Math 347 Worksheet: Sum/Product Notation—Solutions A.J. Hildebrand

Practice Problems | Solutions

1. Write the given sums and products explicitly without using sum/product notations, (e.g., as 1+24---+n
or 1+ ---41), then evaluate them. (Here n is a positive integer.)
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a " 1 Solution: 1+1+---4+1=n
(a) 22y
—_——
n

(b) TI;—=,¢ Solution: 1-2..--n=mn!
(c) [I)=;2 Solution: 2-2-..2=2"

= —_—

n

(d) TI=; n* Solution: n'-n?...n" =nplt2+4n = pn(r+1)/2

(e) Y ,n' Solution: n!+mn2...+n" By the geometric series formula this equals (n"*! —nl)/(n — 1) provided
n > 2.

(f) TIj—, = Solution: w ="

2. Simplify, and evaluate if possible, the following sums by shifting the index or similar manipulations.

(a) H?:l(i +2) Solution: Set j =i+ 2: H;lig] = (n+2)!/2!
(b) i gait1 Solution: Set j=i+1: 3" Fla;

(¢) [Ti=y(n—i+1) Solution: Set j =n—i+1: [[J_,j=nl
(d) Xi—o(aiv —as)

Solution:
n+1

n n n n
E (aip1 —ai) = § Qip1 — E a; = E aj — g a; = ap41 — ao-
i=0 i=0 i=0 j=1 i=0

Remark: Sums of the above type are called telescoping since all terms except for the first and last one cancel.
(e) 2 (4i—1)

Solution:
n n n
1
SS(i-) =43-S 1=42tD
=1 =1 =1 2

() o k;'!l (Hint: Break the sum into two parts.)
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3. Write the following in summation notation and evaluate using appropriate summation formulas.

(a) 3+ 7+114+---4+(4n—1) Solution: 7  (4i—1)= 4% - n.
(b) y" +ay P+ ayn 2 4y e (z,y #0).

Solution: In summation notation, the sum is >iso xty? %, If x # vy, the latter sum can be evaluated by
writing it as y™ > 1" ((xz/y)" and applying the formula for the sum a finite geometric series, to get y™(1 —
(z/y)™* 1) /(1 — (x/y)). If x = y, the sum can be evaluated directly: In this case, the terms are constant and
equal to ™, and since there are n + 1 such terms, the sum equals (n + 1)z™.



