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Next we want to compare the pp-integral defined above to the usual in-
tegral defined for the measure space (2, Ar,ur). For any Ajp-measurable
function f: Q — R, let ®(f) denote the integral of f as defined in the usual
developments of measure theory. Let L1 (€, A, i) denote the usual space
of integrable functions, which consists of the A-measurable functions f
for which the integral ®(|f|) is finite. (See below for a discussion of how
®(f) is defined.) We show that these two integration theories are identical.
That is, for an Ajz-measurable function f: Q — R, we show that f is in
Li(Q,Ar, pup) if and only if f has an S-integrable lifting and, moreover, if
F is an S-integrable lifting of f, then ®(f) = st ( [ Fdu).

One key idea for proving this equivalence is contained in the following
simple approximation result, which gives another characterization of S-

integrable functions:

9.10. Proposition. Let F': Q — *R be an A-simple function.

Then F' s S-integrable if and only if for each standard ¢ > 0 there exists
an A-simple function G such that |G(z)| < |F(z)| for all x € Q, the range
of G is a finite set of standard real numbers, and [ |F — G|du < e.

Proof. (<) An A-simple function F' with this property obviously satisfies
(2) in Theorem 9.4. In particular, note that for any G with the stated
properties, the integral [ |G|dy is finite, which forces [ |F|du to also be
finite.

(=) By treating the positive and negative parts of F' separately, we reduce
to the case where F' also satisfies F'(x) > 0 for all x € Q.

Fix a standard ¢ > 0. Since F' is S-integrable, there exists n € N such
that the integrals of F' and of min(F,n) differ by at most €¢/2. Choose
k € N larger than 2u(2)/e. Let g: [0,n] — {0,1/k,2/k, ..., (nk)/k} be the
function that takes x to the largest fraction of the form m/k that is < .
Finally let G be the composition *g o min(F,n). It is easy to check that G
is an A-simple function whose values lie in the set {0,1/k,2/k, ..., (nk)/k}
and that 0 < G(z) < min(F(z),n) < F(z) and |G(z)—min(F(z),n)| < 1/k
hold for all z € . The last inequality together with the choice of k imply
that [ |G — min(F,n)|du < €/2 and therefore [ |F' — G|du < e. Therefore
G has all of the desired properties. O
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9.11. Corollary. If f: Q@ — R has an S-integrable lifting, then f €
Li(Q, AL, ur). Moreover, if F is an S-integrable lifting of f, then

o(f) :st(/qu).

Proof. In proving this result we use the following definition of ®(f) (see
Chapter 2 of the book Real Analysis by G. Folland, for example): first, for

an Ar-simple function g, ®(g) is defined in the obvious way:
n n
®(Y_rixx,) = ri (X))
j=1 j=1

for any pairwise disjoint sets Xi,...,X, from Ap and real numbers
T1,...,Tn. Second, for an arbitrary Ap-measurable f: Q — [0, 00|, the
integral ®(f) is defined to be the supremum of the values ®(g) where g is
any Ar-simple function such that 0 < g(z) < f(x) for all x € Q. Such
a function f is taken to be an element of Ly (2, Ar,ur) iff ®(f) is finite.
For an arbitrary Ap-measurable function f we put f in Lq(Q, Ap, pur) iff
the nonnegative functions f* = max(f,0) and f~ = —min(f,0) are in
Li(, AL, iur), and in that case we set ®(f) = ®(fT) — ®(f 7).

Now take f to be any function with an S-integrable lifting F'. By separating
f into its positive and negative parts, we reduce to the case where f(x) > 0
for all z € Q. We may likewise assume that F' satisfies F'(z) > 0 for all
x € .

