic order-
ing of ("i; i+1;7j; j+1:Xn 1) @bout X,, which, in turn, identi es the appropriate
copy of 4 in .

Assume from now on that the appropriate copy of4 in has been identi ed.
We consider cases based on how many of these three interior s admit a fully
certain index.

Case 2.0: No indices are certain. This case is impossible, as argued ate in Case
2.

Case 2.1: One index is certain. We claim that this single certain indexis equal to
the full index of P with respect to L. This breaks into two cases, based on whether
4 is embedded or not (cf. Fig. 5). In the embedded case, each wex has the same
index, and any one is the same as the triple product. In the norembedded case,
if only one index exists, it must be that associated to the vetex of largest angle.
By Lemma 3.2, this index is equal to the triple-product and carectly computes
angular ordering.

Case 2.2.1: Two indices are certain, and agree. One of these must be the 4in
dex associated to the largest angle. By Lemma 3.2 either ceatn index correctly
computes the triple index and thus angular ordering.

Case 2.2.2: If two indices only are de ned and the two certain indices di er, then

we are in the case wheret is not embedded in the plane. However, if it is not
possible to compute the third index and it is not possible to cetermine which of the
two nodes has the larger subtended angle, then there is no iofmation by which

the index of this path can be determined. One may attempt to malify either P or

L locally to remove the ambiguity, but there is no guarantee that this is possible
for every . Figure Fig. 6 gives an example of a graph which fals under this case,
with zero and nonzero winding numbers returning exactly thesame pair of certain
indices.

This graph can be easily modi ed to satisfy the in nite-diam eter requirement of
Assumption N . We stress that in this (admittedly pathologically sparse) example,
there is no recourse to using the homotopy invariance of winthg number, or to
choosing di erent paths to L in the hopes of reducing to another case.

Case 2.3: If all three indices are certain, there is no ambiguity, and the algorithm
proceeds normally.

Thus, there is only one case in which uncertainty of typeU1 fails to solve the
separation problem: this is Case 2.2.2 above. Ironically, &iving more uncertainty in
that particular setting would lead to a certain solution to t he winding problem. It



14 ROBERT GHRIST

Figure 6. An example for which uncertainty in cyclic ordering of
type Ul leads to ambiguities in winding numbers.

is precisely when the system is inconsistent in its ability b distinguish small angles
that ambiguity arises.

The above case analysis, combined with Lemma 2.10 shows thatlgorithm
IndexCheckis valid in a network replacing Assumption O with U2, where the
certainty thresholds are max =3 and min =6:

Theorem 4.2. Consider a network satisfying Assumptions?, N, and U2 with
3 max =~ min 6:

Let L be a cycle satisfyinghLi = L and xo a node with d(xo;L) > 1. Algorithm
IndexCheckreturns | = 0 i the winding number of L about the nodexq 2 R?
vanishes.

5. Networks without cyclic orientation data

For systems which do not satisfy AssumptionO, no solutions are possible which
apply to arbitrary networks: it is easy to generate examplesof very sparse graphs
which can be embedded in the plane as a unit disc graph in mulgile ways. There
are non-complete algorithms which, upon successful termation, return rigorous
winding number information. The "~ ower' graphs of [ 12] provide one example of
rigorous winding number computation without angular ordering, based on packing
arguments for small graphs. We present a very di erent methal for computing
winding numbers based on simple plane topology. These metlus are not applicable
to all networks, but only to those which have some control ove “in nity.'

Consider a network satisfyingN, P, and the following:

| There is a simply-connected domainD  R? and corresponding ‘interior'
graph °whose vertices consist of all nodes of inD and which satis es
0 D.

We require additional restrictions. Assume that the inputs to the problem |
the initial node xo and the cycleL both lie within this interior graph  °. Assumption
| encodes winding number data in that@ has winding number 1 with respect to
Xp. It is not necessary to know the precise geometry ob (cf. [5]). Furthermore,
assume that the cycleL is at least R hops away fromx, for some xed R > 1.
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Algorithm YWinding performs the following operations. Fromxg, choose three
chord-free pathsfP ;g3 from xo to the “exterior' graph O such that the 1-hop
neighborhood of eachP; is disjoint from P; ;[P j+1 outside a neighborhood ofxq
(indices on the paths being computed cyclically). Of coursethe existence of such
paths is not guaranteed for all networks, and this is precisly where the algorithm
fails to be complete for all networks. The algorithm sweeps ng the cycleL and
counts any arcs connectingP; to Pj,; avoiding P; ; for some xed i. The obvious
algebraic counting procedure on these arcs yields the deggeofL in D f XqgQ.

Algorithm 3 | = YWinding(xo;R;L; ; 9

Require: satises P, N, and |

Require: Xo is a vertex in ©

Require: L isacyclein © N R(xq)

- fPig} ( pathsin from xgto Osatisfying d(Pi; Pjei) > 1 outsideN R (xo).
.1 * ( #fdisjoint oriented paths in L from N 1(P;) to N 1(P,) avoiding N *(P3)g
| ( #fdisjoint oriented paths in L from N 1(P,) to N 1(P;) avoiding N (P3)g
LGt

return |

Theorem 5.1 Consider a network satisfying AssumptionsP and N. Let L be
a cycle in and xg a node withd(xp;L) >R > 1. Algorithm IndexChecketurns |
equal to the absolute value of the winding number &f about x 2 R?.

