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Abstract

In 1954, Roland Fraissé published a paper that answered the following questions: Given a first-order signature

L and a class 2 of finite L-structures that is closed under isomorphism:

1. find necessary and sufficient conditions on 2 that guarantee the existence of a “homogeneous” L-
structure M such that the class of L-structures that are isomorphic to finite L-substructures of M is

A

2. find necessary and sufficient conditions on 2l that guarantee the existence of an L-structure M such
that Th(M) has QE and is w-categorical, and such that the class of L-structures that are isomorphic

to finite L-substructures of M is 2.

In this thesis we generalize Fraissé’s results to the setting of bounded continuous logic for metric structures.
This logic was presented in 2004 by Itai Ben Yaacov, Alexander Berenstein, C. Ward Henson, and Alexander
Usvyatsov, and it may be considered as a generalization of first-order logic.

We also prove a theorem, in the setting of continuous model theory, that is a generalization of a theorem

of H. D. Macpherson about the automorphism groups of w-categorical structures.
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Chapter 1

Introduction

In 1954, Roland Fraissé published a paper (see [4]) that has become a classic in Model Theory. In this paper
he pointed out that we can think of the class of finite linear orderings as a set of approximations to the
ordering of the rationals, and he described a way of building the rationals out of these finite approximations.
Fraissé’s construction is important because it works in many other cases too. Starting from a suitable set of
finite structures we can build their “limit” and some of the structures built in this way have turned out to
be remarkably interesting.

In this document we will use the following notation: We say that a set is countable if its cardinality is
equal to the cardinality of a subset of w. We say that a set is countably infinite if its cardinality is equal to
the cardinality of w.

For simplicity, for the remainder of the introduction L, will denote a first-order signature with no function
symbols. Some of the theorems that will be stated may be true for more general first-order signatures but
this is not going to be relevant to our later analysis.

The series of questions that Fraissé answered were the following: Given a class 2 of finite L-structures

that is closed under isomorphisms:

1. find necessary and sufficient conditions on 2l that guarantee the existence of a “homogeneous” Li-
structure M such that the class of Lq-structures that are isomorphic to finite Lq-substructures of M is

2L

2. find necessary and sufficient conditions on 2 that guarantee the existence of an L;-structure M such
that Th(M) has QE and is w-categorical, and such that the class of Li-structures that are isomorphic

to finite Li-substructures of M is 2.

In later years several people studied the interplay among 2, M, Th(M), and Aut(M).

To state Fraissé’s results precisely we will need some terminology.

Notation 1.1. 1. If A is an L-structure we set age(A) to be the class of Li-structures that are isomorphic

to finite Li-substructures of M.



2. If T is a complete Li-theory we set age(T) to be the class of L;-structures that are isomorphic to finite

Lq-substructures of models of T.
We will also need the following definition.
Definition 1.2. Let 2 be a class of finite L;-structures with the following properties:
e 2 is closed under isomorphism.
e (Hereditary property, HP for short) If M € 2 and N is an L;-substructure of M, then N € 2L.

e (Joint embedding property, JEP for short) If M; € A, My € 2, then there exist M € 2 and Lq-
embeddings f1: My — M, fo : My — M.

Then 2 is called an age in L;. Usually, when L, is clear from the context, we may just say that 2 is an age.

Definition 1.3. The cardinality of an age 2 in Ly is defined to be the number of isomorphism types of

elements of 2.

Definition 1.4 (Amalgamation property, AP for short). Let 2 be a class of finite L;-structures. We say
that 21 has the amalgamation property if for every M, M;, My in 2 and Lj-embeddings f; : M — My,
f2 : M — M;, there exist N in 2 and Li-embeddings g1 : M; — N, g2 : My — N such that g o f1 = g2 0 fa.

Note that in general AP does not imply JEP.

Definition 1.5. Let L; be a first-order signature and let M be an L;-structure. We say that M is ul-
trahomogeneous if every isomorphism between finite substructures of M extends to an automorphism of

M.
Here are two theorems of Fraissé that answered the first question.

Theorem 1.6. Let Ly be a countable first-order signature and let M be a countable Li-structure that is

ultrahomogeneous. Let A = age(A). Then A is a nonempty, countable age with the AP.
Proof. See [6, Theorem 6.1.7]. O

Theorem 1.7. Let Ly be a countable first-order signature and let A be a nonempty countable age in L,
with the AP. Then there is a unique Li-structure M such that M is countable, age(M) = 2 and M is

ultrahomogeneous.
Proof. See [6, Theorem 6.1.2]. O

Here are two theorems of Fraissé that answered the second question.



Theorem 1.8. Let L be a finite first-order signature and let T be a complete Ly-theory that has QF and

is w-categorical. Then age(T) is an a countably infinite age with the AP.
Proof. See [6, Corollary 6.4.2]. O

Theorem 1.9. Let Ly be a finite first-order signature and let A be a countably infinite nonempty age with

the AP. Then there exists a unique complete theory T that has QF, is w-categorical, and satisfies age(T) = 2.
Proof. See [6, Theorems 6.4.1 and 7.3.6]. O

In this thesis we generalize the above theorems to the continuous setting. Let L denote a bounded
continuous signature without function symbols. (See [1], [2].) An age in L is defined in the same way as an

age in L1. We will use the following notation.

Notation 1.10. Let 2 be an age. For every n € w we set S2 to be the set of quantifier-free types in the

variables z1, ..., x, which are realized in structures in 2.

The AP in the continuous setting is defined in exactly in the same way as in the classical first-order

setting. Here is a variation of the AP.

Definition 1.11. Let 2 be an age. We say that 2( has the near amalgamation property (near-AP) if for
every e >0, n,l ew, MeA pe€ S%H, and @ = (a1,...,a,) € M such that a = p[n, there exists N in 2

such that M C N and b = (by,...,b,) C N such that b = p and

N . .
1ré1ia§xnd (ai,b;) < e.

We note that the AP implies the near-AP. The near-AP is closely related to the notion of strongly

w-gf-near-homogeneous structures, which is defined next:

Definition 1.12. M is strongly w-qf-near-homogeneous if for every n € w, n-tuples a,b C M, such that

aftpye (@) = qftpM(b), there exists an automorphism f of M such that

M( s .
11%1%Xnd (ai, f(b;)) <e.

If 2 is an age with the near-AP, then we can define a natural metric on its quantifier-free type spaces.

Definition 1.13. Let 2 be an age. For every n € w and p, ¢ € SX, we define

d%(pv q) = 1nf{1rgfi<xndM(a“bz) | Me Ql? d7l_) g M7 M ’: p(d)v M ): q(l_))}



Proposition 1.14. Let 2 be an age with the near-AP. Then for alln € w, (S%,d2) is a metric space.

n»-'n

Proof. See 6.11. O

In the classical first-order setting the size of the age is measured by its cardinality. In the continuous

setting the size of an age is measured by its density.
Definition 1.15. Let 2 be an age with the near-AP.
1. We say that 2 is d®-compact if for every n € w, the metric space (S>,d>) is compact.

2. We say that 2 is d*-separable if for every n € w, the metric space (S2,d%) is separable.

n»-'n

3. We say that 2 is d*-complete if for every n € w, the metric space (SZ,d>) is complete.

Definition 1.16. Let 2 be an age. We say that 2 is totally bounded if for all € > 0 there exists n > 1 such

that for all M € A, M has an e-net of size < n.

In this thesis we develop a strong analogy between the classical setting and the continuous setting.

e A d*-compact age in L is the analogue of an age in L; with finite number of structures (up to

isomorphism) of cardinality < n for all n € w.

e A d*-separable age in L is the analogue of an age in L; with countable number of structures (up to

isomorphism) of cardinality < n for all n € w.

e An age in L that is totally bounded is the analogue of an age in L; with a finite number of structures

(up to isomorphism).

On the other hand, d*-completeness is a smoothness condition. It is the least kind of regularity that an
age should have so that we can study it from a model theoretic point of view.

The analogues of Theorem 1.6 and Theorem 1.7, respectively, are the following:

Theorem 1.17 (See Theorem 6.30). Let L be a countable bounded continuous signature without function
symbols. Let M be a separable L-structure that is w-qf-near-homogeneous. Set A = age(M). Then A is a

d®-separable, d*-complete age with the near-AP.

Theorem 1.18 (See Theorem 6.28). Let L be a countable bounded continuous signature without function
symbols. Let A be a d*-separable, d*-complete age with the near-AP. Then there exists a unique separable

L-structure M that is strongly w-qf-near-homogeneous and satisfies age(M) = 2.

The analogues of Theorem 1.8 and Theorem 1.9, respectively are the following:
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Theorem 1.19 (See Theorem 7.5). Let L be a finite bounded continuous signature without function symbols.
Let T be a complete L-theory that has QE and is w-categorical. Then age(T) is a d®-compact age that has

the AP and is not totally bounded.

Theorem 1.20 (See Theorem 7.6). Let L be a finite bounded continuous signature without function symbols.
Let 2 be an d*-compact age that has the AP and is not totally bounded. Then there exists a unique complete

L-theory T that has QE, is w-categorical and satisfies age(T) = 2.

In the first order setting, if a theory T in a finite signature has QE, then T is necessarily w-categorical.
But this is not the case in continuous model theory. (See 7.13) Then, a natural question arises: Can we
characterize QE theories in terms of the properties of their ages in the way we did for w-categorical theories
with QE? It turns out that it is possible, as we describe next.

The following definition describes another variation of the AP.

Definition 1.21. Let L be a finite bounded continuous signature without function symbols and 2 an age in
L. We say that 2 has the perturbed amalgamation property (PAP) if for every n € w, € > 0, p(z) € S?L[Jrh
there exists 62 (e, p) > 0 such that for every M € &, @ = (aq, ..., a,) € M with p,(p[n,q) < 62(e,p), where

q = qftpy(a@), there exist N D M in A, and @41 in N such that pp41(p, ) < e where r = qftpy(aq, ..., ant1)-
The following two theorems explore the interplay between QE theories and properties of their ages.

Theorem 1.22 (See Theorem 5.4). Let L be a finite bounded continuous signature without function symbols.
Let A be a p-compact age with the PAP. Then there exists a unique complete L-theory T that has QF and

satisfies age(T) = 2.

Theorem 1.23 (See Theorem 5.5). Let L be a finite bounded continuous signature without function symbols.

Let T be a complete L-theory that has QE. Then age(T) is a p-compact age with the PAP.

Now we shift our attention to the automorphism groups of w-categorical structures. The following

theorem provides a link between model theory and the study of permutation groups.

Theorem 1.24. Let Ly be a countable first-order signature and M a countably infinite Ly-structure . Set

T = Th(M) and G = Aut(M). The following statements are equivalent:
1. T is w-categorical.

2. For everyn > 1, G has only finitely many orbits in its induced action on M.

Proof. See [3, p 30]. O



H. D. Macpherson used Theorem 1.24 to prove the following theorem.

Theorem 1.25. Let L; be a countable first-order signature and M be a countably infinite Li-structure such
that Th(M) is w-categorical. Set G = Aut(M). Then there exists a dense subgroup F < G which is freely

generated by countably many elements, where G is equipped with the pointwise convergence topology.
Proof. See [8, Theorem 3.1]. O
Theorem 1.24 was generalized in the continuous setting by C. Ward Henson as follows.

Theorem 1.26 (See Theorem 4.25). Let M be a noncompact separable L-structure. Set T = Th(M) and

G = Aut(M). The following statements are equivalent:
1. T is an w-categorical theory.

2. For every e > 0, n > 1 there exist n-tuples a1 ...a; C M, for some l € w, such that for every n-tuple
b C M there exist 1 <j<land F € G such that
A (F(aj;),b;) < e.
Joax d(F(ajq), bi) <€

In this thesis we use Theorem 1.26 to prove the following generalization of Macpherson’s Theorem in the

continuous setting.

Theorem 1.27 (See Theorem 8.2). Let M be a separable L-structure which is strongly w-homogeneous,
noncompact and such that Th(M) is w-categorical. Set G = Aut(M). Then there exists a dense subgroup F <
G which is freely generated by countably many elements, where G is equipped with the pointwise convergence

topology.



Chapter 2

Introduction to model theory

In this chapter we give a quick introduction to continuous model theory. Our exposition follows [1] closely.

2.1 Metric structures and signatures

Let (M,d) be a complete bounded metric space. A predicate on M is a uniformly continuous function
from M™ into some bounded interval in R, for some n > 1. A function or operation on M is a uniformly
continuous function from M™ into M, for some n > 1. In each case n is called the arity of the predicate or
the function.

A metric structure M based on (M, d) consists of a family (R; | ¢ € I) of predicates on M, a family
(F; | j € J) of functions on M, and a family (ar | k € K) of elements of M. When we introduce a metric

structure we may denote it as
M= (M,R;,Fj,ar|icl,jeJkekK).

Any of the index sets I, J, K are allowed to be empty. Indeed, they may all be empty, in which case M is a
pure bounded metric space.

The key restrictions on metric structures are: the metric space is complete and bounded, each predicate
takes its values in a bounded interval of reals, and the functions and predicates are uniformly continuous.
All of these restrictions play a role in making the theory work smoothly.

To each metric structure we associate a signature L as follows. To each predicate R of M we associate
a predicate symbol P and an integer a(P) which is the arity of R; we denote R by PM. To each function
F of M we associate a function symbol f and an integer a(f) which is the arity of F; we denote F by
fM. Finally, to each distinguished element a of M we associate a constant symbol c; we denote a by ™.
So, a signature L gives sets of predicate, function and constant symbols, and associates to each predicate
and function symbol its arity. In that respect, L is identical to a signature of first-order model theory. In

addition, a signature for metric structures must satisfy more: for each each predicate symbol P, it must



provide a closed bounded interval Ip of real numbers and a modulus of uniform continuity Ap. These should
satisfy the requirements that P™M takes its values in Ip and that Ap is a modulus of uniform continuity for
PM_ In addition, for each function symbol f, L must provide a modulus of uniform continuity A ¢ for s
Finally, L must provide a non-negative real number D which is a bound on the diameter of the complete
metric space (M, d) on which M is based. We sometimes denote the metric d given by M as d™; this would
be consistent with our notation for the interpretation in M of the nonlogical symbols of L. However, we also
find it convenient often to use the same notation d for the logical symbol representing the metric as well as
for its interpretation in M; this is consistent with usual mathematical practice and with the handling of the
symbol = in first-order logic.

When these requirements are all met and when the predicate, function and constant symbols of L
correspond exactly to the predicates, functions and distinguished elements of which M consists, then we say
that M is an L-structure.

Basic concepts such as embedding and isomorphism have natural definitions for metric structures:

Definition 2.1. Let L be a signature for metric structures and suppose that M and N are L-structures.

An embedding from M into N is a metric space isometry

T: (M,d™) — (N,dV)

that commutes with the interpretations of the predicates, function and constant symbols of L in the following

sense:
Whenever P is an n-ary predicate symbol of L and aq,...,a, € M we have
PN(T(al), o T(an)) = PYay, ..., an);
whenever f is an n-ary function symbol of L and aq,...,a, € M, we have

N (T(ay),...,T(an)) = T(f™ (a1, ..., an));

and whenever c¢ is a constant symbol of L we have

An isomorphism is a surjective embedding. We say that M and N are isomorphic, and write M = N, if



there exists an isomorphism between M and N. An automorphism of M is an isomorphism between M and
itself.
We say M is a substructure of N (and we write M C N) if M C N and the inclusion map from M into

N is an embedding of M into N.

2.2 Formulas and their interpretations

Fix a signature L for metric structures, as described above. We assume for simplicity of notation that

Dy, =1 and that Ip = [0, 1] for every predicate symbol P.

Symbols of L

Among the symbols of L are the predicate, function, and constant symbols; these will be referred to as
the nonlogical symbols of L and the remaining ones will be called the logical symbols of L. Among the
logical symbols is a symbol d for the metric on the underlying metric space of an L structure; this is treated
formally as equivalent to a predicate symbol of arity 2. The logical symbols also include an infinite set Vp,
of variables; usually we take Vi, to be countable, but there are situations in which it is useful to permit a
larger number of variables. The remaining logical symbols consist of a symbol for each continuous function
w: [0,1]™ — [0,1] of finitely many variables n > 1 (these play the roles of connectives) and the symbols sup
and inf, which play the role of quantifiers in this logic.

The cardinality of L, denoted card(L), is the smallest infinite cardinal number > the number of nonlogical

symbols of L.

Terms of L

Terms are formed inductively, exactly as in the first-order logic. Each variable and constant symbol is an
L-term. If f is an n-ary function symbol and t1,...,t, are L-terms, then f(¢1,...,t,) is an L-term. All

L-terms are constructed in this way.

Atomic formulas of L

The atomic formulas of L are the expressions of the form P(¢y,...,t,) in which P is an n-ary predicate
symbol of L and t1,...,t, are L-terms, as well as d(t1,t2) in which ¢; and ts are L-terms.
Note that the logical symbol d for the metric is treated formally as a binary predicate symbol, exactly

analogous to how the equality symbol = is treated in first order logic.



Formulas of L

Formulas are also constructed inductively and the basic structure of the induction is similar to the corre-
sponding definition in first-order logic. Continuous functions play the role of connectives and sup and inf
are used formally in the way that quantifiers are used in the first-order logic. The precise definition is as

follows:

Definition 2.2. The class of L-formulas is the smallest class of expressions satisfying the following require-

ments:
1. Atomic formulas of L are L-formulas.
2. If u:[0,1]™ — [0, 1] is continuous and ¢1, ..., ¢, are L-formulas, then u(y1,...,¢,) is an L-formula.
3. If v is an L-structure and x is a variable, then sup, ¢ and inf, ¢ are L-formulas.

