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7. POLYNOMIALS AND LINEAR ALGEBRA

In this section we apply nonstandard analysis to the study of roots of
polynomials and to the structure of linear operators on finite dimensional

vector spaces.

RoOOTS OF COMPLEX POLYNOMIALS

Fix n € N and let P,, C CJz] be the set of polynomials over C of degree
n. Recall that M, is the space of multisets of cardinality n from C. (See
Example 5.29.) We consider the map R,: P, — M, which takes each
polynomial to its set of roots, with multiplicities counted. Our objective
in this subsection is to use nonstandard analysis to prove the continuity of

this map. Indeed, we do something more general.

Each polynomial can be identified with its sequence of coefficients. This
identifies P,, with a subset of C"*! and we give it the subspace topology.
Thus two polynomials are considered to be close if their coefficients are

near each other in C, degree by degree.

The nonstandard extension *P,, is the set of polynomials over *C of degree
n. Moreover, *M,, is the space of multisets of cardinality n over *C, and
the map *R,, takes each (nonstandard) polynomial to its multiset of roots
in the algebraically closed field *C.

In order to prove the continuity of R,, we need to take polynomials p € P,

and ¢ € *P,, with the representations

p(z) = Zn:aizi and ¢q(z) = Zn:bizi
i=0 =0

and satisfying b; ~ a; for i = 0,...,n, and we must show *R,(q) ~ R(p)
holds in *M,,.

The elementary algebraic argument we use applies more generally. We con-
sider internal polynomials p,q € *P,, represented as above with coefficients
in *C, such that a; ~ b; for 1 = 0,...,n. We also assume that p, g have at
least one coefficient that is not infinitesimal. Our analysis relates the roots

of p to the roots of q.

Obviously the problem is unchanged if we rescale p and ¢ so that all coef-
ficients are finite and for some j = 1,...,n we have a; ~ 1 = b;. (Divide

by a coeflicient with largest absolute value, which will not be infinitesimal.
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Therefore the coefficients remain infinitesimally close, degree by degree.)
Assume that this has been done, and define py(z) € C[z] by

n n

po(z) = ZS‘C(az‘)Zi = Zst(bi)zi.

i=0 i=0

The next result relates the roots of p (and ¢) in *C to the roots of pgy in C.
Note that if the leading coefficient(s) of p, ¢ are infinitesimal, then pg has
degree < n, so it is not in P,,. The next result shows that the amount by
which the degree drops below n is exactly the number of infinite roots of

p,q.

7.1. Theorem. Suppose p(z) € *P,, with p(z) = apz"™ + -+ + a1z + agp;
assume the coefficients of p are finite, a, # 0, and some a; is not infinites-
imal. List the roots of p in *C (with repetitions) as a1, ..., aq, Bgt1,-- -, Pn,
where 0 < g < n, each oy is finite, and each [3; is infinite. Set r; = st(a;)
for j =0,1,...,n and u; = st(a;) for i = 1,...,q. Then the polynomial

po(2) = 2™+ - -+r12+10 in C[2] has degree q and its roots are uy, . .., uq.

Proof. Letting k = a,,, we have

p(z) = (2 — o) ... (z = ag)[k(z — Bye1) .- (= — Bu)]

Let S C *C be the set of all finite z € *C that are outside all of the monads
p(uj), j=1,...,q. For all z € S, we have p(z) = po(z), since

n

p(2) —po(2) = Z(ai —st(a;))z' = 0.

By choice, z—«; is not infinitesimal when z € S, for7 =1, ..., q. Therefore,
for such z we have
po(2) - p(2)
(z—u1)...(z—uy)  (z—a1)...(z —ay)
where T'(z) = k(z — Bg+1) ... (2 — Bn). Note that this shows T'(z) is finite
for z € S.

=T(2),

Let 2,2’ € S. Then, both z/f; and 2’/ (; are infinitesimal for i = ¢+1,...,n.
From this we deduce that

T(z) _ (2=Bgr1)--- (2= 0Bn)

T(2) (2" = Bgt1) - (2' = Bn)
1.

Q
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So we get T'(z) ~ T(7') for all z,2' € S, since T'(2') is finite. Let ¢ be
the common value of st(T'(z)) for z € S. Since pg # 0 (by assumption,
some a; is not infinitesimal), there is a standard z € C that is distinct from
u1,...,uq and is not a root of pg. For that z, T'(z) % 0. So ¢ # 0.

