Study guide for exam 2, math 286, Spring 2009

Best way to study is to go over as many problems as you can in the book. The sections that will be
covered are 5.6, 3.8, 9.1, 9.2, 9.3, 9.4, 9.5, 9.6. You may also be asked questions relating to the IODE project!
Here are sample solved problems. The actual problems on the exam may be different from these.

f(x):{o if —1<z<0
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extended periodically.
a) Compute the Fourier series for f.
We have f(z) =% + > ", an cosnax + b, sinnmz, where (for n > 1)
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b) Write the series explicitly up to the 3rd harmonic.

1 2 1
1 ﬁcosm:—# ;sinmz— —Tsin27rx— 9?cos37rx+ S—Wsin3m:+--~

Use separation of variables to find a nontrivial solution to ug,; + u,, = 0 where u(z,0) =0
and u(0,y) =0. Hint: Try u(z,y) = X ()Y (y).
Try: u(z,y) = X ()Y (y). Plug into the equation to get

0= tuyy +uyy = X"Y + XY"
So
X// Y/I
X Y

where the left hand side depends only on z and the right hand side depends only on y. Hence they are both
constant. For some constant A such that

X// Y//
)\ = — = — —
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So we have X" —AX =0 and Y + AY = 0. u(x,0) = 0 implies that Y (0) = 0 and «(0,y) = 0 implies that

X(0)=0.
We are only looking for one nontrivial solution so let’s assume that A = 1. Then there are solutions
X (x) =sinhz and Y (y) = sin(y), that satisfy X (0) = Y (0) = 0. So one nontrivial solution is

u(z,y) = (sinhz)(siny)



(Note that it is not the unique solution). You might also get say (sinz)(siny) or any linear combination of
those two.

Let f(t) =Y_." | L sinnnt. Find the steady periodic solution to 2 +2'+z = f(t). Express your

solution as a fourier series. You do not need to simplify your expressions for the coefficients.
Try x(t) = % + > 07, ay cosnwt + b, sinnwt. Note that there are no conflicts. This is because the

complementary solution is damped and hence the terms in the complementary solution contain exponentials.

So,
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Find the Fourier series coefficients of the even periodic extension of the function f(t) = 2
for 0 <t <m.
We will write
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a) Let f(t) =", S cosnt. Is f continuous and differentiable everywhere? Find the deriva-
tive (if it exists).
Yes f is continuous and differentiable and the derivative is

)= Z ;—21 sin nt

n=1

b) Let f(t) = >.°, (_i)" sinnt. Is f differentiable everywhere? Find the derivative (if it
exists).
No f is not continuous and differentiable everywhere. If it were the derivative would have been

o0

Z(—l)" cos nt
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but that series does not converge. It may be (and it is in fact) differentiable at many points, but there must
exist at least one point where the function is not differentiable (it in fact has a jump discontinuity).

Using the d’Alembert solution solve uy = 4y, u(0,t) = u(rm, t) =0, u(x,0) = sinz and us(z,0) =
sin z.

An odd 27 periodic extension of sinz is just sinx, so F(x) = G(z) = sinz. Also a = 2 because a? = 4.
Now the solution is always of the form

u(z,t) = A(x — at) + B(z + at)

for the right A and B. To satisfy the initial conditions we write

Ax) = 1F(av) - % /OI G(s) ds
B(z) = iF(x) + i OE G(s) ds

Note that [ G(s) ds =1 — cosz. So
1. 1 1 . 1
u(z,t) = 3 sin(x — 2t) — Z(l — cos(z — 2t)) + B sin(x + 2t) + 1(1 — cos(z + 2t)).
Now check that this works. First note that (as sin is odd and cos is even)

u(0,t) = %Sin(—%) - i(l —cos(—2t)) + %Sin(%) + %(1 — cos(2t))
-1 . 1 1 . 1
=5 sin(2t) — 1(1 —cos(2t)) + 3 sin(2t) + 1(1 —cos(2t)) = 0.

Similarly (as sin(m + w) = —sin(w))

1 1 1 1
u(m,t) = 3 sin(m — 2t) — 1(1 —cos(m — 2t)) + 3 sin(m + 2t) + 1(1 — cos(m + 2t))

. 1 1. 1
> sin(—2t) + Z(l — cos(—2t)) — 3 sin(+2t) — 1(1 — cos(+2t)) = 0.