An L formula is quantifier free if it is generated inductively from atomic formulas without using the last
clause, namely neither sup, nor inf, are used.

Many syntactic notions from first-order logic can be carried over word for word into this setting. We will
assume that this has been done by the reader for many such concepts, including subformula and syntactic
substitution of a term for a variable, or formula for a subformula, and so forth.

Free and bound occurrences of variables in L-formulas are defined in a way similar to how this is done
in first-order logic. Namely, an occurrence of the variable = is bound if lies within a subformula of the form
sup,, ¢ or inf, ¢, and otherwise it is free.

An L-sentence is an L-formula that has no free variables.

When ¢ is a term and the variables occurring in it are among the the variables x1,...,z, (which we
always take to be distinct in this context), we indicate this by writing ¢ as t(z1,...,zy).

Similarly, we write an L-formula as ¢(x1,...,%,) to indicate that its free variables are among x1, . .., Zp.
Prestructures

It is common in mathematics to construct a metric space as the quotient of a pseudometric space or as the
completion of such a quotient, and the same is true of metric structures. For that reason we need to consider
what we call prestructures and to develop the semantics of continuous logic for them.

As above, we take L to be a fixed signature for metric structures. Let (My, dg) be a pseudometric space,
satisfying that its diameter is < Dy. (That is, do(x,y) < Dy, for all z,y € My.) An L-prestructure M

based on (Mg, dog) is a structure consisting of the following data:
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1. for each predicate symbol P of L (of arity n) a function PMo from Mg into Ip that has Ap as a

modulus of uniform continuity;

2. for each function symbol f of L (of arity n) a function fM° from M into My that has Ay as a modulus

of uniform continuity; and
3. for each constant symbol ¢ of L an element ¢™o of M.

Definition 2.3. Let My be an L-prestructure. We say that Mg is a metric L-prestructure if M, is based

on a metric space (Mg, dp).

Given an L-prestructure My, we may form its quotient prestructure as follows. Let (M, d) be the quotient

metric space induced by (Mo, d) with quotient map 7 : My — M. Then

1. for each predicate symbol P of L (of arity n) define PM from M™ into Ip by setting PM(r(z1),...,7(x,)) =

PMo(gy,... x,) for each xq,..., 2, € My;

2. for each function symbol f of L (of arity n) define f™ form M™ into M by setting fM(7(x1),...,7(z,)) =

m(fMo(2q,...,2,)) for each x1, ..., 2, € Mo;
3. for each constant symbol c of L define ¢M = 7(cMo).

It is obvious that (M,d) has the same diameter as (Mg, dy). Also, as noted in [1, page 11], for each
predicate symbol P and each function symbol f of L, the predicate P™ is well defined and has Ap as a
modulus of uniform continuity and the function f™ is well defined and has A ¢ as a modulus of uniform
continuity. In other words, this defines an L-prestructure (which we denote by M) based on the (possibly
not complete) metric space (M, d).

Finally we may define an L-structure N by taking a completion of M. This is based on a complete metric
space (N,d) that is a completion of (M, d) and its additional structure is defined in the following natural

way (made possible by the fact that the predicates and functions given by M are uniformly continuous):

1. for each predicate symbol P of L (of arity n) define P from N™ into Ip to be the unique such function

that extends PM and is continuous;

2. for each function symbol f of L (of arity n) define f» from N™ into N to be the unique such function

that extends fM and is continuous;

3. for each constant symbol ¢ of L define ¢ = ¢M.

11



It is obvious that (IV, d) has the same diameter as (M, d). Also, as noted in [1, page 8], for each predicate
symbol P and each function symbol f of L, the predicate P has Ap as a modulus of uniform continuity,

and the function f» has A ¢ as a modulus of uniform continuity. In other words, N is an L-structure.

Semantics

Let M be any L-prestructure, with (M, d) as its underlying pseudometric space, and let A be any subset of
M. We extend L to a signature L(A) by adding a new constant symbol ¢(a) to L for each element a € A.
We extend the interpretation given by M in a canonical way, by taking the interpretation of ¢(a) to be equal
to a itself for each a € A. We call ¢(a) the name of a in L(A). Indeed, we will often write a instead of c¢(a)
where no confusion can result from doing so.

Given an L(M)-term t(x1,...,x,) we define, exactly as in first-order logic, the interpretation of ¢ in M,
which is a function tM : M™ — M.

We now come to the key definition in continuous logic for metric structures, in which the semantics of
this logic is defined. For each L(M)-sentence o, we define the value of o in M. This value is a real number
in the interval [0, 1] and it is denoted by o™. The definition is by induction on formulas. Note that in the

definition all terms mentioned are L(M)-terms in which no variables occur.
Definition 2.4. 1. (d(t1,t2))™ = d™ (1], 21 for any ¢y, to;

2. for any n-ary predicate symbol P of L and any tq,...,t,,
(P(ty, ... t,)) " = PM@ 0,

3. for any L(M)-sentences o1,...,0, and any continuous function w : [0,1]™ — [0, 1],
(w(or,...,o0) " =u(a), ..., 0)Y);

4. for any L(M)-formula ¢(x),
(sup p())™
is the supremum in [0, 1] of the set {p™(a) | a € M};
5. For any L(M)-formula ¢(z),
(inf p(x))™
x
is the infimum in [0, 1] of the set {¢™(a) | a € M}.

12



Definition 2.5. Given an L(M)-formula ¢(x1,...,2,) we let o™ denote the function from M™ to [0, 1]
defined by

©oM(ay,...a,) = (play, ... a,))™"
Definition 2.6. Let ¢ be an L-formula.

1. We say that ¢ is a V L-formula if for every € > 0, there exists a formula o of the form sup; ¢, where

1 is a quantifier-free formula, such that for every L-structure M and a € M, |¢™(a) — c™(a)| < e.

2. We say that ¢ is a V3 L-formula if for every e > 0, there exists a formula o of the form sup; infj v, where

1 is a quantifier-free formula, such that for every L-structure M and a € M, |¢™(a) — o™ (a)| < .

A key fact about formulas in continuous logic is that they define uniformly continuous functions. Indeed,
the modulus of uniform continuity for a predicate does not depend on M but only on the data given by the

signature L.

Theorem 2.7. Let t(xy,...,2,) be an L-term and ¢(x1,...,2,) an L-formula. Then there exist functions
Ay and A, from (0,1] to (0,1] such that for any L-prestructure M, Ay is a modulus of uniform continuity for

the function t™" : M™ — M and A, is a modulus of uniform continuity for the predicate M M™ —[0,1].

Proof. See [1, Theorem 3.5]. O

Theorem 2.8. Let My be an L-prestructure with underlying pseudometric space (Mo, do); let M be its
quotient L-prestructure with quotient map w : My — M and let N be the L-structure that results from

completing M. Let t(xq,...,x,) be any L-term and p(x1,...,x,) be any L-formula. Then:
1. t™M(1(ay),...,m(an)) = t™(as,...,a,) for all ay ..., a, € Mo;
2. tN(by,...,by) = tM(by,...,b,) for allby,... b, € M;
3. M(m(ar),...,m(ay)) = ™M (ay,...,a,) for all ay,...,a, € My;
4. oN(b1, ... by) = @™ (b1,...,by) for all by,... b, € M.

Proof. See [1, Theorem 3.7]. O

Conditions of L

An L condition F is a formal expression of the form ¢ = 0, where ¢ is an L-formula. We call E closed if ¢
is a sentence. If x1,...,x, are distinct variables, we write an L-condition as E(z1,...,z,) to indicate that

it has the form ¢(z1,...,2z,) = 0 (in other words, that the free variables of E are among x1,...,Z,).
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Let E; be the L(M) condition ¢;(z1,...,z,) =0, for i = 1,2. We say that E;, Fs are logically equivalent

if for every L-structure M and every aq,...,a, we have
M|:E1[a1,...,an} iff M|:E2[a1,...,an].

If F is the L(M)-condition ¢(x1,...,2,) =0 and ay,...,a, are in M, we say F is true of ay,...,a, in
M and write M |= Elay, .. .,a,) if @™ (ag,...,a,) = 0.

If E is the L(M)-condition ¢(x1,...,2,) = 0 where ¢ is a V L-formula, then we say that E is a V
L-condition.

If E is the L(M)-condition ¢(z1,...,2,) = 0 where ¢ is a V3 L-formula, then we say that E is a V3

L-condition.

Definition 2.9. We define a binary function = : RZ% x RZ% — R20 by

(x—y) ifzx>y
r-y=

0 otherwise.

An important type of condition which appears frequently in this thesis is

min(¢ ~ 1,0 ~€) =0 which means if ¥ < ¢ then o <e.

2.3 Model theoretic concepts

Fix a signature L for metric structures. In this section we introduce several of the most fundamental model

theoretic concepts and discuss some of their basic properties.

Definition 2.10. A theory in L is a set of closed L-conditions. If T" is a theory in L and M an L-structure,
we say that M is a model of T' and write M |= T if M |= E for every condition F in T. We write Mod(T")
for the collection of all L-structures that are models of T'. (If L is clear from the context, then we write
simply Mod(T).)

Let T, ¥ be L-theories. We say that T is equivalent to 3 if Mod(T) = Mod(X).

Also, we say that a theory T is satisfiable if there exists an L-structure M such that M = T.

If T is an L-theory and F is a closed L-condition, we say that E is a logical consequence of T" and write
T = E if M |= E holds for every model M of T'. We set Con(T') to be the set of all closed L-conditions that

are logical consequences of T'.
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Let T be an L-theory and ¥ a set of closed L-conditions. We say that ¥ axiomatizes T' if Con(X) =
Con(T).

If M is an L-structure, the theory of M, denoted Th(M), is the set of closed L-conditions that are true
in M. If Con(T) is a theory of this form, then T" will be called complete.

We say that an L-theory T is a V L-theory if there is a set of closed V L-conditions ¥ such that
Con(T') = Con(X).

We say that an L-theory T is a V3 L-theory if there exists a set of closed V3 L-conditions ¥ such that
Con(T') = Con(X).

Definition 2.11. Suppose that M and N are L-structures.

1. We say that M, N are elementary equivalent, and write M = N, if ¢™ = o™ for all L-sentences o.

Equivalently, this holds if Th(M) = Th(N).

2. If M C N we say that M is an elementary substructure of N, and write M =< N, if whenever

o(z1,...,2y) is an L-formula and a4, ..., a, are elements of M, we have

cpM(al,...,an) = @N(al,...,an).

In this case, we also say that N is an elementary extension of M.

3. A function F from a subset of M into N is an elementary map from M into N if whenever ¢(z1,...,2,)
is an L-formula and aq,...,a, are elements of the domain of F, we have

o™(ay,. .. a,) = N (F(a1),...,F(ay)).

4. An elementary embedding of M into N is a function from all of M into N that is an elementary map

from M into N.
Remark 2.12. 1. Every elementary map from one metric structure into another is distance preserving.
2. The collection of elementary maps is closed under composition and formation of the inverse.

3. Every isomorphism between metric structures is an elementary embedding.
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2.4 Model theoretic theorems

Here we state some of the most important theorems of continuous model theory which are generalizations
of the corresponding theorems of first-order model theory.

The following theorem is called the Compactness Theorem for continuous model theory.
Theorem 2.13. Let T be an L-theory. If every finite subset of T' has a model then T has a model.

Proof. See [1, Theorem 5.8]. O

If A is a linearly ordered set, a A-chain of L-structures is a family of L-structures (My | A € A) such
that My C M, for A < n. If this holds, we can define the union of (M) | A € A) as an L-prestructure
in an obvious way. This union is based on a metric space, but it may not be complete. After taking the

completion we get an L-structure that we will refer to as the union of the chain and that we will denote by

U/\eA M.

Definition 2.14. A chain of structures (M | A € A) is called an elementary chain if My <M, for A <.
Proposition 2.15. If (M | A € A) is an elementary chain and A € A, then My = ycp M.
Proof. See [1, Proposition 7.2]. O

Recall that the density character of the of a topological space is the smallest cardinality of a dense subset

of the space.

Proposition 2.16 (Downward Lowenheim-Skolem Theorem). Let & be an infinite cardinal and assume that
that card(L) < k. Let M be an L-structure and suppose A C M has density(A) < k. Then there exists a

substructure N of M such that
1. N =M;
2. ACNCM;
3. density(N) < k.

Proof. See [1, Proposition 7.3]. O

2.5 Spaces of types

In this section we consider a fixed signature L for metric structures and a fixed L-theory 7. Until further

notice we assume that 7" is a complete theory.
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Suppose that M is a model of T and A C M. Denote the L(A)-structure (M, a)qea by Ma, and set Ty
to be the L(A)-theory of M 4. Note that any model of T4 is isomorphic to a structure of the form (N, a)qeca

where N is a model of T'.

Definition 2.17. Let T4 be as above, § an ordinal, and (z;);cp distinct variables.

A set p of L(A)-conditions with all free variables among (z;);cp is called a S-type over A if there exists a
model (M, a)qeca of T4 and elements (e;);ep of M such that p is the set of all L(A)-conditions E(z;,,...,x;,)
for which M4 = Ele;,, ..., ¢€;,], where n € min(w, ) and i1, ...,i, € B.

When this relationship holds, we denote p by tpy;((e;)icp/A) and we say that (e;);cp realizes p in M.
(The subscript M will be omitted if doing so causes no confusion; A will be omitted if it is empty.)

The collection of all such S-types over A is denoted by Sg(Ta) or simply by Sg(A) if the context makes
the theory T4 clear.

Now we introduce the logic topology on types. Fix Ty as above. If ¢(z;,,...,; ) is an L-formula, for

some iy, ...,i, € 3, and € > 0, we let [p < €] denote the set

{q € Sp(T4) | for some 0 < ¢ < € the condition p ~§ =0 is in ¢}.

Definition 2.18. The logic topology on Sg(T4) is defined as follows. If p is is Sg(T4), the basic open

neighborhoods of p are the sets of the form [p < €] for which the condition ¢ = 0 is in p and € > 0.

Definition 2.19. Let § be an ordinal, and let (z;);ep be distinct variables.

A set p of quantifier-free L(A)-conditions with all free variables among (x;);cs is called a quantifier-free
B-type over A if there exists a model (M, a)q,ea of T4 and elements (e;);eg of M such that p is the set of
all quantifier-free L(A)-conditions FE(z;,,...,z;, ) for which M4 = Ele;,,...,¢;, ], where n € min(w, #) and
i1,...,0n € (.

When this relationship holds, we denote p by qftpy((e;)icg/A) and we say that (e;);cp realizes p in M.
(A will be omitted if it is empty.)

Let p be a quantifier-free 5-type over A. If v < 3, then we write p [ to denote the set formed by the
set of all L(A)-conditions whose free variables are among (;)iec~-

If p((x;)iep) is a quantifier-free B-type over A and ¢(z;,,...,x;,) an L(A)-formula where n € min(w, )
and 41, ...,4, € f. We write ¢ to denote the unique real number r for which |¢—r| = 0 is in p. Equivalently,

@P is defined to be the value ¢(a) when a is any realization of p in an L-structure.

Proposition 2.20. For anyn > 1, S,(T4) is compact and Hausdorff with respect to the logic topology.
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Proof. See [1, Proposition 8.6]. O

Now we introduce the d-metric on types. Let T4 be as above. For each n > 1 we define a natural metric
on Sp(T4); it is induced as a quotient of the given metric d on M™, where (M, a)qe4 is a suitable model of
T4, so we also denote this metric on types by d.

To define the metric, let M4 = (M, a)qca be any model of T4 in which each type in S,,(T4) is realized,

for each n > 1. Let (M, d) be the underlying metric space of M. For p,q € S,,(Ta) we define d(p, q) to be

inf{lrgjagnd(bj,cj) | Ma = pb1,.-.,bn], Ma Eqler, ... en]}

Note that this expression for d(p, q) does not depend on M4, since M 4 realizes every type of a 2n-tuple
(b1, ...,bn,c1,...,cn) over A. Tt follows that d is a pseudometric on S, (T4). Note that if p,q € S, (A), then
by the Compactness Theorem and our assumption about My, there exist realizations (by,...,b,) of p and
(€1,...,¢n) of ¢ in My such that max; d(bj,c;) = d(p,¢). In particular, if d(p,q) = 0, then p = ¢; so d is

indeed a metric on S, (T4).

Proposition 2.21. The d-topology is finer than the logic topology on Sy, (T4).

Proof. See [1, Proposition 8.7]. O
Proposition 2.22. The metric space (Sp(Ta),d) is complete.

Proof. See [1, Proposition 8.8]. O
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Chapter 3

Ages

In this chapter we fix a bounded continuous signature L without function symbols.
In Chapter 3 we give the definitions of an age and a p-compact age and prove some basic propositions

that we will need later.

3.1 Basic definitions

Notation 3.1. We denote by My, the class of all L-structures, and by 2, the class of all finite L-structures.

If the signature L is clear from the context we simply write M and 99t respectively.
Definition 3.2. Let 2 C 9. Then 2 is called an age in L if it has the following properties:
e 2 is closed under isomorphism.
e (Hereditary property, HP for short) If M € 2 and N is an L-substructure of M, then N € 2.

e (Joint embedding property, JEP for short) If M, My € 2, then there exist M € 2 and L-embeddings
fi: My —=M, fo: My — M.

