TRACES OF SINGULAR MODULI ON HILBERT MODULAR
SURFACES

KATHRIN BRINGMANN, KEN ONO, AND JEREMY ROUSE

Abstract. Supé)ose thatp 1 (mod 4) is a prime, and that Ok is the ring of inte-
gers ofK := Q(" P). A classical result of Hirzebruch and Zagier asserts that ertain
generating functions for the intersection numbers of Hirzéruch-Zagier divisors on the
Hilbert modular surface (h  h)=SL,(Ok ) are weight 2 holomorphic modular forms.
Using recent work of Bruinier and Funke, we show that the geneating functions of
traces of singular moduli over these intersection points ag often weakly holomorphic
weight 2 modular forms. For the singular moduli of J1(z) = j(z) 744, we explicitly
determine these generating functions using classical Webdunctions, and we factorize
their \norms" as products of Hilbert class polynomials. We also explicitly compute all
such generating functions in the \SL,(Z) case" for the primesp=5;13; and 17.

1. Introduction and Staterﬂent (I)f Results

+p_ . .
For primesp 1 (mod4), letOx = Z % be the ring of integers of the real

quadratic eld K := Q(p P). The group SLy,(Ok), i.e., the group of 2 2 matrices with
entries in Ok and determinant 1, acts onh  h, the product of two complex upper half
planesh, by
oy Zit %+ O
(21, 22) = Z.+ O+ 0
Here °denotes the conjugate of in Q(p p). The quotient X, := (h h)=SL,(Ok ) is a
non-compact surface with nitely many singularities. It can be naturally compacti ed
by adding nitely many points (i.e. cusps), and Hirzebruch bowed [6] how to resolve the
singularities introduced by adding cusps using cyclic cogurations of rational curves.
The resulting modular surfaceY, is a nearly smooth compact algebraic surface with
quotient singularities supported at those points inh  h with a non-trivial isotropy
subgroup within PSL;(Ok ).
In their famous work [7] on these surfaces, Hirzebruch and diar introduced a se-
quence of algebraic curveg?; z{?: X,, and studied the generating functions for
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their intersection numbers. They proved the striking fact hat these generating func-
tions are weight 2 modular forms, an observation which all@d them to identify spaces
of modular forms with certain homology groups folY,. To de ne these curves, for a
positive integerN, consider the points £;;z;) 2 h  h satisfying an equation of the form

(1.1) Azlzzpﬁ+ z, %+ Bp[_)zo;

whereA;B 2 Z, 2Ok, and %+ ABp = N. Each such equation de nes a curve in

h  h isomorphic to h, and their union is invariant under SL,(Ok). The Hirzebruch-
Zagier divisorZ,(“p) is de ned to be the image of this union inX . If % = 1, then one

easily sees from (1.1) thaZ " is empty.
We let 2% denote the closure oZ® in Y,. If (2®; 2(P) denotes the intersection

number of 2{” and 2,(1'“) in Y, (see [7] for the precise formulation), then Hirzebruch and
Zagier proved in [7], for every positive integem, that

s
(1.2) ®(2):= )+ (2P ZP)q

n=1
(note g = €7 throughout) is a holomorphic weight 2 modular form on o(p) with
Nebentypus 5 - Here aﬁ'?)(O) is a simple constant arising from a volume computation.

More precisely, ST'?)(Z) is in the plus spaceM;  o(p); 5o the space of holomorphic

weight 2 modular formsF (z) = LO a(n)g" on o(p) with Nebentypus - , with the

additional property that ’

— e
(1.3) an)=0 if 0 1

In the present paper, we require the spadd , o(p); 5o the space of weakly holomor-
phic modular forms of weight 2 on o(p) with Nebentypus 5 Let M3  o(p); 5 be

the subspace of those forms iNl ,  o(p); 5 that satisfy (1.3). Recall that a function

is weakly holomorphidf its poles (if there are any) are supported at cusps.
The geometric part of the proof of the modularity of (12) provides a concrete descrip-

tion of the intersection points?,ﬁ?)\ ?,ﬁp). Loosely speaking, the \ nite points" zP zP
are identi ed with CM points in h which are the \roots" of o(m) equivalence classes
of binary quadratic forms with negative discriminants of tle form (4mn  x?)=p (see
Section 2.1). The values of modular functions at such CM pdiare known assingu-
lar moduli, and in view of the modularity of (1.2), it is natural to constder generating
functions for the values of singular moduli over the CM poirgt constituting zP\ z®,
Suppose that™ = 1 or that " is an odd prime with 5 6 1, and let ,(°) be

the projective image of the extension of o(*) by the Fricke involution W- = (¢ )



TRACES OF SINGULAR MODULI ON HILBERT MODULAR SURFACES 3

P
in PSL»(R). Suppose thatf (z) = ,; a(n)g" 2 M o (()), the space of weakly
holomorphic modular functions with respect to ,(*). Furthermore, suppose thata(0) =

