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6. DERIVATIVES AND DIFFERENTIAL EQUATIONS

Consider an open interval (a,b) in R and a function f: (a,b) — R. Using
the ideas in section 1 we can easily give a nonstandard characterization of

the derivative (since it depends directly on limits), as follows:

6.1. Exercise. Let a < ¢ < b; the function f is differentiable at ¢ with

derivative D if and only if for all nonstandard u € p(c) we have
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A little work translates this into the following more symmetric condition:

6.2. Exercise. Let a < ¢ < b; the function f is differentiable at ¢ if and

only if for all nonstandard u, v’ in pu(c) we have
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(In other words, f is differentiable at ¢ iff the difference quotient with one

end point at ¢ is nearly constant on the monad of ¢.)

Note that in order to make use of 6.1 to solve 6.2, you have to show that the
difference quotients in 6.2 are finite. This can be done using an overspill
argument. The assumption in 6.2 implies that for every infinitesimal § > 0,
ifc—d <wu,v <c+dand u,u do not equal ¢, then
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By overspill, this internal condition holds for some standard § > 0. Taking
¢— 6 < u' < 46 to be standard and u nonstandard in p(c), we see that the

quotients
“flu) =" f(c)
uU—c
must all be finite.

The following result gives a similar looking characterization of continuous
differentiability. The differences between the nonstandard characterization
in this result and in the one in the previous exercise are worth thinking

about.
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6.3. Proposition. Let f be any function from (a,b) to R. The following

conditions are equivalent:

(1) The derivative f' exists and is continuous on (a,b).
(2) For any u,u’,v,v" in *(a,b) with u =~ v ~v=~v, u#v, v #
and a < st(u) < b, we have

Flw) - tf@)

u—"v u

f) ="f)

/_,U/

Proof. (1) = (2) Assume f’ exists and is continuous on (a,b). Take ¢ in
(a,b) and let u # v and u’ # v all be elements of 1(c¢). Use the Mean Value
Theorem internally to get w between u,v and w’ between u’, v’ such that

)=S0 ey = T = W)
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Now w and w’ both come from p(c), so the continuity of f’ ensures that
*f(w) = f'(c) = * f'(w') and hence we have (2).

(2) = (1) Assume that (2) holds and consider any ¢ in (a,b). Taking
v = v’ = ¢ and using 6.2, we see that f is differentiable at c¢. That is, f’

exists on all of (a,b).

It remains to show that f’ is continuous. Let ¢ € (a,b) and take nonstan-
dard u € p(c). Let € be a positive infinitesimal. Applying the Transfer
Principle to the definitions of * f'(u) and * f’(¢) we obtain § > 0 in *R such

that
“Fu) = *f(0) <]

* . kgl
Y e (a,b)[0<]u v <0 — s f'(w)

and

Vu' € *(a,b) [O< |u' —c] < § —

Choose v, v satisfying 0 < |u —v| < § and 0 < |/ — ¢| < §. Then the
triangle inequality yields

’*f,(’LL) _ *f/(C)| < *f/(U) o *f(U) — *f(’l)) + *f(U) — *f(U) o *f(ul) — *f(C)

This shows that *f’(u) = *f’(¢), whenever u € u(c). Therefore f’ is con-

tinuous. O
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6.4. Exercise. Show that condition (2) in the previous proposition is equiv-
alent to each of the following standard conditions (which thus also give

characterizations of continuous differentiability).

3. fis locally uniformly differentiable on (a,b); that is for all ¢ € (a, b)

im f(x)_f(y): /
Sy 7T

4. f is uniformly differentiable on closed subintervals of (a,b), that is
for any d,e € (a,b) with d < e, and for all € > 0, there exists 6 > 0
such that for any ¢ € [d, e] and for any z with 0 < |z| < § we have

flet+2) = f(o)

z

—fl(o)] < e

It is possible to characterize C™ functions (n > 2) in a similar manner. Let
f be a function on (a,b), and let u = (ug,...,u,) be a sequence of n + 1

distinct elements of (a,b). There is a unique polynomial p, of degree n

satisfying py(u;) = f(u;) for all i = 0,...,n. There exist unique coefficients
ag, - - - , @y, 80 that this polynomial can be written in the form
n—1
pu(x) = ap + a1(x — ug) + az(x —wp)(z —ur) + - - + an H(w — u;).
i=0

Evidently a; can be obtained using induction on k since it solves the equa-

tion
k—1
flug) = ao + a1 (ug — uo) + ag(ug — ug)(ur —uy) + -+ - + ag H(uk — ;).
=0

This also makes it clear that a; only depends on wuy,...,u; for all k =
0,...,n. We denote a by 6" flug, ..., uz].