Usually L will be clear and we will simply say 2 is an age.

Notation 3.3. 1. Let M an L-structure. We set age(M) to be the class of all finite L-structures which

are isomorphic to a substructure of M.

2. Let T be an L-theory. We set F'S(T) to be the class of all finite L-structures which are isomorphic to

a substructure of a model of T.

3. Let 2 C 97t and o be an ordinal number. We set

Sa = {aftpac((ai)ica) [ M €M, age(M) S, (a))ica C M}
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4. Let M be an L-structure and A C M. We set

Sa(A) = {aftpy((ai)ica/A) [ M €M, age(M) S, (a:)ica C M}

5. We set M™ to be the class of all L-structures M such that age(M) C 2.
We will also use the following notation.
Notation 3.4. Let M be an L-structure.

1. The diagram of M, denoted by Diag(M), is the set of quantifier-free closed L(M)-conditions that are

true in M.

2. The elementary diagram of M, denoted by EDiag(M), is the set of closed L(M)-conditions that are

true in M.
The following proposition indicates that ages occur very often.
Proposition 3.5. 1. If M is an L-structure, then age(M) is an age.
2. If T is a complete L-theory, then FS(T) is an age.

Proof. (1): Clearly age(M) has the HP and the JEP.
(2): Clearly F'S(T) has the HP. We show that it has the JEP. Let M,N in FS(T). Without losing

generality we may assume that M NN = . It is enough to show that the L(M U N)-theory
Diag(M) U Diag(N) U T
has a model. This is an immediate consequence of the compactness theorem and the fact that T is complete.
O

Notation 3.6. If T is a complete L-theory we write age(7) instead of F'S(T).

Definition 3.7. (Amalgamation property, AP for short) Let 2 C 91. We say that 2 has the amalgamation
property if for every M, M, My € 2 and embeddings fi; : M — My, fo : M — My, there are N in 2 and

embeddings g1 : My — N, g2 : Mo — N such that g1 o f1 = g2 0 fo.
Proposition 3.8. Let A be an age. The following statements are equivalent:

1. A has the AP.
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2. For everyM e, nlew, pe S%H, and @ = (ay...,a,) € M such that a = p[n, there exist N in 2

such that M CN and any1 ... an+; in N such that (a1,...an41) E .

3. For every M€ A, n€w, pe SE,, anda= (ay...,a,) C M such that a |=p|n, there exist N in A

such that M C N and a,11 in N such that (a1,...ap+1) = p.

Proof. Straightforward from the definitions. O

3.2 p-compact ages
For this section we assume, in addition, that L is finite.

Definition 3.9. For every n € w, we define a metric on S2' in the following way. Let (¢;(%))1<i<x be an

enumeration of all atomic L-formulas in the variables 21, ..., z,. If p(Z), ¢(Z) are in ST* then we define

_ (7P _ h.(7)D
pn(p,q) giagxklsoz(x) wi(2)].

Notation 3.10. Let p € S for some n € w, and let (p;(Z))1<i<r be an enumeration of all atomic L-

formulas in the free variables z4,...,z,. We set

7p(Z) = max |¢i(7) = ¢i(2)"]-

Remark 3.11. Let p € S?* for some n € w. Then for every metric L-prestructure M and n-tuple a C M

pn (D, dftpy(a)) = 7, (a).

Proposition 3.12. For every n € w, (S?In,pn) 15 a metric space.

Proof. Let n € w, and (¢;)1<i<k be an enumeration of all atomic L-formulas in the free variables z1, ..., x,.

We define a map ® : S™' — [0, 1]* as follows: for every p € S™
p— (¥ [1<i<k).

Let ([0,1]*,d) denote [0,1]* equipped with the max metric. We note that for every p,q € S™, p,(p,q) =
d(®(p), ®(q)). We deduce that we can identify (S2*, p,,) with a metric subspace of ([0, 1]¥,d). Since ([0, 1]¥,d)

is a metric space, we conclude that (S2*, p,,) is a metric space. O
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Notation 3.13. Let 2 C 9. For every n € w, we write (SZ, p,,) to denote the the restriction of the metric

n

space (S7 p,) to S2.

n

Definition 3.14. Let 2 C 9. We say that 2 is p-compact if for all n € w, (SX, p,) is a complete metric

n

space.

Remark 3.15. We note that for all n € w, (S, p,,) is a metric subspace of (S, p,,) which is always totally

bounded. Hence (S, p,,) is compact iff it is closed in (ST, p,,) iff it is a complete metric space.

Proposition 3.16. Let T be a complete L-theory. Then age(T) is a p-compact age.

Proof. By Proposition 3.5 we deduce that age(T") is an age. The fact that it is p-compact is an immediate

consequence of the compactness theorem. O
In the following proposition we show that a p-compact age is in some sense axiomatizable.

Proposition 3.17. Let A be a p-compact age. Then there exists an L-theory X such that for every metric
L-prestructure M, M = 3 iff age(M) C 2.

Proof. For all n € w, we have that (S, p,,) is totally bounded. Therefore, for all n € w, € > 0, there exists

an e-net, {Pne1,.--sPnem,. t C So. Set T to be the set of all closed L-conditions of the form

sup _min (7, . (Z) =€) =0,

z 1<isSmn e

for all n € w, € > 0. For every metric L-prestructure M with age(M) C 2, M = X. This proves («). For
the direction (=), let M be a metric L-prestructure and assume that age(M) € 2. Then there exists a finite
L-substructure A of M such that A ¢ 2. Let a be an n-tuple which enumerates A, for some n € w, and set

p = qftp4(a). We will use the following notation.

Notation 3.18. Let (X,d) be a metric space and Y C X with Y # (). We define

d(z,Y) = inf{d(z,y) |y € Y}.

A

2 pn) is a compact subspace of (S¥%, p,,), we

We continue the proof of the Proposition 3.17. Since (S
deduce that S is a closed subset of (ST, p,,). Since p ¢ S2, we have p,(p, S2) > 0. Set € = p,(p, SZ)/2.
Clearly

1§?§1i”17,11n,e pn(pn,e,iap) > 2e.
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Therefore

min 7 (@) > 2e,
lgigmn,e et

and so
1§?§lignln,e(T;\:‘t”(a) ~€)>e.
Therefore
sup _min - (7,,...(7) =€) >0
is true in M. We conclude that M does not satisfy 3. O

Notation 3.19. Let A be a p-compact age. We denote by X% the L-theory ¥ constructed in the proof of

Proposition 3.17.

Corollary 3.20. Let 2 be a p-compact age. If M is a metric L-prestructure with age(M) C 2, then

age(M) C .

Proof. Since age(M) C 2, Proposition 3.17 implies that M = ¥*. From Proposition 2.8, M = X% and so

again from Proposition 3.17, age(M) C 2. O

Definition 3.21. Let 2 C 9t. The completion of 2 is the class B of all finite L-structures M which satisfy
the following condition: M is in B, where M = {a1,...a,} for some n > 1, if gftpy(a1,...,a,) is in the

closure of S in (S™ p,,).
Remark 3.22. If B is the completion of 2 then 2 C B.
Proposition 3.23. Let A be an age. If B is the completion of A, then B is a p-compact age.

Proof. The fact that B is p-compact is immediate. To show that ‘B is an age, it is enough to show that it
has the HP and JEP.

For the HP: Let M € 8 and N C M. Let @ = (aq,...,a;) be an enumeration of M, for some m > 1,

B

-, there exists a

such that for some n € w, @ | n is an enumeration of N. Set p = qftp,,(a).Since p € S

sequence (p; | i € w) in S* such that lim; .o pm(p,pi) = 0. Clearly,
Jim pp(pln,piln) =0 (3.1)

For all i € w, p; [n € S since A has the HP property. By (3.1), and since 2 C B and B is p-compact,we

conclude that p[n € S® which in turns implies that N € B.
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For the JEP: Let A, B € B. Let a, b be enumerations of A, B respectively. Set p = qftp 4(a), ¢ = qftp (b).

There exist sequences (p; | i € w) in S, (g; | i € w) in S2, for some ny,ny € w such that

Jim ppy(p,pi) =0 and - lim pny(g, i) =0

Since 2 has the JEP, there exists I € w such that for every i € w there exists r; € S such that if ¢ is a

realization of r; then there exist 1 < ji,...,j,, <land 1 <ky,...,k,, <l such that

(CiJl, ey ci,jnl) |: Pi and (Ci,ktl goae DCi,knz) ): q;

respectively. Since for all i € w, r; € Slm, A C B and B is p-compact we deduce that the sequence (r; | i € w)
has a limit point r in S;®. Without losing generality (we may pass to a subsequence of (r; | i € w)), we may
assume that

lim pi(r,7m;) =0.

i—00
By applying the pigeon-hole principle, there is a subsequence {r; | m € w} of {r; | i € w}, and finite

sequences of natural numbers 1 < ji,...,Jn, <, 1<k,...,ky, <[ such that for every m € w

(Cippdis s Cimogn, ) F Pipy @A (Cipy kys e v vy Ciny kny) Qi -

Since r € SZ’B, there is a finite structure M in B and ¢ C M such that ¢ = r. From the above we deduce

that

(le7"'7cj711) |:p and (Ckl""’can) ':q-

We conclude that we can embed both A and B into M, and therefore 8 has the JEP.
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Chapter 4

Basic model theory

In this chapter we fix a bounded continuous signature L without function symbols.
In Chapter 4 we present the basic model theoretic tools that we will use later in this document. In Sections
4.1 and 4.5 we follow [1] closely. In Sections 4.2, 4.3, and 4.4 we prove straightforward generalizations of

analogous results in the first-order setting, and we follow [6] closely.

4.1 Quantifier elimination

Definition 4.1. Let T be an L-theory.
1. An L-formula ¢(x1,...,x,) is approximable in 7' by quantifier-free formulas if for every € > 0 there is

a quantifier-free L-formula ¢ (x4, ...,z,) such that for all M =T and all a4, ...,a, in M, one has

|¢M(a1,...,an) 7¢M(a1,...,an)| <.

2. We say that T has quantifier elimination if every L-formula is approximable in T by quantifier-free

formulas. In this case we also say that T has QE.

Proposition 4.2. Let T be an L-theory and ¢(x1,...,x,) be an L-formula. The following statements are

equivalent.
1. ¢ is approzimable in T by quantifier-free formulas.
2. Whenever we are given

e models M and N of T';
o substructures Mg C M and Ny C N;
e an isomorphism ® from Mg onto Ny;

e clements ay,...,a, of My;
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we have

©oM(ay,... a,) = N (®(a1),...,P(a,)).

Moreover, for the implication (2) = (1) it suffices to assume (2) only for the cases in which Mg, Ny

are finitely generated.
Proof. See [5, Proposition 13.12]. O
Proposition 4.3. Let T be an L-theory. The following statements are equivalent:

1. T admits QF.

2. For every separable model M of T, n € w, p € Sf_fl(T), and a C M with a |= p | n, there exists an

Ny -saturated extension N = M and an41 € N such that (G, an+1) E .
Proof. See [5, Proposition 13.17]. O
Theorem 4.4. Let T' be an L-theory. If T has QF, then F.S(T) has the AP.
Proof. Immediate from Proposition 4.3. O

Proposition 4.5. Let T be a satisfiable L-theory that has QFE. If there exists an L-structure A which embeds

into every Ny-saturated model of T, then T is a complete L-theory.

Proof. We show that for every M, N = T we have that Th(M) = Th(N). This proves that Con(7") = Th(M)
for some (every) M = T. This suffices since Th(M) is a complete L-theory.

Fix M, N = T. Let M;,N; be Nj-saturated elementary extensions of M, N respectively, and A be the
common L-structure which embeds into both My, Nj.

Suppose that the closed L-condition o = 0 is in Th(M;). So we have o™ = 0. Set

1/}(%) - max(d(xa :E), 0)'

Let a € A. We have that ¥ (a) = 0. Because ' C Th(M) has QE we have that A < M;. So we have
Y (a) = 0. As before we have that A < N; and so ¢ (a) = 0. This implies that oN* = 0, and so
(0 = 0) € Th(N7). So Th(M;) € Th(N;) and in a similar way we may prove that Th(N7) C Th(M,).
We deduce that Th(M;) = Th(N;y). Since Th(M) = Th(M;) and Th(N) = Th(N;), we conclude that
Th(M) = Th(N). O
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4.2 Inductive theories

Definition 4.6. 1. Let A, B be L-structures such that A C B. We say that A is existentially closed

(e.c) in B (and we write A C.. B) if for every quantifier-free L-formula ¢(Z,y), and finite tuple a C A
(inf ¢(z, @))* = (inf ¢(z, )"
2. Let K be a class of L-structures. We say that a structure A in K is e.c. in K if for every B in K with
A C B, A is existentially closed in B.
3. If K is the class of all models of an L-theory T', we refer to e.c. structures in K as e.c models of T.
Definition 4.7. A class of L-structures K is called inductive if the following holds:
1. K is closed under isomorphism.
2. K is closed under unions of chains.
Definition 4.8. Let T be an L-theory. We say that T is inductive if the class K = Mod(T) is inductive.
Inductive classes are useful because of the following theorem.

Theorem 4.9. Let K be an inductive class of L-structures and A a structure in K. Then there is an e.c.

structure B in K such that A C B.
Proof. Similar to the first-order case. For example, see [6, Theorem 7.2.1]. O

The following theorem in one direction characterizes syntactically which theories are inductive and in

the other direction indicates that there are several examples of inductive theories.
Theorem 4.10. Let T be an L-theory. The following statements are equivalent:
1. T is inductive.
2. T is axiomatized by a set of V3 closed L-conditions.

Proof. (1)=(2): See [9, Theorem 3.6].

(2)=-(1): Similar to the first-order case. For example, see [6, Theorem 2.2.4]. O

Notation 4.11. Let T be an L-theory. We denote by T the set of all the logical consequences E of T, such

that F' is a closed V L-condition.
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The following lemma and proposition will be used later.
Lemma 4.12. Let T be an L-theory. If A |= Ty, then there exists B =T such that A C B.

Proof. (of the lemma) Let A |= Ty. Let @ be an enumeration of A. Set p(7) = qftp4(a) It is enough to show
that

pUT
has a model. We use compactness. For a contradiction, assume that there exists a finite D C A and o(Z) =0
in qftp 4 (d), where d is an enumeration of D, such that
{c(Z)=0}UT
has no model. Then,
T Esup(r=o(z)=0
T

for some r > 0. Since A |= Ty we deduce

This implies

which is a contradiction. O
Proposition 4.13. Let T be a V3 L-theory and A a model of T. The following statements are equivalent:
1. A is an e.c model of T
2. A is an e.c. model of Ty.

Proof. (1)= (2): Let B = Ty with A C B, ¥(Z,y) a quantifier-free L-formula, and a C A. It is enough to
show that

(inf (@, ))" = (inf (@ 7).

By Lemma 4.12, there exists € =T with B C €. Since A C B C €, we deduce that

(igfw(é,ﬂ))ﬂ > (inf y(a, y))” > (irylfw(d,ﬂ))e~
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Because A C € and A is an e.c. model of T we have that
(inf ¢(a, )" = (inf¢(a,y))".
¥ 7
Hence,
(inf (@, 7)) = (infv(@ 7))”.

(2)=(1): Assume (2). First we show that A is a model of T'. Since T is a V3 L-theory, a typical L-
condition in T' can be written in the form sup; inf; ¢¥(Z, §) = 0 with ¢(Z, §) quantifier-free. Let @ be a tuple
in A. We must show that (inf; ¢ (@, 7))"* = 0. By Lemma 4.12, since A = Ty there is € = T with A C €.
Then, (inf; 1 (a,y))¢ = 0 and so (inf; 1(a,y))”* = 0 since A is an e.c. model of T%,. Thus A is a model of T'.

Clearly A is an e.c. model of T, since every model of T" extending A is in fact a model of T too. O

4.3 Model-complete theories

Definition 4.14. An L-theory is said to be model-complete if every embedding between its models is

elementary.

Theorem 4.15. Let T be an L-theory. The following statements are equivalent:
1. T is model complete.
2. Every model of T is an e.c. model of T.

3. If A, B are models of T and e : A — B is an embedding, then there are an elementary extension D of

A and an embedding g : B — D such that g o e is the identity on A.

Proof. (1)=(2): Let A, B =T with A C B. Since T is model complete we deduce that A < B. Let ¢(Z,7)

be a quantifier-free L-formula and a a finite tuple in A. Since A < B, we conclude
(inf ¢(z,a))* = (inf (z,a))”.

(2)=(3): Let A, B =T such that A C B. It is enough to show that EDiag(A) U Diag(B) is satisfiable.
This is done by compactness and by using the fact that A C,.. B.
(3)=(1): Let Ag,Bo = T such that Ay C By. Using the hypothesis repeatedly we build a chain

Ag € Bg C Ay € By ..., all being models of T, and such that for all i € w, A; < A;41 and B; < B;11. Let
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C be the completion of the set-theoretic union of the whole chain. Then € = |JA; = |JB,. By Proposition

2.15, Ag = € and By = C. It follows that Ay < Bg. O
Proposition 4.16. Let T' be an L-theory. If T is model-complete then T is a V3 theory.

