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Abstract

In this paper we study perturbations of a large class of subordinate Brownian motions in
bounded k-fat open sets, which include bounded John domains. Suppose that X is such a
subordinate Brownian motion and that J is the Lévy density of X. The main result of this
paper implies, in particular, that, if Y is a symmetric Lévy process with Lévy density JY
satisfying |JY (z) — J(x)| < emax{|z|~%**, 1} for some ¢ > 0,p € (0,d), then for any bounded
John domain D the Green function GE of Y in D is comparable to the Green function Gp of
X in D. One of the main tools of this paper is the drift transform introduced in [11]. To apply
the drift transform, we first establish a generalized 3G theorem for X.
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1 Introduction

This paper is a natural continuation of [21, 22, 23]. In [21, 22], a boundary Harnack principle for a
large class of subordinate Brownian motions was proved, and in [23], sharp two-sided estimates on
the Green functions of these subordinate Brownian motions in bounded x-fat sets were established.
The goal of this paper is, first, to extend and prove the generalized 3G theorem (first proved in [19]
for symmetric stable processes) and, second, to establish sharp two-sided Green function estimates
for a large class of Lévy processes which can be considered as perturbations of the subordinate
Brownian motions considered in [21, 22, 23].

The 3G theorem is a very important tool in studying (local) Schrédinger operators. It was
established for Brownian motion in bounded Lipschitz domains for d > 3 in [5]. Later it was
extended to bounded uniformly John domains for d > 3 in [1] (See [2, 15, 27, 32] for d = 2). For
symmetric a-stable processes, a € (0,2), it was proved for bounded C!! domains in [7, 8, 24].

More precisely, it was proved in [7, 8, 24] that for every d > « and any bounded C'! domain D
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there exists a positive constant ¢ = ¢(D, «) such that

GD(CE,y)GD(y,Z) |1: - Z|d_a
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z,y,z € D, (1.1)

where G is the Green function of the symmetric a-stable process in D. Later (1.1) was extended
to bounded Lipschitz domains for symmetric a-stable processes (0 < a < 2) in [16] and even to
bounded k-fat open sets in [31].

When the process is discontinuous, there is a large class of additive functionals which are
not continuous. Such additive functionals give rise to a large family of non-local Schrédinger
operators. In order to deal with non-local Schrédinger operators, one needs a generalized 3G
theorem, which gives an upper bound on G(x,y, z, w) := Gp(z,y)Gp(z, w)/Gp(x, w) where y and
z can be different (see Theorem 3.16). The generalized 3G theorem was proved in [19] for symmetric
stable processes in bounded x-fat open sets (see also [16]) and it can be stated as that there exist

constants ¢ = ¢(D, «) and 1 < « such that for all z,y,z,w € D
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We first extend (1.2) to the subordinate Brownian motions considered in [21, 22, 23] in bounded
k-fat open sets D. Then we use this generalized 3G theorem to find concrete sufficient conditions
for the Kato classes of the subordinate Brownian motions considered in [21, 22, 23] (See Theorem
4.4, 4.5).

Sharp two-sided Green function estimates for a large class of subordinate Brownian motions
X in k-fat sets D were established in [23]. The main goal of this paper is to extend this result
to more general Lévy processes. We prove that, for any symmetric Lévy process Y which can be
considered as a perturbation of the process X considered in [23], the Green function Gp(-,-) of X
in D and its counterpart G}S(-, -) are comparable for any bounded k-fat domain D. Let J be the
Lévy density of X, then the process Y above is a symmetric purely discontinuous Lévy process with
Lévy density JY such that |o(x)| < cmax{|z|~%** 1} for some constants ¢ > 0,p € (0,d) where
o(x) = JY(x) — J(z). Note that our main assumption is on the behavior of the Lévy density of Y’
near 0 and we do not impose any restriction outside of the unit ball other than that ¢ is bounded
there. The Lévy density of Y may vanish outside of the unit ball. In this case Y only has jumps
of size less than 1 and it is a generalization of the truncated stable processes studied in [17, 18].
One of the main tools used in this paper is the drift transform introduced in [11]. We first use
the drift transform and our generalized 3G theorem to show that, under the additional assumption
that JY (z) > J(x) for all z € RY, GY, is comparable to G for any bounded x-fat (not necessarily
connected) open sets D (Theorem 5.6). Then we deal with the general case where o can take both
signs (Theorem 5.13).

The organization of this paper is as follows. In Section 2, we collect some preliminary results

on subordinate Brownian motions. Section 3 contains the proof of the generalized 3G theorem. In



Section 4 we use the generalized 3G theorem to give sufficient conditions for the Kato classes. The
main result is proved in the last section.

In this paper we always assume that a € (0,2) and d is a positive integer with d > a. We
will use the following convention: The values of the constants Cy, Cy, M, rg,r1,79,--+ and &1
will remain the same throughout this paper, while ¢, cq,cs, -+ stand for constants whose values
are unimportant and which may change from location to location. The labeling of the constants

“:=” to denote a definition, which

co,C1,C2, - - - starts anew in the statement of each result. We use
is read as “is defined to be”. We denote a A b := min{a, b}, a V b := max{a,b}. f(t) <g(t),t —0
(f(t) < g(t), t — oo, respectively) means that the quotient f(t)/g(t) stays bounded between two
positive constants as t — 0 (as t — oo, respectively). For any open set U, we denote by dy(x) the

distance of a point x to the boundary of U, i.e., dp(z) = dist(x, OU).

2 Preliminary

In this section, we define the subordinate Brownian motions we are going to work with and recall
some preliminary results about them from [21, 23].
Suppose that S = (S; : t > 0) is a subordinator with Laplace exponent ¢, that is, S is a

nonnegative Lévy process with Sy = 0 and
E [e*)‘st] = e*t‘z’()‘), Vit,A>0.

In this paper we will always assume that ¢ is a complete Bernstein function, that is, the Lévy
measure p of S has a completely monotone density p(t), i.e., (—1)"D"u > 0 for every non-negative
integer n. For basic results on complete Bernstein functions, we refer our readers to [29]. Recall
that a function £ : (0,00) — (0, 00) is slowly varying at infinity if

L(At)

tlirélomzl, for every A > 0.

