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Problem 1. Determine which of the two expressions /n" "1 and vn + 1\/5 is bigger

when n is an integer greater than 8.

Solution. Let f(n) and g(n) denote the first and second expressions, respectively, and let
d(n) = f(n)/g(n). We show that Ind(n) is positive for n > 9, which proves that f(n) is
greater than g(n) in that range. A simple calculation gives

tnd(n) = ¢ ((W—ﬁ)mn—ﬁm (1+ %))

Since vVn+1—+/n = f:+1(2\/5)_1d:€ > (2v/n+1)71 and In(1 + 1/n) < 1/n for all n,

it follows that Ind(n) > Z\I/I‘% — /n. The latter expression is positive if and only if ()

lnn>2\/1—|—1/n Now, forn>9 we have 24/14+1/n < 24/10/9 and Inn > 21In 3, and

since (**) In3 > 4/10/9, (*) holds for such n. (The inequality (*#) can easily be checked

with a calculator. Wlthout usmg a calculator, the proof of (*+) takes more work.)

An alternative approach that doesn’t require any numerical calculations is to rewrite
the inequality In f(n) > Ing(n) in the equivalent form Inn/\/n > In(n + 1)/v/n + 1 and
establish the latter inequality for n > 9 by observing that the function h(z) = 1 ?lnz
is decreasing when = > e?: We have %'(z) = 27%/2(1 — (1/2)In z) which is negative for
x> e

Problem 2. The Fibonacci numbers F), are defined by Fy =0,F; =1 and F},, = F,,_1 +
F,_3 for n > 2. Evaluate Y . (F,,Frt2)7!

Solution. The trick here is to transform the series into one that telescopes. Using the
identity

| ( 11 ) 1 1
FnFn—I—Z Fn—|—2 _Fn Fn Fn—|—2 Fn—l—an I(_Wn—I—ZFWn—Fl7

we get, for each positive integer IV,

a Z( 1 )_ 11
F Fn—|—2 FoiFy Fn+2Fn+1 F,Fy  FniaFnit

n=1

The last term goes to zero when N — oc. Hence, the given infinite series converges and

has sum (Fp Fy)~! = 1.



Problem 3. Evaluate fo log(sin z)dzx.

Solution. Let I denote the integral of the problem. Substituting + = 7/2 — y and using
the identity sin(7/2 — y) = cosy, we see that I is equal to the integral foﬂ/z log cos ydy.

Thus,
w/2 w/2
21 = / (log sin z + log cos z)dx = / log(sin x cos x)dx
0 0

= / log (— sin(2:r:)) dr = <log —) — —I—/ log sin(2x)dx.
; 2 2)27" ),

The change of variables y = 2z shows that the last integral equals /. Solving the resulting
equation for I yields I = —(7/2)log 2.

Problem 4. Prove that the expression

converges (in an appropriate sense) and find its value.

Solution. Let a, denote the above expression, truncated after the nth occurrence of 3.
Thus, a; = /3 and (%) an = \/3+ an—1 for n > 2. We show that the sequence {a,}
converges to the number o = (1 + 1/13)/2.

First note that (*) implies that a, > V3 for all n > 1. Now let ag = 0 and set
dn = an — an—1 for n > 2. By (*) we have, for n > 2,

2 2
dn(an + an—l) =0, —ay_1 =0p—-1 —Ap-2 = dn—l;

and since a,, + an—1 > 23 > 3, this implies d, < d,,—1/3 for all n > 2. Iterating this
inequality, we see that for n > 2, d, < 37 "t1d; = 37"*3/2, It follows that the series
Y re, di converges, and since a, = »_,_; di, this proves the convergence of the sequence

{an}-

Let « denote the limit of this sequence. Letting n — oo on each 51de f (+) we deduce
a = /3 + a. Thus, « is the positive root of the quadratic equation a? = 3 + «, namely

= (1 +13)/2.

Problem 5. Show that for every positive integer n the binomial coefficient ( ) is divisible
by n + 1.

Solution. Here is a one line proof:

(2;‘) — (2n +2) (25) C(2n+1) (27:‘) — (20 +2) (25) C(n+1) (2”: 1),

and since each term on the right is divisible by n + 1, so must be the expression on the

left.