0. We de ne the \trace" of f (z) over P\ z by

(1.4) @z =

22\ z{P

o)

where ,(°) denotes the stabilizer of in ,("). For these traces, we consider the analog
of the generating functions in (1.2) de ned by

(p) (p) (p) X (P). 7 (Pt
(1.5) D@2 = AR@)+BR@)+ @ z0)d
n=1
Here we have that
Wi \/ 0 1
) . X X «2 m2p X 2 m2p
A= () ma( m)B g+ et
mn 1 x2Z x2Z
x2 m2p (mod 2%) x m (mod 2)
(P) WX . . X
BY(2:=2(C) (am+ " o(n=)al n) q*;
n 1 x2Z

where (1) =1=2 for =1, and is 1 otherwise. As usual, ;(x) denotes the sum of the
positive divisors ofx if x is an integer, and is zero ik is not an integer.

Using recent works of Zagier [13], and Bruinier and Funke [4{ve show that these
generating functions are also modular forms of weight 2. Inapticular, we obtain a
linear map:

iMoo NIM 2 oP); S
(where the map is de ned for the subspace of those functionstiwv constant term 0).

Theorem 1.1. Suppose thatp pl (mod 4) is prime, and that™ = 1 or is an odd

prime with 5 6 1LIff(z= ,, anag 2M o o)) ,with a(0) =0, then the

generating function H(2) isin M, o(p?); 5

Remark. In [4], Bruinier and Funke establish that the generating funtions for traces of
singular moduli are modular forms in great generality. In te case of modular curves,
for simplicity they work out the details for X,(*) for © = 1 and for odd primes™. We
follow their lead by making this assumption as well in Theora 1.1.

Remark. If we allow the constant term off (z) to be non-zero, non-holomorphic terms
would be included, as in [4]. In particular, iff (z) = 1, then we obtain the Hirzebruch-
Zagier modular forms restricted to the \ nite" points of int ersection.
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We turn to the problem of explicitly computing natural examges of these modular
forms 5;‘?(2). Let J1(z) = j(2) 744, wherg (z) is the usual elliptic modular function

, E4(2)° 1
(1.6) i(2) = (g = Q744+ 106884
where (z) = q1=24Qﬁ:1 (1 ") is Dedekind's eta-function and
X X
Ea(z) =1+ 240 d*q"
n=1 djn

is the usual Eisenstein series of weight 4. The modular formﬁ‘;’jl(z) can be described
in terms of (z), E4(2), and the classical Weber functions

(z=2) _P5 (29
o @ t@="2 —o=

Theorem 1.2. If p 1 (mod 4)is prime, then

@) (2) = (22) (2p2)E4(p2)f2(22)%f2(2p2)*
o 4 (p2)®

Remark. Using the classical theta functions (z) and ,qq(2) (see (3.1) and (3.3)), the
formula in Theorem 1.2 may be reformulated as

2E
0= Z5 (0D i) (D) aselpz);

It turns out that the forms (1‘;’31(2), the generating functions for the traces of singular

moduli on X, are closely related to Hilbert class polynomials. The sintar moduli
j( ), as ranges overG, the equivalence classes of CM points with discriminantD,
are the roots of theHilbert class polyr\}omial

(1.8) Hp (x) = (x ()2 Z[x]:

2Cp
Eachlghg(x) is an irreducible polynomial inZ[x] which generates a class eld extension
of QD). To relate the forms ) (2) to Hilbert class polynomials, de neN(z) as
the \multiplicative norm" of  1.;,(2)
(1.9) Np(z) := DM

M2 o(p)nSL2(2)
If N, () is the normalization of Np(z) with leading coe cient 1, then

(1.7) fi(z) =

f1(42)*2(2)*  f1(4p2)*f2(p2)® :

8
3 (DM () f p=5;
)= EdD (DM@ Hso((2)  if p=13
"7 3 (2°Hali @) Has(i () if p=17;

( 2)°H(j (2))*Has23(i (2)) if p=29;
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where (z) = (2)* is the usual Delta-function. These examples illustrate a geral
phenomenon in whichN;(2) is essentially a product of certain Hilbert class polynorais.
Before we state the general result, we x some notation. Dea integersa(p), b(p), and

c(p) by

(1.10) a(p) := % g +1
(L11) =5 o L
(112) o= ¢ b g

x2 4p

Furthermore, let D, be the set of negative discriminants D 6 3; 4 of the form

with x;f 1.
Theorem 1.3. Assume the notation above. Ip 1 (mod 4)is prim\((a, then

N, (2) = (Ea(@)H3( @)™ Ha( (@)™ ( 2)°P Hzp(j (2)) Ho (j (2))2:

D2D,

For the primesp =5, 13, and 17, and when = 1, work of Bruinier and Bundschuh [3]
make it possible to obtain explicit formulas for the traces foevery weakly holomorphic
level 1 function, with constant term 0, onX,. There is a natural sequence of modular
functions J,(z) which forms a basis of such functions. For every positive teger m
let J(z) be the unique modular function on Sk(Z) which is holomorphic onh with a
Fourier expansion of the form

X
(1.13) In(2)=a9 ™+ (g™
n=1
In particular, note that
Ji(2)=j(z) 744=q '+196884+

Each J.,(z) is a monic degreem polynomial in j(z) with integer coe cients, and its
generating function is given by

* g B@E@ 1
e N O T S
Py P

whereEg(z) =1 504 |, 4, dd".