Proof. The result is transparent: we sketch a proof. Since the “trd@' of
projected paths f P;g$ are pairwise disjoint, one can draw a ray fromxo to @ in
the component ofD Py [P , which does not containP3. The index | computed
by the algorithm equals (up to a sign) the algebraic intersetion number of this ray
with L.

Remark 5.2. For a su ciently dense network of nodes, Algorithm YWindingis
complete, since, in such a network, one can nd a subgraply in a C° neighborhood
of a troika of straight rays based at xq. This is an instance of the meta-theorem
that any problem which has a solution in the “'smooth' categoy has a solution in
the “network' category, assuming a su ciently high density of points. For example,
the problem of determining the structure of a manifold by sanpling it along a nite
set of points has a solution if the sampling is su ciently dense [L9].

Remark 5.3, We note that there are many other ways to compute winding
data abandoning cyclic orientation data for some control oer density. We claim
that using a simplicial completion of the network graph to a Rips complexallows for
the methods in the spirit of [5] to compute winding numbers under a “homological’
density assumption (namely, that the plane is covered by comex hulls of triples of
nodes in pairwise communication).

6. Other scenarios

There is an extensive collection of related systems in whiclarying degrees of
sensing capabilities act as a parameter. The minimal-sensg boundary for winding
numbers | those critical threshold where there is just enough information from
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which to derive the answer rigorously | is an important and so metimes elusive
object. We list a few interesting generalizations of the qustions considered in this
paper.

6.1. Global connectivity. Consider a network in which no distance informa-
tion can be derived from the network. Speci cally, assume ttat the network graph
is complete. Initially, this may seem to be an advantage, since, in the case of
Assumption O, one has a huge amount of exploitable data. However, as illiated
in Fig. 3, cyclic ordering of neighbors in a complete graph des not necessarily x
winding number data. The recent work of Tovar et al. [22] shows how to extract
winding humber data from this setting when one can use a mobé node (i.e., an
autonomous robot with navigational capabilities) to explore the network and track
how the cyclic ordering of neighbors changes over time. Whewone does not have
this capability, it is much harder to glean information about winding humbers.

6.2. Errors. In our treatment of measurement errors or ambiguities, we hae
focused exclusively on errors in one sensor reading only | tte angular ordering.
Even in this setting, we have considered only errors which a known for certain
to be wrong/ambiguous. It is by no means the case that these a reasonable
assumptions in realistic networks. First, nearly every fedure of a wireless network is
fraught with errors: the unit disc model for communication is a crude mathematical
approximation to a real system. When compounded with signalinterference, signal
bounce, and node failure, the relatively clean geometric miture in this (and, indeed,
the typical mathematical sensor networks) paper is challeged. Second, many errors
associated to sensors and sensor readings are not errorsaifdre-to-read, but rather
false (inaccurate) readings which are thought to be true. Inthis case, one resorts to
logical models for consistency checks. It is not inconceivde that these consistency
methods are miscible with the geometric techniques of this gper.

6.3. Target isolation. A problem which is dual to the separation problem of
this paper is the isolation problem. Given a nodex, 2 V (), determine if there is a
cycle in whose projection to the plane has nonzero winding umber with respect
to Xg, and, if such exists, nd a (short) representative of this cycle. The conference
paper [13] contains some results in this direction.

7. Concluding remarks

This paper considers the di cult problem of detecting and constructing sur-
rounding cycles in a network whose nodes are neither locakzl nor endowed with
enough information (distances, angles) with which to derive an accurate localiza-
tion. This is a problem of pressing importance in future applcations of ad hoc secu-
rity networks and networked autonomous agents. In particular, as sensor nodes are
miniaturized, the lack of cheap e cient GPS and the expense d localization make
it imperative to develop techniques which do not rely on coodinates. In addition,
since probabilistic assumptions about random distributions are rarely veri able or
applicable, we focus on methods which assume no control ovéne node density in
the plane.

The challenge of localization in an unknown environment is gni cant across
many areas of robotics and sensor networks, and has generdtan impressive array
of techniques and perspectives. This paper demonstrates #t localization is not a
prerequisite to solving problems about the winding of cycls in a planar network.
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For many systems, the unit disc graph possesses su cient irdrmation to nd sepa-
rating cycles about a node. We also demonstrate that, in addion to the unit disc
graph, an angular ordering of neighbors su ces to solve windng number problems
for all possible networks. Absolute angles are not neededna large uncertainty in
(and, sometimes, abandonment of) the angular ordering datanay be tolerated.

It may seem surprising that one could compute winding numbes rigorously
with a very primitive vision system that cannot determine cyclic orders unless
neighbors are su ciently separated. Even more remarkable $ the fact that ‘'most'
graphs will admit a Y-tree as in Algorithm YWinding, allowing for winding num-
ber computation without any angular information at all, eve n in relatively sparse
graphs. It is a characteristic feature of a topological appoach that the solution is
robust to such uncertainties: an \outrageous slop" is permssible. As with many
problems in manipulation, localization, mapping, etc., the amount and quality of
sensory information needed to solve the problem is sometinsefar below what one
would expect.
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