We will also always assume that ¢ satisfies the following asymptotic behavior at infinity:

Assumption (H1): There exist « € (0,2 A d) and a function ¢ : (0,00) — (0,00) which is
measurable, locally bounded above and below by positive constants and slowly varying at infinity
such that

d(N) < A20(N), A — 0. (2.1)

Using [30, Corollary 2.3] or [25, Theorem 2.3] we know that the potential measure of S has a
completely monotone density w.
Suppose that W = (W, : t > 0) is a Brownian motion in R? with

E [eig-(wt—wo)} —e P weeRrdt>o0,



and that W is independent of S. The process X = (X; : t > 0) defined by X; = Wg, is called
a subordinate Brownian motion. The process X is a (rotationally) symmetric Lévy process with
characteristic exponent W(¢) = ¢(|£]?), € € RY. It is easy to check that when d > 3 the process X

is transient. In the case a < d < 2, we will always assume the following:

Assumption (H2): There exists v € [0,d/2) such that

(V)
1 f——=>0. 2.2
pipt 55 22
An immediate consequence of (H2) and [22, Corollary 2.6] is that the potential density u of S
satisfies u(t) < ct?~1 for all t > 1, where ¢ > 0 is some positive constant.
Under the assumption (H2) the process X is also transient for d < 2. This ensures that the
Green function G(z,y), 2,y € R% of X is well defined. By spatial homogeneity we may write

G(z,y) = G(z — y), where the function G is radial and given by the following formula
G(z) = / (4mt) =2~ [P/ WDy (ydt, € RY
0

Since u is decreasing, using this formula we see that G is radially decreasing and continuous in
R4\ {0}.

The Lévy measure of the process X has a density J, called the Lévy density of X, given by
J(x) = j(|z|) where o

i) = / (4nt) =2y dt, >0
0

and p(t) is the Lévy density of S. Note that the function r — j(r) is continuous and decreasing on
(0,00). We will sometimes use the notation J(z,y) for J(x — y).

The following theorem establishes the asymptotic behaviors of G and j near the origin (see [23,
Theorem 2.9, 2.11]).

Theorem 2.1

(i)
_ 1 _ 1
el 2) T altee(a]2)’

G(x)

|z| — 0.

(i)
o(le[2) _ €(2|?)

J($> :j(|l‘|) = ’.ﬁlﬁ“d - ]x\d‘*‘o‘ ’

|x| — 0.

For any open set D, we use 7p to denote the first exit time of D, i.e., 7p = inf{t > 0: X; ¢ D}.
Given an open set D C RY, we define X (w) = X;(w) if t < 7p(w) and XP (w) = 9 if t > 7p(w),
where 0 is a cemetery state. XP is called the killed subordinate Brownian motion X in D. We

now recall the definition of harmonic functions with respect to X.



Definition 2.2 Let D be an open subset of R4, A function u defined on R? is said to be
(1) harmonic in D with respect to X if
E; [[u(X:p)|] <00 and  u(x) =E; [u(X:p)], r€eB
for every open set B whose closure is a compact subset of D;

(2) regular harmonic in D with respect to X if it is harmonic in D with respect to X and for each
reD,
u(@) = Eq [u(X7,)]-

The following version of Harnack inequality is [23, Theorem 2.14].

Theorem 2.3 For any L > 0, there exists a positive constant ¢ = ¢(d, ¢, L) > 0 such that the
following is true: If x1,m5 € R? and r € (0,1) are such that |x; — 22| < Lr, then for every

nonnegative function w which is harmonic with respect to X in B(x1,r) U B(xa,7), we have
clu(zy) < ulzy) < culzy).

For any open set D in R?, we will use Gp(z,) to denote the Green function of X, Using the
continuity and the radial decreasing property of G, we can easily check that Gp is continuous in
(D x D)\ {(x,z) : z € D}. We will frequently use the well-known fact that Gp(-,y) is harmonic in

D\ {y}, and regular harmonic in D \ B(y,¢) for every £ > 0.

The following concept was introduced in [31].

Definition 2.4 Let k € (0,1/2]. We say that an open set D in R is k-fat if there exists ro > 0
such that for each Q € OD and r € (0,79), D N B(Q,r) contains a ball B(A.(Q),kr). The pair

(ro, k) is called the characteristics of the k-fat open set D.
The following boundary Harnack principle is [22, Theorem 4.22].

Theorem 2.5 ([21, Theorem 4.8], [22, Theorem 4.22]) Suppose that D is a x-fat open set with
characteristics (ro, k). There exists a constant ¢ = ¢(d, 7o, %, ¢) > 1 such that, if r € (0,79 A 3] and
Q € 0D, then for any nonnegative functions u, v in R? which are regular harmonic in DN B(Q, 2r)
with respect to X and vanish in DN B(Q, 2r), we have

1 uw(A(Q)) < u() u(A(Q))
v(4-(Q)) — v(x) v(A-(Q))’

c <c xeDﬂB(Q,%).



3 Generalized 3G

In this section, we prove a generalized 3G theorem for X in a bounded k-fat open set D. This
theorem will play an important role later in this paper.
We first present some preliminary results which are valid for any bounded open set D. The

following proposition is a combination of [23, Proposition 3.2 and Lemma 3.3].

Proposition 3.1 Suppose D is a bounded open set in R?. (i) There exists a positive constant
Co = Cp(diam(D), ¢, d) such that

1
|z — y| Tl —y[2)

Gp(z,y) <Cy z,y € D. (3.1)

(ii) For every L > 0, there exists ¢ = c(diam(D),¢,L,d) > 0 such that for every |z — y| <

L(0p(x) A op(y)), .

|z =yl l(|z —y| %)

GD(lB,y) >c

In the remainder of this section, we assume D is a bounded k-fat open set with characteristics
(ro, k). Without loss of generality we may assume that ro < 1/4. Recall that for each @ € 9D and
r € (0,79), A-(Q) is a point in DN B(Q, r) satisfying B(A,(Q),kr) C DNB(Q,r). Since Gp(-, 2) is
regular harmonic in D\ B(z,¢) for every £ > 0 and vanishes outside D, the following result follows

easily from Theorem 2.5.

Theorem 3.2 There exists a constant ¢ = ¢(d, o, K, ) > 1 such that for any Q € 0D, r € (0, ro]
and z,w € D\ B(Q,2r), we have

1 Gp(=A4,(Q) _ Cplea)
GD(w’AT‘(Q)) o GD(wvm)

Gp(z, Ar(Q)) r
CGD(w7AT(Q))7 xGDﬂB(Q,i).

IN

Using the uniform convergence theorem ([3, Theorem 1.2.1]), we can choose 1 < rg such that

if » <7y then
()72 (((Ar)~?)

< min —————= < max

1
92 < 2. 3.9
2 7 lacwt 7)) T lacoet (r?) (3:2)

Fix zp € D with kr1 < dp(z0) < 1 and let e1 := kr1/24. For z,y € D, we define r(z,y) =
dp(x) Vép(y) V|x —y| and

Bz, y) = {A €D:6p(A) > §r(z,y), |z —AlV]y—- Al < 5T(ﬂ$,y)} %f r(z,y) < &1 (33)
{z0} if r(xz,y) > e1.
Note that if r(z,y) < &1
1
—6p(A) < dp(x) Vop(y) V]z —y| < 2:710p(A), Ac B(z,y). (3.4)
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Thus by (3.2), if r(z,y) < e1,

1 _ U(Op(A)~?)
3 < (@)D <2,  AeB(zy) (3.5)
Let
C = Co2d_o‘5p(zo)_d+a . sup E(T_Q)_l

5p(20)/2<r <diam(D)
so that, by Proposition 3.1(i), Gp(+, z0) is bounded from above by Cy on D\ B(zp,0p(20)/2). Now
we define
g(x) .= Gp(x, z0) N Ch.
Note that if 0p(z) < 6e1, then |z — z9| > dp(20) — 661 > dp(20)/2 since 6e1 < dp(z0)/4, and
therefore g(z) = Gp(z, 20).
The following result is established in [23].