Proof. By Proposition 2.15, Mod(T) is closed under unions of elementary chains and because T is model-
complete we deduce that Mod(T) is closed under unions of chains. By Theorem 4.10 we conclude that T is

a V3 theory. O

4.4 Model companions

Definition 4.17. Let T be an L-theory.
1. We say that an L-theory 7" is a model companion of T if 77 is model-complete and T}, = Ty.
2. We say that T is companionable if it has a model companion.

Theorem 4.18. Let T be a V3 L-theory.

1. If T is companionable, then up to equivalence of theories, its model companion is unique and is the

theory of the class of the e.c. models of T'.
2. T is companionable iff the class of e.c. models of T is axiomatized by an L-theory.

Proof. (1): Assume T is companionable with a model companion 7”. Since T” is model-complete, by Theorem
4.15 the models of T” are precisely the e.c. models of T’. By Proposition 4.13, the models of T” are precisely
the e.c. models of T, = Ty. Since T is a V3 theory, again by Proposition 4.13, the e.c. models of Ty are
precisely the e.c. models of T. So T” axiomatizes the theory of the class of e.c models of T. The uniqueness
of T" is clear.

(2): The direction(=) is immediate from (1).

For the other direction assume that the class of e.c. models of T is axiomatized by an L-theory T".

First we prove that Ty = T,. It is enough to show that that every model of T" has an extension which
is a model of T’, and that every model of T’ has an extension which is a model of T. The first is true by
Corollary 4.9 and the second is obviously true.

Also we note that 7" is a V3 theory: By Proposition 2.15, Mod(7") is closed under unions of elementary
chains and because T is model-complete we deduce that Mod(T") is closed under unions of chains. By

Theorem 4.10 we conclude that 7" is a V3 theory.
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By hypothesis, Mod(T") is the class of e.c. models of T. Because T is V3 theory, by Proposition 4.13,
Mod(7"”) is the class of e.c models of Ty. Since Ty = TV,, Mod(T") is the class of e.c. models of TV,. Since T"
is a V3 theory, again by Proposition 4.13, we conclude that Mod(T") is precisely the class of e.c. models of

the L-theory T’. By Theorem 4.15, T" is model-complete. O

Proposition 4.19. 1. If T, T’ are model-complete theories and FS(T) = FS(T"), then T, T' are equiv-

alent.
2. If T, T' are theories that have QF and FS(T) = FS(T"), then T, T are equivalent.

Proof. We will need the following lemmas:

Lemma 4.20. Let T be an L-theory. Then the models of Ty are precisely the substructures of models of T .

Proof. Clearly the substructures of models of T" are models of Ty,. The other direction of the containment is

an immediate corollary of Lemma 4.12. O
Lemma 4.21. Let T', T' be L-theories. Then FS(T) = FS(T") iff Ty is equivalent to T,.

Proof. (of the lemma) (=): Set 2 = FS(T) and B = FS(T"). It is enough to show that for all L-structures
M, M E Ty iff M = T. Let M = Ty. Because 2 = B, we have that Diag(M) U T"” is finitely satisfiable.
Compactness implies that there exists an L-structure N such that N |= Diag(M) UT". This implies that M
can embedded in a model of 7. By Lemma 4.20 we conclude that that M |= T),. In the same way we prove
M = T, implies M = TY,.

(«<): By Lemma 4.20, the models of Ty, T, are precisely the L-substructures of models T', T” respectively,
and so Ty = TV, implies that F'S(T) = F.S(T"). O

Now we prove the proposition.
(1): Because F'S(T) = FS(T'), by Lemma 4.21, Ty = T),. This implies that both theories are model
companions of the the L-theory Ty. From Theorem 4.18, the theories T, T' are equivalent.

(2): It follows from (1). O

4.5 w-categoricity

Definition 4.22. Let k be a cardinal > card(L). We say that T is s-categorical if T has noncompact models
and whenever M and N are noncompact models of T having density character equal to k, one has that M

is isomorphic to N.

31



Theorem 4.23. Suppose that the number of nonlogical symbols in L is countable. Let T be a complete

L-theory that has noncompact models. The following statements are equivalent:
1. T is w-categorical;
2. For each n > 1, the metric space (S, (T),d) is compact.

Proof. See [1, Theorem 12.10]. O

Theorem 4.24. Suppose that T is w-categorical and M is the separable model of T. Then M is strongly w-
near-homogeneous in the following sense: if a,b C M are n-tuples, then for every e > 0 there is automorphism
F of M such that

max d™(F(a;),b;) < d(tp(a), tp(b)) + e.

1<i<n

Proof. See [1, Corollary 12.11]. O

In Chapter 8 we need the implication (1)=-(2) in the following theorem. (This theorem is an observation

due to C. Ward Henson.)

Theorem 4.25. Let M be a noncompact separable L-structure. Set T = Th(M) and G = Aut(M). The

following statements are equivalent:
1. T is an w-categorical theory.

2. For every ¢ > 0, n > 1 there exist n-tuples a; ...a; C M, for some l € w, such that for every n-tuple

b C M there exist 1 <j<land F € G such that

M AN
max d(F(ajq), bi) <e
Proof. (1)=(2): Fix e >0, n > 1 and b C M. Set p = qftpy(b). Since T is w-categorical, by Theorem
4.23 (S, (T),d) is compact. This implies that there exists a finite €/2-net {p1,...,p;}, for some | € w, of
(Sn(T),d). Therefore there exists 1 < j < such that d(p,p;) < €/2. Since M is the unique separable model
of T, for every 1 < j <[ there exist a; C M such that a; |= p;. Then by Proposition 4.24 there exists an

automorphism F' of M such that
max dM(F(aj,i),bi) <d(pj,p) +€/2<e.
1<i<n

(2)=(1): By Proposition 4.23 it is enough to show that for all n > 1, (S,(T),d) is compact. By

Proposition 2.22 it is enough to show that for all n > 1, (S,(T), d) is totally bounded. Fix n > 1. Set D to
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be the set of n-types realized in M. The hypothesis in (2) implies that D is totally bounded. To show that
(Sn(T),d) is totally bounded, it is enough to show that D is dense in (S, (T), d).

Let p € S,,(T'). Since D is dense in S, (T") in the logic topology and L is countable, we deduce that
there exists a sequence S in D that converges to p in the logic topology. Since D is totally bounded for the
d-metric, we deduce that there exists a subsequence S’ of S such that S’ is a Cauchy sequence in (S, (T), d).
Clearly S’ converges to p in the d-metric. We conclude that D is dense in (S, (7'), d).

O

Definition 4.26. Let M be an L-structure. We say that M is strongly w-homogeneous if for every finite
ACMif f: A— M is an elementary map with respect to M, then there exists an automorphism g of M

that extends f.
The following easy fact will be used later.

Proposition 4.27. Let M be a separable L-structure such that Th(M) is w-categorical. The following

statements are equivalent:
1. M is strongly w-homogeneous.
2. For every finite tuple a C M, Th(M, a) is w-categorical.

Proof. (1)=(2): Let N be an L(a)-structure such that N k= Th(M,a). We will show that N = (M, a). Let
N be the reduct of N to L. Clearly N = Th(M) and because Th(M) is w-categorical we have that M = N.
We deduce that N = (M, b) for some b C M with tpy(@) = tpye(b). Since M is strongly w-homogeneous we
conclude that (M,a) = (M,b) and hence N 2 (M, @).

(2)=(1): Let @, b be finite tuple in M such that tpa(@) = tpa(b). Because tpy(a) = tpy(b) we
have that Th(M,a) = Th(M,b). Because (M,b) = Th(M,a) and Th(M,a) is w-categorical we have that

(M, @) = (M, b). We conclude that M is strongly w-homogeneous. O
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Chapter 5

Fraissé Theorems for complete
theories with QE

In this chapter we fix a bounded continuous signature L whose only nonological symbols are a finite number
of constant and predicate symbols.
In Chapter 5 we prove a generalization to the continuous setting of the Fraissé Theorems for complete

theories that have QE.

5.1 A Fraissé Theorem for complete theories with QE

Definition 5.1. Let 2 be an age. We say that 2 has the perturbed amalgamation property (PAP) if for every
n € w, e>0,and p(z) € S%H, there exists 62 (e, p) > 0 such that for every M € 2, @ = (ay,...,a,) C M
with p,(p | n,q) < 62(e,p), where ¢ = qftpy(a), there exist N O M in 2, and a,4; in N such that

pn+1(p;7) < €, where r = dftpy(ai, ..., ant1).

Definition 5.2. Let 21 be an age. We say that 2 has the uniformly perturbed amalgamation property
(UPAP) if for every n € w and € > 0, there exists 62 (e) > 0 such that for every M € 21 whenever we are

given
o p(z) e S¥,
e a=(ay,...,a,) C M such that p,(p|n,q) < 62(e) where q¢ = qftp,(a)
then there exist N in 2 such that M C N and a,,41 in N such that p,11(p,7) <€, where r = qftpy (a1, ..., ans1)-

Remark 5.3. UPAP is stronger than the PAP, but it turns out that these concepts are equivalent for

p-compact ages.

Our main goal in this chapter is to prove the following two theorems, which we call Fraissé Theorems for

complete QE theories.

Theorem 5.4. Let 2 be a p-compact age with the PAP. Then there exists a unique (up to equivalence of

theories) complete L-theory T that has QF and satisfies age(T) = 2.
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A strong converse of Theorem 5.4 is the following theorem.
Theorem 5.5. Let T' be a complete L-theory that has QFE. Then age(T) is a p-compact age with the UPAP.

We prove Theorem 5.4 in 5.17 and Theorem 5.5 in 5.23.

We will need the following propositions.
Proposition 5.6. Let A be a p-compact age.
1. If A has the PAP, then 2 has the AP.
2. In particular, if A has the UPAP, then 2 has the AP.

Proof. (1): We will use Proposition 3.8. Fix A € A, n € w, p € SSH, and a = (ay,...,a,) C A such that
@ = pln. Let b be an enumeration of A\ @. Assume that b is an [-tuple for some | € w. Set g = qftpy(b).
Since 2 has the PAP, for every m > 1 there exists A,, € 2 such that A C A,, and ¢,, € A,, such that
pn(p,rm) < 1/m where rp, = dftpy, (@,cn). Set dp = baa,, and s, = aftpg,, (d,,). Since the sequence
(sm |m >1)isin SE,; and (SP,,,1, pi4n+1) is compact, we deduce that the sequence mentioned has a
limit point s. Let d = s. Let B be the L-structure generated by d and f : A — B the embedding defined as
follows: For every 1 < i <1 we set f(b;) = d;; for every 1 <1i < n we set f(a;) = dj4;. The above embedding

shows that without losing generality we may assume that A C B. Clearly (@, d;+n+1) | p. This suffices.
(2): Follows easily from (1) since UPAP implies PAP. O

Definition 5.7. Let 2 be an age.

1. We say that 2 has the strong JEP if for every family of L-structures (A;);er in M® there exist B € M*

and for every ¢ € I an embedding f; : A; — B.

2. We say that 2 has the strong AP if for every family of L-structures A, (B;)ies in M* and embeddings
fi : A — B, for every i € I, there exist an L-structure € in M* and, for every i € I, an embedding

gi : B; — C such that for every i,5 € I, g; o f; = g; o f;.

3. We say that 2 has the strong PAP if for every n € w, e > 0, and p(z) € SZ, ,, there exist A% (e, p) >0
such that for every M € M*, @ = (a1, ...,a,) € M with p,(p[n,q) < A%(e, p) where ¢ = qftp,(a),

there exist N O M in M*, and a,1 in N such that p,y1(p,7) < € where r = qftpy(ay,...,an11).
Proposition 5.8. Let 2 be an age. Conditions (1), (2) are equivalent.

1. A has the strong PAP.
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2. For every n € w, € > 0, and p € S, there exists A¥(e,p) > 0 such that for every M € M*,
a=(a1,...,a,) € M such that p,(p[n,q) < AZ(e,p), where ¢ = qftpyc(a), there exist N O M in M*

and ap41 i N such that
min(A%(e,p) = Tpn (@), 7p (@, @nt1) — €) = 0.

is true in N.
Proof. Clear from the definition of the strong PAP. O
Proposition 5.9. Let 2 be a p-compact age.
1. If A has the JEP, then 2 has the strong JEP.
2. If A has the AP, then A has the strong AP.

3. If A has the PAP, then A has the strong PAP. Moreover, if (62 | n € w) witness that 2 has the PAP,

then taking A% = 62, (n € w) witnesses that 2 has the strong PAP.

Proof. (1): Consider L-structures (A;);e; in M, for some index set I. There is no loss of generality to
assume that for all i # j € I, A; N A; = (. To show that 2 has the strong JEP it is enough to show that
the L(J,c; A:)-theory

S* U | Diag(A;)
i€l

is satisfiable, where ©% is defined in Notation 3.19. This is immediate by compactness, using the fact that
2 has the JEP.

(2): Consider L-structures A, (B;)ier in M® and embeddings f; : A — B; for some index set I. There is
no loss of generality to assume that for all i # j € I, B;N B; = A, and for all 7 € I, f; is the inclusion map.

To prove that 2 has the strong AP, it is enough to show that the L({J,.; B;)-theory

2y U Diag(B;)
iel
is satisfiable. This is immediate by compactness, using the fact that 2l has the AP.
(3): Tt is enough to prove that for alln € w, € > 0, and p € S?ll_H, there exists A2 (e, p) > 0 which satisfies
the condition in Definition 5.7. We will show that for all n € w we may choose A? such that A% = §2. Fix
neEw,e>0,pe S?ll_H, M € M?, and @ C M such that p,(p[n,q) < 62(e, p) where ¢ = qftpy(a@). Let b be

a tuple which enumerates the elements of M such that b[n = a@. Set r = qftp,(b). To show that 2 has the
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strong PAP it is enough to show that the following set of L-conditions is satisfiable:
Y= (@1, 20, y) = € = 0} Ug((@)i<n) Ur((@)ica) US™,

By compactness, it is enough to show that for every ! € w with [ > n the following set of formulas is

satisfiable:

{mp(x1, ... 20, y) —e=0}Uq((zi)i<n) Ur((zi)i<i) U 2

Clearly there exists N € 2 and ¢ C N with & = r [l. Then clearly ¢ [n = ¢. Since 2 has the PAP and
on(pTn,q) < 6%(e,p), there exist N’ € 2, with N C N’, and d € N’ such that p,11(p,aftp(¢ [ n,d)) < e.
Therefore

Tp(€ln,d) ~e=0,
and Y is satisfiable. The fact that for all n € w we may choose A,, = J,, is immediate from the proof. O

Notation 5.10. Let 2 be an age with the PAP. Set U™ to be the set of all closed conditions of the form

sup min(8. (e, p) = Ty (Z), Iinf Tp(Z,Tpt1) ~€) =0
T n+1

foralln € w, e >0, and p € S, where (67 | n € w) witnesses the fact that 2 has the PAP. Set
™ =%y v,

Remark 5.11. Note that at first glance the L-theory T seems to depend on the the functions 6%. Never-
theless, in Proposition 5.15 we will show that if 2 is a p-compact age with the PAP and (62 | n € w) witness
the fact that 2 has the PAP, the theory T has QE and satisfies F/'S(T®) = 2. By Proposition 4.19, there

exists a unique (up to equivalence of theories) such theory and hence 7% is independent of (62 | n € w).

Proposition 5.12. Let 2 be a p-compact age with the PAP. Then T® is a satisfiable L-theory and FS(T?) =
2A.

We need the following lemmas.
Lemma 5.13. Let A be a p-compact age with the PAP. If A is an L-structure in M2, then there exists an

L-structure B D A in M® such that for all o € U2, and for all finite tuples a, if o is the L-condition

sup min(8. (€, p) = Ty (Z), winf Tp(Z, pg1) ~€) =0
T n+1
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for somen e€w, e>0,pe S%H, and if a is an n-tuple, then there exists an+1 € B such that

min(ég(e,p) - Tp(n(d)a Tp(da an+1) - 6) =0

1s true in B.

Proof. Since 2 has the PAP and is p-compact, by Proposition 5.6 we deduce that 21 has the AP. Then by
Proposition 5.9 we deduce that 2l has the strong PAP and the strong AP. Let @ be the set of all ordered
pairs (o,a) where 0 € ¥® and a is a tuple as in the statement of the lemma. Since 2 has the strong PAP,
for every (o,a) € @ there exist an L-structure M, 5y such that A C M, 3), age(M(s,5)) € 2% and b € M, a)
with

min(82 (€, p) = 7y (@), 75(a,b) = ¢) = 0.

From the strong AP we obtain an L-structure M such that for all (o,a) € Q, A C M,z € M, and

age(M) C 2. O
Lemma 5.14. Let 2 be a p-compact age. Then, there is an L-structure A such that age(A) = 2.

Proof. (of lemma) Since 2 has the JEP and is p-compact, by Proposition 5.9 we deduce that 2 has the
strong JEP. Let (A;);cr be an enumeration of a set of representatives of 2, up to isomorphism; that is, every
element of 2 is isomorphic to an element of (A;);c;. By the strong JEP, there exists B € M® such that for
each i € I, A; can be embedded into B. Clearly age(B) = 2. O

Proof. (of Proposition 5.12) By induction on n € w we define a chain of L-structures (M, | n € w) such that
m = T2, For n = 0 we define My = A where A is an L-structure obtained by applying Lemma 5.14.
Given the L-structure M,, we define M,, 1 by applying Lemma 5.13 to the structure M,,. Set M = (J,,c, M
and N = M. Clearly M |= U%. Also age(M) = 2 and so by Proposition 3.17 we have that M = %%. Then,
from Proposition 3.20 we deduce that N |= £*. We conclude that N = T%.