Note that Flu) — f(uo)
uy) — f(ug
0 flug, w] = S
U1 — U
which is the difference quotient used for treating the first derivative of f.
For n > 1 it is easy to show that §” f[ug, ..., u,] is a higher order difference

quotient of f.

6.5. Theorem. A function f: (a,b) — R is C™ on (a,b) if and only if
for all ¢ € (a,b) and for all u,v € pu(c)" ™, with u (respectively v) having

distinct coordinates, one has

" flug, - ., up] = 8" flvo, ..., vn].
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In that case, these expressions are finite and their common standard part
is equal to ) (c)/n!

Proof. See Chapter 8 of Keith Stroyan’s online book Foundations of Infin-

itesimal Calculus® O

Now we will prove a classical existence result for continuous first order

differential equations.

6.6. Theorem (Peano Existence Theorem). Let g: [0,1] x R — R be a
bounded, continuous function. Then for any a € R, there is a differentiable
function f:[0,1] — R such that f(0) = a and f'(t) = g(t, f(t)) for all
te€0,1]

Proof. Fix N € *N\ N. Let At = 1/N and T = {0,At,2A¢t,..., NAt}.
Note that 7' is internal and S-dense in [0,1]. By the Transfer Principle
there is an internal function Y': " — *R such that Y (0) = a and

Y ((k + 1)At) = Y (kAt) + *g(kAL, Y (kAt))At, for 0 < k < N in *N.

Step1. First we prove that Y is S-continuous and Y'(¢) is finite for all ¢t € T
Fix a bound M for g. Let 0 < k <l < N. Then, by transfer, we have
-1
YV (IAL)-Y (kAt)] = | *g(nAt, Y (nAt)) At
n==k
-1
< 3" IFo(nAr Y (nAn) A

n=~k
-1
<MY At=M(-k)At~0.
n=k

This proves that Y is S-continuous. By taking £ = 0 we also see that
Y (IAt)| < a+ MIAt < a+ M. Hence Y (IAt) is finite.

Now we can define f: [0,1] — R by f(r) = st(Y (¢)) where ¢ is any element
in T'N p(r); for definiteness, take ¢t = min{s € T'|r < s}. Clearly f(0) = a.

It follows from the inequalities proved above for Y that f is continuous.

Lavailable from Stroyan’s website at http://www.math.uiowa.edu/"stroyan by fol-
lowing the path /InfsmlCalculus/FoundationsTOC.htm. Also see his calculus lectures

using infinitesimals at /InfsmlCalculus/InfsmlCalc.htm.
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It remains to show that f is differentiable on [0, 1] and that f'(t) = g(¢, f(t))
for all ¢ € [0,1]. Using the Fundamental Theorem of Calculus, this is

equivalent to the integral equation
¢
ft)=a —|—/ g(s, f(s))ds forall t € [0,1].
0

Step2. We prove this integral equation. Let H: T — *R be defined by
H(kAt) = *g(kAt,Y (kAt)) and let the continuous function h: [0,1] — R
be defined by h(r) = g(r, f(r)). Then we have

H(kAt) = *g(kAt, Y (kAt)) = g(st(kAt), f(st(kAt)))
= h(st(kAt)) ~ *h(kAL).
Hence {|H (nAt) —*h(nAt)| | n =0,..., N} is a hyperfinite set of infinites-

imals. Therefore this set has a maximum element 6 which is infinitesimal.
This implies that for each m € *N with 0 < m < N we have

> H(nAHAL - > *h(nAt)At| <Y |H(nAt) — “h(nAt)|At
n=0 n=0 n=0

< At = (m+1)6At ~ 0.

n=0
Therefore
k—1
f(t) = Y(EAt) =a+ Z *g(nAt, Y (nAt)) At

n=0

k—1 k—1

~a+ Z H(nAt)At ~ a + Z *h(nAt)At
n=0 n=0

t
zaJr/ h(s)ds.
0

The last step follows from the definition of the integral of the continu-
ous function h and the nonstandard characterization of limits. Since the

numbers at the beginning and end of this chain are standard, we conclude

ft) = a+/0 h(s)ds

which completes the proof. O