Moving on,

u(z,0) = %sin(x) - i(l —cos(x)) + %sin(x) + i(l —cos(z)) =sinz



and
1 1
ug(x,t) = — cos(x — 2t) + 3 sin(x — 2t) + cos(z + 2t) + 3 sin(x + 2t)

S0
1 1
ug(x,0) = —cos(z) + 3 sin(z) + cos(x) + 3 sin(z) = sin x.

Yay!

Suppose A is a matrix with eigenvalues —1, 1, and corresponding eigenvectors L], {ﬂ .

a) Find the matrix A

Let £ = E ﬂ be the matrix of eigenvectors. We then know that A = EDE~!, where D = {_01 ﬂ .
4 1 0
We find E~* = 11l Then

[ I
A=EDE _{_2 J

-1
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b) Find the fundamental solution to &’ = A%

The fundamental solution is e#? and we calculate this with (D and F as in part a))

At pooptpe1 |1 0] et 0 1 0] et 0
e =Fe'E [1 1 0 et| =1 1] = et —et e

c) Solve the system in b) with initial conditions Z(0) = {2}

You should check that A [ﬂ = [ .

] and You should check that A {(1)] = {0}
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N et 0] (2 2¢~t
eMF(0) = L_t — et et} {3] - {Qe_t +et}

You should check that this really solves the problem.

The solution is

. t
Using same matrix A as in last problem solve &' = AZ + F' where F(t) = [et] for Z(0) = [ﬂ
Note that we have the eigenvalues and eigenvectors of A computed. So We are looking for a solution

T = [ﬂ g1 + [ﬂ go. We wish to also write f in terms of the eigenvectors. That is we wish to write
= et 1 0
P[] =[]l
fl_E_let_loet_ et
fal — t| =1 1] |¢t]| |t—¢
So fi =¢ and fo =t — €.
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Now we also want to write Z(0) in terms of the eigenvectors. I.e. That is, we wish to write Z(0) = {3] =

Do [T s



So a1 = 2 and as = 1. We plug in our & to the equation and get that
1 0 1 0 1 0
HER e R e e
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So we get the two equations

g1 =—g1+¢" where g1(0) = a; =2
gh=go+t—e" where g2(0) =ay =1

We solve with integrating factor

t
g1 = e_t/et(et) dt + Cie7t = % + Cre?

And as ¢1(0) = 2 we have that 2 = % + (4 and hence C; = %
Similarly

go = et/eft(t —eb) dt + Cye! = ¢t /teftdt — et / 1dt + Coet = —t — 1 — tet + Cye!

And as g2(0) = 1 we have that 1 = —1 + C7 and hence Cy = 2.
Hence the solution is
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Find eigenvalues and eigenfunctions of the problem z” + Az =0, 2'(0) =0, z(7) = 0.

First, let’s tackle A < 0. Then the general solution is

z(t) = Acoshv—At+ Bsinh v —A\t.
From this we get

2’ (t) = AV —=AsinhvV—\t + BV —\cosh vV —\t.

Hence,

0=2'(0) =0+ BV—-X

So B = 0 since v—A\ # 0. Now
0=x(m) = Acoshv—A,

implies A = 0, since cosh v/ —A7m # 0 (cosh is only zero at zero). So there are no negative eigenvalues.

Now let’s check A = 0. The general solution here is z(t) = Az + B. 0 = 2/(0) = A, so A = 0. Now
0=xz(r) =B, so B=0. A =0 is not an eigenvalue.

Finally let A > 0. The general solution is
z(t) = Acos VAt + Bsin VAt

and

2’ (t) = —AVAsin VAt 4+ BV Acos VAL



Hence 0 = 2/(0) = Bv/X so B = 0. Next 0 = 2(7) = Acos v r = 0 implies that cos vV Ar = 0 which is true

when N
Vr = nm + 5
for an integer n = 1,2, 3, ... Hence the eigenvalues are
2
(n7+5)

and the corresponding eigenfunctions are
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