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UIUC Mock Putnam Exam 2 /2000
October 16, 2000

Elementary Problems

Does there exist a power of 2 whose decimal representation ends in the digits 22?7 Explain!

Solution. The answer is no, since a number ending with 22 must be of the form 100k + 22 =
2(50k + 11) which is twice an odd number and therefore cannot be a power of 2 (other than 21
which does not end in digits 22).

Let x and y be real numbers greater than 1, let a denote the logarithm of x in base y and let b denote
the logarithm of y in base x. Show that a +b > 2.

Solution. We have a = log, z =logz/logy and b =log, y = logy/logz = 1/a, so a+b = a+1/a,
and we have to show that the latter expression is at least 2. (Note that a is positive since > 1
and y > 1.) This can be done by calculus (differentiate the function f(z) = 2 4+ 1/z to find that
f(x) is minimal when z = 1, and f(1) = 2), or, more elegantly, by using the arithmetic-geometric
mean inequality as follows: a + 1/a > 24/a- (1/a) = 2.

How many 6-digit integers are there whose digits are all distinct and occur in decreasing order (as in
965430)7 (Hint: This problem has a simple elegant solution; don’t try to solve it by brute force, by
enumerating all cases.)

Solution. The key is to note that there is a 1-1 correspondence between 6-digit sequences of
distinct digits occurring in decreasing order, and 6-element subsets of the digit set {0,1,...,9}.
Since there are (10) such subsets, the number of 6-digit integers with distinct, decreasing digits is
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(6)-
Prove that the product of any 100 consecutive positive integers is divisible by 100! .

Solution. If P = n(n + 1)...(n +99) is such a product, then P/100! is equal to the binomial
coefficient (”fggg), which is an integer. Hence P is divisible by 100!

Suppose that from every airport in Illinois a plane takes off and flies to the nearest neighboring air-
port. Assuming that all distances between airports are distinct, prove that there is no airport at which
more than five planes land.

Solution. Suppose, to get a contradiction, that there is an airport, say A, at which 6 (or more)
planes land. Then for two of the six originating airports, say B and C, the angle formed by the
routes from these cities to A is < 360/6 = 60 degrees, i.e., in the triangle ABC, the angle at A
is at most 60 degrees. But then a simple geometric argument shows that the sides BA and C'A
cannot both be smaller than BC'. Hence, A cannot be the nearest neighbor to both B and C,
which is a contradiction to our assumption.



Advanced Problems

A1 Show that there exist infinitely many powers of 7 whose decimal expansion ends in the digits 49.

Solution. We need to show that there are infinitely many positive integers n such that (1) 7" =
49 mod 100. We will show that (1) holds whenever n is of the form n = 4m + 2, where m is a
nonnegative integer. To see this, note first that 74 = (49)? = (—1)2 = 1 mod 25 and 74 = (-1)* =
1 mod 4, and so 74 = 1 mod 100. Hence 74" +2 = 172 = 49 mod 100, as claimed.

A2 Let zy and x7 be two real numbers with 0 < z; < zg < 1, and for n > 2 define x,, recursively by
Tp = Tp_ 12y 2. Let ¢ = (1 4+ +/5)/2. Show that the limit lim,, o Tpy1/x$ exists, and find its value.

Solution. Set g, = xnxnfl, so that we have to evaluate the limit lim,, . ¢,. A simple compu-

tation shows that ¢(1 — ¢) = —1. Using this relation and the given recurrence for z,,, we obtain
gn = ¢ %0,y = q,ll:(fmit(217¢)¢ = ¢'7% for n > 2. Tterating this relation gives the explicit

formula ¢, = qil_@" f o (2125 ?) =" Since 1 — ¢ = (1 — v/5)/2 is a number in the interval
(—1,0), the exponent (1 —¢)"! tends to 0 as n — oo, and so ¢, tends to 1 as n — co. Hence the
limit in question exists and equals 1.

Remark: Setting y, = Inz, and taking logarithms transforms the given recurrence into ¥, =
Yn—1 + Yn—2, which is the recurrence for the Fibonnaci numbers. The general solution to that re-
currence is of the form y, = ¢1¢™ + c2(1 — ¢)", with constants ¢; and ¢y. From this formula, it is
easy to see that lim, o (yn+1 — dyn) = 0, which is equivalent to the asserted relation for x,.

A3 Let f be a continuous, positive, decreasing function on [0, 1].Show that
1
/ f(z)(1 —2x)dx > 0.
0

Solution. Splitting the range of integration into the two parts 0 <z < 1/2 and 1/2 <z <1 and
making the change of variables y = 1 — x in the integral over the latter range, the given integral
can be written as

1/2 1/2

1/2
(2)(1 = 2z)dx + fA=y)(2y — 1)dy = /O (f(z) = f(1 —2))(1 - 2z)dx.

0 0

Since f is decreasing, we have f(z) — f(1 —z) > 0 for 0 < z < 1/2. Hence the integrand in the
last integral is nonnegative in the range of integration, and the integral is therefore nonnegative
as well.

Remark: The assumption that f(z) is positive was not really needed here; the result remains
true for any decreasing continuous function f.

A4 Given a nonnegative integer k, let Sy, denote the sum of the infinite series Y | n*27". Show that
the numbers Sy are all integers.

Solution. For k = 0 the given sum is a geometric series summing to 1, so it remains to consider
the case when k > 1. To this end, we will relate the numbers Sy to the derivatives T}, = f(k)(1/2)
of the function f(z) = Y00 ;2" = (1 — x)~!. We have f*)(z) = k!(1 — 2)7%1, and so the
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numbers T, = f*)(1/2) = k!25*+! are all integers. On the other hand, differentiating the series
f(z) =" o™ termwise, we see that

i (n—1)---(n—k+1)(1/2)" Zpk (1/2)"

n=0

where
k—1

Pi(n)=n(n+1)---(n+k—1)=nF+> a;n’
1=0

is a polynomial in n of degree k with integer coefficients a; ;. Hence, for each k, we have

k1
T =Sk+ Y ainS;

=0

(where, for convenience, we have extended the summation in the definition of Sy to include the
n = 0 term, so that So = ZZOZO nko—n = 2). Since the numbers T} and the coefficients a;
are integers, it follows from this relation that, if the numbers S;, 0 < i < k — 1, are all integers,
then so is Si. Since Sy = 2 is an integer, it follows by strong induction that all numbers Sy are
integers, as claimed.

A group of n people play a round-robin tournament (i.e., each player plays against every other player).
Suppose that each game ends in a win or a loss (that is, draws are not allowed). Show that it is possi-
ble to label the n players Py, Ps, ..., P, such that P, defeats P5, P, defeats P, ..., P,,_; defeats P,.

Solution. We use induction on n. For n = 2, the result holds trivially, so suppose n > 3 and
that the claim holds for n — 1 players. Pick one of the n players, say P, and use the induction
hypothesis to label the remaining n — 1 players Py, P,...,P,_1,sothat P, — P, — --- P,
where A — B means that A defeats B. If P defeats P;, we can tack on P at the beginning of the
sequence P, — P, — --- — P, _1 to get a sequence of the required form involving all n players.
Similarly, if P loses to P,_1, tacking on P at the end of this sequence yields the result. Assume
therefore that P loses to P;, but defeats P, _1, and let k be the minimal index such that P loses
to Pi,...Py_1, but defeats P,. Then the sequence Py — ---P,_1 - P — P, — Pyy1 — -+ —
P, is a sequence of the desired form involving all n players. This completes the induction.