To describe (f’jm for p = 5;13, and 17 we give a basis foM ;  o(p); 5 - In

particular, for m 0 with % 6 1 there is a unique functionK r(np)(z) with Fourier
expansion of the form

(1.14) KP(z)=q™+0(2M 35  op);
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In Section 4, we will provide formulas fowK(()p)(z) and K}p)(z). Furthermore, we provide
a description of eachK r(,?)(z), for m 1 in terms of the action of Hecke operators on
K (p)

1 (2).

We have the following connection between the functions r(,?)(z) and gpjm (2).

Theorem 1.4. If p=5;13 or 17, and m X 1, then

P @ =2 (mKP(2) d KE 12)a(@):
dm x d (mod 2)
x2<d?p
Remark. Theorem 1.4 shows that the linear map described in Theoremllis not neces-
m2 . .

sarily surjective. Speci cally, the leading term of (f;m (z)is moP™=¢, and this easily
implies that for p =5, Kflp)(z) is not in the image of the linear map.

However, the linear map is always injective. if 2 Mo( ,()) is a nonconstant modular
function, then since (') has only one cuspf has a pole atl . Suppose that

f(z)=cq™+ O(q ™)

with c6 0 and m 1. The formulas for 5;‘?(2) obtained in the proof of Theorem 1.1
easily imply that

®(2) = c'mg P+ O(q# P if m is even,
! 2c'mg® P+ O(q® PPI=Y if m is odd.

and hence 5;‘?(2) 6 0.

In Section 2.1, we recall the exact relation between the pa#in z®P\ zP and CM
points (see De nition 2.1), and in Section 2.2 we recall woskof Zagier, and Bruinier
and Funke which describe generating functions for traces sihgular moduli on modular
curves as weight 32 weakly holomorphic modular forms. Using these facts, we que
Theorem 1.1 in Section 2.3. In Section 3 we investigate theattes ofJ;(z) = j(z) 744,
and we prove Theorems 1.2 and 1.3. In Section 4, fo= 5; 13, and 17 we compute each

(f;m (z) using works of Bruinier and Bundschuh, and we prove Theorem4.

Acknowledgements

The authors thank J. Bruinier, J. Funke, W. Kohnen and the reéree for their helpful
comments.

2. The modularity of ®(2)

2.1. Intersection points on Hilbert modular surfaces as CM point s. The goal

of this section is to provide (for’ =1 or an odd prime with 5 6 1) an interpretation

of Z®\ z® as a union of o(") equivalence classes of CM points. This is given by
De nition 2.1 below.
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For D 0;1 (mod 4), D > 0 we denote byQp the set of all (not necessarily
primitive) binary quadratic forms

Q(x;y) =[a;b; d(x;y) := ax® + bxy + cy’
with discriminant ¥ 4ac= D. To each such formQ, we let the CM point o be
the unique point in h that satis es Q( ;1) = 0. The group SLy(Z) acts onQp in the
usual way, i.e., forM = 2 SL,(Z) we de ne

[a; b; 4 (x;y):=[a;b;d(x + y, x + y):

It is easy to see thatQp is invariant under the action of SL(Z).

For * = 1 or an odd prime andD > 0, D 0;1 (mod 4) we de ne QE] to be
the subset ofQp with the additional condition that “ja. It is easy to show thatQE] is
invariant under (). ‘

Suppose that” =1 or * is an odd prime with 5 6 1. Then, there exists a prime
idealp O g with norm *. De ne

SLy(Ok ; p) = 2SL(K):; 20k; 2p, 2pt

In this case there is a matrixA 2 GL,(K) such that A 1SLy(Ox ;p)A = SL»(Ok).
De ne

:(h h)=SL(Ok;p)! (h h)=SL(Ok)

by
((z1; 22)) := ( Az1; A%Zy):
Let be the stabilizer of f(z;2):z2 hg h hin SLy(Ok;p). Then = () if
"6 pand = ()if = p. Theimage off (z;2) : z2 hg under is Z®_ Hence, we
have a natural map :h= ! z® Using work of Hirzebruch and Zagier, we make the

following de nition.

De nition 2.1. If “ =1 or an odd prime with 5 6 1, andn 1, then dene
[ n . o
z®\ z®) = 0:Q2QL o/ o)
x27Z
x2<4'n
x2 4'n  (mod p)

Here the repetition ofx and x indicates thatz®\ z is a multiset where a CM point
o occurs twice ifQ 2 Q{l, 42—, for x 6 0. In addition, if * > 1 and jn, then we
include [ n 0
. ['] S
Q- Q 2 Q(4n:‘ xz)zp/ 0( ) ’
x2Z

x2<4n="
x2 4n=" (mod p)
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where each point with non-zera is taken with multiplicity 2°, and a point wherex = 0
is taken with multiplicity ".