For any z € C different from uy, ..., uq, we get

po(z) ~ T(2)(z—w)...(z—uq)

~ c(z—w)...(z—uq)

Since po(z) and ¢(z —u1) ... (2 — uq) are standard, this yields
po(2) =c(z —u1)...(2 —uq)

for all z € C\ {u1,...,uq} and hence for all z € C. O

7.2. Corollary. R,,: P, — M, is continuous.

Proof. Take any standard py € P,, and p € *P, in the monad of py. Since
po has degree n, the argument above shows that p(z) has no infinite roots.
Further, Theorem 7.1 yields that *R,(p) = Ry (po) in *M,,. (See Example
5.29 for a discussion of the standard part map in *M,.) Therefore R,

satisfies the nonstandard criterion for continuity at pg. g

VECTOR SPACES

7.3. Definition. Fix n > 1 and 0 < k£ < n and consider C" as a vector

space over C. Denote by G™* the set of all k-dimensional subspaces of C™.

The spaces G™F are called Grassmannians on C, once they are given a
suitable topology. We examine G™* as a topological space by focusing on
what turns out to be its standard part map. By transfer, *(G™F) is the
set of all internal k-dimensional subspaces of *C™, which we consider as an

internal vector space over *C.

7.4. Definition. For E € *G™* we define

°E = {st(v) | v € E is finite in *C"}.

It’s easily checked that °F is a subspace of C", considered as a vector space

over C. We want to determine its dimension.
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7.5. Lemma. If E € *G™*, then dimc(°F) = k.

Proof. We introduce the usual inner product (-, -) defined for v,w € C" by

n

(v,w) = Z V;W;.

i=1
The nonstandard extension of this function will be written (-,-); it maps
*C™ to *C and has all the formally expressible properties of the usual inner

product. Since E is an internal subspace of *C", it has an orthonormal

basis v1, ..., v, by transfer. We have
( > 0 ifi#j
Vi vs) =
" 1 ifi=j
In particular, vy, ..., v, are finite in *C", so st(vy),...,st(vg) € °E. It’s
easy to check that st(vi),...,st(vg) are orthonormal in C™, so they are

independent. We complete the proof by showing that st(vy),...,st(vg)
spans °E over C. If v € E, then v = ajv1 +- - -+ vy for some aq, ..., qf €
*C. Assume v is finite in *C", so st(v) is a typical element of °E. Then
(v,vj) = «; for each j, so by the Cauchy-Schwarz inequality, each «; is

finite. The continuity of vector operations yields

st(v) = Y27, st(y) st(v;) € spanc(st(vy), .. ., st(vg)).

g

7.6. Exercise. The Lemma shows that the map E — °F takes *G™* into
G™*. Show that there is a topology on G™F for which this map is the
standard part map. Use obvious properties of this standard part map to

show that in this topology, G™* is a compact, Hausdorff space.

FINITE DIMENSIONAL LINEAR OPERATORS

Consider V = C" as a vector space over C of dimension n, andlet T: V — V
be a linear operator. Recall that the characteristic polynomial of T is
p(A) = det(T" — AI), where I is the identity on V. The roots of p(\) are
the eigenvalues of T' (i.e., those A such that (7" — A\)v = 0 has a nonzero
solution v € V). Let Aq,..., A, be the distinct eigenvalues of 7' and let

s1,...,Sm be their multiplicities as roots of p, so we have

m

p(\) = [T =)

J=1
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For j=1,...,m, let
Uj = {UE Vv | (T—/\jI)SjUZO}.

Then Uy, ...,U,, are subspaces of V', each of which is invariant under 7.
For each j, Uj is called the (generalized) eigenspace of T associated to the

eigenvalue \;.

The first main structure theorem for linear operators on finite dimensional

vector spaces over C is the following result:

7.7. Theorem (Primary Decomposition Theorem). In the situation de-
scribed above, V' equals the direct sum Uy @ --- @ Uy, and dimU; = s; for
allj=1,...,m.

We will prove the above theorem using a combination of standard and
nonstandard techniques. Nonstandard analysis comes in especially at the

end to aid proving that these eigenspaces have the right dimensions.

We first prove some standard facts from linear algebra.

7.8. Lemma. Given a vector space V' of dimension n over C and a linear
operator T: 'V — V, there exists a basis vi,...,v, for V such that each
subspace span(vy,...,v;) is T-invariant. The eigenvalues of T' can be listed
(with multiplicities) as aq,...,a, so that for each i = 1,...,n one has

(T — a;I)v; € span(vy,...,vi—1).

