Math 461 Introduction to Probability A.J. Hildebrand

Practice problems on double integrals

The problems below illustrate the kind of double integrals that frequently arise in probability applications.
The first group of questions asks to set up a double integral of a general function f(z,y) over a giving region
in the xy-plane. This means writing the integral as an iterated integral of the form f** f: f(x,y)dxdy and/or
f: f: f(z,y)dydx, with specific limits in place of the asterisks. To do this, follow the steps above (most
importantly, sketch the given region). The remaining questions are evaluations of integrals over concrete
functions.

1. Set up a double integral of f(x,y) over the region given by 0 < x < 1,z <y < x + 1.

Solution:
/ / (z,y)dydz
=0

2. Set up a double integral of f(x,y) over the part of the unit square 0 < x < 1,0 < y < 1, on which

y <z/2.
1 px/2 1/2 r1
/ / f(z,y)dydz or / / f(z,y)dzdy
=0 Jy=0 y=0 Jx=2y

Solution:
3. Set up a double integral of f(z,y) over the part of the unit square on which = +y > 0.5.

Solution:
1/2 1
/ / f(z,y)dydx +/ / f(z,y)dydx
= 1/2—z x=1/2 Jy=0

4. Set up a double integral of f(z,y) over the part of the unit square on which both x and y are greater

than 0.5.
1 1
/ / f(z,y)dydx
z=1/2 Jy=1/2

Solution:
5. Set up a double integral of f(z,y) over the part of the unit square on which at least one of x and y

is greater than 0.5.
1/2 o1 1 1
/ / fz,y)dyde + / / f(z,y)dydx
=0 Jy=1/2 z=1/2 Jy=0

Solution:
6. Set up a double integral of f(x,y) over the part of the region given by 0 < z < 50 — y < 50 on which

both x and y are greater than 20.
30 50—z
/ / f(@,y)dydz
=20 Jy=20

Solution:
7. Set up a double integral of f(z,y) over the set of all points (x,y) in the first quadrant with |z —y| < 1.

Solution:
/ / (z,y dydx—i—/ / (z,y)dydx
x=0 xr— 1
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8. Evaluate [[ p€ “"Ydxdy, where R is the region in the first quadrant in which z +y < 1.

Solution:
1 1-x 1
/ / e Ye Ydydr = / e (1 —e 172 dg
=0 Jy=0 0

1
= / (e —e Ndr=1-2e"1.
0

9. Evaluate [[ R e =% dxdy, where R is the region in the first quadrant in which z < y

Solution:
o o o0 1 . 1
/ / e T Wdydr = / —e 3y = =
=0 Jy=x 0 2 6

10. Evaluate ffR(x2 + y?)dzdy, where R is the region 0 < x <y < L

Solution:
L Y L 1 y
/ / (% + y°)dydx = / <x3 + y2$)
y=0 Jx=0 y=0 3

L 4
4 4 L
= 7d:7.
/03“’ 3

dyd
:Ony’

11. Evaluate [/ r(z —y+ 1)drdy, where R is the region inside the unit square in which z +y > 0.5.

Solution:
05 pl 1 1
/ / (x —y+ 1)dydz + / / (x —y+ 1)dydx
=0 Jy=0.5—z z=0.5 Jy=0
5

1, 1 1 1, 1
T R N CRE A |
=4.0— x=0.5 =

x(l—;+x)—;(1—(;—x)2)+(l—;+$)>das

12. Evaluate fol folxmax(x,y)dydx.

Solution:
1 z 1 1 1 1 — g2
/ / 22 dydx +/ / zydydr = / (az3 +x ) dx
2=0 Jy=0 =0 Jy=x 0 2
1 n /1 1y 3
4 2\2 4) 8