Since age(M) = 2, we have % C FS(T*) and since X% C T? we have F.S(T?) = 2.

Proposition 5.15. Let A be a p-compact age with the PAP.
1. T* has QF.
2. T* is a complete L-theory.

Proof. (1): By Proposition 5.12 we have F.S(T®) = 2. Therefore, by Proposition 4.3 it is enough to prove

the following claim.
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Claim 5.16. Let M |= T, where M is separable; consider n € w, p € S | and a C M with a = p [ n.

Then there exists an W -saturated elementary extension N = M and an+1 € N such that (@, an+1) = p.

Proof. (of claim) Fix a separable L-structure M |=T%, n € w, p € S* and a C M with a = p|n. For every
€ > 0 we have that

T = supmin(52 (e, p) = Ty (Z), inf 7,(Z, 2p11) =€) = 0.
z Tt

n

So, for every € > 0 there exists b. € N such that
min (62 (€, p) = Ty (@), 7 (@, be) ~ 2¢) = 0.
This implies that 7,(@, b.) < 2¢. Equivalently we have that that p,4+1(p, ¢) < 2¢ where ¢ = qftpy(a, be). If

N is an Wj-saturated extension of M clearly there exists a,+1 € N such that (@, a,+1) | p. O

(2): We show that every R;-saturated model of T realizes every element of SF'. Then by Proposition
4.5 we conclude that T% is a complete L-theory.

Let M be an N;-saturated model of T*. Let g be any 1-type realized in M, say by a, and r € S¥. Since
A a p-compact age with the PAP, by Proposition 5.6 we deduce that 2 has the AP. Therefore there exists

pE S%l such that p[1 = ¢ and the restriction of p in the second variable is equal to r. For any € > 0,
T |= sup min(67 (e, p) = Tq(xl),iarjlpr(xl,xg) ~¢€)=0.
x1 2

Applying the condition to 1 = a in M and noting that Tg"[(a) = 0, we see that

M E=inf7,(a, z2) <e
z2
Since € > 0 was arbitrary,
M E inf 7,(a, z2) = 0.
T2

Consequently, since M is Ni-saturated, there exists b € M such that (a,bd) = p. Hence b |= r. That is, any

N;-saturated model of T™ realizes every element of ST*. O
We state again and prove Theorem 5.4.

Theorem 5.17. Let 2 be a p-compact age with the PAP. There exists a unique L-theory T which is complete,
has QE and satisfies age(T) = 2.
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Proof. The existence of an L-theory T with the prescribed properties is immediate from Propositions 5.12

and 5.15. The uniqueness of T comes from Proposition 4.19. O

5.2 Axiomatization of complete QE theories

Definition 5.18. Let T' be an L-theory. Set 2 = F'S(T). We say that T has the uniformly perturbed

extension property if for all n € w, € > 0 there exists 6 (¢) > 0 such that for all p € S?*,; we have that
T = supmin(87 (¢) = Ty (2), inf 7,(Z, 2p11) =€) = 0.
T Tn41

Proposition 5.19. Let T be an L-theory. The following statements are equivalent:
1. T has QF.
2. T has the uniformly perturbed extension property.

Proof. (2) = (1): Similar to the proof of the fact that 7% has QE in the proof of Theorem 5.15.

(1) = (2): We will need the following definition and lemma.

Definition 5.20. Let T be an L-theory and 2 = FS(T). We say that T has the perturbed extension

property if for every n € w, € >0, and p € S?}H there exists d(n, e, p) > 0 such that

T |=supmin(§(n, €,p) = Tpw(Z), inf 7,(Z, zp41) ~€) = 0.
z

Tn+1
Lemma 5.21. Let T be an L-theory that has QF. Then T has the perturbed extension property.

Proof. (of lemma) Set 2 = F'S(T'). Assume that T' does not have the perturbed extension property. This

implies that there exists n € w, ¢ > 0, and p € SZ‘H such that for all 6 > 0,
T B supmin(6 = Tpp (Z), inf 7,(Z, zp41) ~€) = 0.
T Tn41
Taking 6 = 1/m for m > 1 we see that

TU {Tprn (r) <

1
- |m>1}U {a;infl Tp(Z, Tpt1) > €}

is satisfiable. By model-theoretic compactness, there exist an L-structure M =T and @ C M witha =p[n
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such that

inf 7,(a, xp41) > €.
Tn+1

The above statement implies that there is no a,1 in any elementary extension of M such that

DO | ™

pn(:q) <

where ¢ = qftpy(@, an+1). But T has QE and p € SZIH, so by Proposition 4.3 there exists N = M and

an+1 € N such that (@, a,+1) | p which is a contradiction. O

We continue the proof of Proposition 5.19. From Lemma 5.21, for every n € w, € > 0, p € S§‘+1 there

exists d(n, €, p) such that

inf 7,(Z,zp41) ~€) =0.
Tn41

TE sgp min(é(n, €, p) = T (Z),
For every n > 0 we define a function
6n: (0,1 x S2 1 — (0,1]
as follows:
dn(e,p) =sup{d € (0,1] | Tk sgp min(§ = Tpm(a’:),migfl Tp(Z, Tpt1) —€) =0}

Claim 5.22. For every n € w, € > 0, 0,(€,p) is a continuous function of p € (S?L[H,pn“).

Proof. (of claim) Fix n > 1, € > 0. To show that 4, (€, p) is continuous it is enough to show that for every

p €S2, € >0 there exists &’ > 0 such that if ¢ € S| with p,41(p,q) < &', then
[0n(€,p) = dn(e,q)] <€
Fix p € S% |, € > 0. We claim that it suffices to choose §’ < ¢’. Indeed we have that
dn(e,p) — & < 6n(e,q) < dnle,p) +8 &

|5n(67p) - 6n(6u Q)| < 6l <€

41



For every n € w, € > 0 set

dn (€) = inf{u(e.p) | p € Sy }-

The above infimum is actually a minimum because d, (e, p) is a continuous function of p € (S2, 1, pnt1)
and (S2, 1, pnt1) is compact. From Lemma 5.21, for every n > 1, ¢ > 0, p € ST ;(e) > 0 we have that

8n(e,p) > 0. This implies that 61 (¢) > 0. Clearly 6% (e) satisfies the condition in Definition 5.18. O
Theorem 5.23. Let T' be a complete L-theory that has QF, and let A = age(T). Then:
1. A is a p-compact age with the UPAP.

2. T is aziomatized by T*.

A

n

3. For every n € w let 6, 6L be as in Definition 5.2 and Definition 5.18 respectively. Then for every

T

n’

n € w, given 81, we may choose 52 such that 6% = §L.

4. For every n € w let 6%, 6L be as in Definition 5.2 and Definition 5.18 respectively. Then, for every

A

n’

n € w, given 52, we may choose 51 such that 61 = 6.

Proof. (1): Since T is a complete L-theory, Proposition 3.16 implies that 2l is a p-compact age. Next we
show that 2 has the UPAP.

We show that for every n € w, € > 0, it suffices to choose 63 =47 Fixn € w, e >0, M€ A, pe S%
a C M such that p,(p|n,q) < 0% (e) where ¢ = qftpy,(a). Because M € 2 we have that there exists an
L-structure A = T and M can be embedded in A. Without losing generality we may assume that M is a
substructure of A. Because T has the uniformly perturbed extension property we have that

T |= sup min(32 (€) = Ty (Z), inf 7,(Z, Tpy1) ~€) = 0.

Tn41

This implies that

(supmin(8y (€) = 7 (%), Jnf 7,(,ans0) = )" =0,

So we have that for every ¢ > e there exists b, € A such that 7,(a, b ) < €. Set ro = qftp 4 (@, ber). Because

(S, 1, pnt1) is compact we have that

r= lim rg

e/ —e

exists in S, ;. Clearly we have that p,,(p,7) < e. Because 2 has the AP we have that there exists N € A

such that M C N and a,4+1 € N such that p,(p, ) < € where r = qftpy (@, ant1).
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(2): Since T, T® both have QE and FS(T) = FS(T%) = 2, by Proposition 4.19 we deduce that they

are equivalent, namely 7% axiomatizes T O

(3): Immediate from the proof of (1).

(4): Immediate from (2).

Theorem 5.24. Let A be a p-compact age. The following statements are equivalent:
1. A has the PAP.
2. A has the UPAP.

Proof. (1)=(2): By Theorem 5.4, let T be the unique complete L-theory that has QE and satisfies age(T) =
2A. Then by Theorem 5.23, 2 has the UPAP.
(2)=-(1): Trivial. O

Remark 5.25. It is natural to ask whether we can strengthen Theorem 5.4 in the following way:
Given an p-compact age with the AP, is there a complete L-theory T such that T has QE and satisfies
age(T) = A?
The following counterexample due to C. Ward Henson answers this question above in the negative.
Let L be the signature of pure metric spaces with d taking values in [0, 1]. Let 2 be the class of all finite

L-structures M with the following properties:
1. If z,y € M are distinct, then d™(z,y) is in the interval [, 1].
2. If z,y,2 € M are distinct, then at least one of the distances d™(z,y), d™(y, z), d™(z, 2), equals 1.

It is clear that the class of L-structures M that satisfy age(M) C 2 is axiomatizable by the closed L-
conditions,

sup min(d(z,y),d(x, z),d(y, 2),1 = d(z,y),1 = d(z,2),1 = d(y,2)) =0,

©,y,z
and

1
sup min(d(z, y), 3~ d(z,y)) = 0.
@,y

Therefore 2 is p-compact. Also 2 has the AP: If My, My are in 2 with intersection M, then for every
x € M\ M and y € My \ M, set d(z,y) = 1.

Now we prove that if T is a complete L-theory that satisfies age(T) = 2, then T does not have QE. Set

S ={pe S| pec [max(d(z,x3),d(xs,23)) < 1]}.
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Note that S is open in (S5, p3). Map S into S3 by eliminating the z3 variable. The image is {p}, where p
is the unique quantifier free 2-type that contains the condition d(z1,22) = 1. Note that {p} is not open in
(53, p2), since (S, p2) is isometric to {0} U [3, 1] with the absolute value metric, with p mapped to 1. But
by Theorem 5.5, if T had QE, then 2l would have the PAP and therefore the image {p} of the open set S

should be open, which is a contradiction. We conclude that T' does not have QE.
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Chapter 6

Fraissé Theorems for separable
structures

In this chapter we fix a countable bounded continuous signature L without function symbols.

The main result of Chapter 6 is Theorem 6.28, which is shown to be an optimal result by its converse
in 6.30. In Sections 6.1, 6.2, and 6.3 we provide background concepts and material that are needed in
both Chapters 6 and 7. The concepts and results of Sections 6.4 and 6.5 are rather technical and they are

introduced solely in order to prove Theorem 6.28.

6.1 Definitions and basic theorems

Definition 6.1. Let M, N be L-structures, @ C M and b C N. Let A be the substructure of M generated

by @ and B the substructure of N generated by b.

1. f:a — Nis an embedding if it has an extension that is an embedding from A into N.

2. f:a — bis an isomorphism if it has an extension that is an isomorphism from A onto B.
Definition 6.2. Let M be an L-structure and 2 = age(M).

1. M is w-qf-near-homogeneous if for every ¢ > 0, all finite tuples @ C b C M, where a is an n-tuple for

some n > 1, and every embedding f : @ — M, there exists an embedding g : b — M such that

max dM(f(ai),g(bi)) < e.

1<i<n

2. M is strongly w-qf-near-homogeneous if for every n € w and n-tuples @,b C M such that qftp,(a) =

aftpM(b), there exists an automorphism f of M such that

M .
lrél%xnd (ai, f(b;)) <e.

Proposition 6.3. Let M be an L-structure and 2 = age(M). The following statements are equivalent:
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1. M is w-qf-near-homogeneous.

2. For everye >0, n€w,l>1,pc¢€ S%H, and a = (ai,...,a,) € M such that a |= p[n, there exists
b= (by,...,bps1) in M such that b |=p and
M(a: bs
121%}(nd (ai, by) < e.
3. For every e > 0, n € w, p € S%H, a = (a1,...,a,) € M such that @ |= p | n, there exists b =
(bi,...,bpt1) in M such that b = p and

M(a: bs
11£ggxnd (ai,b;) < e.

4. For every e >0, p € S*, a=(ar,...,a,) C M such that a |= p|n, there evists b = (b;)1<ico C M

such that b |=p and

M(a: bs
121%}(nd (ai,b;) < e.

Proof. (1)<(2): Immediate.
(2)=(3): Immediate.
(3)=(4): Fixe >0,pe S¥, a= (a1,...,a,) C M such that @ = p[n. We define inductively a chain of

finite tuples (b;)ic. such that for all 4 € w, b; is an (n -+ i)-tuple which realizes p|(n + i) and

M €
max d " (b; i, bip15) < ——.
1< <n+i (Big> bitag) 4i+1

For i = 0 we set by = a. Suppose we have defined a chain (b; | i < k) for some k € w, such that the conditions

above are satisfied. By hypothesis, there exists a tuple b such that b = p[(n + k + 1) and

M €
max d"(bg i, bpsr1.i) < ——.
1<i<ntk ( k,js Vk+ a]) 4k+1

Forall j > 1 {bn,j | n > j} is a Cauchy sequence. Since M is a complete metric space lim,, bp4j exists.
Set limy, o0 by, j = b;.

Clearly (bi)icw = P-
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Now we prove that maxi<;<, d™(a;,b;) < e. By the triangle inequality, for all 1 <i <n, j > 1

d™(aj,bij) < d™(boj,b1;) + -+ d (b1, bi )

<S4y s

4 4t

AN

= L gk

k=1
Then for all 1 < 5 <mn,
M LM . - €
d (aj7bj):iliglod (a’j7bi’j)§ilifgo;47k:§<€-
(4)=(1): Immediate. O

Proposition 6.4. 1. Let M be a separable L-structure and N an w-qf-near-homogeneous L-structure such

that age(M) C age(N). If a is a finite tuple in M, and f : a — N is an embedding, then there exists

an embedding g : M — N such that
max d™ (f(a;), g(bi)) < e.

2. If M,N are both separable, w-qf-near-homogeneous L-structures, age(M) = age(N), @ € M, b C N,
both finite tuples, and f : @ — b is an isomorphism, then there exists an isomorphism g : M — N such

that

max d™ (f(as), g(bi)) < €.

(2

Proof. (1): Let D be a countable dense subset of M, @ be an enumeration of A and d = (d;);cx be an
enumeration of D for some A < w such that @ is an initial segment of d. Set p = qftpy(d). Then p € S} for

some A < w. Since N is w-qf-near-homogeneous, by Proposition 6.3 there exists ¢ C N such that ¢ = p and
max d™ (f(a;), ¢;) < e.
K3

Define a map f’: D — N such that for all i € A\, f'(d;) = ¢;. Since D is dense in M, f’ can be extended to
an embedding g : M — N. Clearly
max d™ (f(a;), g(bi)) < €.

(2): This can be proved by a back-and-forth version of the above argument.
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Theorem 6.5. 1. Any strongly w-qf-near-homogeneous structure is w-qf-near-homogeneous.
2. Any separable w-qf-near-homogeneous structure is strongly w-qf-near-homogeneous.

3. If MyN are separable L-structures that are both w-qf-near-homogeneous and age(M) = age(N) then

M, N are isomorphic.

Proof. (1): Obvious.
(2): Clear by Proposition 6.4(2) if we take M = N.

(3): Immediate from Proposition 6.4.

6.2 Near amalgamation property

Definition 6.6. Let 2 be an age. We say that 2 has the near amalgamation property (near-AP) if for
every e >0, n,l ew, Me pe€ S%H, and @ = (a1,...,a,) € M such that a = p[n, there exists N in 2

such that M C N and b = (b1,...,b,) C N such that b = p and

N . .
11;1%Xnd (ai,b;) < e.

The near-AP will play an important role only in this chapter. The reason is that, in the rest of the
document, we will mostly consider ages of complete theories and in that case the following proposition

applies.
Proposition 6.7. 1. If A is a p-compact age with the near-AP, then 2 has the AP.
2. Let T be a complete L-theory and A = age(T). If A has the near-AP, then 2 has the AP.

Proof. (1): This is immediate consequence of the fact that 2 is p-compact.

(2): By Proposition 3.16 we deduce that 2 is p-compact. Then (1) implies that 2 has the AP. O
The following proposition shows that the near-AP is equivalent to the “l-point near-AP”.