Proof. We prove the first part of the Lemma by induction on n. The lemma
is trivial for n = 0. We assume the lemma holds for n — 1 > 0 and prove it
for n. Fix an eigenvector u # 0 of T. Expand u to a basis u, w1, ..., W,_1
for V. Let U = span(u) and let W = span(wy, ..., w,—1). Let P: V — W
be the projection onto W with ker P = U and define S: W — W by
S = PT. The lemma holds for § on W by induction, so let z1,..., 2,1
be such a basis for W. Then u,z1,...,2z,_1 is a basis for V and it is a
straightforward exercise to show that for each ¢ = 1,...,n —1 the subspace

span(u, 21, . . ., z;) is T-invariant.

Now let vy, ..., v, be a basis for V such that each subspace span(vy, ..., v;)
is T-invariant. For each i let 3; be the coefficient of v; when T'(v;) is written
as a linear combination of vy, ...,v;. (So f1,..., 3, are the diagonal entries

of the matrix of 1" with respect to the basis vq,...,v,, which is an upper
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triangular matrix.) It is an easy exercise to show that f(i,..., [, are the

eigenvalues of 7. O

One important consequence of this Lemma is the following, which we use

later.

7.9. Theorem (Cayley-Hamilton Theorem). Let T: V' — V have charac-
teristic polynomial p(\) = det(T — A\I) = ag + aiA + -+ + apA". Then
p(T)=ap+a1T+---+a,T"=0.

Proof. Let vy,...,v, be a basis of V obtained using Lemma 7.8. Let the
eigenvalues of T' be (with repetitions) aq,...,a,. The operators T — oI
for i =1,...,n commute and the composition of all of them is equal to the
operator p(T'). An easy argument shows that p(T")v; = 0 for all ¢ and hence
p(T) =0. O

Now we develop some ideas from nonstandard analysis that are needed for

the proof of the Primary Decomposition Theorem.

We put the usual topologies on V' = C™ and on the space of n x n matrices
over C. If A = (a;;) and B = (b;;), then A = B if a;; = b;; for all 4, ;.
We say that A is finite if a;; is finite for all 7, j; these are the nearstan-
dard matrices relative to this topology. We also topologize the space of all
linear operators on V' in the usual way. Given internal *linear operators
T,5:*V — *V, we have T' =~ S if and only if Tz ~ Sz for all finite x € *V.
We say that T is finite if Tz is finite for all finite z € *V; these are the

nearstandard operators on *V with respect to this topology.

7.10. Proposition. If the internal *linear operators T,S:*V — *V are
finite, and T ~ S, then one can list the eigenvalues of S andT as aq, ..., ap

and (1,. .., Bn, respectively, such that o; = G; fori=1,...,n.

Proof. Let A, B be the matrices of T, S with respect to the standard basis of
*C". Check that A ~ B. Then the polynomials det(7'—AI) and det(S—\I)
have coeflicients that differ by an infinitesimal, degree by degree, since these
are given by continuous functions of the entries of the representing matrices.
The result then follows by Theorem 7.1. 0
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7.11. Proposition. Given any T:V — V, there exists S: *V — *V such
that S =~ *T and S has n distinct eigenvalues (in *C). Equivalently, given
an n X n matriz A over C, there exists an n x n matrizx B over *C such
that B =~ A and B has n distinct eigenvalues (in *C).

Proof. Use Lemma 7.8 to get an upper triangular matrix U and an invertible
matrix D over C such that A = DUD™!. Let U’ be a perturbation of U
(i.e., satisfying U’ ~ U) obtained by perturbing the diagonal entries of
U to make them distinct. Let B = DU’D~!. Since U’ ~ U and matrix
multiplication is continuous, it follows that B ~ A. The eigenvalues of B

equal the eigenvalues of U’, which are distinct. O

We now give the proof of the Primary Decomposition Theorem. The first

part does not use nonstandard analysis.

Part I, proof of Theorem 7.7; standard arguments.

We prove here that V.= U; @ --- @ Uy,. Let pj(\) = % Note
J
that pi1,...,pm have no common root. Since C[)] is a PID, there exists

polynomials qi,...,qm € C[A] such that 0", ¢jp; = 1. For each j =
1,...,m, let E; = q;j(T)p;(T"). We observe that Ey + --- + E,, = Idy and
E;E; = 0 whenever i # j (using Theorem 7.9 since p;p; is divisible by p in
C[A]). Combining these, it follows that E]2 = E; for all j. Hence we get
that V is the direct sum of the subspaces E1V,..., E,V.

To finish this part of the proof, we need to show that E;V = U; for all
j. Suppose that u € E;V so that w = Ejv for some v € V. Then (T —
Al ) = (T = NI)% Eju = q;(T)[(T — A1) p;(T)]v = ¢:(T)p(T')v = 0, so
u € Uj. Hence E;V C Uj.