Theorem 3.3 ([23, Theorem 1.2]) There exists ¢ = c(diam(D),d,ro, k,¢) > 0 such that for
every x,y € D

-1 9(@)g(y) 9(@)g(y)
g(A)2|z — y|dp(jz — y|~2) < Gp(z,y) < cg(A)Q\x 9o =) Ae B(x,y). (3.6)

Lemma 3.4 There exist positive constants ¢ = ¢(d,ro, k,¢), 8 = 5(d,r0,k,9) < a and r9 € (0,r1]

c

such that for any @ € 0D, r € (0,r2) and nonnegative function u which is harmonic with respect
to X in DN B(Q,r) we have

r\B £(s72)
< —
w4 (@) < e (5) ooy uAs@), se ) (3.7)
Proof. Without loss of generality, we assume ) = 0. Let a; := (%)]C for k=10,1,--- . By using

[22, Proposition 4.10] instead of [21, Proposition 3.8] and repeating the proof of [21, Lemma 5.2],
we easily see that [21, Lemma 5.2] is valid in the present case. Thus there exist positive constants
c=c(d,ro, K, ), B = 0(d,ro,k,¢) < « and Ry € (0,71] such that for every k =0,1,--- .
B -2
T U((agr
U(AT(O)) < c <) ((g(fj_l))u(Aakr(O)% re (07 Rl]

arr

Since /¢ is slowly varying at oo, there exist Ry = Ra(d, 3,¢) € (0, R;1] and ¢y = c2(d, 3,¢) > 0 such
that

57 r v R
< _— < . .

6(8_2) < CQE(T_Q), O0<s<r<Rs (38)

Thus if 7 < Ry and ag17 < s < agr, by (3.8) and Theorem 2.3,
B 0((apr)7?) B (s72)
Ar < AS < As
u(A(0)) < e g S U A0) € e g o u(A(0)

for some positive constants cg, ¢4 independent of s. O

Applying [22, Lemma 4.19] to Green functions, we have the following.



Lemma 3.5 (Carleson’s estimate) There exists ¢ = ¢(d,ro,k,¢) > 1 such that for every Q €

dD, r e (0,1/4) and y € D\ B(Q, 4r)
Gp(z,y) < cGp(A-(Q),y), =€ DNB(Q,r). (3.9)

For every z,y € D, let Q, and @, be points on 9D such that dp(z) = |z — Q| and dp(y) =
|y — Qy| respectively. It is easy to check that if r(z,y) < €1, Ay(3,4)(Qx); Ar(zy)(Qy) € B(z,y). (For
example, see [19, page 123].) Moreover, since g(A;) =< g(Az) for all Ay, Ay € B(z,y) by Theorem

2.3, we have in particular

g(Ar(a:,y) (QSJ)) = g(AT(:c,y) (Qy)) = Q(Aa:,y) for all Az,y = B(l‘, y) (310)

This simple but useful fact will be used later in this section.
Using our Theorem 2.3 and Lemma 3.5, the proofs of the next four lemmas are the same as

those of [19, Lemmas 3.8-3.11], so we omit the proofs.

Lemma 3.6 There exists ¢ = c(diam(D), d, ro, k, ¢) > 0 such that for every x,y € D with r(z,y) <

€1,
g(z) < cg(Ar(x,y)(Qm))7 zeD mB(Q%T({Bay))' (3'11)

Lemma 3.7 There exists ¢ = ¢(diam(D), d, ro, k, ¢) > 0 such that for every x,y € D
9(z) Vyg(y) < cg(A), AeB(z,y).

Lemma 3.8 Ifz,y,z € D satisfy r(x,z) < r(y, z), then there exists ¢ = c¢(diam(D),d,ro, k,$) >0
such that
9(Asy) < cg(Ayz)  for every (Azy, Ay:) € B(z,y) x By, 2).

Lemma 3.9 There ezists ¢ = c(diam(D),d,ro,k,$) > 0 such that for every x,y,z,w € D and
(Az,yaAy,z>Az,waAfc,w> € B(x,y) X B(ya Z) X B(z,w) X B(x,w),

9(Azw)?® < ¢ (9(Any)® +9(Ay2)? + 9(Az0)?) - (3.12)

Combining Theorem 3.3, Lemmas 3.7 and 3.8, and applying Theorem 2.1(i), we have the fol-
lowing 3G Theorem.

Theorem 3.10 (3G theorem) There exists ¢ = c¢(diam(D),d,ro, k,¢) > 0 such that for every
r,y,z €D

< G@.y)Gly,2) ¢z —27?) |z — 2| .
Gp(x,z) - G(z, 2) O(lz —y[=2)e(ly — 2172) |z — ylly — 2|9

In the remainder of this paper, 8 will always stand for the constant from Lemma 3.4.

(3.13)




Lemma 3.11 There exists ¢ = c(diam(D),d,ro,k,¢) > 0 such that for every x,y € D with
r(z,y) <e1,
for all Ay, € B(z,y).

Proof. Let A := A, ,)(Qz). Note that g(-) = Gp(-, 20) is harmonic in D N B(Q,2¢e1). Since
r(z,y) < e1, by Lemma 3.4 (recall &1 = kry/24),

7 ((2e1) 72
(((r(z,y))7?)

Note that 0p(z0) > mk = 24e; and dp(Az, (Qz)) > 2ker. Thus by Proposition 3.1(ii) we have

Gp(Az:,(Qyr),20) > ¢1 > 0. This completes the proof of (3.10). O

9(A) = Gp(A, z0) > c (“”*”) G (A, (Qu) 20)-

251

Lemma 3.12 There exists ¢ = c¢(diam(D),d,ro, k,¢) > 0 such that for every z,y,z € D and
(Azy, Ay2) € B(z,y) x By, 2)

A ’ 1
remE G e AR

Proof. Note that if r(z,y) > €1, g(Ay,.) < C1 = g(Azy). We will consider three cases separately:
(a) r(z,y) < ey and r(y, z) > €1: By Lemma 3.11, we have

oy M) e ) ) )
T o)@) = Oy =0 <elgsgd£m<m€( )> M) (5, 2) )

(b) r(y,2) < r(z,y) < e1: Then A, .)(Qy) € DN B(Qy,r(x,y)). Thus by Lemma 3.5 we have

( r(y,2) (QZ/)) < cg(Ar(a:,y)(Qy)))'
(c) r(x,y) <r(y,2) < e1: By Lemma 3.4,

9 Ary)(Qy) 7y, 2)" U(r(2,y)7?)
( r(z,y) (Qy)) - T(xvy)ﬁ E((T(y’z))_2)‘

Now the conclusion of the lemma follows immediately from (3.10). O

Thus, by Lemmas 3.7 and 3.12, we get the following lemma.