To justify our de nition we argue as follows. Hirzebruch andzagier ([7], p. 66) show
thatif t2h,n 1and (t)2zP\ zP, then

s~
at?+ _pl_D—t+ b=0

for(a;b; )27z Z p 'with ° %+ abp= n. This follows as a result of considering
the inverse image 1(ngp)) (h  h)=SLy(Ox ;p).

Write © = c+ d?, for c;d 2 Z. We have that the discriminant of the equation
above isd®> 4ab’. However, this implies that
+ d)? )
(2c d|)o M@ sap

Thus, the discriminant is of the form ?> 4n’)=p. From Hirzebruch and Zagier's

Theorem 3 ([7], p. 77), computing the number of transverse tersections ofz®® and

P we see that eaclz 2 h with discriminant of the form (x?2  4n’)=poccurs with the

appropriate multiplicity.

2.2. Generating functions for traces of singular moduli on modul ar curves.
Throughout we let * be 1 or an odd prime. Motivated by Borcherds' work [1] on the
in nite product expansions of certain automorphic forms ororthogonal groups, Zagier
[13] computed the generating functions for the \traces" oftte J,,(z) singular moduli, as
well as several other classes of modular functions.nif; D are positive integers and D
is a discriminant, then Zagier de ned the trace of the singalr moduli of discriminant

D for J(2) by

X 1
(2.1) tm(D) := = Jn( o);
Q2Qp =PSL2(2)

where ! o is the order of the stabilizer ofQ in PSL,(Z). He proved the striking fact
that these generating functions are essentially weight=3 weakly holomorphic modular
forms.

We now recall some of Zagier's generating functions. Follow Kohnen [8], for integers
k let M ;+%( o(4)) be the space of weakly holomorphic weighk + % modular forms on

o(4) with a Fourier expansion of the form

X
(2.2) a(n)q":
n1i
( D¥n 0;1 (mod 4)

Zagier's trace generating functions are described in terntd a special sequence of

weight 3=2 forms g, (z). For positive m  0;1 (mod 4), gn(2) is the unique form in
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M % ( o(4)) with a Fourier expansion of the form
2

b3
(2.3) Om(z)=q ™+  B(m;n)q"

n=0
Zagier proved that the formsg,(z) determine the generating functions for traces and
\twisted traces" of singular moduli on SL,(Z). For example, his work shows that

X
((22_)22)524(_4;2: 2 uD) =gt 2+248¢°

D> 0

(2.4) h(2) =

To state his more general result, for positive integen, let

(2.5) Bm(1;D) := the coe cient of ¢° in g.(2)jT(mM?);

whereT(m?) is the usual Hecke operator oM 3 ( o(4)). Zagier's formulae for the traces
tm(D) are given by the following theorem (Thzeorem 5 of [13]).

Theorem 2.2. If m 1and0O<D 0;3 (mod 4) thent,(D)= Bny(1;D).

Recently, Bruinier and Funke [4] have generalized Zagiertgsults to include traces
of singular moduli of modular functions on groups which do naecessarily possess a
Hauptmodul. A particularly elggant example of their work aplies to modular functions
on (). Suppose thatf (z) = ,; a(n)gd"2M o ¢()) has constant terma(0) = 0.
The discriminant D trace is given by

X 1

v
Q2Qp: = o() o(')o

Here (7)o is the stabilizer of Q in (). Following Kohnen [8], we let for 2 f 1g
M Ei;( 0(4")) be the space of those weighk + % weakly holomorphic modular forms
2

f(z)= ., an)g" on o(4) whose Fourier coe cients satisfy

(2.7) a(n) =0 whenever ( 1)*n 2,3 (mod 4) or ( %)kn

(2.6) t (D) = f( o)

Bruinier and Funke's generalization of Zagier's work (Theem 1.1 of [4]) gives the
following theorem.

P
Theorem 2.3. If * =1 oris an odd prime andf (z) = ,, a(n)q" 2 M o o());
with a(0) = 0, then
X , X ] ] X .
G (f;z) = ma( mn)g ™ +  («(n)+ " (n=))a( n)+  t(D)q

mn 1 n 1 D>0

is an element ofM 3" ( ¢(4")) :
2

Remark. Theorem 2.3 recovers Zagier's Theorem 2.2 wher 1 and f = J,,.
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2.3. Proof of Theorem 1.1. To prove Theorem 1.1 we require the classical Jacobi
theta function

X

(2.8) (2= g =1+2q+2¢+2q°+
xX2Z

It is well known that ( ]7:) 2 M%( o(4)).

