Nonhomogeneous Linear Equations — Summary

The general nonhomogeneous (forced) linear differ-

ential equation is
an(@)y™ + -+ ai(@)y +ao(z)y = F(z).  (§)

The general solution to this equation takes the form

y() = ye(2) + yp(@) |

where gy, is the general solution to the associated un-
forced equation

an(@)y™ + -+ ar(2)y +ao(@)y =0 (1)

and y, is one particular solution to (§). There are two
common methods for finding such a particular solution:
undetermined coefficients and variation of parameters.

I. Method of Undetermined Coefficients: This
works if F(x) is a linear combination of any of the
following functions or any products of these functions:

1. polynomials in x;

2. exponential functions e**;

3. cos(kz) or sin(kx).

In this case, we guess that y, will be a linear combi-
nation (with coefficients to be determined) of all terms
in F(z) and all terms which appear in their deriva-
tives. Substituting this trial solution back into (§) will
yield a collection of simultaneous linear equations for
the coefficients, which can be solved to find y,,.

To illustrate we will find the general solution to the
differential equation

y" =3y +2y = F(x)

for several choices of the forcing function F'(z).
Observe that the complementary solution is

ye(x) = Cre® + Che®®.

Examples:
(1) If F(z) = % we try a solution of the
form |y,(x) = Az + Ba? + Cz + D| Substitut-

ing into the differential equation and equating co-
efficients gives A = 1/2, B =9/4, C = 21/4 and
D =45/8, so
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y(x) = C1e® + Cae —|-2x —I-4:E +74$+8'

If F(x) = 2%e3® we try a solution of the form
yp(z) = Az%e3® + Bre®® 4+ Ce3® | Substituting

into the equation gives A = 1/2, B = —3/2 and
C =17/4, so

1 3 7
y(x) = Cre® + Coe® + (za? — Sx 4 —)e*.
2 2 4
If F(z) = sin(2z) we try a solution of the form
yp(x) = Acos(2z) + Bsin(2x) | Substituting into
the equation gives A = 3/20 and B = —1/20, so

3 1
y(z) = Cre” + Coe™ + 20 cos(2x) — % sin(2x).

The procedure is slightly different in the case when
one of the terms in F'(z) is a solution to the homoge-
neous equation (f). In this case, multiply the appro-
priate terms in the trial solution by the smallest power
of x needed to eliminate duplication with terms in y..

Examples:
(1) For the differential equation
y// o 3y/ + 2y — 6:27

we observe that the forcing term f(z) = e* is du-
plicated in the complementary solution. There-
fore, instead of choosing y,(z) = Ae® for the



trial solution, we try . Substituting

Yp(x) = Aze”

into the equation and equating coefficients gives
A = —1. The general solution is

y(x) = Cre® + Coe®™ — ze®.
For the differential equation
y' =2y +y=e,

the complementary solution is y.(z) = Cie* +
Cyze®. We observe that the forcing term f(z) =
e” is duplicated in the complementary solution. In
this case, we must use the trial solution y,(z) =
Ax?e”. Substituting into the original equation and
equating coefficients gives A = % The general so-
lution is

1
y(x) = Cre® + Caze” + §$26z.

II. Method of Variation of Parameters: This
method always works, but involves the computation of
several integrals which in many cases cannot be done
in closed form. For simplicity we only consider the case
n = 2, in other words,

y' + P(x)y + Q(z)y = F(x). (1)

Let y; and y2 be two linearly independent solutions to
y" 4+ P(x)y’ + Q(xz)y = 0. Then a particular solution
to (1) is

Yp(x) = ur(z)y1(z) + uz(x)y2(z),

where w1 and us satisfy the following two equations:
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uy (2)y1 (@) + ug () ya(
uy (2)yy () + us(2)ys(z) = F().

The solution to (£) is

/ _ Y2 (%) F(z) _ _p(x)F(z)
ui(?) = e enE = W@
and
/ y1(z) F(x) _ yi(z)F(x)

u2(?) = e @~ W@ |

where
W (z) = y1(x)ys(x) — yy (x)y2(x)

is the Wronskian of y; and y2. To find u; and us we
just have to integrate these expressions for v} and u;
in many cases, however, these integrals are impossible
to evaluate in closed form.

Consider the two examples from before.

Examples: (1) y" — 3y’ + 2y = e”. Here

y1(z) = €® and yo(z) = e**
solve the associated homogeneous equation. The
Wronskian of y; and ys is W (z) = €3%. Hence
(€**)(e”) (e")(e”) _
@)= -0 =1 gy = o
so u1(x) = —x, ug(x) = —e™*, and

yp(@) = (—2)(e”) + (—e7")(e*") = —e” —we® |,

As before, the general solution is the sum of y, with
the general solution y. of the complementary equation.
(2) v" — 2y’ + y = €®. Here

yi(z) = e* and yo(z) = ze®

are linearly independent solutions to the associated ho-
mogeneous equation. The Wronskian of y; and yo is
W(z) = €2*, whence

(ze”)(e”)

ull(x) = _eT =T, ul (aj) = o2 = 17
ui(z) = —32%, us(z) = 2, and
() = (—3a2)(e) + () ae®) — Jae” |

As before, the general solution is the sum of y, with
the general solution y. of the complementary equation.

Notice that the particular solution in (2) is the same
one which we found using the method of undetermined
coefficients. This is not exactly the case in (1). Can
you explain why the particular solutions which we
found by these two methods are different and why this
is not a contradiction?