Lemma 3.13 There exists a constant ¢ = c¢(diam(D), d, g, k, ¢) > 0 such that for every x,y, z,w €
D and (Azy, Az w, Azw) € B(x,y) x B(z,w) x B(xz,w),

9)9(o(Aen)?® _ ()’ K(r(z,y) ™) r(z, w)? £((r(z,w))™?)
1Ay Pg(Ar)? = <r<x,y>ﬂ z((r(x,w»-?)“)( )P0 “)'




Lemma 3.14 There exists a constant ¢ = c¢(diam(D),d, ro, k, ¢) > 0 such that for every x,y, z,w €
D and (Azy, Az w, Azw) € B(z,y) x B(z,w) x B(z,w),

9)9()o(Aew _ [ r2) U(rla,)?) r(,2)? £((r(,0))"?)
9(Aey)29(Ae)? = (r(x,yw Wy, 2D 1) < v 1) |

Proof. From Lemma 3.9, we get

9()9(2)9(Azw)? 9(y)g(z)
0 Ay A = T g(Aay29(Aom)? (9(Aay)® +9(4y.2)* + 9(Az0)?)
_ 9(y)g(z) | 9()g(z) | 9(y)g(2)g(Ayz)?
- < ( z,w)2 * (Ax y)2 T g(Ax,y)zg(Azﬂu)Q) . (3.14)

By applying Lemma 3.7 to both y and z, we have that 4) is less than or equal to

(3.1
o 9w o 9z) L (9(Aye) ) (9(Ay)
29(AZ,w) " QQ(Aw,y) e (g( w,y ) < (Az ﬂﬂ))
z Ty, 2 r(x 2 r(y, z)? r(z,w))"?
<, IW) 9(2) +C4< Ey )’ ¢ E y;i )v1> (r(y, )" L((r(z,w)) )v1>,

(
9(Aew) T P g(Ary) r(z, )P U((r(y, 2 (z,w)P £((r(y,2)7?)

where we used Lemma 3.12 in the last inequality above. Moreover, by Lemmas 3.7 and 3.12,

it~ (i) (3) = (e 5 )

it~ (i) (i) = - (G

: )
Combining these, (3.14) and the inequality (7 V1) + (2 V1) <2(% V1)(2V1), for every a,b,c > 0,
we have finished the proof. O

and

Lemma 3.15 Let ¢(r) = é(:fz) and M € (0,00). Then there exists a constant ¢ = c¢(M,¢,3) >0
such that

:ZEZ;) <c (Zi(lﬁ)) \ 1> for every 0 < a1 < ag <2a1 <M and 0 <by < by < M.

Proof. Since ¢ is slowly varying at oo, by [3, Theorem 1.5.3] there exists R; < M /2 such that

B B 1 —2)
s r r
<2 d —%
(2 =) Y wen™)
Note that ¢ : (0,00) — (0,00) is locally bounded from above and below by positive constants.
If a; < Ry1/2, since as < 2a1 < Ry, by (3.15), ¥(as) < 20+24(a1). If a1 > Ry/2, by the local

boundedness of ¥ ¥ (az) < ¥ (ay).

<2 Vs<r<R. (3.15)
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Similarly, if by < Ry, since by < by < Ry, by (3.15), 2¢(ba) > 1(b1). If by > Ry, by the local
boundedness of ) and (3.15), there exists a ¢; such that ¢(b2) > ¢19(b1). The lemma clearly follows
from these observations. U

Now we are ready to prove the main result of this section, which is a generalization of the main
result in [19].

Theorem 3.16 (Generalized 3G theorem) Let ¢(r) := Z(T_Q) Suppose that D is a bounded

k-fat open set. Then there exists a positive constant ¢ = ¢(diam(D),d,ro, K, $) such that for every

z,y,z,w e D
Gp(z,y)Gp(z,w) _ (P —w]) Ad(ly - 2]) Y(lz —w)) AY(ly — =) G(z,y)G(z,w)
Gplrw) = ( ) “) ( () “) G
Proof. Let
G(z,y,z,w) := Gp(z,y)Gp(zw) and H(z,y,z,w) = —G(m,y)G(z,w)'

Gp(z,w) G(z,w)

If |t —w| < dp(x) A dp(w), by Proposition 3.1(ii) and Theorem 2.1(i), Gp(z,w) > ¢G(z,w). Thus
by (3.1) and Theorem 2.1(i) we have G(z,y, z,w) < cH(z,y, z,w).

On the other hand, if |y — z| < dp(y) A dp(z), then by Proposition 3.1(ii) and Theorem 2.1(i),
Gp(y,z) > c¢G(y,z). Using this and Theorem 3.10, we have that there exists a constant ¢ =
c(diam(D),d, o, K, ¢) > 0 such that

G( ¥)Gp(y,2) Gp(x,2)Gp(zw) 1

Gz, y,z,w) =

( 72) GD(xaw) GD(yvz)
G(z,y)G(y, 2) G(z,2)G(z,w) 1 cH(m v 2
S T G 2) Glow) G~ H@yzw).

Now we assume that |z —w| > 0p(z) Adp(w) and |y—z| > dp(y) Adp(z). Since dp(z)Vip(w) <
dp(x) Nép(w)+|xr—w]|, using the assumption dp(x) Adp(w) < |z—w|, we obtain r(z,w) < 2|z —w.
Similarly, r(y,2) < 2|y — z|. Let Ay € B(z,w), Azy € B(x,y) and A, ., € B(z,w). Applying
Lemmas 3.13 and 3.14 to Theorem 3.3, we have

s)st) (e

G(z,y,z,w) < c (2,9,2,w)
9(Aq ,y 29(Azw)?
Y(r(z,w)) Y,2)) rz,w))  (r(y,2))
<o | (S vewam) I (R oy V1] Hea o
Now applying Lemma 3.15, we arrive at the conclusion of the theorem. O
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4 Feynman-Kac Perturbations

Throughout this section D is a bounded x-fat open set. In this section, we will first recall the
Kato classes introduced in [4, 9, 10]. Then we apply the 3G theorem and generalized 3G theorem
to establish some concrete sufficient conditions for these classes. Note that X is an irreducible

transient symmetric Hunt process satisfying the assumption at the beginning of [4, Section 3.2].