Suppose thatf (z) = ,; a(n)q" 2 M o( o()) satis es the hypotheses of Theo-
rem 1.1. By De nition 2.1 and Theorem 2.3, a straightforwardcalculation reveals that
(2.9) P@= )(G(fpz)( 2) jUA | (UC)+ V());
where ford 1 the operatorsU(d) and V (d) are de ned on formal power series by

X X
(2.10) a(n)g" ju(d:=  adn)d";
and

X
(2.11) ain)d" jVv(d):=  an)g":

It is well-known (for example, see [8, 12]) thaV (p) maps G-(f;z) 2 M s ( o(4))to
the spaceM s o(4p’); 5o Since (2) 2 M%( o(4)), it follows that G-(f;pz) ( 2) is
inM2  o(4p);

Now, we apply the operatorU(2) twice to G-(f;pz) ( z). Since Zj 4p" and 5 has
conductorp, Lemma 1 of [9] implies that G-(f;pz) ( 2)) jU(2)isinM , o(2p); 5

Since the non-zero coe cients ofG-(f; z) are supported on exponents 0;3 (mod 4),
it follows that the non-zero coe cients of G-(f;pz) ( z) are supported on exponents
n 0;1;3 (mod 4). In particular, the non-zero coe cients of

(G (f;pz) ( 2)) j U
are supported on exponents 0 (mod 2). Lemma 4 (i) of [9] then implies that
(G(f;pz) ( 2)) jUR)jUR)=(C(fpz)( 2)) jU4)
isinM, op); i The theorem follows since it is well-known thatJ(*) + V(')
maps G (f;pz) ( 2)) jU@) to M2 o(p?); ;

Remark. Strictly speaking, Lemmas 1 and 4 of [9] are only stated forteger weight cusp
forms. However, it is simple to check that their proofs alsodid for weakly holomorphic
integer weight forms.
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3. The special case of Ji(z)=j(z) 744

Here we examine the modular forms (1‘;’31(2), the trace generating functions for

J1(z) = j(z) 744 on the Hilbert modular surfaceX,. In particular, we prove The-
orem 1.2 which describes these forms in terms of the clastiwéeber functions, and
Theorem 1.3 which relates these forms to products of Hilbedass polynomials.

3.1. Proof of Theorem 1.2. To prove Theorem 1.2, we work directly with Zagier's
identity (2.4). We recall the following classical theta fution identities:

5
(3.1) (2)= %: g’ =1+2q+2¢f+
x2Z
— (2)2_X X X2 — 9 .
(3.2) o(2) = 22) ( g =1 2g+2q" 20°+ ,
x2Z
and
_ (1622 _ X e
(3.3) 0dd(2) = @ Oq2 Vi=g+ g+ ¢+ q®+

Proof of Theorem 1.2.By (2.4), (2.9), and (3.2), we have that
P.@= (@2 (2) juE)

Z)E4(4pz ,
. O(p(ip;)(sp ) (2 ju
By the de nition of U(4), it is straightforward to rewrite this expression as
® [y _ :_LX3 o(P2)E4(4p2) 1
1,0 = 7 (4p2)® (2) 0 4

=0

1% o(p(z+ )HAE4(p(z+ )

4 _ (pz+ ))°

Using the fact that E4(p(z+ )) = E4(p2), and that
(pz+ N°=1i (p2)%

((z+ )=4)

we obtain
® (2) = Ea(p2) X i
JNE] 4 (pz)G -

By (3.2) and (3.3), one nds that

o(p(z+ )=4)(( z+ )=4):

(P) = Ea(pz) X (Px?+y?)=4 1) X ipx 2+y2
1;J1(Z) 4 ( 2)6 ( ) I
p xyy22z =0
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Since we have that (
><"’ipxz+y2 0 ifx y (mod?2)

4 ifx6y (mod?2)

it follows that |

(193 (2) = E“(ng X q((2y+1)2+4px2)=4 X q(4y2+(2x+1)2p)=4
| (pz) Xy2Z xXy22Z
2E4(pz
= Z) (p) e (2 b))

The claimed formula now follows easily from (1.7), (3.1), ah(3.3).

3.2. Proof of Theorem 1.3. Here we prove Theorem 1.3, the description ®f,(2) in
terms of products of Hilbert class polynomials.

Proposition 3.1. If p 1 (mod 4)is prime, then

(3.4) Ny (2) = Ea(2)*® (2P Fy(j (2));

whereFy(x) 2 Z[x] is a monic Joolynomial with

5p 5)=12 ifp 1 (mod 12)

d =
SOECN= o 112 ip 5 (mod 12)

Proof. From Theorem 1.1 one easily sees th&t, (z) 2 Mzp.2 (SL2(Z)). Lemma 2.34 of
[10] then implies thatN, (z) has the desired factorization (3.4). Since

D@2ME o o
Lemma 3 of [3] implies that
. 1 .
(3.5) 0@ 1 Wo = p 15,(2) ) U

This implies in particular that N, (z) has integer coe cients with leading coe cient one.
Sincej (z) has integer coe cients with leading coe cient 1, it follows that Fy(x) is a
monic polynomial with integer coe cients.