Proposition 6.8. Let A be an age. The following statements are equivalent:

1. A has the near-AP.
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2. Foreverye >0, new, MeA, pe S,%[H, and a = (a1,...,a,) € M such that @ |= p | n, there exists

N in A such that M C N and b= (by,...,by11) C N such that b |=p and

max d™ (a;,b;) < €.
1<i<n

Proof. (1)=(2): obvious.
(2)=(1): Fixe>0,necw, I >1,MeA, p€ Sy, and a C M with a = p[n. We will define inductively

a finite chain of finite structures (N; | 0 < j <) and finite tuples (b;)o<;j<; where for all 0 < j <1

b] - (b],l, e ey b],'l’L—‘r])

such that the following properties are true:
] N():Mandl;():d.
e For all 0 < j < j’ <1 we have that N; <Nj.

e For all 0 < j < we have that l_)j C N; and

max  d™7 (b1, bj,0) <

€
1<i<n+j l

For n = 0 we define Ng = M and by = a. Suppose that for some k < [ we have defined (N; | 0 < j < k)

and (b; | 0 < j < k) which satisfy the properties stated above for all 0 < j < j/ < k. Because 2 has the

near-AP there exist N O Ny and b = (b1,...,bp xr1) € N such that b |=p [k + 1 and

N
max d (b;,b:;) <
1<i<n+k (b bii)

BN

Set Nyy1 =N and by = b. Then clearly for all 1 <i < n
AW (az, b)) < dO(bg b1 ) + - A+ dVO (b1, b ).
This implies that

NI (g b ) < NO (b b ) e N(D) o
1?%Xnd (az,bz,z)_lrélggnd (bo,isb1:) + +1I£3§Xnd (bi—1,i,14)

€

<ZZ:€
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This suffices. O

6.3 The d*-metric

Definition 6.9. Let 2 be an age. For every n € w, and p, ¢ € S2* we define

<i<n

Remark 6.10. We note that if 2 is an age, then for all n € w, p,q € S, we have that d*(p, q) < oo. This

is an immediate consequence of the JEP.
Proposition 6.11. Let 2 be an age with the near-AP. Then for all n € w, (S, dY) is a metric space.

n»-'n

Proof. Fix n € w. Clearly for every p, ¢ € S2, d,(p,p) = 0 and d2(p,q) = d>(q,p). Clearly also d®(p,q) =0
implies that p = q.

Now we show that the triangle inequality holds. Suppose that p, ¢, r are in S*. Set d>(p,q) = a,
d®(q,r) = b. Fix € > 0. There exist M € 2 and a, b C M such that a |= p, b = ¢ and

M
max d(a;,b;) < a+ e
1§’LSTL ( (2 1) +

Similarly there exist N € 21 and d, € C N such that d |= ¢, € |= 7 and

N(d: e
11;1%xnd (di,e;) <b+e

Set s = qftpy(d,€). Note that M = (s [ n)(b). Because 2 has the near-AP, for the given e > 0 there exist

My in A with My DM and f = (f1,..., fn), 3= (91,---,9n) C My such that (f,g) = s and
My, f,
1réliagxnd (bi, fi) <e.
Note that f =g, g = r. Then, from the triangle inequality we have
Vi<n  d™(a;,g:) < d" (ai,b) +d (b, fi) + "V (fi, 90)-

Combining the above inequalities we get

43 (p.r) < (d}(p,q) +€) + € + (d2(q,7) +€).
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The above is true for all € > 0. We deduce that

d2(p,r) < da(p,q) +d2(q,7).

We conclude that (S2,d2) is a metric space. O

n»n

Definition 6.12. Let 2 be an age with the near-AP.

1. We say that 2l is d®-separable if for every n € w, the metric space (S¥,d>) is separable.

n»-'n

2. We say that 2 is d®-complete if for every n € w, the metric space (S2,d>) is complete.

Proposition 6.13. Let M be an L-structure which is w-qf-near-homogeneous. Set A = age(M). Then U is

a d®-complete age with the near-AP.

Proof. By Proposition 3.5 we have that 2 is an age.

Now we show that 2 has the near-AP. Fix e >0n,l cw, N e, p € S

oy and a € N with a |= p[n.

Because M is w-qf-near-homogeneous we have that there exists b = (b1, ...,b,4;) such that b = p and

max d™(a;,b;) < e.
1<i<n

Let N D N be a finite L-substructure of M such that b C N”.
Since 2 has the near-AP, we deduce that for all n € w, (S2,d®) is a metric space. Now we show that A

n»-'n

is d*-complete. We will need the following lemma.

Lemma 6.14. Let M be an L-structure which is w-qf-near-homogeneous. Put 2 = age(M). If e > 0, p,q
are in S, for some n € w, with d*(p,q) < ¢, and @ C M is such that @ |= p, then there exists b C M such
that b = q and

M bs
lréllagxnd (ai,b;) < e.

Proof. Fix € >, n € w, p,q € S*, @ C M with @ = p. Because d>(p, q) < ¢ we have that there exists N € 2
and ¢,d C N such that ¢ = p, d = ¢ and

max d™ (¢, d;) < €.
1<i<n

Set

N
€1 = max d (¢, d;) < e.
1<i<n (ci, di)
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Because 2 = age(M) we may assume that N C M. Set r = qftp (¢, d). Choose ey such that
0<ey <e€e—e.
Because a |= r [ n, Proposition 6.3 implies that there exist € = (ey, ..., ea,) such that € = r and

N
max d (a;,e;) < €3.
1<i<n ( (2] z) 2

Set (b1,...,bn) = (ént1,---,€2,) and b = (by,...,b,). Clearly we have that b = ¢q. For all 1 <i < n we
have that

A (a;, b)) < d(ai, e) + d™ (e, by).

Therefore

dM(CLi, bz) < dM(Cli, 61‘) + dM(C,‘, dz)

We conclude that

max dM(ai,bi) < max dM(ai,el-) + max dM(cl-,dl-) <erte <e.
1<i<n 1<i<n 1<i<n

O

Now we continue with the proof of Proposition 6.13 and we show that for all n € w, (S, d>) is complete.

Fix n € w. Let (p; | j € w) be a Cauchy sequence in (S2,d>). To prove completeness, we need only to

n 1 On
consider sequences that satisfy
Vi' =g di (1)) < 2%
We define inductively a sequence (a; | j € w) in M such that the following properties are true.
1. For all j € w, a; = p;.
2. For all j < 7/,
max dN(ajyi,aj/,i) < —

1<i<l 27"

For j =1, pick a1 € M such that a; = p1. Assume we have defined a; for all j < k such that the above

two conditions are true for all values of j, 7/ < k. We have that a(k) = pr and that

1
d(pr, Pr41) < 7
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So from Lemma 6.14 there exists ax11 € M such that

N
max d (a Qi) < —.
1<i<n ( n+1,7, n,z) Qk

This suffices for the the definition of the sequence (a; | j € w).

Then for every 0 < i < n consider the sequence S; = (a;; | j € w). The second condition implies that S;
is a Cauchy sequence in M. Because M is based on a complete metric space we have that lim;_,, S; exists
in M. For all 0 < j <n, set

bi = hm Si,

J—00

b= (b1,...,b,) and p = qftp,(b). Clearly we have that p € S¥ and that
Jim 3 (p,p;) = 0.
So (S, d*) is complete. O
Definition 6.15. Let (X,d;), (X, dz2) be metric spaces.

1. We say that d; is finer than ds if for every x € X, € > 0, there exists § > 0 such that for all y € X,

di(xz,y) <0 implies da(z,y) <e.

2. We say that d;y is uniformly finer than ds if for every € > 0, there exists § > 0 such that for every =z,
yeX

di(z,y) <& implies da(z,y) <e.

Proposition 6.16. Let 2 be an age with the near-AP. Then for alln € w, (S*,d*) is uniformly finer than

n»-'n
(S?lepn)'

Proof. Tt is enough to prove that for every n € w and € > 0 there exists § > 0 such that for every p,q € S*

dy(p,q) <6 implies pu(p,q) <e.

Fix n € w and € > 0. Let mp be the number of predicate symbols and m¢ be the number of constant
symbols in L.

For each 1 < i < mp, let Ap, be the modulus of uniform continuity that L specifies for the predicate
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symbol P; and let a(i) be the arity of the predicate P;. We will show that it suffices to choose § > 0 such

that

0 < min{%7 1<r{1<ir711P{Api (6)}}.

So assume that p,q € S* and that

d2(p,q) < 0.

This implies that there exist M € 2 and @ = (ay,...,a,) € M, b= (by,...,b,) C M such that a = p, b = q

and

max d™(a;,b;) < 6.
Let € = (e1,.--y€metn) = (€1, Cmey X1y, Lpn). Then there are finitely many atomic L-formulas in
Z = (x1,...,2,) and they have the forms:

e d(c;,cj) where 1 <i,j <m¢

e d(c;,x;) and d(xj,¢;) where 1 <i<mg, 1 <j<n.

o d(z;,x;) where 1 <4,j <n.

o Pejs---,€5,,) where 1 <l <mp and 1 <ji,...,Jaq) < mc +n.
To complete the proof we will need to prove some easy facts.

Claim 6.17. 1. For every i,j with 1 <1 < m¢g, 1 <j <n we have that
|d(ci, x5)P — d(ci, m5)9] < e

2. For every i,j with 1 <i,57 < n we have that
‘d(xivxj)p - d(xivxj)q‘ <€

Proof. (of claim) Fix 7,5 with 1 <4 < m¢, 1 < j < n respectively. As above there are a,b C M, such that

akEp, bEqand

M €
. b < —,
1rn<l_a<xnd (az,bz) <4

(1): By the triangle inequality, for all 1 <i <m¢g, 1 <j<n

dM(CM aj) < dM(CgV[,bj) + dM(bj,(Ij) =

i >
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A aj) — d™(Mby) <

(3

[\ e)

Similarly, for all 1 <i<mn,1<j<m,

(b)) — dM( ay) <

(A

[N e)

Combining the above inequalities we deduce that for all 1 <i <m¢g, 1 < j < n,
(e}, a5) = (b)) < 5.

We deduce that

|d(ci, ;)P —d(ci,xj)] < g < e

(2): By the triangle inequality, for all 7,5 <n
dM(ai,aj) §dM(ai,bi)—I—dM(bi,bj)—l—dM(bj,aj) =

A (a;,a;) < §+ d™ (b, b) + % o
dM(ai,aj) — dM(bZ,b]) < €,

and similarly

dM(bl,bj) — dM(ai,aj) < €.

By combining the above two inequalities we deduce that for all 1 < 4,5 < n,
|d™(a;, a;) — d™ (b, b;)| < e.

We conclude that
|d(;, ;)P — d(w;, 25)7)| <e

Claim 6.18. For every e >0, 1 <l <mp, 1 <j1,...,Joq) < Mmc +n,

|B(€j1>"'7eja(z))p 7Pl(€j1""7eju(z))q‘ <e.
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Proof. (of claim) Fix e > 0,1 <1 <mp, 1 <ji,...,J.0) < mc +n. We have that a,bC M,alE=p blEg

and that
max d™(a;,bi) < 6 < Ap,(e).
Set
F=(f1, s fmein) = (Cly - Cmp, Q1,5 Gn),
G= (91, 9metn) = (€1, s Cme, D1, - -, bp).
Clearly

M(f, g,
\ax  d(fi,9:) < Ap (o).

This implies that

M M
|Pl (fj17"'7fja,(l)) - B (gj1a'--agja(l))| <é€

which in turns implies that

|Pl(€j17"'veja(z))p _Pl(ejl""7eja(l))q‘ <e

It is easy to see that Claim 6.17 and Claim 6.18 imply that p,(p,q) < e. O

6.4 Completion of w-qf-near-homogeneous metric prestructures

Proposition 6.19. Let M be a metric L-prestructure. Set 2 = age(M). Suppose that the following condi-

tions are true:
o M is w-qf-near-homogeneous.

e For everyl > 1, if (pn | n>1), (gn | n > 1) are Cauchy sequences in (S, d}), then
lim p;(pn,qn) =0 implies  lim d*(pn,qn) = 0.

If we set M to be the completion of M, then M is w-qf-near-homogeneous.

Proof. Fix ¢ > 0 and | € w. Let @ = (ay,...,a;), b = (by,...,bi41) in M be such that @ = ¢ | where

q = qftpy(b). For all n € w let @y = (an1,---5an1), bn = (bp1,--.,bni41) be in M such that for all
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1<i<I, limy—o0 G = a4, and for all 1 <¢ <141, lim,,—,p, by, ; = b;. Set

Pn = dftpye(@n,1s -5 0n0), o = aftpye(bny1y oy bnjig)-

For all 1 < i <, (an; | » > 1), (bn,; | n > 1) are Cauchy sequences in M. So (p, | n > 1) is a
Cauchy sequence in (S, d}) and (gn | n > 1) is a Cauchy sequence in (S2 ,d? ). Clearly we have that

(qn 11| n > 1) is a Cauchy sequence in (S, d}) and that
lim Pl(pn’ dn ”) = 0.
n—0oo

By the hypothesis we get

lim d(pn,qn 1) = 0.

n—oo

We define inductively a sequence of (I 4+ 1)-tuples (€, | n > 1) in M, where for all n > 1 e, =

(en,1s---s€n,i+1), such that if we set s,, = qftpy((€,) then the following conditions are true:

1. (sp | m > 1) is a subsequence of (g, | n > 1); there exists an increasing sequence of natural numbers

(n(k) | k > 1) such that for all £ > 1, sp = gy ().

2. for every i, j > n(k), k > 1,

A €
diz1(ai, q5) < Shi2

N € €
max d (a;,e1;) < = + —.
1<i<l (@i, €1,1) 2 + 22

4. for all n > 1,

M 6
max d (n.isent1i) < 5o
Definition of &;: Foralli =1,...,1, lim, .o an,; = a;, so there exists n’(1) > 1 such that for all n > n/(1)

M, .
1r1§1?§ld (@i, an,;) <

(1)

N

Also,

nlgrolo d%(pna qn fl) = Oa
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so there exists n'/(1) > 1 such that for all n > n" (1)
A €
dl (prnqun) < ?

Further, since (¢, | n > 1) is a Cauchy sequence in (SP ,df,), there exists n”’(1) > 1 so that for all
i,j = n"(1)

€

dﬁﬂ%%‘) < bER

Set n(1) = max{n’(1),n”(1),n"(1)}. We have that a,(1) = p, ). Because

€
de[(p7L(1)’q7z(1) ”) < 272

by Lemma 6.14 there exists é; = (e1,1,...,€1,41) in M such that &; = g,(1) and

M €
max d' (a ne1q) < —=.
1<5< ( n(1),i» 1,1) 92

From (1), (2) and the triangle inequality we deduce that

v € €
max d (a;,e1;) < = + —.
1<i<l (@i, €1,4) 2 22

Inductive step: Assume that we have defined (I+1)-tuples €, in M for all 1 < n < k such that the conditions
(1)-(4) are satisfied. We will define tuple €j11. Since (¢, | n > 1) is a Cauchy sequence in (SP ,d}, ), there

exists n(k 4+ 1) > n(k) such that for all i,5 > n(k + 1)

A €
diy1(gi,q5) < kT3

Then by the induction hypothesis

€
A1 (@nget1)s Gnry) < PTE=k

Because €, = Gn(k), by Lemma 6.14 there exists a tuple ég41 in M such that eg11 = qn(k+1) and
o €
max d" (ek+1.is€h,i)

< —.
1<i<i+1 2k+2

This suffices for the construction of the sequence (&, | n > 1).
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For all 1 <i <l+1, (e | n > 1) is a Cauchy sequence in M, and since M is complete, (e, ; | n > 1)
converges in M. For all 1 < i <1, let e; = lim,, o én,; and € = (eq,...,e;+1). To complete the proof that

M is w-qf-near-homogeneous, it is enough to prove the following claim:
Claim 6.20. 1. ¢ftpy(e) = q.
2. maxi<;<i dm(ai, ei) S €.

We prove the claim.

(1): Set r = qftpsg(€). Then we have that

lim p111(q,qn) = lim ppya(r,qn) = 0.
n—o0o n—oo

Therefore p;11(q,r) = 0, and because (S?}H, pi+1) Is a metric space, we conclude that ¢ = r.

(2): From conditions (3), (4) and the triangle inequality we have that for all 1 <i <[, n >1

n—1 n+1
N NI N €
dM(ai7 en,i) <d (ai, el,i) + z; dM(ej7i, 6j+17i) < Zl 27
J= 7=

Therefore, for all 1 <i <1,

dM(ai,eZ—) = lim dﬁ(ai,en,i) é Z 2% = €.

j=1
We conclude that

M
- e) < e
frgl?%(ld (a;,e;) <e

6.5 Fraissé theory for separable structures

In this section our main goal is to prove Theorem 6.28, which is the main theorem of this chapter. First we

prove some propositions.

Proposition 6.21. Let 2 be an age with the UPAP. If B is the completion of 2 (as defined in Definition
3.21), then B is a p-compact age with the UPAP.

Proof. The fact that B is a p-compact age follows from Proposition 3.23.
We will show that for all n € w we may choose 6> = 02 where 52, 62> are defined in Definition 5.2.

Fixn € w, € >0,p €S2, M € B, and @ C M such that p,(p [ n,q) < §2(e) where ¢ = qftpyc(a@). Set
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pn(pIn,q) = 6. Let b be an enumeration of M \ @ and I the length of b. Set ¢ = ba and s = qftp,(¢). Let
mg > 1 be such that
2

5+ — < 8%(e).
+m0<n(e)

Since B is the completion of 2 and s € Sﬁn, pE S?_H, for every m > mg there exist s,, € SIQ}HL and

pm € S, such that

1 1
Pin (8, $m) < — Pr+1(D, Pm) < g

Fix m > myg. Let ¢, be a realization of s,, in an L-structure A and let M,,, be a the L-structure generated

by ¢ in A. Then M, € . Set ¢, = qftpye, (ci41,- -+, Cl4n). We have that

Pr(Pm [1, Gm) < pu(Pm [, p10) 4+ pu(PI 7, @) + pn(q, gm)
1 1

<—4+0+—

m m

< 6%(e).
Since 2 has the UPAP, there exist N,, € 2 such that M,,, C N,,, and d,,, € N,, such that

Pn+1 (pm7 Tm) S €,

where 7, = qftpMm(cm,lH, oo s Cmitn, dm). Without losing generality we may assume that N,, = &, U
{dm}. Set tm = dftpyg, (Gm,dm). Then the sequence {tm | m > mq} is in SZ, ., € S®, ., and since
(SE 41, P1en+1) is compact we deduce that it has a limit point ¢. Let & |= ¢ and N be the L-structure

generated by e. Set r = qftpy(€j41,-..,€i4nt1). We note that

pn+1(pa Tm) S pn+1(papm) + pn+1(pma 7nm)
1
< — +€
m
We deduce that
prt1(p;7) = W poia(p,rim) < €.