Definition 4.1 A function q is said to be in the class Soo(XP) if for any e > 0 there are a Borel
subset K = K (e) of finite Lebesque measure and a constant 6 = §(g) > 0 such that

GD($7 y)GD(y7 Z)

sup q(y)ldy < e
(z,2)€(Dx D)\{z==} J D\K Gp(z,2) 4(w)]
and that, for all measurable set B C K with |B| < 6,
GD(:U¢ y)GD(ya Z)
sup / q(y)ldy < e.
(z,2)€(DxD)\{z=2} /B GD(va) | ( )‘

Definition 4.2 Suppose F is a bounded function on D x D wvanishing on the diagonal. Let
Q|F|(az) = /D|F(x,y)J(x,y)dy.

(1) F is said to be in the class As(XP) if for any e > 0 there are a Borel subset K = K(e) of

finite Lebesgue measure and a constant 6 = 6(¢) > 0 such that

. /- Gp(2,y)Gp(zw)
(z,w)e(DxD)\{z=w} J (Dx D)\ (K xK) Gp(z,w)

|F(y, 2)|J(y, z)dzdy < €

and that, for all measurable sets B C K with |B| < 4,

/ Gp(r,y)Gp(z,w)
sup
(@,w)e(Dx D)\ {z=w} J (Bx D)U(Dx B) Gp(z,w)

|F(y, 2)|J(y, 2)dzdy < e.

2) F is said to be in the class Ay(XP) if F € Aso(XP) and if the function qp is in See(XP).
|F|

Now we are going use the 3G theorem and generalized 3G theorem to give some concrete

sufficient conditions for Soo(X?) and A2(XP). First we prove the following simple lemma.
Lemma 4.3 There ezists a positive constant ¢ = c¢(a,d, l) such that
Ul — 2w — 2" < e (e =yl ™o =yl + ey — 2 )ly — 2.

Proof. By symmetry, without loss of generality, we assume |z — y| < |y — z|. Since ¢ is slowly

varying at oo, by [3, Theorem 1.5.3] there exists R; > 0 such that

s77(s72) <2797 %(r?) and  £((2r)72) < 24(r7%) Vs<r <Ry (4.1)
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From (4.1), we see that
|z — 2| 72|z — 2|7 < ¢ (4.2)

If ly — z| < Ry, then |z — z| < |z —y| + |y — 2| < 2|y — 2| <2R;. Thus by (4.1),
Uz = 2| )|z — 2470 < 2 U(2ly — 2Ty — 247 < 22Ty — 2|7y — 27
If |y — 2| > Ry, by the local boundedness of ¢ and (4.1), we have

Ulz =272z — 2|7 < a1 < eallly — 272y — 27

g
Theorem 4.4 A function q on D is in Soo(XP) if
l9(y)ldy
lim Sup/ = 0. 4.3
10 zeD lz—y|<r |I‘ - y‘d¢(|x - y|72) ( )

Proof. Without loss of generality, we assume that g is a positive function on D. It follows from

Theorem 3.10, (H1), Lemma 4.3 and the assumption on ¢ that for every x,y,z € D we have

Go(z.y)Coly,2) _ oz -2 oz — 2
Gp(x,z) = ol —yl ey — 2[72) |z — y|?ly — 2|

1 1
= <¢(‘9€ —y|72)|z —y|? + oy — 2| 2)|y — ZH) : (4.4)

We claim that a positive function ¢ satisfying (4.3) is integrable on D. Let

M(r) = sup / q(y)dy

weD J|w—y|<r ‘w - y‘d¢(|w - y|_2) '

By (H1) and [3, Theorem 1.5.3], there exists so > 0 such that

ulp(u=?) < 2s%p(s72), u<s<sp. (4.5)

Then, using (4.3), we can choose s; < sg such that M(s1) < co. Now by (4.5),

2516 (s1*)a(y)dy d /.2
SUP/ q(y)dy < SUP/ 1 Z— < 25(s77)M(s1) < o0,
z€D J|z—y|<s1 z€D J|z—y|<s1 |z — y|d¢(\$—y’ %) S

which implies that ¢ is integrable on D.
By (4.4), we have for every Borel subset A of D and every (z,z) € D x D,

Gp(z,2) weD lw —y|=2)|w — y|?

<2c M(r) + /Aq (S rii% o gb(QCQ)Sd> =:2¢co M(r) + (/A q(y)dy> a(r).
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Given ¢, choose r; = 71(¢) € (0,diam(D)) such that 2co M(r1) < €/2 and let § := 27 1e/a(ry).
This completes the proof of the theorem. O

The proof of the following theorem is similar to that of [19, Theorem 4.3].

Theorem 4.5 If D is a bounded k-fat open set and F' is a function on D x D with

|z =yl
F(z,y)| < ¢j—n I 4.6
Flaw) < o=y (1.6)
for some € >0 and ¢; > 0, then F € Ay(XP) and
G x, G Z, W a+te -
// Pl it )|F(y,Z)lJ(y,Z)dde§02|33—w| To(|lz —w|?) (4.7)
pJp Gp(z,x)

for some ca > 0.

Proof. We assume, without loss of generality, ¢ < d—«. By the generalized 3G theorem (Theorem

3.16), there exists a positive constant ¢ = c¢(diam(D), d, ro, , ¢) such that

Gp(z,y)Gp(z,w)
Gp(z,w)
<o ( (|2 —w|™?) |z —w|t |z — w|*oth
- Uz —y|72)e(|z — w|72) [z =y —w]d |z —y|Pmorhz —w|?mel(]z — w|72)
|z — w|d—oth |z — w|d—ot+28
|z — y|@=o|z — w|d=oTPl(|lz — y|~2) " |z — y|d=oth|z — w|daFBL(|z — w”)) '

Thus, by Theorem 2.1(ii) and (4.6), we have

Gp(z,y)Gp(z,w)

4
1F(y,2)|T(y,2) < 2 Y Ai(z,y, 2,w)

Gp(x,w) —
where
Uz —w|™?) |z — w|™
A
Mo 2 = =y PR — ol ) o — gz — w2
| — w|" L (| — w| )7
AQ(x7y727w) |x_y|d7a+ﬁ|z_,w|d7a|y_z|d76’
| — w] e (jx —y| )
As(z,y, 2, w) |z — w]d—atB|z — y|d—a|y — z|d—¢’
BN e it
A4(x,y, z, w) T |x . y|d—a+ﬁ|z _ w|d—a+ﬁ|y _ Z|d—e‘
First let L
_ |z — g|*/?
3= sup ————ar < Q.

@nepxp LT —772)
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Then we have

/ / Ai(x,y, z,w)dydz
B //L/‘ 0z — w]2) & — wio s
Wz =y D = w2 [ — ylFa]z — w]=aly — 2|7
%m—wWﬂam—wr%A;@u»wr“3V—wr“%W—4%“@mZ

< dle — w2z —w|™) < ale - w[* (e —w|7?).