To complete the proof, it su ces to compute the degree oF,(x) which is equivalent
to computing the order ofNy(z) at z= 1 . For this notice that (2.4) and (2.9) give

5.6 D.@=  a’ 2+ (2 ju@
' = gP 2"+  ju@)=2qC Y+
We now use as a set of representatives for the coset spagf)nSL,(Z) the matrices

10 0 1

01[15:05p1
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Moreover we have

o 1 _ 1=p s=p .

1 s W o 1 ¢
Therefore, by (2.4), (2.9), and (3.5) it follows, sinc&J(p)U(4) = U(4)U(p), that

| 1 _ 2
® (2) ] W, = P ® ()i U(p) = Pt

Together with (3.6), this implies that
Np(2) = g ® D+
Using (3.4), we get

_ q G 5712 4 ifp 1 (mod 12)
F =
p(] (2) q (6p D=12 4 if p 5 (mod 12)

The conclusion about dedfy(x)) follows from the fact that j (z) = q '+ 744 +

To prove Theorem 1.3, it suces to compute the factorizationof F,(x) over Z[x].
Loosely speakingFp(x) captures the divisor of the modular formN, (z) in h. To compute
the points in the divisor, we shall make use of Theorem 1.2.rf8e (z) is non-vanishing
on h, the factors of Fy(x) only arise from the zeros of the \norm" ofE4(pz) and of

f1(42)*2(2)*  f1(4p2)*f2(p2)*:
To determine these zeros and their corresponding multipitees, we rst recall some
classical facts about class numbers. Ldét( D) denote the class number of primitive
positive de nite binary quadratic forms with discriminant D. These class numbers

have the property that h( D) = deg(Hp(x)). The following well known fact shall play
an important role (for example, see page 69 of [7]).
Proposition 3.2. If Dy is a fundamental discriminant andf' 1, then
h( Def?) _h( Do) Y | 5°
P'( Dof2) !'( Do) o p
prime

where! (D) is half the number of units in the imaginary quadratic orderfaliscriminant
D.

We shall require the following class number relation to prevTheorem 1.3.
Lemma 3.3. If p 1 (mod 4)is prime, then

s2 4p
X h e _p 5,
2 4p 12

Ppcs<Pp ! T2

fit(s;p)

wheret(s;p) := t is the largest integer for whicht? j (s> 4p) and (s> 4p)=t>* 0;1
(mod 4).
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Proof. We use the Eichler-Selberg trace formula (for example, seg,[[11]), giving the
trace of T,, whereT, is the usual Hecke operator, 0%,( ((16)). This trace is zero, since
Sz( 0(16)) = 0.

The Eichler-Selberg trace formula for this case gives theddtity

(3.7)
1 X 1 X
p+1 1 (p 1)=f) c(p+1;f; 16,p) > b(s;f; p)c(s; f; 16;p) = 0;
fip 1 s2<4p
fjt(s;p)

where is Euler's totient. The number b(s;f;p) = h((s®> 4p)=f?)=! ((s> 4p)=f?),
and the c(s; f; 16; p) count solutions to quadratic congruences modulo powers 2{these
are explicitly given in [11]). It is straightforward to prove that c(s;f; 16; p) is equal to
2,6;,8;4;6if Szf A2 1 (mod 8),4 (mod 32)16 (mod 128)80 (mod 128)0 (mod 64),
respectively. Otherwise it is equal to 0. From this it is straghtforward to see that

1 X
(P DN)cp+1;f; 16,p) = 6:

p fip 1

Hence, it su ces to consider the third term of (3.7). We have hat

X
b(s; f;p)c(s;f; 16,p) =2(p 5):

s?< 4p
fit(sip)

From the consideration above it follows thatc(0; f; 16; p) = 0. Also,
b(s;f;p)c(s;f; 16,p) = b s;f;p)c( s;f; 16;p) and hence
X

b(s;f;p)c(s;f; 16p)=p 5
o<s< 2P p
fjt(s;p)

Now, if we write t(s;p) =2 )m(s) wherem is odd and 1, we have
X X

b(s;2g;pc(s;29;16p) = p 5

o<s< 2’po i (s
gim(s)
It su ces to prove for all g that
X - - X2 g 4p s 4p
s;2g;pc(s;2g;16p) =24 h ——08— = ———
_ MS2gpAs2016R =24 N gronn = fem
If i 3, we have that thatc(s; 2'g;16; p) = 6. In this case, Proposition 3.2 implies
that b(s;2'g:p = 4h S;Zi—g“zp = S;Zi—g“zp . This gives
s 4p _ S 4

b(s;2g;po(s; 2g;16,p) = 24h Zig g
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Hence, it su ces to consider 2 i . These may be argued on a case by case
basis. We give the argument wheD = (s? 4p)=(2%g?>) 1 (mod 8). The other
cases are similar and slightly simpler. Suppose th@ 1 (mod 8). If = 0, then

s> 4p 1 (mod 8) and hences is odd, sos> 1+4p 5 (mod 8), a contradiction.
If =1,thens®> 4p 4D 4 (mod16). Thus,s> 4+4p 8 (mod 16), a
contradiction. Hence, 2. Now, we have thatc(s;2 g;16,p) = 2, c(s;2 1;16,p) =
6, and c(s;2 2g;16,p) = 8. We also have by Proposition 3.2 thath(s;2 g;16,p) =
b(s;2 1g;16,p)= h( D)=!( D)andb(s;2 2g;16,p)=2h( D)=!( D). Thus,

X - - 24h( D) s 4p s 4p

Ol N sl N . — - = .