For the opposite containment, suppose u € U;. For any i # j, p; is divisible
by (A — ;)% so Eju = 0. Therefore, w = (Ey + -+ + Ep)u = Bju+ -+ +
E,u = Eju € E;V. 1t follows that U; C E;V. Hence E;V = U; for all j
and we are done with this part of the proof. O

We now complete the proof of the Primary Decomposition Theorem us-
ing nonstandard analysis. It remains to show that dimU; = s; for

j=12,...,m.
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Part 11, proof of Theorem 7.7; nonstandard arguments.

Use Proposition 7.11 to get S: *V — *V such that S = *T" and S has
distinct eigenvalues. Let ajq,...,a, be the eigenvalues of S, and let F' =
{ai1,...,a,}. Observe that the polynomials det(*T" — AI) and det(S — \I)
over *C have coefficients that differ by an infinitesimal, degree by degree,
and both have leading coefficient+1. By Theorem 7.1, we can order the
eigenvalues of S so that they are infinitely close to the eigenvalues of T" listed
with multiplicity. Hence the standard part map takes F' onto {A1,..., A\
and, moreover, for each j = 1,...,m we have that s; is the number of 7 for
which a; = A;.

Let vy, ..., v, be eigenvectors for S, satisfying Sv; = ayv; foralli =1,...,n;
thus v1,...,v, is a basis for *V over *C, since ag,...,q, are distinct.
Let W; = span.c{v; | a; = A;}, so dim«¢c W; = s;. Lemma 7.5 yields
dimc °W; = s;. We will now prove that °W; C U; (and hence dim¢ U; > s;)

forallj=1,...,m.

Let w € W; be finite. If f81,...,(s; is an enumeration of the «; satisfying

a; =~ \j, then we have
(T = NI)% st(w) = (S — B1I) ... (S — Bs; 1w =0,

so (T'— X\;1)% st(w) = 0. It follows that °W; C U;.
From V =U; @ --- ® Up, it follows that dim U; = s;, completing the proof

of the Primary Decomposition Theorem. O

This result immediately yields another of the standard normal form theo-

rems for finite dimensional operators:

7.12. Exercise. We use the notation of the Primary Decomposition The-
orem. Show that T'= D + N where D is diagonalizable, N is nilpotent,
and DN = ND. (Hint: Let T; be the restriction of T to Uj, for each
J=1,...,m. Let Dj = A\jIy; and Nj = T; — D;. Show that Nj is nilpo-
tent, and D;N; = N;D;. Note that T is the direct sum of the T}’s.)

We close this section by briefly indicating the continuity of the primary de-
composition as the operator T on V varies. We do this quickly from a non-

standard analysis point of view, without being careful about the topology
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on “primary decompositions.”. Let T': V' — V be any standard linear oper-
atoron V =C"and let S: *V — *V satisfy S ~ *T. Let *V = W1 ®-- -dWp
be the internal primary decomposition of S; let aq, ..., ax be the distinct
eigenvalues of S, arranged so that W; is the eigenspace of S associated to
«; for each 7. Let r; be the multiplicity of «; as an eigenvalue of S, so
dim«c(W;) = r; for each i, by the internal version of the primary decom-

position theorem.

Suppose the eigenvalues of T are, as above, Ay,..., A\, with multiplicities
Sly.--ySm, and let V.= U; & --- & U, be the corresponding primary de-
composition of T'. Since S = *T, we know that for each j = 1,...,m we
have

55 = Z{rz | ai = Aj}
For each j let

Vi =D{Wi | ai = Al

(Here we work over *C.)

7.13. Exercise. Show that U; = °V} for each j =1,...,m.

This suggests that the primary decomposition does indeed depend contin-
uously on the operator being decomposed. (Exercise: make the standard
content of this statement precise. That is, give a topology on the space of
primary decompositions such that, using the notation above, the standard
part of (Wy,...,Wy) is (°V1,...,°Vin).)

The following example looks slightly below the surface of this comparison

of primary decompositions:

7.14. Example (n=2). Let V = C? and let A and B be the following

matrices
1
Ao 0 B 1 )
01 0 1+e

where §,¢ ~ 0 and g is infinite. Then A ~ B. A basis of eigenvectors for
B is given by (1,0) and (1, §) ~ (1,0). Hence, the primary decomposition
for (the operator associated to) B is given by W; = span.c(1,0) and Wy =
span-c(1, §). The canonical projections of *C* = Wi & W onto W; and

Ws are given by the matrices

0 -9 1 ¢
By = € Eo — €
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Note that the matrices Fq and FEs fail to be nearstandard. However, the
projection Fy @ FE5 is nearstandard and its standard part as an operator
is indeed the projection associated to the primary decomposition of the

operator (associated to) A.