IN

The second to last inequality comes from [14, Lemma 3.12], and the last follows from (H1). Similar
techniques can be applied to the case Ay, Az, A4 and this proves (4.7).
Now using Lemma 4.3, we have
1 1 1 1
A2 0) S A e A e ol eyl A
1 1 1
Uz = y[72) |z =y £(|z — w]7?)|z = w|= |y — 2]*7

Since € > 0 and ¢ is slowly varying at oo, the following two families

{(y,2) = |z —y|2) Mz —y|* Uy — 2| = € D},
{(y,2) = ]z —w| )z —w|* Yy — 2|“% w e D}

are uniformly integrable over cylindrical sets of the form B x D and D x B, for any Borel set B C D.
Now let us show that the following family of functions are uniformly integrable over cylindrical sets
of the form B x D and D x B:

1
’Z g 9
%y) W =y e — g iz —w[ D)z —wlFaly =2

T,w € D} . (4.8)

Let us consider the family (4.8) when the exponent of |y — z| is negative, i.e., € < a. Otherwise the
family (4.8) is uniformly integrable since |y — z|*"* < c.
Applying Young’s inequality, we obtain
1
Ul =y 2)|w = yl4=l(|z — w|=2) |y — 2[*7¢|z — w|de

- gﬁ(u’v —yl7?)|z - y\d‘“;(lz —w[?)|z - w!d‘”> <|y —12:\”*)

1 1 1
<= ).
TP ((f(!w —y|72)Plz — y|d=er(l(]z — w]2))P|z — w!“’“"”’) T4 (y - ZI(‘“‘E)‘?>

Since £ is slowly varying at oo, it suffices to find p,q > 1 satisfying % + é =1land (d—a)p <

d, (o« — €)q < d. By choosing p in the interval

1y d d
d—a+e) d—a)’
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we get that the family (4.8) is uniformly integrable. Note that this interval is not empty since

d
pp— <o by (o« +¢€) Ad > a an

case Ay, Az, A4 and this proves F' € Ao (XP). (See [19 page 131-132].) Since

an (o) = [ 1Pl Iy < [ elo—yitay <
it follows from Theorem 4.4 that q|x| € Soo(XP) and therefore F is in Aa(XP). 0

For w € D, we denote by E¥ the expectation for the conditional process obtained from X?
through Doob’s h-transform with h(-) = Gp(-,w) starting from z € D. For q € So(XP”) and
F € Ay(XP), we define

eq+r(t) :==exp / (XPyds + Z F(xP, xP)
0<s<t

It gives rise to a Schrodinger semigroup

Quf () = By [eqer () (X)) - (4.9)

When z — E, [eg4+r(7p)] is bounded, it follows from [4, Theorem 3.9] that the Green function for
the Schrédinger semigroup {Qy, t > 0} is

Vp(z,y) = EY [eg+r(7D)] Gp(2,Y), (4.10)

that is,
/ Vi (. y) f(y) dy = / Quf(x)dt =, [ / eqrr (D) f(XP) dt (4.11)
D 0 0

for any Borel measurable function f > 0 on D.
Let u(z,y) := EY [eq+r(7p)] for y € D. Applying [4, Theorems 3.10] and [6, Theorems 3.4 and

Section 6] (see also [9]) to our case, we get

Theorem 4.6 Let q € Soo(XP) and F € Aoo(XP) be such that the gauge function x — E; [eqp(TD)]
1s bounded. The following properties hold.

(1) The conditional gauge function u(x,y) is continuous on D x D\ {(z,z) : x € D}, hence by
(4.10) so is Vp(x,y).

(2) There ezists a positive constant ¢ = c(¢, D) such that

C_l GD(%Z/) < VD(xvy) < CGD(CL',y), :E7y€D'
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5 Green function estimate for perturbation of subordinated Brow-
nian motion

In this section, we consider Green function estimates for perturbations of subordinated Brownian
motions. Throughout this section, Y is a symmetric Lévy process with a Lévy density JY (z) :=

J(x) 4+ o(x) and we assume that there exist some constants ¢ > 0, p € (0,d) such that
lo(z)| < emax{|z|~9t° 1} for z € R%. (5.1)

Since |o(z)] < JY(x) + J(x), clearly (5.1) implies that o is integrable in R? . One particular
example of Y is obtained with JY (z) = J()1p(01)(z).

First we show that the transition density of Y is in Cg°(R?), where C£°(R?) is the set of smooth
and bounded functions on R?.

Lemma 5.1 The process Y has a transition density p* (t,x,y) = p* (t,y—=x) such that x — p* (t,z)
is in C°(RY) for each t > 0.

Proof. The Lévy exponent of Y is given by

V(O = w(©) + [ (1= cos(Ea))ola)da
R\ {0}

Since
|/ (1 —cos(¢,z))o(z)dz| < 2|0 11 (rays (5.2)
RA\{0}

we have [ |exp(—t¥Y (€))[|¢]"d¢ < oo for every n € NU {0} and ¢ > 0. Note that for ¢ > 0

P (t,2) = (2m) /

e_ig’me_t\py(g)df < (27r)_d/ e_t\py(g)df =p¥ (t,0) < .
Rd

Rd

Now the assertion of the lemma follows immediately. O

For any open set U, we will use Tgf/ to denote the first time Y exits U, i.e., 7‘5 = inf{t > 0:
Y; ¢ U}. The killed process of Y in U is denoted by YV. It follows easily from [28, Lemma 48.3]
that for any bounded open subset U, there exists t; > 0 such that sup,cpa Py(Y;, € U) < 1. Put
0 = sup,cpa Po(, > t1) < supyepaPo(Ys, € U) < 1. Then by the Markov property and an

induction argument,
sup IPI(T?J/ >nty) < 6"
reRd

Thus
3]

sup E, [TUY ] <

up g < (5.3)

Now we state some auxiliary properties of p* (¢,x). We need these properties only when we

prove the (killed) heat kernel p¥(¢,z) is continuous and it will not be needed in the rest of the
paper.
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Lemma 5.2 There exist constants ¢ > 0 and ¢ > 0 such that pX(t,x) < ct=¢ for every t € (0,1].