) 2b(s,Zg,p)c(s,Zg,16, p) T( D) (D) 24h 162 4 - 16 2 4

as desired.
Now we determine the factor of(x) arising from E4(pz).
Proposition 3.4. If p 1 (mod 4)is prime, then
Fp(X) = Hapa(x) 1p(x);

wherel ,(x) 2 Z[x] has

(p 1)=12 ifp 1 (mod 12)
d =
BN = " 522 ifp 5 (mod 12)
p__
Proof. SinceE,(!) =0 for | = =% = 3 it follows that E4(pz) is zero forz, :=

I=p. Sincez, has discriminant 3p? by the integrality of F,(x) and the irreducibility
of Hz p2(x), it follows that H3pz(x()j Fo(Xx) in Z[x]. By Proposition 3.2, we have that

(p 1)=3 ifp 1 (mod12)
(p+1)=3 ifp 5 (mod12)

and so the claimed formula for ded{(x)) follows from Proposition 3.1.

degHsp2(X)) =

In view of Proposition 3.1 and Proposition 3.4, to prove Thaem 1.3 it su ces to
determine the polynomiall ,(x). To this end, we begin by observing thatl ,(x) is the
polynomial which encodes the divisor of the norm of

f1(42)*2(2)>  f1(4p2z)*f2(p2)*:
To study this divisor, we rst recall the following modular transformation properties.
Proposition 3.5. If (28) 2 SL,(Z) withb ¢ 0 (mod 4) and g(z) := f1(42)*2(2)?,
theng & = g(2).

cz+d

The proof of Theorem 1.3 is complete once we establish theldaling lemma.
Lemma 3.6. If p 1 (mod 4)is a prime, then we have

Y
Ip(X) = Ha(x)*®  Ha(x)" Ho (x)%:
D2D,
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Proof. By Proposition 3.5,z 2 H is a root ofg(z) g(pz) if &L = pzfor (2B8) 2 SLy(2)

cz+d

with b ¢ 0 (mod 4). This leads to the quadratic equation

pc, pd a b_
— - =0:

A R

In view of Lemma 3.3 and since the Hilbert class polynomialseirreducible, we simply
need to show that for a negative discriminant of the form D := Xlzs—f‘;p with x;f 2 Z

there exist two integral binary quadratic forms
C d a
P, P &, b,

Qu = 4 arY
- P&, Ph @ b o
Q = X a Y x
which are inequivalent under o(p) with discriminants D such that 2 & ; 22
2 SLLy(Z)with by, b ¢ ¢ 0 (mod4). We can easily show that there exist
a;; a;dq, and d, such that a;d; axd, 1 (mod 162) and pd, + a; = (pd, +

a,) = X. Moreover we can choose;; a,;d;; andd, such thatpd, a;, pd, a O
(mod 4f). We let by = b, = 4f, ¢ = (a;d;  1)=(4f), and ¢, = (a,d,  1)=(4f).
Then aj; ap; by; y; ¢;;¢;dy, and d, are integral with by C1 b, ¢ 0 (mod4)
and a;d; b, = ayd, by, = 1. It is well-known that if x>+ ,xy + 3y? and

X2+ ,Xy + 3y? are two integral primitive binary quadratic forms with 3; 3> 0,
which are equivalent under o(p), then > (mod p). This fact implies that Q;

az

and Q, are not equivalent under (p) sincepdz—fal 4fx (mod p) and pdiﬁ 4fx
(mod p). Here 4f denotes the inverse off4 (mod p).

4. Traces of Jn(z) for p=5;13 and 17

In this section, we give formulas for the&k r(np)(z) and prove Theorem 1.4. Fop=5;13,
and 17 andm 0 with % 6 1 there is a unique

KP@)=qg™+0@2M} op

Let 0 1
R X =
EP@=" @ a4 " Ag,
n=1 djin P
0 1
1 - X X
EP(2) = 5 P @ g ¢ A,
n=1 djn P

be the two Eisenstein series iM, o(p); 5 corresponding to the cusps 0 and .
HereL(s; ) denotes the usual Dirichlet series with Dirichlet chara@r . Then, we can
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expresskK (()p) as a linear combination of these two Eisenstein series.

(4.1) KP@2)= — 2
L 1;

EP" (@) + EP(2)
p

In addition, for p=5 and p = 13, we can expresX \P(z) in terms of E{”(z) and E{” (2).

