Section 1.4: Limits and the Derivative

Goal: To understand the notion of a limit and use it to give
the limit definition of the derivative.

Recall from last time that as 4 approaches zero, the
fx+h)— f(x)
h
We have a precise way of saying this in calculus:

difference quotient approaches f’(x).

Limit Definition of the Derivative:

f*’(x)m Ilmf(x+h)mf(x)

h—0 h




The precise meaning of the limit:

Definition: Let g(x) be a function and a a number. We
say that the number L is the limit of g(x) as x approaches
a provided that g(x) can be made arbitrarily close to L by

taking x sufficiently close to (but not equal to) a. In this
case, we write

lim g(x) = L.

X3



Let’s look at this pictorially.

Example: (#2, page 102)

lim f (x)=?

m f(x)="?
x->3

As x approaches 4, f(x) approaches the number 3.
Hence, lirri f(x)=3.
Xy

Similarly, as x approaches 3, f(x) approaches the number
2. Hence, liné F(x)=2.
Ky

Note: It does not matter that f(x) is not defined at x =3.
The key observation in determining the limit is: as x
approaches 3, f(x) approaches the number 2.



Example: (#4, page 102)

7 A
<37 o

Note that there are two ways for x to approach 3: from the
left and from the right.

Observe that as x approaches 3 from the left, f(x)

approaches the number 5. We write this as Iim f(x)=35.
x-337

As x approaches 3 from the right, f(x) approaches the

number 2. We write this as lim f(x)=35.
x—3*

Since lim f(x)# lim f(x), there is no (unique) number
x—3" x->5F

that f(x) approaches. So, Iin; f{(x) does not exist.

Note: A limit, if it exists, must be a unique number that the
function is approaching.
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Example: (#6, page 102)

Since f(x) does not approach any (finite) number as

x— 3, lin} f(x) does not exist.
x—



Now we have a better idea of limits pictorially. But how do
we compute limits from functions given by an equation?
For this, we have the following rules:

1) If k£ is a constant, then lim(%k - f(x)) =k -lim f(x).

Xy &

2) If r is a constant, then im(f(x))" = (lim f(x))".
x—a X-—ra

3) The limit of a sum (or difference) is the sum (or
difference) of the limits:

lim(f(x)+ g(x))=1lim f(x)+ lim g(x)

Iim(f(x) - g(x)) = lim f(x) - lim g (x).

X—a

4) The limit of a product is the product of the limits:
lim(f (x)- g(x) = (lim £ (x))- (lim ().

5) The limit of a quotient is the quotient of the limits
provided all the quotients make sense:

flo Mmfe
hm = X224 provided that lim g(x) # 0.
ag(x)  limg(x) w—a




Examples: Determine the following limits by using the
above rules to compute them.

a) lirri(x3 ~7)=lim x> — lim 7 (Rule 3)
= (limx)° — lim7 (Rule 2)
x-5>4 X34

=4>-T7=64-T7=57.

2 lim(x? +8)
by lim 9% xos (Rule5)
8 X+8 hrré(x + 8)

limx* + lim8
— X8 Xx~>8 (Rule 3)

Iimx + lim8&
x—8 x—8

(lim x)* + lim8
= X8 x-38 (Rale 2)

Iimx+1lim8
x-38 x-38

_&8+8_9
8+8 2
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To make things easier, we have the following consequences
of Rules 1) - 5):

Limit of a polynomial function: Let p(x) be a polynomial
function and a any number. Then

lim p(x) = p(a)

Xl

Example: lim (x*-2x+1) =2
X

Since x* —2x+1 is a polynomial, just plug in 7.

lim(x* -2x+10)=7*-2-7T+1=36.

x—=7

Limit of a rational function: Let r(x) = px) be a rational

q(x)
function, where p(x) and g(x) are polynomials. Let a be
any number such that g(a) # 0. Then

lim r(x) = r(a)

Examole: i > 20 +3x _4-2-4"+3-4 11
=Xampee: x—>4 x* - 4?2 47




Now let’s combine the formulas and the pictures with
three fantastic examples!

2
1) lim >+ 2
x-S X5

/1

x> +25
x—5
x> +25

x—5
2

Observe that — —co a8 x — 5 from the left

and that

—> o0 as x —> 5 from the right.

. X .
Hence lim does not exist,

x5 x-5




Note that the denominator is “bad” at x = 5; specifically,

the denominator is O at x = 5. But we can remove this
problem by factoring:

ZW e
im® =2 _im E=IEF) i +5)=5+5=10.
x5 x—5 x5 (x-5) x—5
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2
3) limx + 25
x5 x+35

Here there is no problem at x = 5.

2 2
Hence, limx +25:5 +25m .
x5 x+4+5 5+5
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