Proof. The heat kernel pX (t,z) can be expressed in terms of Fourier transforms by pX (t,z)
(2m)~¢ [ e7i€ e 1O d¢. Since { is slowly varying at oo there is a constant ¢; such that [£]*¢(|¢]?) >
c1|€]%/2 for |€] > 1. From this it follows that for t € (0, 1]

e < (2m) ¢ [

Xt x) < pX(t,0) = (27)7 ¢
p¥(tn) < ¥ (00) = ) »

Rd

1d¢ + (2m)~¢ / e—teilél® ge

1€1>1
d/2

L(g+1)

2d 2d

< (2m) ™4 + gt <cgtT e,

Lemma 5.3 For every 6 > 0 there exists a constant ¢ = ¢(6) such that for every |x| > 6 andt >0
X

P (t,x) < c(9), (5.4)

jo(z) + (p¥ (t,) ¥ 0) ()] < ¢(d). (5:5)

oo |2
Proof. The heat kernel p* (¢, ) can also be written as p* (t,z) = / (471'8)7%67%}?(5} € ds)
0

and thus pX (¢,z) < ¢1(6) for all |z| > 6 and ¢ > 0. Next since o is integrable on R% and uniformly
bounded away from 0, it follows from (5.4) that for |x| > 6 and ¢ > 0

PE () % o(x) = / PX(t,z — y)o(y)dy

= / P (tx —y)o(y)dy + / P (tx —y)o(y)dy
|z—y|>6/2 lz—y|<d/2
< ca(0)llollpray + HUHLOO(B(O,a/z)c)/ | MPX(MC —y)dy < c2(8) < 00
r—y|<

In the remainder of this section ¢ will stand for the constant in Lemma 5.2. Using Lemmas 5.2

and 5.3, the proof of the next lemma is the same as that of [14, Lemma 2.6], so we omit the proof.

Lemma 5.4 For every & there exists a constant ¢ = ¢(6,¢) > 0 such that p¥ (t,x) < ¢ for |z| >
(1Vv[¢])d and t > 0.

Now we prove that p% (t,-,-) is jointly continuous for any bounded open set D.

Lemma 5.5 For any bounded open set D, p%(t -, ) 18 jointly continuous on D x D.
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Proof. By Lemmas 5.2, 5.3 and 5.4, we have for every T, L > 0

sup Y (t,z,y) < cc. (5.6)

|z—y|>L,0<t<T

By the strong Markov property and the continuity of pY(t, -,+), the transition density p%(t, x,y) of

YP for any open set D can be written as
Ptz y) i=pY (t,2,y) = B[ p" (¢ — 70, Yoy y) i 7y <t]  fort>0,z,y eR% (5.7)

Now using (5.6) and (5.7) and following the routine argument (see [12]), one can show that for any

open set D, p%(t, -,) is jointly continuous in D x D. |

In the remainder of this section we will show that, for any bounded k-fat open domain D, Gg
is comparable to Gp, the Green function of X”. We will accomplish this by first dealing with the

case o is positive, then the general case.

5.1 DPositive o case

Assume Z is a symmetric Lévy process with a Lévy density JZ(z) := J(z) + &(z) and we assume
that there exist some constants ¢ > 0, p € (0,d) such that

0 <5(z) < cmax{|z|~%*, 1} for z € R%. (5.8)
The Dirichlet form (€, F) of X is given by
1
s = 5 [ ] @) - um) @) - o) pdedy,
Rd JRd
F = {ueL*RY:&(u,u) < co}.
Another expression for £ is given by
&) = [ (€W
where 4 is the Fourier transform of u. The Dirichlet form (£%, F%) of Z is given by
1
) = 5 [ [ (0e) = u)wte) — o) o)y,
Re JRd
FZ = {ue L*(RY): £%(u,u) < oo}.

Another expression for £7 is given by

£7(u,v) = / a(E)a(E) 7 (¢)de
Rd
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where W2 (£) = W(&) + fRd\{O} —cos(&, z))a(dx). It follows from (5.2) that there exists ¢ > 0 such
that
e (u,u) < EF (u,u) < & (u,u).

Therefore we know that 74 = F and that a set is of zero capacity for X if and only if it is of zero
capacity for Z.
The Dirichlet forms of X and ZP are given by (€, Fp) and (€4, FZ) respectively, where

Fp=F%={ue Flu=0on D°except for a set of zero capacity}.

For v € Fp, we have
e = 5 [ [ @) =)o@ o) —odsdy+ [ u@@pnpl)ds,
2w = 3 [ [ @) = uw)o@) —ow) Iy - a)dady + [ uyola)nd(e)da,

where rp(z) = [ J(y — z)dy and k% (z) = [p. JZ z)dy = k3 (x) + [pe (y — z)dy. Define

F(z,y) := JJ(( )) —-1= igz:g and q(z) := kp(x )— m%(w). Note that 1nfDF(:U,y) > 0. Now
x,ye

define

t t
K, = exp( Z In(1+ F(XP, xPy) —/ /DF(Xf,y)J(y—Xf)dyd8+/ q(XP)ds)
0 0

0<s<t

and
Qif(x) = E[K: f(XP)), xeD.

By calculating the quadratic form of ()¢, one can see that @); is the semigroup associated with
the Dirichlet form (€%, F%) (see [11] for details).

By using Theorem 2.1 and the assumption on &, it is easy to see there exist € > 0 and ¢/ > 0
such that F(x,y) < c’% (For example, we can take e = £.) Thus, by Theorem 4.5, the
function F(z,y) € Aa(XP). Since |q(z)| = | — [p. oy — 2)dy| < [pa0(2)dz < 00, we know that
q € Soo(XP) by Theorem 4.4.

Note that the killing intensity H]% of ZP is bounded from below by a positive constant so it
follows that

inf{€%(u,u) : u € F with / u(z)?dr =1} > 0.
D

(o]
This implies that / Q.dt is a bounded operator in L?(D, dz) and so for any Borel subset B C D,
0

/ Qilp(x)dt = / K 1p(X;7)dt] < oo, for all x € D. (5.9)

It follows from (5.3) and [13, Proposition 2.2 (ii)] that the Green function G4(,-) of ZP exists

and strictly positive on D x D for any bounded open set D. Moreover, since Z satisfies the condition
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(A1) in [20], it follows from [13, Proposition 2.1], [20, Theorem 3.11] and our Lemmas 5.2 and 5.5
that the semigroup of ZP is intrinsically ultracontractive, that is there exits a constant ¢; = ¢1(D, t)
such that p4(t,z,y) < c1¢1(x)d1(y), where ¢, is the eigenfunction of semigroup of ZP associated
with the largest eigenvalue A; < 0 of the generator of Z” and ||¢1 || r2(py = 1. Furthermore it follows
from [20, Theorem 3.13] there is a constant ¢y > 0 such that p% (¢, z,y) < coe’é1(z)¢1(y) for all
t > 1. Hence by Lemma 5.4, the dominated convergence theorem and the continuity of p% (t, ),
G%(-,) is continuous on (D x D)\ {x = y}. Now, since the Green function of the semigroup Q; is

G%(z,y) = Gp(z,y)E4[K,,], the following result is an immediate consequence of Theorem 4.6(2).

Theorem 5.6 If Z is a purely discontinuous symmetric Lévy process with Lévy density satisfying
(5.8) and D be a bounded r-fat open set in R%. Then there is a constant ¢ = ¢(D,d, ¢) > 0 such
that

¢t Gp(x,y) < G4(x,y) < ¢Gp(z,y), z,y€D.