Note that M = bU a. We define an embedding f : M — N such that for all 1 < i <, f(b;) = e;; for
all 1 <i<mn, f(a;) = e;+i- Then without losing generality we may assume that M C N, and as we noted

above pp11(p,r) < € where r = qftpy (€141, €14n)-
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Proposition 6.22. Let A be an age. The following conditions are equivalent.
1. A has the UPAP.
2. For every n € w, € > 0 there exists 62 (€) > 0 such that for every M € 2 whenever we are given
e p(z) € Sr%l+1
e a=(a,...,a,) C M.

then there exist N in A such that M C N and apy1 in N such that

min(6y (€) = Ty (@), 7 (@ ant1) =€) = 0.

is true in N.
Proof. Immediate from the Definition 5.2. O

Proposition 6.23. Let A be a d*-separable age with the near-AP. There exists a countable metric L-

prestructure N such that if we set B = age(N), then the following properties are true:
1.8 C 2.
2. N is w-qf-near-homogeneous.
3. For every n € w, for every p,q € S, d>(p,q) = d*(p, q).

4. For everyn € w, S® is dense (S>,d>).

n»n

5. If, in addition, L is a signature whose nonlogical symbols are a finite number of constant and predicate
symbols, A has the UPAP, and we set ®© to be the completion of AU, then N can be chosen such that
NET?.

Proof. For every n € w, (S%,d?) is separable. So there exists a countable € C 2l such that for every n € w,

S¢ is dense in (S, d*). We note that € is not necessarily an age. Let (M,,)nec be an enumeration of a
set of representatives of €, up to isomorphism; that is, every element of € is isomorphic to an element of
(M) new- By induction we will define a chain of finite L-structures (N,, | n € w) such that the following

conditions are true:

1. For every n € w, M, can be embedded in N, 1.
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2. For every n € w, if p,q € Slage(N") for some | € w, then there are @,b C N, 41 such that @ =p, b |= ¢

and

1
Noti(,. b. 2 —
frgl?%{ld (ai,bi) < d; (p,q) + n

age(Ny)

141 for some | € w, and @ C N,, with @ |= p[l, then there exists bC Npi1

3. Foreveryn e w,ifpe S
such that b = p and

1
max d™ "+ (ag,b;) < —.
1<i<l n

Now we define the chain of finite L-structures (N,, | n € w). To do so we need some notation and some

lemmas.

Notation 6.24. Let A, (M,)ne, as above. Let M € A and n € w. Set I,(M) to be a structure in A into

which M and M,, can both be embedded. Such a structure exists since 2 has the JEP.

Lemma 6.25. Let A with the near-AP and M € . For every n € w there is a structure E,(M) in A such

that M C E,, (M) and such that if p,q € Slage(M) for some | € w, then there exist a,b C E,(M) such that

alp, bl qand

1
E,(M)(,. . A -
lrrgl?%(ld (as,b;) < dj (p,q) + n

Proof. (of lemma) Fix n € w. Let (p;,q;);<k be an enumeration of the set

{((pg) | €w with p,qe 5EYY,

for some k € w. Note that the above set is finite because M is finite. By induction we define a chain of
structures (A; | j < k+1) in A by

Ag=M
.AjJr]:‘BEQL

where B D A; is such that there exists @, b in B with a = p;, b |= g;, and (assuming that p;, g; are I-types)

1
B . A _
1H_<1?%<ld (aubl) < dl (pa Q) + ’I’L.

Note that A1 always exists from the definition of the metric d* and the fact that 2 satisfies the JEP. Set

E,M) = |J A=A
j<k+1
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O

Lemma 6.26. Let 2 be an age with the near-AP and M € 2. For every n € w there is a structure H, (M)

in A such that M C H, (M), and such that if p € Sl(igle(M) for somel € w and a C M with a |= p|[l, then

there exists b C H, (M) such that b = p and

1
Hyn (M) (.}, —
}g?gxld (a;, b;) < .

Proof. (of lemma) Fix n € w. Let ((p;,a;));j<r be an enumeration of the set

{(p,a) | ew with pe Si_gle(m) and akE=pll},

for some k € w. We write a; for (a;1,...,a;j;). Note that the above set is finite because M is finite. By

induction we define a finite chain of finite structures (A; | j < k+1) in A by
Ag=M

.Aj_H:BEQ[

where B D A; is such that there exists b C B with b = p;, and (assuming p; is an (I + 1)-type)

B
max d” (a;;,b;) < —.
1<i<l (a5,6,5:) n

Note that A4 always exists because of the near-AP of A. Set

Hy(M)= | Aj=Aps1.
j<k+1

O

Now we define by induction on n the chain (N, ),e. announced at the beginning of the proof of Proposition
6.23. Let M € 2. Set
No=M

Nps1 = HyEnI,(N,).
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Then (N, )ncw clearly satisfy the three conditions stated above. Put

N=JNn

new

and B = age(N). Clearly N is countable.

Now we prove that N satisfies the conditions in Proposition 6.23.

(1): Clearly, by construction B C 2.

(2): Suppose that p € Sﬁ1 for some | € w and @ C N with @ |= p|l. Then there exists j; € w such that
a C N(j1). Pick jo € w such that %2 < e. Set j = max{ji,j2}. Then @ C N(j) and there exists b € N; 4
such that b E p and max;<;<; dN(ai, b;) < e. This proves that N is w-qf-near-homogeneous.

(3): We have that (2) implies that 9B is an age with the near-AP. Because B C 2 we have that for every

| € w, for every p,q € S}

dP(p.q) > d}'(p,q).

By condition (3) we get

d (p.q) = d}(p, q).

(4): This is evident from the first condition at the beginning of the proof of Proposition 6.23 that the
chain (N,, | n € w) satisfies.

(5): Let © be the completion of 2. From Proposition 6.21 we have that ® is a p-compact age with the
UPAP. To show that N = T it is enough to show that N = X® and N |= U®. Since age(N) C B C D
and D is a p-compact age, by Proposition 3.17 we deduce that N = 3®. Therefore it suffices to modify the
construction above to ensure that in addition N = U®.

Let X be the set of closed L-conditions

sgpmin(ég(l/l) = Tpm (Z), inf1 Tp(Z, Tmt1) = (1/1)) =0

Lot

for I,m € w, and p € S, where 5> is defined in Definition 5.2. Then ¥ is countable and is clearly equivalent
to the theory W®. Let (0);c., be an enumeration of the set ¥ and set ,, = {o; | i < n}.

To ensure that N |= X we will define, as above, a chain of finite L-structures (N,, | n € w) which satisfies
the three conditions stated at the beginning of the proof of Proposition 6.23 and, in addition, also satisfies

the following condition:
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e For everyn € w, 0 € ¥,,, and a C N, if ¢ is the condition

Supmin(62(1/1) = Ty (&), inf 7,(2,@111) = (1/1)) =0

Tm+1

for some I,m € w, p € S, and @ is an m-tuple, then there exists a,, 1 € N, +1 such that

min(df;?l(l/l) - Tprm(c’t),.inf1 Tp(@, amt1) = (1/1)) =0

Tm+

is true in N.
We will need the following lemma.

Lemma 6.27. Let 2 be an age which satisfies the near-AP and UPAP. Let 3 be as defined above, and take
M e . For every n € w, there is an L-structure G, (M) € 2 such that for every o € ,,, anda C M, if o

18 the sentence

sup min (62 (1/1) = Typm (7)), inf1 Tp(Z, Tmt1) = (1/1)) =0

m+

A
m?’

for some l,m € w, p € S5, and @ is an m-tuple, then there exists ams1 € Gn(M) such that

min(63(L/1) = (@), inf 7,(@ ams1) = (1/0)) = 0

is true in Gp(M).

Proof. The lemma is implied by Proposition 6.22 and the near-AP. The details of this proof are similar to

the details of the proof of Proposition 5.13. O

Now we prove (5). We define by induction the chain (Ny,),ecn. Let M € 2 and set
No=M

N1 = GoHpEnI,(Ny).

Then (Ny)new clearly satisfy conditions (1)-(4) stated the beginning of the proof 6.23. Set N = J,,c,, Nn-

Then N is a metric L-prestructure and satisfies conditions (1)-(4) of Proposition 6.23. O

Here is the main theorem of this chapter.

Theorem 6.28. Let A be a d*-complete, d*-separable age with the near-AP. Then there exists a unique

separable L-structure M which satisfies the following properties:
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1. M is strongly w-qf-near-homogeneous.
2. age(M) = 2.

8. If, in addition, L is a signature whose only nonlogical symbols are a finite number of constant and

predicate symbols, and 2 has the UPAP, then Th(M) has QF.

Proof. By Proposition 6.23 we have that there exists a metric L-prestructure N such that if we set B =

age(N) then the following properties are true:
e N is countable.
e N is w-qf-near-homogeneous.
o B C A

e For every n € w, p,q € S2, d2(p,q) = d*(p,q).
Set M = N. The following obvious fact will be useful.

Fact 6.29. IfA, B are ages with the near-AP and B C 2, then for every n € w and p,q € S2 we have that

a2 (p,q) > d*(p,q)-

(1): We will use Proposition 6.19. By definition N is w-qf-near-homogeneous. Now we show that N
satisfies the second condition in Proposition 6.19.

Fix | € wand let S = (p, | n > 1), S = (g, | n > 1) be Cauchy sequences in (S,d”) such that
limy, 00 p1(Pn, ¢n) = 0. By Fact 6.29 we deduce that S and S’ are Cauchy sequences in (S, d?). Since

(S, d}) is complete and lim,,—, o p1(Pn, gn) = 0 we deduce that there exists r € SP* such that
lim d*(pn,r) = lim d}(gn,7) = 0.

So we have that lim, . d}'(Pn,qn) = 0. Since for all p,q € SP d¥(p,q) = dP(p,q), we deduce that
lim,, o0 d;B (Pnsqn) = 0. Therefore N satisfies the second condition in Proposition 6.19. We conclude that
M is w-qf-near-homogeneous.

(2): Set € = age(M). To prove that 2 = €, it is enough to prove that for all | € w, S = SF.

Fix | € w. First we prove that SlG - Slm. Let p € S’f. Then there exists a = (aq,...,a;) € M such that
a = p. Because N is dense in M there exists a sequence of I-tuples (a; | j € w) such that for all j € w,
a; = (aj1,...,a;;) €N and for all 1 < <

hm dM(aj,i,ai) =0.

J—00
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Set pj = qftpy(@;). Clearly (p; | j € w) is a Cauchy sequence in (SP,dP) and

Jim df(p,p;) = 0. (6.1)
By Proposition 6.16 and (6.1) we deduce that

Ji pu(p, pj) = 0. (6.2)

Since (p; | j € w) is a Cauchy sequence in (Sl%, dzB), by Fact 6.29 we deduce that it is also Cauchy sequence

in (SP,d?). Because (S, d}) is a complete metric space, there exists r € SP* such that

Jim d3(r,p;) = 0. (6.3)
By Proposition 6.16 and (6.3) we deduce that

[Jim pi(r,p;) = 0. (6.4)

By (6.2) and (6.4) we deduce that p = 7. We conclude that p is in S.
Now we prove that S C Sf. Let p € S¥. We have that S is dense in (S?,d}). So there exists a
sequence (p;j | j € w) in S} such that
lim d;'(p, p;) = 0.
j—o0
By Proposition 6.16 we have that

lim py(p,p;) = 0. (6.5)
j—o0

Clearly (p; | j € w) is a Cauchy sequence in (S, d}'). Since for all p,q € SP

dP (p,q) = d2(p,q),

we deduce that (p; | j € w) is a Cauchy sequence in (S;®,dF). Since B C €, by Fact 6.29 we deduce that
(pj | 7 € w) is a Cauchy sequence in (S{,dY). By Proposition 6.13, (SF,df) is a complete metric space. So
there exists r € SF such that

lim df (r,p;) = 0.

J—
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By Proposition 6.16

Jim pi(rps) =0 (6.6)

From (6.5), (6.6) we have that p = r. This implies that p € €.

The uniqueness of the structure M is implied by Theorem 6.5(3).

(3): Let ® be the completion of the age 2. By Proposition 6.23 we have N = T® and consequently
M [= T®, where ® is a p-compact age with UPAP and therefore, by Proposition 5.15, T° has QE. We
conclude that Th(M) has QE. O

The converse of Theorem 6.28 is the following theorem.

Theorem 6.30. Let M be a separable L-structure which is w-qf-near-homogeneous. Set A = age(M). Then

A is a d*-complete, d®-separable age with the near-AP.

Proof. By Proposition 6.13, 2 is a d®-complete age with the near-AP. Since M is separable, we deduce that

A is d*-separable. O
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Chapter 7

Fraissé Theorems for complete,
w-categorical theories with QE

In this chapter we fix a continuous signature L whose nonlogical symbols are a finite number of constant
and predicate symbols.
In Chapter 7 we prove a generalization to the continuous setting of the Fraissé Theorems for complete,

w-categorical theories that have QE.

Definition 7.1. Let 2 be an age. We say that 2 is totally bounded if for all € > 0 there exists n > 1 such

that for all M € 2, M has an e-net of size < n.
The following remark is clear.

Remark 7.2. Let M be an L-structure and 2 = age(M). Then, M is compact iff 2 is totally bounded.

Therefore, if T' is a complete theory that is w-categorical, then age(T') is not totally bounded.

Definition 7.3. Let 2 be an age with the near-AP. We say that 2 is d*-compact if for every n € w, the

metric space (S>,d>) is compact.

n»-n

Remark 7.4. In Proposition 7.10 we will show that if U is a d*-compact age with the near-AP, then 2 has
the AP.

Our main goal in this chapter is to prove the following theorems, which we call Fraissé Theorems for

complete, QE, w-categorical theories.

Theorem 7.5. Let T be a complete theory that has QE and is w-categorical. Then age(T) is a d*-compact
age that has the UPAP and is not totally bounded.

A strong converse of Theorem 7.5 is the following theorem.

Theorem 7.6. Let A be a d*-compact age that has the AP and is not totally bounded. Then there exists a

unique complete L-theory T that has QF, is w-categorical and satisfies age(T) = 2.

First we will prove Theorem 7.5.
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Proposition 7.7. Let T' be a complete L-theory that has QF and let A = age(T'). The following statements

are equivalent:
1. T is w-categorical.
2. A is d®-compact age that is not totally bounded.

Proof. (1)=(2): Because T is w-categorical, from Theorem 4.23 we conclude that (S,(T),d) is compact.
Since T' is a complete L-theory and has QE, by Theorem 5.5, 2 is a p-compact age with the UPAP, and
by Proposition 5.6, 2l has the AP. So for all n € w, (S%,d¥) is a metric space. For all n € w the space of

n»-'n

types S,(T) can be identified with the space of quantifier-free types types SX, and in addition, (S,(T),d)

can identified with (S2,d®). Then, for all n € w, (S¥,d>) is compact. We conclude that 2 is d*-compact.
Since T is w-categorical, by definition 7" has a unique separable noncompact model M. Clearly age(M) =
2A. Then by Remark 7.2 we conclude that 2 is not totally bounded.
(2)=(1): As in the implication (1)=>(2), for all n € w, (S,(T),d) can identified with (S*,d®). This
implies that for all n € w, (S,(T),d) is a compact metric space. Since 2 is not totally bounded, by the

compactness theorem we deduce that 7" has a noncompact model. By Theorem 4.23 we conclude that T is

w-categorical. O

Proof of Theorem 7.5. Since T is a complete L-theory that has QE, by Theorem 5.5 we deduce that 2 is
a p-compact age with the UPAP. By the implication (1)=-(2) in Proposition 7.7 we conclude that 2 is not

totally bounded and d*-compact. O
Now we prove Theorem 7.6. We will first need to prove some propositions.
Definition 7.8. Let (Y,d;), (Y,d2) be metric spaces. We say that di, d are uniformly equivalent if for
every € > 0 there exists § > 0 such that for every x,y € Y,
di(z,y) <0 implies da(z,y) <e,
and
do(z,y) <& implies dy(z,y) <e.
In this case we write (Y,dq) ~* (Y, da).
Proposition 7.9. Let (Y,d;), (Y,ds2) be metric spaces. Suppose that (Y,dy) is compact and that (Y,dy) is

finer than (Y,d2). Then (Y,dy) ~* (Y,d2).
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Proof. Let Iy : (Y,dy) — (Y, ds) be the identity map on Y. Since (Y, d;) is compact and Iy is continuous and
bijective, we deduce that Iy is a homeomorphism. We conclude that Iy and its inverse are both uniformly

continuous. O
Proposition 7.10. Let 2 be a d®-compact age with the near-AP. Then:

1. A is p-compact.

2. A has the AP.

Proof. (1): Fix n € w. By Proposition 6.16, (S2,d>) is finer than (S, p,). By Proposition 7.9 we deduce

n»-’n

that (S2,d%)) ~* (S, p,). We conclude that (S, p,,) is compact.

n»-'n

(2): Clear. O
Proposition 7.11. Let 2 be an d*-compact age with the AP. Then 2 has the UPAP.