Fix a standard € > 0. Applying the previous proposition to F' we obtain
G: Q) — *R that is A-simple, has range a finite set of standard real numbers,
satisfies 0 < G(z) < F(z) for all z € Q, and has [ |F — G|du < e. Let
N={xe€ Q| F(z) % f(x)}, so N is a yr-null set. Finally, let G': Q@ — R
be equal to 0 on N and equal to G on Q\ N. Then G’ is an Aj-simple
function and satisfies 0 < G'(x) < f(z) for all 2 € Q; moreover, (G') =
®(G) ~ [Gdpu. Also we have 0 < [Gdp < [Fdp < [Gdu+ e, from
which it follows that

st(/Fd,u)ﬁ@(G')—l—eﬁ@(f)—l—e.

Since € was arbitrary we conclude st ( [ F du) < ®(f).

To complete the proof we assume st ( f F d,u) ®(f) and derive a contra-

<
diction. Take a standard e > 0 such that st ( [ F du) + 3e < ®(f). There
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exists an Ap-simple function

n
g= er " XX
Jj=1

with X7, ..., X, pairwise disjoint sets in Ay and r1,...,7, > 0 in R, such
that 0 < g(z) < f(z) for all z €  and

st (/qu) +2e¢ < ®(g) < B(f).

Choose a standard 6 > 0 satisfying 26 - max(ry,...,r,) < e. For each
j=1,...,n choose A; € A such that A; C X; and pur(X;) —°u(4;) < 0.
Further, choose B € A such that °u(B) < ¢ and f(z) ~ F(z) for all
x € Q\ B; this is possible because F' is a lifting of f. Finally set B; = A;\ B
for all j = 1,...,n. Then By,..., B, are pairwise disjoint, and B; C X
and pr(X;) —°u(Bj) <26 for j=1,...,n. We set

n

g/zzrj " XBj-

j=1
For x € By U---U B,, we have

g'(x) = g(x) < f(z) = st(F(z))

and for x € Q outside B1U---UB,, we have ¢'(z) = 0 < g(z). In particular,
there exists an infinitesimal > 0 such that ¢'(z) < F(z) +n for all z € Q

and therefore
d(g') :st(/g'du) <st(/qu).
Note that
P(g) — ®(g') = er (X5 \ By) <max(ri,...,rn) - 20 <€
j=1
and therefore
st (/qu) +e< ®(g).

This contradiction completes the proof. Il

Finally, with a little more argument we are ready to prove the main result

in this subsection:

9.12. Theorem. Let f: Q — R be Ap-measurable. Then f is in
Li(Q, AL, ) if and only if f has an S-integrable lifting. Moreover, if
F is an S-integrable lifting of f, then ®(f) = st (deu).
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Proof. Given the previous corollary, it remains only to show that every f
in L1(Q, Ar, pr) has an S-integrable lifting. As in the previous arguments,
we may assume f(z) > 0 for all z € Q. Because f is Ap-measurable, it
has a lifting F', which we may assume also satisfies F'(xz) > 0 for all z € .
From the example above we know that F' need not be S-integrable, so we

must modify F' to achieve S-integrability.
If is a trivial consequence of the definition of ®(f) that it is the limit of the

nondecreasing sequence (®(min(f,n)) | n € N). Moreover, for each n € N
we know that min(F, n) is a lifting of min(f,n). It follows that min(F, N)
is a lifting of f for all infinite N € *N. We show that for small enough
infinite N the function min(F, N) is S-integrable.
Let r = ®(f) = limy oo ®(min(f,n)). For each k > 1 choose n; € N so
that

|r — @ (min(f, nk))’ < %
and choose the sequence so that n; < ne < .... Using the fact that
min(F, ng) is a lifting of min(f, ng), the fact that standardly bounded A-
simple functions like min(F, ny) are S-integrable, and the previous corollary

we have .
|r— /min(F, ny,) dp| < z
for all £ > 1. By overspill there exists an infinite K € *N such that
. 1
r— /mln(F,*nK)d,u‘ <z 0.

Letting G = min(F, *nk) we see that G is a lifting of f and min(G,n) =
min(F, n) is a lifting of min(f, n) for all standard n € N. Therefore

st (/Gd,u) =r= nlLI%O ®(min(f,n)) = T}Lr{)lost (/min(G,n) du).

Using condition (1) in Theorem 9.4 this shows that G is S-integrable, which
completes the proof. O