(4.2) K (2) = 25 (2)2 55E (ED (2).
1 P (2) |

and

4.3) K= B2 @7 EP@E @)

. 89 (z) = :

EL”(2)
For p=17, we need

Mi7(z) =1+ gX ( 1(n) 17 3(n=17))"
n=1
the Eisenstein series foM,( ¢(17)) and
Su(@=q ¢ o 20°+
the cusp form associated to the elliptic curvéXo(17). Then,
E;"(@Mu(@) | E5"(2) 1E (D).
2S17(2) 4 4 '

All the K (z) can be expressed in terms df P (z) using Hecke operators. For this
description, suppose thaim 1 and % 6 1. Let

(4.4) Ki"(2) =

X
KP@)=q™+ an(d" 2M 2  op); 5

n=1
be the unique form such thata,,(n) = 0 if %
following facts about theK,ﬁ?)(z) and K‘,(np)(z).

Lemma 4.1. If gcd(m;p) =1, then

= 1. It is straightforward to verify the

. KPP o =1;
K:Ep) (Z) J Tm (p) P .
K’ (2) % = 1

whereT,, is the usual Hecke operator oM , o(p); 5

Lemma 4.2. If gcd(m;p)=1 andb 1, then

1 K®(2) j U(p?

- K(p) K-(p)
2 Mm@ Knp(2) KP(2) | U(P)

o|3 o3
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Lemma 4.3. If gcd(m;p)=1 andb 1, then

KP@ 0 =1;
(p) (p) i by = m ’
3 K@+ Ko@) JUE)= % = g

Using these lemmas, one can determine tiggexpansions of all thek ' (z) and K (2)
in terms of the g-expansion ofK ip)(z). Now we prove Theorem 1.4.

Proof of Theorem 1.4.From (3.5) it follows that a weakly holomorphic modular form
f2M3( op); 5 ) is holomorphic at in nity if and only if it is holomorphic at zero.
Since Sy( o(p); 5 ) =0 for p=5;13 and 17, this implies thatf 2 M 5 ( o(p); 5 ) is
determined by its principal part and constant term.

The principal part of gpjm (z) comes from that ofA(f;’jm (2) by (1.5). The de nitions
of Jm(2) and Ag;‘?(z) imply that

0 1

1X X x®_d%p X x2 d%p
AP (2) = 5 d% q &+ q
djm x2 d?p (mod 4) x d (mod 2)
x2<d ?p x2<d?p
X <2 g2
= d q 4d 2.

dm x d (mod 2)

X2<d2p

It coincides with the principal term of the right hand side ofthe identity in Theorem 1.4.
Similarly, the constant term of (lpjm (z) comes from that ofBif’J)m (z) and is clearly

2 1(m). Again, this coincides with the constant term on the right land side of the
identity in Theorem 1.4. This proves the theorem.

References

[1] R. E. Borcherds,Automorphic forms on Os.2 ;2(R) and in nite products , Invent. Math. 120 (1995),
pages 161-213.

[2] J. H. Bruinier, Borcherds products onO(2; ") and Chern classes of Heegner divisorsSSpringer Lect.
Notes, 1780, Springer-Verlag, Berlin, 2002.

[3] J. H. Bruinier and M. Bundschuh, On Borcherds products associated with lattices of prime digim-
inant, Ramanujan J. 7, (2003), pages 49-61.

[4] J. H. Bruinier and J. Funke, Traces of CM-values of modular functions preprint.

[5] H. Hijikata, A. Pizer, and T. Shemanske, The basis problem for modular forms on ¢(N), Proc.
Japan Acad. Ser. A Math. Sci.56(6) (1980), pages 280-284.

[6] F. Hirzebruch, Hilbert modular surfaces L'Enseign. Math. 19 (1973), pages 183-281.

[7] F. Hirzebruch and D. Zagier, Intersection numbers of curves on Hilbert modular surfacesand
modular forms with Nebentypus Invent. Math. 36 (1976), pages 57-113.

[8] W. Kohnen, Newforms of half-integral weight,J. Reine Angew. Math. 333 (1982), pages 32{72.

[9] W. C. Li, Newforms and functional equations Math. Ann. 212 (1975), pages 285-315.

[10] K. Ono, The web of modularity: arithmetic of the coe cients of modular forms and g-series CBMS

Regional Conference Series in Mathematics, No. 102, Amer. dh. Soc., Providence, R.I., 2004.



TRACES OF SINGULAR MODULI ON HILBERT MODULAR SURFACES 19

[11] J. Rouse,Vanishing and Non-Vanishing of Traces of Hecke Operatorsto appear in Trans. Amer.
Math. Soc.

[12] G. Shimura,On modular forms of half integral weight Ann. of Math. (2) 97 (1973), pages 440-481.

[13] D. Zagier, Traces of singular moduli, Motives, polylogarithms and Hodge theory, Part | (Irvine,
CA, 1998) (2002), Int. Press Lect. Ser., 3, |, Int. Press, Sorarville, MA, pages 211{244.

Department of Mathematics, University of Wisconsin, Madiso n, Wisconsin 53706
E-mail address. bringman@math.wisc.edu

E-mail address ono@math.wisc.edu

E-mail address. rouse@math.wisc.edu

Department of Mathematics, University of Wisconsin, Madiso n, Wisconsin 53706