Proof. Since 2 is d®-compact, by Proposition 7.9, for all n € w, (S p,) ~* (S* d*). So there exist
functions

A, :(0,1] = (0,1]
A ¢ (0,1] = (0,1]

such that for every e € (0, 1]

pn(p,q) < Ap(e) implies di[(p7 q) < e

and

d%(p, q) < A;L(e) implies  p,(p,q) < €.

Fix n € w and € > 0. To show that 2 has the UPAP it is enough to find 52 (¢) as in Definition 5.2. We claim

that we may choose 62 (¢) such that

’

0n(€) = An(Ap11(6))-

To prove the claim, ix M € 2, p € S%H, a=(a,...,an) C M such that if we set ¢ = qftp,(a) then

pn(p11,0) < An(A 4 (6)).

This implies that

d*(pln,q) < A, (e).
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From Lemma 6.14, there exist A; € 2 such that M C A; and b= (by,...,b,) C A; such that b = p|n, and

Av(, . b, ’
1I£flgxnd (az; bz) < An+l(6)'

Because 2 has the AP, by Proposition 3.8 there exists Az € 2 such that A; C As and ¢ € Ay such that
(@,c) = p. Set
J: (d17~-~7dn+1) = (ala"'aanac)7

e = (617...,€n+1) = (bl,...7bn,C).

Set 7 = qftpy, (d). Clearly, € = p and

Az (7. . ’
1§r{1§a£<+1d (disei) < Ay 4q(e).

This implies that

A1 (r,p) < A, 4 (e),

which in turn implies that

pn-ﬁ-l(ra p) < €.

Now we restate and prove Theorem 7.6.

Theorem 7.12. Let A be a d®-compact age that has the AP and is not totally bounded. Then there exists

a unique complete L-theory T that has QE, is w-categorical and satisfies age(T) = 2.

Proof. Since 2 is d*-compact, by Proposition 7.10 and Proposition 7.11 we deduce that 2 is p-compact and
that it has the UPAP respectively. By Theorem 5.4, there exists a unique complete L-theory T that has
QE. Since 2 is a d®-compact age that is not totally bounded, by Proposition 7.7 we conclude that T is

w-categorical. O

Remark 7.13. A natural question which arises is the following: If L is a continuous signature whose only
nonlogical symbols are a finite number of constants and predicate symbols, are there any L-theories that
have QE but are not w-categorical?

The answer is no in the first-order setting: if an L-theory T" has QE and L is a finite relational first-order

signature, then for every n € w, S, (T) is finite, and therefore T is w-categorical.
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The situation is different in the continuous setting. Here is an example of a structure M such that Th(M)
has QE but is not w-categorical. Let L be a signature where the only nonlogical symbol is a constant c. Let

M ={a,bo,b1,...}. We define an L structure M on M as follows:
e We set M = a.
e For all i € w, we set d™(a,b;) =1—1/(i + 3).
e For all i < j € w, we set d™(b;,b;) = 1.
Set T = Th(M).
Claim 7.14. T has QF.
To prove the claim we will use Proposition 4.3. Set 2 = age(M). Let M T, n €w, p € S,%LH, aEM

with @ = p[n. Note that, since M is discrete we have that for all € > 0,

sup min(e = 7y, (Z), inf 7,(Z, xpy1) ~€) =0
z Tn+1

is true in M. Hence for all € > 0,

min(e = 7, (@), min+f1 Tp(@, Tpy1) —€) =0

is true in M. We deduce that there exists M’ = M and b € M’ such that (@, b) |= p.
Claim 7.15. T is not w-categorical.

It suffices to find a model of T' which realizes a type that is not realized in M. Set A = {a, e, by, b1 ...},
and let

T'=TuU{d(e,a) =1} U{d(e,b;) =1]i € w}.

Then T” is satisfiable by the compactness theorem, since every finite subset of T is satisfied in M. Every
model of T” is a model of T' and realizes a type which is not realized in M. We conclude that T is not

w-categorical.
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Chapter 8

Macpherson’s Theorem

In this chapter we prove a generalization of the following theorem of H. D. Macpherson.

Theorem 8.1. Let L be a countable first-order signature and M be a countably infinite L-structure such
that Th(M) is w-categorical. Set G = Aut(M). Then there exists a dense subgroup F < G which is freely

generated by countably many elements, where G is equipped with the pointwise convergence topology.
Proof. See [8, Theorem 3.1]. O

For the remainder of the chapter, L will denote a countable bounded continuous signature. Also, all
the automorphism groups of L-structures will be equipped with the topology of pointwise convergence, and
subgroups of such groups will be equipped with the subspace topology.

The following theorem is a generalization of Theorem 8.1 to the metric setting.

Theorem 8.2. Let M be a separable L-structure which is strongly w-homogeneous, noncompact and such
that Th(M) is w-categorical. Set G = Aut(M). Then there exists a dense subgroup F < G which is freely

generated by countably many elements.
The following proposition is a strengthening of the implication (1)=-(2) in Theorem 4.25.

Proposition 8.3. Let M be a separable L-structure such that Th(M) is w-categorical and let G be a dense
subgroup of Aut(M). Then for every € > 0 and n > 1 there exist n-tuples a1 = (a1,1,...,01,n)s--.,0 =
(a11,---,a1,n) C M for somel > 1 such that for every n-tuple b C M there exist h € G and 1 < 7 <n such
that

M(p. .
lréliagxnd (bi, h(ajq)) < e

Proof. Fix € > 0 and b = (by,...,b,) € M. From the implication (1)=(2) in Theorem 4.25, there exists
n-tuples @1 = (@11,---,01,n),---,8 = (@,1,---,01,n) C M for some | > 1, g € Aut(M) and 1 < j < n such

that

My g(as
Jpoax d(bi, g(aji)) <

(8.1)

N
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Because G is dense in Aut(M), there exists h € G such that
M h h
1?1%1 d"(g(aj,i), h(azq)) <e. (8.2)

Equations (8.1), (8.2) and the triangle inequality imply

M(p. .
1r£1iaéxnd (bi, h(aj;)) <e.

We will need also the following theorem.

Theorem 8.4. Let M be an L-structure such that Th(M) is w-categorical. Let G < Aut(M) be dense in
Aut(M). Then the union of the totally bounded orbits of G, as it acts on M, is totally bounded.

Proof. Let K be the union of the totally bounded orbits of G. Fix € > 0. Then by Proposition 8.3 we have
that there exist a1,...,a; € M for some [ > 1 such that for every b € M there exist h € G and 1 < ¢ <
such that

d™ (b, h(a;)) <

wl o

For each b € K there exists 1 <4 <[ such that b € G - B(a;,€/3). Set
I:{i|G-B(ai,§)ﬂK7&®}.
Then we have that

KgUGB@é) (8.3)

i€l
For each ¢ € I we pick b; such that
b, € G- B(ai, %) NnK.

Then G - b; is totally bounded. For each 1 < i <, let N; C G - b; be a finite ¢/3-net for G - b;. Then, for
each 1 <1 <[ we have that

GM%?QUB@Q (8.4)
deN;

(0]



Then from (8.3) and (8.4) we have that

Kcl|J6 By cJ U B

i€l i€l dEN;

A consequence of the Theorem 8.4 is the following theorem.

Theorem 8.5. Let M be a separable L-structure such that Th(M) is w-categorical. Then the set of algebraic

elements of M over the empty set is compact.

Proof. Set G = Aut(M). Let K be the union of the totally bounded orbits of G and K’ the union of the
algebraic elements of M over the empty set.

First we prove that K is closed. To do so, it is enough to prove that K includes the set of its limit points.
Let a be a limit point of K. we show that G - a is totally bounded. Fix € > 0. We show that G - a has a
finite e-net. Let b € K such that d™(a,b) < €/4. Since b € K, G - b is totally bounded. Let F be a finite
€/4-net for G - b.

Claim 8.6. For every x € G - a there exists y € F such that d™(x,y) < €/2.

Proof. (of claim) Let g-a € G - a for some g € G. Then d™(g-a,g-b) < €¢/4. Let ¢ € F such that

d™(c,g-b) < €/4. By the triangle inequality we have d™(g - a,c) < ¢/2. O
Claim 8.7. G -a contains a finite subset F' that is e-dense.

Proof. (of claim) Set
F"={ce F|Forsomez €G-a dM(c,z)<e/2}.

Note that F” is finite. For each ¢ € F” choose z(c) € G - a such that d(c,z(c)) < €/2. Set
F' ={x(c)|ce F"}.

It is easy to see that F” is a finite e-net for G-a. Indeed, if © € G-a then by Claim 8.6 there exists ¢ € F” such

that d™(c, ) < €/2. Then d(c, z(c)) < ¢/2 and by the triangle inequality we get that d(x,z(c)) <e. O

Since K is closed and, by Theorem 8.4, totally bounded we deduce that K is compact. To complete the
proof of the Theorem 8.5 it is enough to prove that K = K’. It is enough to prove that a is algebraic over

the empty set iff G - a is totally bounded. If a is algebraic over the empty set then by [1, Exercise 10.8] the
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set of realizations of p := tpy(a) is compact. By Proposition 4.24 the set of realizations of p is the set G - a.
We conclude that G - a is totally bounded. For the other direction, if a is not algebraic over the empty set
then by [1, Exercise 10.8] there exists an wp-saturated N = M such that the set of realization of p in in N
has density> w;. By the Downward Lowenheim-Skolem Theorem there exists a separable L-structure N’
such that M <N’ <N, and the set of realizations of p in N’ is noncompact. Since Th(M) is w-categorical,
we have M = N’. We deduce that the set of realizations of p in M is noncompact. As above, the set of

realizations of p in M is G - a. We conclude that G - a is not totally bounded. O

Proposition 8.8. Let M be a separable L-structure which is noncompact. If G < Aut(M) is such that for
every a C M, the union of the totally bounded orbits of G5 is totally bounded, then there is a dense subgroup

F < G which is freely generated by countably many elements and F is dense in G.

Proof. We will define by finite approximations a subset {g; | ¢ € w} of G which will freely generate F. Let
A be a countable dense subset of M. Because M is separable, Aut(M) is separable and so G is separable.
Let H be a countable dense subgroup of G. Set B = H - A and

C={(ab)|abc BAN3ge H g(a)="b}.

Note that card(B) = card(C') = w and that B is not totally bounded. Let (G, by )new be an enumeration of
C. Let (wy)new be an enumeration of the reduced words in {g;, gj_1 | j € w} so that w, does not involve g;
or gj_1 if j > n. Let (25,)new be an enumeration of B.

Suppose that up to step 3n — 1 we have defined finite partial automorphisms go 3n—1,---,9n—1,3n—1 On
B such that each of them is a restriction of an automorphism of M which is in H.

Step 3n: Define a partial automorphism g, 3, by the rule g, 3,(an) = b,. For every i < n, we put
9i,3n = Gi,3n—1-

Step 3n + 1: Let w, = g;' ...g;" where i1,...,i, such that 1 <4y,...,i, <nand €,...,¢ € {£1}, for

some r > 1.

Claim 8.9. There are x € B and extensions ¢i, sn+41,---Gin,3n+1, Of Gi13n,- -+ Ji,,3n Tespectively, which

are restrictions of automorphisms of M in H, such that:

° gfll_rgnﬂ .- -gf:’gnﬂ(m) 1s defined.

o Given s with 1 < s <r and the definitions of g;" 3,1 (%), -+, 9" 341" " 95/ 3n11(T) € B we have that

O, = H(zs_l,l?s_l : (92,371-5—1 e '93‘,3n+1(x))
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is a nonempty, not totally bounded subset of B, where as_1 is a finite tuple which enumerates the

elements of B where the partial automorphism 9:_::11,3n is defined, bs_1 = gf:_’f’gn(ds,l), and Hy | 5.,

is the pointwise stabilizer of the tuple (as—1,bs—1).

€s

Note that Oy can be considered as the set of the possible 1-point extensions of g;° s,

at the point

95° 3nt1° " 95" 3n41(T), to partial automorphisms of B, which are restrictions of automorphisms of M in H .

Proof. (of claim) This is proved by induction on s. Note that the induction goes backwards, from r toward
1, and that at the start of the induction we use the fact that B is not totally bounded. Suppose that we have
defined g;° 5,1+ gi" 3,41() € B, for some 1 < s < r, such that O is a nonempty, not totally bounded
subset of B. We claim that for some y € B we have that

H, 7 -y

Gs—2,bs—2

is a nonempty, not totally bounded subset of B, where as_» is a finite tuple which enumerates the elements

of B where the partial automorphism 9;::22,3 is defined and b,_y = g,f::;?m(ds,g). Let K be the union of

n

the totally bounded orbits of H; 5 , as it acts on B. Let K’ be the the union of the totally bounded

—2

orbits of G, 5. , as it acts on M. From hypothesis we have that that K’ is totally bounded. Because

K C K', K is totally bounded. Set
P=H. _; _-0,.

Gs—2,bs—2

Clearly,
Os CPCB.

Since by induction hypothesis Oy is not totally bounded, we deduce that P is not totally bounded. We
conclude that P\ K is a nonempty, not totally bounded subset of B. This implies that there exists y € O
such that

Ha by

is not totally bounded. If we set

€s—1 € _
Giy_1,3n+1"" .gi,‘,3n+1(m) =Y,

then
O,-1 = H; bs_o " Y

As—2,

and O4_; is not totally bounded.
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O

From the claim we conclude that we may find x € B and define g;" 5, ,,(z),...,wn(z) in such a way
that wy(z) # x. For every ¢ such that 1 <1i <n, if ¢ € {i1,...,4,} we extend g; 3, to gisnt+1 appropriately,
otherwise we set g; 3n41 = Gi,3n-

Step 3n + 2: For every i < n, we extend g; 3p4+1 t0 i 3n+2 to ensure that g; 3,42 and g;§n+2 are defined
on x,. We can do this in such a way such that for every i < n, g; 3n4+2 is a restriction of an automorphism
of Min H.

For each 7 € w, we set

gi = U Gin-

new
We have that for all i € w, g; is a restriction of an element in H. Because for every i € w, ¢; is defined on

D, which is dense in M, we have that g; can be extended uniquely to an f; € H. Set
F=<filicw>.

Claim 8.10. F is dense in H.

It is enough to show that given h € H, € > 0, ¢1,...,¢, € M for some n € w, we have that there exists
f;j € F such that
max d™(h(c;), f(ci)) < e

1<i<n

Fixhe H,e>0,cy,...,c, € M. Because D is dense in M there exists dy, ...,d, € D such that

max d™(¢;,d;) <
1<i<n

N

Set d = (du,...,dy). We have that (d, h(d)) € C. So there exists j € w such that (d, h(d)) = (@;,b;). So we
have that

Because h, f; are isometries we have that for ¢ <n

d(h(c;), h(d;)) = d™(f;(ci), fi(di)) = d(ci,ds) <

| ™

From the triangle inequality we have that
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A (h(ci), fi(e) < d(Alea), fi(di) + A (f5(ds). fi(ea))-

Hence

A (h(ci), fi(ci) < d(hlei), h(d)) + d™ (f(da), fi(e:))-

Therefore

max d™(h(c:), fj(e;)) < max d™(h(e;), h(dy)) + max d™(f(d;), f(ei)) <

1<i<n ~ 1<i<n 1<i<n

N

O

Theorem 8.11. Let M be a separable L-structure that is strongly w-homogeneous, noncompact and such
that Th(M) is w-categorical. Let G < Aut(M) be such that for every finite tuple a C M, G5 is dense in

Autz(M). Then there exists a dense subgroup F' < G which is freely generated by countably many elements.

Proof. Fix a finite tuple a in M. Because Th(M) is w-categorical and M is w-homogeneous, Proposition 4.27
implies that Th(M, a) is w-categorical. By hypothesis we have that G5 is dense in Aut(M,a) = Autz(M).
From Theorem 8.4 we have that the union of the totally bounded orbits of G is totally bounded. Then by

Proposition 8.8 the result follows. O

Theorem 8.2 easily follows from Theorem 8.11 if we take G = Aut(M).
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In 1954, Roland Fraissé published a paper that answered the following questions: Given a first-order

signature L and a class 2 of finite L-structures that is closed under isomorphism:

1. find necessary and sufficient conditions on 2 that guarantee the existence of a “homogeneous” L-
structure M such that the class of L-structures that are isomorphic to finite L-substructures of M is

2

2. find necessary and sufficient conditions on 2 that guarantee the existence of an L-structure M such
that Th(M) has QE and is w-categorical, and such that the class of L-structures that are isomorphic

to finite L-substructures of M is 2.

In this thesis we generalize Fraissé’s results to the setting of bounded continuous logic for metric structures.
This logic was presented in 2004 by Ital Ben Yaacov, Alexander Berenstein, C. Ward Henson, and Alexander
Usvyatsov, and it may be considered as a generalization of first-order logic.

We also prove a theorem, in the setting of continuous model theory, that is a generalization of a theorem

of H. D. Macpherson about the automorphism groups of w-categorical structures.