5.2 General case

Now we return to the general case where o can take both signs. From now on we assume D is
a bounded k-fat domain (connected open set). Let Z be the Lévy process with a Lévy density
JZ(z) == JY(x) V J(x). Then (z) := JZ(x) — J(x) satisfies (5.8). By Lemma 5.5, p¥(¢,-,-)
and p%(t,-,-) are jointly continuous on D x D. Note that [20, Condition (A1)(b)] is true for all
three processes X, Y and Z. Since D is a domain, by following the argument in the proof of [13,
Proposition 2.2], one can show that p3 (t,-,-), ph(t,,-) and p(t,-,-) are strictly positive for all
t > 0. Thus [14, Property A] is valid. (Also see [20, Corollary 3.12].) Using an argument similar to
the one in the paragraph before Theorem 5.6, we see that G5 (-,-) and G4(-,-) are strictly positive
and jointly continuous on D x D. Now it follows from [14, Theorem 3.1] and the joint continuity

of G¥(z,y), that for every bounded x-fat domain D
Gplz,y) < a1Gh(z,y) < e2Gp(x,y), (5.10)

for some constants ¢; = ¢1(d, D, ¢) and ¢ = co(d, D, ¢).

In the remainder of this subsection we will show that G%(z,y) > c3Gp(x,y) for some c3 > 0.
We will follow the argument in [14] closely.

By [14, Lemma 2.4], for any bounded open set D, E,[74] < E,[r}] and E,[rZ] < E,[rp]. Thus

Lemma 5.7 For any bounded open set D, we have E,[tp] < E.[1}].

The following result is similar to [16, Lemma 17]. Recall that the function g is defined in Section

Lemma 5.8 Let D be a bounded r-fat domain. Then
g(l’) = Em[TD]-
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Proof. Pick a point z € D¢ such that dp(z) = diam(D) + 1 and let B := B(z,1). Con-
sider the function f(x) := Py(X,, € B). By the Lévy system of X, we know that f(z) =
I3 [p Gp(x,y)J (2 — y)dydz. For y € D,z € B, diam(D) < |y — z| < 2diam(D) + 2, so by mono-
tonicity of J, J(2diam(D) + 2)|B| - E4[rp] < f(z) < J(diam(D))|B| - E;[rp]. Since g(x) is equal to

Gp(z,z0) on |z — 2| > %, the assertion of this lemma now follows from Theorem 2.5. O

Lemma 5.9 Let D be a bounded k-fat domain and 6 > 0 a constant. If z,y € D satisfy |x—y| > 0,
then there is a constant ¢ = ¢(0, ¢, D, d) such that Gp(z,y) < cEz[tp]Ey[mp].

Proof. The proof of this lemma is similar to that of [14, Corollary 3.11]. By Theorem 3.3, we have

9(x)g(y)
o) = 1 AT —yltg(a — o)

where A € B(z,y). Since dp(A) > §r(z,y) > §lr —y[ > %9. it follows from [22, Lemma 4.2] that

g(A) < Ey[mp] > ]EA[TB(A’%O)] > ¢y

Now the theorem follows from Lemma 5.8. O
Recall that Y also satisfies [14, Property A] for the bounded k-fat domain D, i.e.,

cEs[rp] Bylrp] < Gp(z,y). (5.11)

The following result says that the Green functions G p(z,y) and G (x,y) are comparable when

the distance between x and y is not too small.

Theorem 5.10 Let D be a bounded rk-fat domain and 8 > 0 a constant. If x,y € D satisfy
|z —y| > 0, there is a constant ¢ = ¢(0,¢, D,d) such that Gp(z,y) < cGY(z,y).

Proof. It follows from (5.11), Lemmas 5.9 and 5.7 that
Gp(z,y) < c1Egx[mp]Ey[mp] < CQEI[Tg]Ey[Tg] < c;;G%(x, Y).
Od

Now we are going to prove that Gp(z,y) < cGY(z,y) for some ¢ = ¢(d,D,¢) > 0 when
and y are close to each other. The next lemma is adapted from [14, Lemma 3,5 and Corollary 3.6]
which use the proofs of [26, Lemmas 7 and 9]. In fact, the proofs of [26, Lemmas 7 and 9] work for

a large class of Lévy processes including our Y and Z. Thus, we omit the proof.

Lemma 5.11 For any bounded open set D, we have for any x,w € D,

G%(z,w) < GY(z,w) + /D /DG%(ac,y)a(y — 2)G4 (2, w)dydz.
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Theorem 5.12 For every bounded k-fat domain D, there is a 6 = 6(d, ¢, D) > 0 such that for all

x,w € D with |x —w| < 0, we have
Gp(z,w) < 2Gp(z, w).
Proof. By Theorem 5.6 and Lemma 5.11 we have
Gp(z,w) < 1G4z, w) < 1GY(z,w) + CQ/D/DGD(:c,y)a(y —2)Gp(z,w)dydz

_ v Gp(z,y)Gp(z,w)oly —2) o oo
= chD(x,w)+02GD(3:,w)/D/D G (2. 0) J(y—z)J(y )dydz.

o(y—z) ly—=|?

Since 76— < es 5, =17y

by Theorem 4.5, there exists a ¢4 > 0 such that
Gp(z,w) < ,GY(x,w) + e4|lr — w|*Po(|z — w| )G p(z,w).
Now take ¢ small so that cs|z — w|*™P¢(lz — w|?)Gp(z,w) < 3Gp(z,w) if |z — w| < 4. O

Combining (5.10), Theorems 5.10 and 5.12, we have proved the next theorem which is the main

result of this paper.

Theorem 5.13 Suppose that o € (0,2 Ad) and D is a bounded k-fat open domain. If Y is a
symmetric Lévy process with a Lévy density J¥ (x) := J(x) + o(x) with o satisfying the condition
(5.1), then the Green function Gg of YL is comparable to the Green function Gg of XP i.e., there

exists a constant ¢ = ¢(D,d, ¢, p) such that
—1~Y Y
c GD(I’,:U) SGD($7y) SCGD(LU,Z/), m,yeD.

Remark 5.14 The condition that D is connected is crucial in Theorem 5.13. For example, if Y
has a Lévy density v¥ (z) = v(z)1{jy<1y and D = B(z,1) U B(w, 1) where z,w € RY, |2 — w| > 2,
then Gp(z,y) > 0 for x,y € D whereas G (z,y) =0 for z € B(z,1) and y € B(w, 1).

Combining the above theorem with the main result in [23] ([23, Theorem 1.1]), we immediately

get the following.

Corollary 5.15 Under the same assumption in Theorem 5.13 and if D is a bounded C*' domain,
then the Green function G%(m,y) satisfies

Vi) Oz — %) !
Gp(z,y) = (1 A \/¢(5D($)2)¢(5D(y)2)> [z —ylto(lz —y|72)
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